Chapter 4

Congruency between classical and
mild solutions of Caputo fractional
impulsive evolution equation on
Banach Space

The sufficient conditions for existence and uniqueness of mild and classical solution
of fractional order impulsive integro-differential equations of the following form is
established in this chapter. And also derived conditions in which mild and classical

solution are congruence.

‘Dz (t) = Ax(t) + f(t, (), Tx(t), Sx(t)) t#ty, k=1,2,---,p

x(0) = xg

over the interval [0,7p] in a Banach space X. Here, A is bounded linear operator
on X and f:[0,Tp) x X x X x X — X,T,S : X — X are defined by Tz(t) =
fot h(t,s,z(s))ds and Sxz(t) = OTO k(t,s,z(s))ds; where h : Dy x X — X, Dy =

{(t,s);0<s<t<To}and k: Dy x X - X, Dy ={(t,5);0 <t,s < Ty} are the

operators satisfying condition of the hypotheses.
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4.1 Introduction

Mathematical problems having such nonlinear equations arise in many physical sit-
uations like heat flow in materials with viscoelastic behavior [44]. Many physical
phenomena like seepage flow in porous media [7], anomalous diffusion, wave and
transport [8, @, 0] and other problems in fluid dynamics [I2] need modern mathe-
matical modeling and solutions. In fact fractional differential equations are consid-
ered as an alternative model for nonlinear model [I3]. This is because of their non
local property unlike integer order differential equations [14] which means, that the
next state of the system depends not only upon its current state but also upon its
entire historical states.

On the other-hand due to sudden change at certain moments in dynamics of the
systems, such systems are modeled in to impulsive differential equations [20]. The
existence and uniqueness of integer order impulsive system for many systems are
studied by researchers like Gao, Liu, Rogovchenko, Anguraj and Arjunan [39] using
various conditions.

Existence and uniqueness of mild solutions of impulsive fractional differential equa-
tions with classical conditions using transition matrix and semi-group theory are
derived by Benchohra [40], Mophou [41], 87] and Ravichandran and Arjunan [42].
However, both the Riemann-Liouville and the Caputo fractional differential oper-
ators do not possess semi-group or commutative properties, which are inherent to
the derivatives on integer order [21], 22] 46]. Therefore, there should be another ap-
proach to study fractional differential equation. The existence and uniqueness of the
mild solution of impulsive fractional order evolution equation with initial classical
and nonlocal conditions introduced by [22]. Balachandran et. al.[40], existence and
uniqueness of mild solution of impulsive fractional differential equations with delay
using Banach fixed point theorem was explore by Wang et. al. [56],88], existence and
uniqueness of the solutions of fractional order impulsive differential equation with

order lies between one and two using fixed point theorem was derived by Kataria and
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Patel [57], in this chapter we extended our work and discusses sufficient conditions
for existence and uniqueness of classical solutions and conditions in which the mild

solution becomes classical solution.

4.2 Notations

(N1) X = Banach space and D(A) = Domain of an operator A.
(N2) Ry = [0, 00)
(N3) C([0,Tp), X) = {z : [0, Tp] — X/x is continuous } with norm ||z|| = supy||z(t)||

(N4) PC([0,Tp], X) = C’losure({x 0, T0) = X; 2 € C([tr—n, tr], X), and x(t;,) and x(t]})

exvist, k=1,2,--- ,pwithx(t;) = Z‘(tk)}> with norm ||z||pc = supiecpo,m||z(t)|]

(N5) AC([0,Tp], X) = {z : [0,Ty] = X/z is absolutely continuous} with norm

Izl = SuptH:v(t)H

(N6) B(X) = {A : X — X/A is bouneded and linear} with norm |[A]|px) =
sup{|[A(y)l[;y € X&|ly|| <1}

(N7) CP([0,Tp), X) = {x : [0, To] = X/°DPx(t) exist and continuous at each

€ [0, TO]}

with these definitions and properties, sufficient conditions for existence and unique-

ness of solutions are derived as follows:

4.3 WMild Solution

In this section sufficient conditions are derived for existence and uniqueness of mild

solution of the equation (4.0.1)).
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Definition 4.3.1. ([88]) A function x(t) € PC([0,Ty], X) is a mild solution of the
equation if it satisfies

z(t) =x L " — 5)PLA(s)z(s)ds L t — 5)P7LA(s)x(s)ds
(v ”F(ﬁ)();m/tk—l(t’“ P A + i [ (¢ At

+L Z /k (ty — )PV f (s, 2(s), Tx(s), Sx(s))ds

F(ﬁ) O<tp<t k=1
1 t . )
+ gy = 9 (o). Tats), Sal)ds + 3 T ()

(4.3.1)

4.3.1 Assumptions

(H1) A(t) : X — X is continuous bounded linear operator and there exists a positive

constant M, such that ||A(t)z — A(t)y||px) < M|z —yl|, for all z,y € X.

(H2) f:]0,Tp] x X x X x X — X is continuous and there exists positive constants
Ll’LQ and L37 such that ||f(t,$1,l’2,l‘3) - f(t7y17y2ay3)|| < L1||'I1 - y1|| +

Lo||xa — yol| + Ls||xs — ys|| for all x1, x2, 23,41, y2 and yz in X.

(H3) h : Dy x X — X and k : D; x X — X are continuous and there exists
positive constants H and K, such that ||h(t, s, z) — h(t,s,y)|| < H||z —y|| and

|k(t,s,z) — k(t,s,y)|| < K||z —y|| for all z and y in X.

(H4) The functions [ : X — X are continuous and there exist positive constants
I forall k =1,2,-- ,p, such that ||Iyx — Iyy|| < || — yl|| for all z and y in
X.

5
Set, v = % and further assume that,
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Define F : PC([0,Ty], X) — PC(]0, Ty, X) by

Fot) =m0+ —— 3 / "t — 5)PLA()a(s)ds + —— / (t — )P LA(s)z(s)ds

L'(B) O<t<t/tr—1 L) Ju,
1 g 51
i 2 /tk_lak—s) J(s,2(s), Ta(s), Sa(s))ds
+ﬁ/t (t —s)" " f(s,2(s), Tx(s), Sx(s))ds + Z Tz (ty).

0<tp<t

(4.3.2)
Thus it can be said that equation has unique mild solution if F' defined by
has unique fixed point. This means F' is well defined bounded operator on
PC([0,Tp], X) and F' is contraction [23].

Lemma 4.3.1. If the operators A, f,T,S and I}, for k=1,2,---  p are continuous
then F' is bounded operator on PC([0, Ty, X).

Proof. Let a sequence {z,} converges to x in PC([0, Ty], X). Therefore ||z, —z|| — 0
as n — 0o.

Consider,

Fan = Pl < s 30 [ (= AG)ls) — AS)a(s) s

0<t <t/te—1

g = A (s) = Als)a(s)]lds

F(ﬁ) t
+ %ﬂ) Z { /t:(tk — 3)5—1Hf(5,33n(5),Txn(3), Szn(s))
— f(s,x(s), Tx(s), Sw(S))Hds}
1 t 51
+W{/tk(t_8) 1£(s, 2n(5), Txn(5), Szp(5))

— f(s,x(s),Tm(s),Sm(s))“ds}

+ > Maalty) = ()|

O<trp<t

Assuming the continuity of A, f,T,S and I, for k =1,2,--- , p the right side of above

expression tends to zero as n — oo. Therefore F' is continuous on PC([0, 7o), X)
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and hence F' is bounded. O]

Theorem 4.3.2. If the hypotheses (H1)-(H5) are satisfied, then the fractional impul-
sive integro-differential equation has unique mild solution in PC([0,Tp], X)
for0< g < 1.

Proof. To show equation (4.0.1)) has unique mild solution it is sufficient to show F
defined (4.3.2)) is contraction. Let x and y in PC([0,Tp], X) and consider,

IFz — Fyllpe < = Z/Htk—s | A(s)a(s) — A(s)y(s)lIds
1 -1 — A(s)y(s)||ds
+W/tk<t_s> [A(s)x(s) — A(s)y(s)||d
1 & — )27\ f(s, x(s), Tx(s), Sx(s
+F<ﬁ>o<tzk<t{/tk—1(t'“ V| £ (s, a(s), Ta(s), Se(s))
— f(s,9(5), Ty(s), Sy(s))||ds}
L t —35_1 S, (S (s x(s
*rm{/tk“ VU £(s, w(s), Ta(s), Sa(s))

— Fls.y(s). Ty(s), Sy(s)) lds}

+ Z [Tz (ty) — Tyt

O<tp<t
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Applying hypotheses (H1)-(H4), it leads to

1
|Fe = Fyl| < 5o 3

0<tp<

L S e —
e /tku 5P MJz — yllds

1
+ﬁ Z tk,_3)5—1{L1+T0HL2+T0KL3}||$—y||d8

te—1

/ (ty — 8)P T M| |z — y||ds
Y t— 1

+

0<trp<t

1
+ —/ (t— s)ﬁ_lds{lq +ToHLy + TOKLB}Hx —y||ds
F(ﬁ) ti

+ > Lllz—yll

0<trp<t
B

7! .

- {7[(p+ )M + Ly + THLy + TK L] +ZI;;}H$—@/H

Assuming hypotheses (H5) it follows that, ||Fz — Fy||pc < g||lz — y|| with
q < 1. Hence, by Banach fixed point theorem [97] the equation (4.0.1)) has unique

mild solution. O]

4.3.2 Remarks

(1) This method suggests not only the existence and uniqueness of mild solution

but it also suggests method to find approximate solution of impulsive fractional

differential equation (4.0.1]).

(2) This condition is not necessary condition. This means equation (4.0.1) may

have mild solution if one of the (H1) to (H5) are not satisfied.

(3) If all [;’s are constants then assumption (H5) can replace by

q= {7[(}7—1— D)[M + Ly +ToH L, +T0KL3H} <1
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4.4 Classical Solution

Definition 4.4.1. A solution x(t) is a classical solution of the equation for
0<pB<1lifz(t)e PC([0,Tp), X)NCP(J, X) where, J' =1[0,Ty] — {t1,t2, - ,tp},
x(t) € D(A) (Domain of A) fort € J' and satisfies on [0,Tp).

Lemma 4.4.1. If conditions,

(B1) A: X — X is continuous bounded linear operator and there exists a positive

constant M, such that ||A(t)x — A(t)y||sx) < M|z —yl|, for all z,y € X.

(B2) f € CP(]0,Ty] x X x X x X, X) such that, there exists positive constants Ly, Ly
and L3’ such that Hf(t,l’l,l'g,l'g) - f(t7y17y27y3)H < Llel - yl”

+ Lao||wy — yof| + Ls||zs — ys]|.

(B3) h : Dy x X — X and k : Dy x X — X are continuous and there exists
positive constants H and K, such that ||h(t,s,x) — h(t, s,y)|| < H||z —y|| and

|k(t,s,z) — k(t,s,y)|| < K|z —vy|| for all x and y in X.

5
(B4) Let, v = F(g(jrl) and q = {’y[(p—i— DM+ Ly +ToHL, —|—T0KL3]]} <1
(B5) xo € D(A).

are satisfied then the fractional evolution equation

‘DPx(t) = Ax(t) + f(t,x(t), Tx(t), Sx(t))

(4.4.1)
z(0) = xg
(0 < B < 1) has unique classical solution over [0, Ty] which satisfies
z(t) =2 L t—sﬂ_l stsL t—sﬁ_1 s,x(s),Lx(s),0x(s))ds
(0 =0 [ AGas s [ (-9 (5,009, Tals) St
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Proof. Applying Riemann- Liouville integral operator both side of equation (4.4.1))

to obtain,

x(t) = vo+ =5 /Ot(t—s)’g_lA(s)x(s)ds—i-ﬁ /Ot(t—s)ﬁ_lf(s,x(s),Tx(s),Sa:(s))ds.
(4.4.2)

It can be easily shown that z(¢) defined above is in C?([0, Ty], X). Therefore to show,

x(t) is classical solution, it is sufficient to show that x(t) € D(A) for all ¢t € [0, Tp].

Define a sequence x,,(t) by,

T (t) =20 + ﬁ/{) (t — 5)P"LA(8)Tn_1(5)ds
L K — 5P 1f(s. x S x S T s)ds
1) /0 (t = )" £(5,201(5), T (5), Sz (5)) ds.

Clearly for each n, z,(t) € D(A) because xy € D(A) and applying assumptions (B1)
to (B4) the sequence x,, converges uniformly to z. Hence, z(t) € D(A) for all t.
Therefore, x(t) is classical solution of which is of the form and is also
mild solution of the equation . Moreover, uniqueness of mild solution gives
uniqueness of classical solution. Hence, z(t) is unique classical solution of

satisfies mild solution (4.4.2]). O]
Next lemma is generalization of the lemma-(4.4.1]
Lemma 4.4.2. If conditions,

(C1) A: X — X is continuous bounded linear operator and there exists a positive

constant M, such that ||A(t)x — A(t)y||sx) < M|z —yl|, for all z,y € X.

(C2) f e CB([0,To] x X x X x X, X) such that, there exists positive constants Ly, Ly
and L, such that ||f(t, 1, 29, x3) — f(t, Y1, 92, y3)|| < Lallxr — wal| +

Ly||xy — ya|| + La||xs — ys]|.

(C3) h: Dy x X — X and k : Dy x X — X are continuous and there exists

positive constants H and K, such that ||h(t,s,x) — h(t, s,y)|| < H||z —y|| and
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I|k(t, s, z) — k(t,s,y)|| < K|z —vy|| for all x and y in X.

5
(C4) Let, v = % and q = {7[(p+ DM + Ly + toH Ly +t0KL3H} < 1 where,

up = (ty — tp—1)
(05) qr—1 € D(A)

are satisfied then the fractional evolution equation

Dy a(t) = Ax(t) + f(t,x(t), Tx(t), Sx(t))
(4.4.3)

(tp-1) = Qr—1

(0 < 8 < 1) and for k = 1,2,--+ ,p has unique classical solution over interval

[tk—1,tr) which satisfies,

= L t — )T A(s)x(s)ds
o) =0t + gy [ (-9 AL

L t _85—1 s.z(s (s (s .
+F<ﬁ>/t,ﬂ“ )P f (s, 2(s), Tar(s), S(s))ds.

Moreover, one can define z(ty) in such a way that, x(ty) is left continuous and

2(ty) € D(A).

Proof. Replacing 0 by ¢,_1 and Tp) by tx and applying lemma-(4.4.1)) we get, equa-
tion (4.4.3) has unique solution which satisfies

I .
o(t) =qr_1 + ) /tkl(tk — 8)P L A(s)x(s)ds

‘ -

I

=

) te—1

Define,
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then to show, z(ty) is left continuous consider increasing sequence {s,,} converges
to ty i.e., ||sm—tk|| = 0 as m — 0o. One can easily show that ||x(s,,) —x(tg)|| — 0

as m — co. Hence, x(t) is left continuous at t, and x(t,) € D(A). O

Theorem 4.4.3. If assumptions (H1) — (Hb) is satisfied,
feCf(0,Ty] x X x X x X, X) and xg € D(A) then the equation,

Al‘(tk> =Tk, t = tk, k= 1,2, L, p (445)

x(0) = xg

(0 < B < 1) has unique classical solution over the interval [0, Ty| which satisfies

z(t) =x L " — )P Y A(s)x(s)ds L t — )P L A(s)x(s)ds
(1) ”F(ﬁ)ktz@/tk-l(t’“ P AE)ds + i [ (¢ At

1 > /t (te — 8)7 7" f(s,2(s), Tx(s), Sx(s))ds

F(ﬁ O<tp<t k=1
1
+—/ (t— )" f(s,2(s), Ta(s), Sx(s))ds + Y

F(/B) tg 0<tp<t

(4.4.6)
Proof. Consider the interval I; = [0,¢1) then, the equation (4.4.5) becomes,
‘DPx(t) = Ax(t) + f(t, 2(t), Tx(t), Sx(t))

(4.4.7)

x(0) = zp.

Using lemma—, equation (4.4.7] - has unique classical solution which satisfies

the equation

= L t — 5P A(s)x(s)ds
xl(t)_0+F(ﬁ)/0(t )P A(s)z(s)d "
1 t (s (s) Tals). Sxls))ds
7 | (6= 9 2. o). Sa(9)a
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and define, z1(t;) as

— L " —55_1 s)xr(s)as
nt) =0+ o [ (0= Al

_1 t A (s a(s). Ta(s). So(s)\ds
+F(ﬂ)/o(tl )" f(s,2(s), Ta(s), Sx(s))ds.

Also, x1(t) is left continuous at t = t; and z1(t1) € D(A).
On the interval Iy = [t1,15), the equation (4.4.5) becomes

D) x(t) = Ax(t) + f(t,2(t), Tx(t), Sx(t))
(4.4.9)

l‘(tl) = IL’l(tl) + 7.

Since, x1(t) + 1y € D(A) therefore applying lemma-(4.4.2) equation (4.4.9) has

unique classical solution which satisfies

xo(t) =[x (t1) + 1] + ﬁ /tl (t — s)PLA(s)x(s)ds )
IR AP -
+ ) /lt1 (t—5)"""f(s,x(s), Txz(s), Sx(s))ds
and define, z5(t) as
xo(te) =[x1(t1) + r1] + L /t2 (ty — )" A(s)x(s)ds
I'(B) Ju,
+ ﬁ/j(@ — )PV f (s, 2(s), T(s), Sx(s))ds.
Also, xo(t) is left continuous at t =t and z5(t9) € D(A).
Continuing this process on I = [tx_1,tx), equation becomes
‘D] x(t) = Ax(t) + f(t, x(t), Tx(t), Sx(t))
(4.4.11)

T(tr-1) = Tp—1(tr—1) + 11

and applying lemma-(4.4.2) equation (4.4.11) has unique classical solution which
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satisfies

nl) = [t +rol + g [ (=9 Al)a(s)ds
L t s B—1 s x(s (s (s s
T /t;H(t )" f (s, 2(5), Tx(s), Sa(s))ds. (4.4.12)

and define, xy(ty) as

T (ty) = [Tp-1(te—1) + 1] + ﬁ /t k (tr — s)7 "L A(s)x(s)ds

L tk _85_1 s. (s (s (s .
' F(ﬁ)/tk_l(tk )" [ (s, 2(s), Tx(s), Sa(s))ds.

Also, z(t) is left continuous at ¢t = t; and zx(tx) € D(A). Now define

(

ZL’l(t) t e [O,tl)

z(t) = Q 24 (t) t € [t tr) (4.4.13)

[ Tp+1 (t) t € [ty tpi]

This x(t) define by equation (4.4.13)) is unique classical solution of the equation
(4.4.5). Now we prove equation (4.4.13)) satisfies (4.4.6). If ¢ € [0, 7] then there

exist k such that t € Iy = [t;_1, ). Therefore

z(t) = x(t)
I 51
= [wp_1(te—1) + 1] + —/ (t —s)""A(s)x(s)ds
F(/B) th—1
I 51
+ —/ (t—s)"""f(s,2(s), Tx(s), Sz(s))ds
F(/B) th—1

Putting value of zy_1(tx_1), zr_2(tg_2), -+ ,x1(t1) in above equation and solving to
get, equation (4.4.6). Therefore, under the given assumption equation (4.4.5)) has
classical solution which satisfied equation (4.4.6)). O]
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Next theorem shows the existence and uniqueness of classical solution which

derives from mild solution.

Theorem 4.4.4. Assume the hypotheses (H1) — (H5) are satisfied. Let x(t) be mild

solution of equation obtained in theorem-({{.3.9). Assume that zy € D(A)
and Iyxz(ty) € D(A) for k =1,2,--- ,p and f € ((0,Ty) x X x X x X, X). Then

x(t) give rise to unique classical solution of .

Proof. Let x(t) be mild solution of (4.0.1). Replace, ry = I x(tx) for all
k=1,2,---,p. Also given that, (H1) — (H5) satisfied, zo and [z(ty) € D(A) for all

k=1,2--- p. Therefore, by theorem-(4.4.3) equation (4.0.1)) has unique classical

solution say y(t) which satisfy equation

y(t) = xo + e > / k (tr — 5)7 " A(s)y(s)ds

) 2= s
T [:w — 5P LA(s)y(s)ds

. ﬁ p3) /@ — )77 (s, y(s). Ty(s). Sy(s))ds

T /t:a—sw1f<s,y<s>,Ty<s>,Sy<s>>ds+ > Lylt).

0<trp<t

Set, z(t) = z(t) — y(t) then z(t) satisfies evolution equation ©D?z(t) = 0 with initial
condition z(0) = 0 and without impulses. Hence, z(t) = 0 is only solution of the

evolution equation *DPz(t) = 0. Hence, z(t) = y(t) and therefore z(t) give rise to

classical solution of (4.0.1)). O
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4.5 Example

Consider an evolution equation

1! 11 e 1!
‘DPx(t) = 10 / (t — s)x(s)ds + mn se” 4 ds+ 10 (t — 5)%e”®)
0 0 0

1, _1 1 4.5.1
Ax(3) = a5 ) (4.5.1)

z(0) = xg

over the interval [0,1]. Then,

10 10 J,
with .
1 x(s
Tx(s) = —/ se™ " ds
10 J,
L/ 2 ,0(5)
S _ t— z(s
o) =35 | 1=
Impulse at

One can easily show that

1
[ Te =Tyl < <z —yll,

— 10
12— Syl < ol — ],
and [|12(3) ~ ()l < 25lle(3) ~ ()
Therefore (1, (), Tor(t), S(1))) — £ (1, y(6), Ty(t), Sy < £ la(t) — y(o)|.
Hence,q = {’y[(p +1)[M + Ly + ToHLy + TiK L) | + > 1;;} — ﬁ% <1,

for any 0 < 8 < 1.Thus, equation ({5.4.1)has unique mild solution.
Moreover, f € C?((0,1) x X x X x X, X) and choosing, zo € D(A)

one can obtained unique classical solution of equation which is arise from mild solution.
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4.6 Discussion

The work of Aaunguraj and Arjunan [39] modified in this chapter by first order
impulsive evolution equation to fractional order . However they used operator semi-
group theory to prove the results. But, fractional order system does not have semi-
group property so this paper having different approach to prove modified results.
We can also get existence and uniqueness of mild and classical solutions by weaken

Lipschitz type conditions.

4.7 Conclusion

Many researchers discussed existence and uniqueness of mild solutions but only mild
solution is not sufficient in many of the practical situations and requires classical
solution. So there has to be sufficient conditions for classical solutions and conditions

in which mild solution becomes classical solution.
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