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1. E. C. Titchmarch [5] proved the following
Theorem A. -Let 0<tx<l, Kp<2 and h>0. If fix) is even and 

belongs to Lip (a, p), i. e.

. Jlf(x+h)—f(x)\pdx^O(hai!),

o
then the Fourier, cosine transform of fix) belongs to LB, for

, pl(p+*p— 1)<$<pI(p— !)•
The theorem analogous to this on Fourier series is the following

T h e o r e m B. Let f(x) be L - integrable in (0, 2 n) and periodic outside 
with period 2tc and let

(1) /(x)~— a0-f N (a„ cos nx + b„ sinnx). 
2

If f(x) e Lip (a, p), i. e.

'/ fix + h)-fix)\pdx = O ik*r ),

where 0<a<l, l<p<2, h>0, then

/ -

(2) +
H-l ' '

' ‘ 1for $>pHp + «-p~ 1). For P=p/(/M-ap — H, (2) need not hold; see O. Szasz [4]. 
The case for p = 2 was proved by S. Befttein [1] and O. Szasz [3].

If we take ap> 1, then p/ip+xp— 1)<I and hence Theorem B implies 
the absolute convergence of the Fourier series of fix) in this case. However, 
Min-Teh Cheng [2] has proved the following

Theorem C. If s>0, l<p<2, h>0 and
2tc

\f(x + *)-/<*)[' dx ~ O (h 0og'A-1)-*-),
0
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then the Fourier series of f(x) converges absolutely. For e = 0, this is no longer 
true. In fact, this theorem has been proved by Min-Teh Cheng in the following 
more general form:

Theorem D. If 0 < a < 1, 1 < p < 2, h>0 and

2 n
(3) J \/(x+h)—f(x)\i’dx=0(h(logh~1)-1-aP),

0
then
(4) ' f (Kl +|^|)iogr«<»,

a=2
for T<a.+p~1—l. Moreover, (4) may not hold for J’= a—p-1— 1.

In order to prove Theorem D, Min-Teh Cheng has first established an 
inequality for Lip (a, p) classes corresponding to Hausdorff — Young inequality 
[7; Vol. II, p. 101] and with the help of the inequality he has also given an 
alternative proof of Theorem B. But, as suggested by A. Zygmund [7; Vol. I, 
p. 251], Theorem B can be proved directly with the help of Hausdorff — Young 
inequality. One of the objects of this paper is to provide an alternative proof 
for Theorem D, based merely on Hausdorff — Young inequality, by suitably 
amending the classical method of S., Bernstein and without appealing to the 
inequality for Lip (a, p) classes obtained by Min-Teh Cheng. Thus the proof 
which we shall have is comparatively short and more direct. We shall also 
generalize Theorem D to the following

Theorem 1. If 0<a<l, l<p<2, h> 0 and
271

(5) J |/(x+ h)—f (x) |p dx=0 (hs (log h-1)~1-ctp),

o
where 8 = 1 +p (1 — fl)/(3, then

(6) 2 W+l*.P)i<>er»'<ao>
n=2

for $>p(T+l)/(l + *p). For $=p (T+1)/(1 +ap), (6) does not hold. We also 
state that Theorem C is contained in the following more general result already 
proved by the author in [6]:

Theorem 2. If for h>0,

(A) -= log (« s- A”1), 

k (A) = log log (ee + h-1), etc.
and if for certain s>0,

/ 2te \ Up

f \f(x+h)-f(x)\pdx -o(r ------------ —-rrz—=r=V
0 / 

where 0<a<l and y == (p+ o.p— l)jp, then (2) holds for P=p/(p + ap—1).
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2. In Theorem D, we may naturally ask: what condition must /(x) satisfy 
in order that (4) may hold for T=a.+p-1~ 1? In this connection, we shall 
prove the following

Theorem 3. IfO<a<l,- l<p<2, h>0 and-
2n

(7) J |/(*+*)-/(*)I'rf*-0 (AGogA-^-^+vJ'-Oog logA-^-d+^p),o
then (4) holds for T=x+p~l~1.

3. Alternative proof of Theorem D

From (1), it follows that
00

f(x + h)~f(x—A)~2 ^ (—sin nx + cosnx) sin n h. 
1

Therefore, by Hausdorff—Young inequality, we get
2n

’ (f (2p. | sin nh ] )^‘/? < |/(* + h)-nx-h)\* dx

\ o

U/>

1 1where of = ja„|p + |/;„|p and p' is given by — + — = 1.
P P'-

Putting we get from (3)
2 N

(1.0p„|sm —(j J <|2 IP»
2JV sin-»7C

2# 1)
1

< —
2

= 0

{ 2 n

hi /(*+^)-/H*)
N."r

2
o

dx
Up

(log (NI~)0+*p)t)
Taking jV=2u and taking into account only the terms with indices exceeding

— N, we obtain 
2

2V / n-n- \P' ( l-'V’lP
' =o2, (*

n=2v— 4- 1
sm-2V+1 2V \ (l+ap) ,//p

Since sin n~ >X=, for 2V“1 < 2V , it follows that 
2'(+1 ]/2

2 = ° 
n=2v“,+ l

2~vp'lp

,(b*T)2v \ (l+txp)p7p
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Now, by HQIder’s inequality,
2'2V / 2' A IW ! 2’ .

2 2, ( 2 0 *
n=2v-1+l Vn=2''“1+l ' 'n=2v-1 + l '

Al/p” / V . \ 1-1/p'

= 0
L V V(log-)2> \(1+ap)/p 2>!p \

O 1

(-v)'
2V \(l+stp)/p

and hence

2 p„ logrn'<]ogr2v ^ P«
»«2v-1 + l «=2V-I + 1

= o logr2v , \

K2> \(i+ctp)/p

Finally,
2V

2 Pn log3" n = 2 2 P«logr»=0
«=2 v=l „_2v-l + i

log1- 2V ■
2 /, 2V xd+Mfe 

(log -)

= 0(2 = 0(1),

for T'<a+/>-1—1.
This completes the proof of the theorem.

Proof of Theorem 1 As in the proof of Theorem D, we obtain from (5)
2V' 2~~'iSp'lp 
2 Pn = 0 7 2‘ \0+*p)p'Ip

n=2v_l+p k-3'
Now, by Holder’s inequality, we get

2V / 2V yfi/P / 2V ' \ 1—3/p'2, p?< 2 tf) 2 1
n=2v~1 + l 'n=2v-1 + l ' 'n=2v-1 + l '

o
l(‘<)

2-vSP/p \ /
. 2v.(i-wyj|=02v ,g(l + ap)/p

1

1(^12V \B(l+«p)/p

and hence
2 pn logr n < logr 2V | P3

n=.2v~l+l n=-2v''1 + l

0 logr 2V

(-v)
2V \ 3 (l+apj/p
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Therefore
£>

2 p»iogr«= 2 2 p^°sr«
n=2 ■ v=l n=V>-l+l

o log T 2V \
Z, / 2V \P(i+"p)/p’-‘(log—)

\ \

= 0(1),

for $>p(T+ !)/(! + *p).
This proves the first part of the theorem.

Proof of theorem 3. We shall sketch the proof. Proceeding as in the 
proof of Theorem D, we can obtain by using (7),

2n
(!> . nit 

sin -— rr f
f(x + -)-f(x-—)

2 N 11 2\2*J
0

l 2 N/ \ 2NI
p \Up

dx |

O N-Up

and hence
2V
2
dmmt»-■£•-• + !

jyut+*pVp/ JVV+eIog-j (log log-)

2-'•p'Ip
2V \(i+otp)p'/p/ 2V ylogl-) (loglog^)2v Ul+elfe"

Now, applying Holder’s inequality,
2W2V / 2V ,\UP'/ 2V \ 1-1/P'2 2 pS) f -2 1

n=2'v~1 + l

0

' n=2v—1 + 1

2-v/p
(log—) (l0gl°g 2̂V \1+e

. 2‘ ip

Therefore
| p«log3rn<log:r2v | p.

n=2v~1+l n=2a-1+l

o

= o

log T 2V
((l06Z)l’+-“'(l08l0g^)'+-

pu,ti°8 r=“+'’-'-‘- 

7 J2 1
Hence

'log

50 00 2V / CO ] V

2 Pnlogr«=2 2 2 Vte?M)-0(i)*
n=2 v-1 „_2V“1+1 Wl V 10S v J

The proof is complete.
We omit the proof of the second part of Theorem 1.
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In fact, the method of proofs which we have developed above can be 
used to prove each and every one of the results proved above in their more 
general forms. Thus we have ; '

Theorem 4. LetOJ<a<l, l<p<2 and h> 0.
(i) If

2«
J\f(x + h)—f(x)\pdx = - -

0 ■ „
- O {h (iog1h-1)“p (logs h~l)~p... (logfc^i h-x)-p (log* \

Where logl x = log x and log, * = log log^ x, then ‘ . ‘

2 (Kj+I^Dlog^Coo, for T<!t+p-1~ 1,
iv=2

but not for T=a.+p~1— 1 :[2; Theorem 3].
(ii) If ’ ' .

2n
Jlf(x+h)— f{x)\pdx = : •

0
- o (hs (logl h Yp 0oga h~')--p ... (logjt—x h-y-p (log* /,-!)-(>+-%

then
8 = l+p(l-p)/f3,

00

2 (!«,,|s+|h»|?)logrn<oo, for (3>p(7> 1)/(1 + ap),

but not necessarily for |3=p (T+1)/(1 + ap). 
(iii) If

2rs

J \f(x + h)~^fXx)\p‘dx,~0
■= o (h (log*h-lrp (log* h~1)-p ... (Iogfc-xh-l)-p (log* A-i)-ti+«ri

(logk+ih-1)-^^),
CO

2 (] a« I + I I) log7’/* < oo , -

I wish to thank Dr. U. N. Singh. for his valuable suggestions and 
guidance which I received from him during the preparation of this paper.
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' ON THE ABSOLUTE CONVERGENCE OF FOURIER !SERIES 

■*- * B. S. Yadav and 6. P. Goyal
i. Let f[x) be L-integrable in ( o, 27c) and periodic -outside ‘with ■ period^

and let

(1) /(x) r-' J «o + X (an COS nx + b% sin nx), • . ,4 ••

n= 1
S. Bernstein [ 1] and A. Zygmund [7] proved the following.two theorems 

? respectively: . _ ■
THEOREM A. , If/{*) s-Iip a, a"> h then the Fourier series of/(*)-converges 
absolutely, that is ■

(2) s ( I % 1 + | bn i )< ».• • ‘ f !'‘

r n—I . , . ,
For a — i» this is no longer true.[9]. ‘ - . r ■,
THEOREM B. If/(a) is of bounded variation and belongs to Lip x, a,> 0, 
then {2} holds. ' • '
These theorems were generalized by 0. Sz&sz- [,4 ] and Waraszkiewicz [!5 ] hnd 
A. Zygmund [8,9] respectively to the following theorems : *•
THEOREM C. Uf(x) e Lip a,o < a < t, then ’ ;oi

(3)

for p >

^ (.f%ip+iy- )< “•
n= 1 
2 - , but not necessarily for

2a +T ’ ~~J r 2a +1 . '
THEOREM D. If /(x) is, in addition, of bounded variation in Theorem C,

then (3) holds for p > 1 —■-,-bat not necessarily for p
a + 2’ " E’ a + 2

L. Neder [ 3 ] arid A. C. Zaarien [ 6 ] have respectively made the following addi­
tions to the Theorems A and C : •’ .. { I . / .'V
THEOREM E. If for h > o, '•
£f'-r" ' /]:(;»)= log (e + h “1) ‘

l2{h) = log log (/ +h~I) 1 , . ,

etc.,
and1 if for certain e > o,

t/(* + *)-/(*)
cha

lAt)h-(h)- V-+8(*->
then {2) holds also for a = §.
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THEOREM F. If

;|/(*+ *)-/(#) I <
cha

Ik ^1 + 8'(A)]I 2a + i

then (3) is true for (3 < 2 a + i *

The aim of this paper is to make a similar addition to Theorem D. More 
precisely we intend to prove the following

THEOREM i. If/(x) is of bounded variation and satisfies the condition

U>, L/C*+ *)-/(

then (3) holds for (3 =

If we put a — o and k = i, then this theorem reduces to the more general 
form of Zygmund’s Theorem B [ Remark; (7) ].
2. G. H. Hardy [ 2] proved that, iff(x) s Lip a, 0< aI> then

(5) l ^~l{\\\ + \bnix », .
»-1 n n

for p < a. If /(x) is, in addition, of bounded variation, then . .
(6) « „ I '

' ‘ S (!%l + l6J)<-, .
1

for g < a. A. C. Zaanen [ 6; Theorem 3 ] has proved the following addition.':

[UA)UA).vV + E(A)]* + *’

'2 ‘ ,
«'+ 2 ■ ■ -

If \f(% + h) -f(x) | < cUOL
h{h)k{h)....lkXJtB{h) -, then (5)

holds for p = a. In this connection, we shall prove the following 
THEOREM 2. Itf(x) is of bounded variation and satisfies the condition*

cti* * .
(7) l/<* +A)-/(*)<- 

for p = a.

l1(h)l2(h)...JkI*B(h y
■, then (6) holds

3. PROOF OF THEOREM i. We shall prove the theorem for /e=2. From 
(1} it follows that
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Therefore
2%

t r i “r8) — j [f(x + h)-f(x-h)Y-dx = 4 £ P * sin 2nh, •
*J n=1 M

where " P 2 == a 2 + b 2.
n n • n

2TC2tc 2JC ^
Now — f [/(* + ;»)-/(*-/>w (/») f !/{* + *}-/(*-/»)

1C J , . . /It - \ J „
■ 0 .' j -,o • - • • »

where w denotes the modulus of continuity of f(x). Patting h.= —,

-we have . i .; t
2ro

(9) 2P aw

& ar ,
2« 2IC

and /|/(* + ^)-/(*?ssf)J<fc-“ J|/(* + l )"/(*) ia: --

2N-1
< s

v=o

(v+i )tc/N
I Ux+^)-fix)
vir/N

dx

ic/N
</ J0 |/(*+Tw)"/(*=+-l,6)[^£

v==o

0K* + t’i)-/(* + s’1)+ % ) j < V, - ,• 2N-1 
Since £ 

v =
where V is the total variation of /(x) in (o, 21c), we have 

21c
■ -Sf

1cV 
N

Therefore it follows from { 8) and* ( 9) that

. wt ^ / 1c Y
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N KtC
S P ®. sin2 —rjt/- / it \!<“ll / VN -1

Putting N = 2V, where v is an integer ^ vc > (log,2r) _ 2 + 3 and taking 

into accouut only the terms with indices n exceeding' § N, we have from the 
last inequality -

1 \ -
P 2 

n
(io) X

v-i 
. »~2V+~I''

Hence by {4)

v 2 - v

V2 v c ( 2“ v it )a2

-V,M = 2 +1 L \2V/Z \2V/J

-<C^

1 + e/^.N la-F2 
2v/‘ \2V>

■v(i + a)

K+s(~>] a +2

As-shown in [ 6},‘
^ ^ ( v - 2) iog 2 ..

and ■> J log ( v - 2);

Co 2

hence,

2V ' ’ -t
S P• < :
v-i n Ti „_oi w1 +8

M —2 + I
Applying Holder's inequality we get

■ v ( x + a '

£( v — 2) log1 + 8(v-2) ]d +2-.

2
2
V-I

«=2 -I-1

p / 2V
P 2 

n

P/2 /2V

V-I
;»=2 +1 ,

I-p/2 '

' 2 • ,1 
V-I

= 2 +1, .
-v(i +a ) P/2.

<C* [ { V-2) logT + e( V-2 )•]<* + *) P/V 8

, fqrp =__5.

v (1 - P/2)

(v-2) log I + 8(.V-i) « + 2&
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Therefore,
2V

s ;
V-l

n—2 +1

oo 2
= s- s'.
v=v0 v-i

n=z + i,

pP
n

^ Co 2 , v i X + S t \ ® j
^ 3 v^yJv~2)log1^ (v-r3) - ‘

since | a^\ P, as also | jP, does not excee'd P^P, it follows that

£ ( / + iyp) <“•

n — i
This completes the proof of the theorem.
4. PROOF OF THEOREM 2. We shall prove this theorem also for k 
From {io) we have

2 '/ TU \ — V
- sy_r , '

n=2 + I
hence by (7) we get „

2r 'is
S p»<

V “‘I ' ,
n—2 + 1

cs 2 2V „-va

['‘(fK + 8(f)T
<r 2

■ v. (1 + a

[{ V-2) l0gI + e(v-2) ] 

By Schwarz’s inequality

i r„<(s 'V )I/2 3 ^
V- X

M=2 + I

Therefore, „v

c, 2
va/2

*a/2P„ <
V-I

«=2 + I
and hence

2V

sV-I

« = 2 +x

( V-2 ) log 1 + E(v~2)

( V,“ 2 ) log1 + E ( V - 2)

n^2 P.. ‘W-p.-s- s
* v=v0 V-X ■ "

W=*2 , + I

oov ’ j
<c' ,1,. oT^ta? + s(,-3)-

< 00 •
UJ5
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This proves that

S nal2(\an \ + |6n|) < «.
n=i

We are very thankful to Dr. U. N. Singh for his valuable suggestions 
and criticism which we received so generously from him during' the preparation 
of this paper.
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