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1. B. C. Titchmarch [5] proved the following

Theorem A. -Let O0<a<1, 1<p<2 and A>0. If f(x) is"even and
belongs to Lip («, p), i. e. .

f e h)—-»f(x)}” dx=0 (7)),

,then the Fourier cosine transform of f(x) belongs to LP, for

y pl@+ap—1)<p<p/(p—1).
The theorem analogous to this on Fourtier series is the following

Theorem B. Let f(x) be L- mtegrable in (0, 2x) and perlodlc outside
thh period 2= and let

(1) ’ f(x)Né— g4 z {a,cos nx+b sinnx).

n=l
Iff(x)a Llp (ac p), i e

J

f if(x+h)-f(x){"dx 0 (),

where 0<a<1, 1<p<2, h>0, then
@ ' z (laf® +baf*) <o,

for B=p/(p+ap—1). Forﬁ =pl(p-+ap-— {) (2) need not hold see O. Szasz [4]. -
The case for p=2 was proved by S. Be stem [1] and O. Szasz [3].

If we take ap>1, then p/(p+ ocp—l)<1 and hence Theorem B implies
the absolute convergence of the Fourier series of f(x) in this case. However, -
Min-Teh Cheng [2] has proved the following

Theorem C If >0, 1<p<2 h>0 and

f|f(x+ h)——f(x)[” dx=0 (h (log h*l)—P—s) ,
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then the Fourier series of f(x) converges absolutely. For ¢ =0, this is no longer
true. In fact, this theorem has been proved by Min-Teh Cheng in the following
more general form:

Theorem D. If 0<e<l, 1<p<2, £A>0 and

2n )
3 flf(x+ hy—f(x)|? dx=0 (h(log h~Y)~-1-=r),
1]
then
@ 5 (a1t logTn< o0,
a2

for T<a+p~'—1. Moreover, (4) may not hold for I'=a—p~'—1.

In order to prove Theorem D, Min-Teh Cheng has first established an
inequality for Lip (=, p) classes corresponding to Hausdorff — Young inequality
{7, Vol. I, p. 101] and with the help of the inequality he has also given an
alternative proof of Theorem B. But, as suggested by A. Zygmund [7; Vol. I,
p. 251], Theorem B can be proved directly with the help of Hausdorff — Young
inequality. One of the objects of this paper is to provide an alternative proof
for Theorem D, based merely on Hausdorff — Young inequality, by suitably
amending the classical method of S. Bernstein and without appealing to the
inequality for Lip (o, p) classes obtained by Min-Teh Cheng. Thus the proof
which we shall have is comparatively short and more direct. We shall also
generalize Theorem D to the following

Theorem 1. If 0<a<l, 1<p<2, h>0 and

2n .
) f |f (e By F (0) 17 dx = O (8 (log h—)-1—=2),
1] S

where 8=1+p(1—8)/B, then
(6) i ‘(] a,P+1b,P)logTn'< oo,
n=2

for B>p(T+ 1)/(1 + ap). For ﬁzp (T'+ 1)/(1 + «p), (6) does not hold. We also
state that Theorem C is contained in the following more general result already
proved by the author in [6]:

Theorem 2. If for A>0,

L(h)=log(e+hY),

I, (h) =1log log (e -+ k™), ete.,
and if for certain ¢>0,

2n e
? = ” ‘
[of |f G+ by~ ()] qx} 0((11(/:) L) .. I ("))Y)’

where O<a<1 and y=(p+ap—1)/p, then (2) holds fot B=p/(p+ap—1).
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2. In Theorem D, we may naturally ask: what condition must f(x) satisfy

in order that (4) may hold for T=a+p~1—17 In this connection, we shall
prove ihe following

Theorem 3. If O0<a<l,” 1<p<2, A>0 and.
2r

) f |fGx+hm)—f(x)|?dx=0 (h (log ~1y—+ep(log log h-H—a+ar),
then (4) holds for T=a4p—1—1.

3. Alternative proof of Theorem D

From (1), it follows that
Sx+B—f(x—h)~2 Z (~——ansinnx+ b,cosnx)sinnh.
n=1 !
Therefore, by Hausdorff — Young insquality, we get

, 2 p
' (é‘(?ﬁe’niS_ilrmhl)f")w< (i}; f ]f(x+h)~“f(x—-—-h)|"dx] :
D g

where pf,'x|a,.}"’+)b,,§’" and p’ is given by ~1—+~1—7=1.
. P2 A

nw
Sin

2N

7
Putting n=—, we get from (3
g N g 3)
nw
sin —
2

B([smml))” < B 25"
[ 3t

0 N-Ur
- ( (log (N/Tc)(”""‘l’)'l’) ‘

Taking N=2" and taking into account only the terms with indices e;(ceeding

o 2
) =O[ W\ (+en) i |
(log ««—)
b4

—, for 2"t < n<2V , it follows that

—;—N, we obtain

z ‘ nw
2 (g,, sin

v+ 1
n=2¥—111 2

Since sm

1/

2\!

R 2~vr'ip
2. PE=0 | armen |
=141 (Iog —;c—)
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Now, by Holder’s inequality,

Zz\' < § » ¢/ 4 i" i 1-1p
Bn ( ) Pn) ( ) .

=1y n=2—141 n=2¥—141 R
2~-vip 1
— Lol = :
=0 o aTen zirl=0 on 2\ |
(=) (e )
and hence -
id 2
> ealogTm<log"2 % o,
P n=2—14g

log =

N

logT 2v .
=0 [ ( 2 )(l+ap)fp

Finally,

w

o 2 oo logf¥ 2»
z on logT n = Z Z on logT n=0 (Z ( S )(H‘“ﬂ)lﬂ ]

n=2 L2 RV v=1 {log —
‘ T

—0 ( i ‘,T—<1+ap)/p)= o),

vl

for T<a+p-i—1.
This completes the proof of the theorem.
Proof of Theorem 1, As in the proof ‘of Theorem D, we obtain from (5)

gy} 2-v3p'lp
> ek =0 drawh | .
n=2v=-lyp (10g —'ﬂ:—) ]

Now, by Hblder’s inequality, we get

2 2v A\BlE’ ¥ 1-Bip'
S oa<l 3ol (5 )

a=2vlyy =214t =211
, —of 2 vaeem) -0 1 )
. 20\ B (I+ap)p v \B(l+ap)p |
S g
and hence ,
v v
> e logTn<log"2 5 of
=2Vl X =2V Lyt

k11

’ logT 2¥ ‘
=0 ( S\ Bltapilp |
( log )
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Therefore
® @ v
> edlogTn=% > blogTn *
n=2 ' Ve 1 ,,=2v--1+1

® log T2y
”0[\’2 2 ts<1+ap>/p,}=o(1)’

ezl i
(log - ) ]
for B>p T+ )/(1+ap).
This proves the first part of the theorem.

Proof of theorem 3. 'We shall sketch the proof. Proceeding as in the
proof of Theorem D, we can obtain by using (7),
R 2

P <t Tl ) -5

N
s (2 (9.,
n=1
— 1
-0 ‘ Nl ) -
Io _]‘V—_(—!‘ap)lp loz Io ﬂ +&
g p g _g - «

and hence '

v , 2l .
) z Pr=0 W \(1+ap)r[p v \{+ellp | ¢

n=2— it (Iog ;—) (log log;-;)

Now, applying Holder’s inequality,

¥ 2 R4 2v 1-1/p’
S en<( S pz) ( s 1)
n=2 |

. HT
sin —
2N

P ip
d x)

n».:zv"“l +1 n::2\)-—'l E V-1 +1
2—vip \
=0 o \(+ap)ip v \I+e iy
- (log ) (log log )
; k13 - T
Therefore
- 2v 2
S enlogTn<log?2 ¥ pa
=211 n=2V—1lg1
—0 log T2 )
N ) 2v (+ep)ip log 1 29 \I+e
(ogw)‘ (og ogﬂ)
=0 (-—L——) pﬁtting T=o+t+p-i—1 ‘
vlog s/ -
Hence .

o o Ad -, ®
S elogTn=3 S p,,longmO(z T_;m>=0(1).

n=2 Ve § "=2V~1+1 v=1 ¥ v
The proof is complete. - .
We omit the proof of the second part of Theorem 1. - -
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In fact, the method of proofs which we have ‘developed above can-be
used to prove each and every one of the:results proved above in their -more
general forms. Thus we have )

Theorem 4. Let 0<a<1, 1<p<2 and’ h>0;"

@

f}f(x%—h)—-f(x){”dxw

=0 (h Qogu by Qogu ) .. (oge-. -7 (logy h-2)-t3e0); ©
where log; x= logx and log,x mloglog,,_,x, then : C

Z (Ian§+lb'xl)10grn<w for T<<1+p‘17~1,)

but not for T oc+ p~1—1 {2; Theorem 3}.

Gy If ’e ’ :
[1£6sm—s @1 ax=
¢ N ’ .
= O (W (log1‘ A D= (logg h~)~7 ... (loge-y A1) ~F (log, A—H—C+ep),
then " 5=1+p(1—B)/8,
i(h%W+MA%b¥ﬁ<w,fm B>p(T+ D/(1+ap),
=2
but not necessarily for g=p (T+ 1)/(1+ ap).
Gii) If
2n !
[irern=reopax-
0 v
=0 (h (log1 h=Y (logg =~ . . . (logk—1 h~Y)~* (logk —h)=Uer)
then' : (logg+y AH)=U+aP),
i (lan|+1ba)log"n< 0,
for n=1

T=atp-l—1.,
I wish to thank Dr. U. N. Singh for his valuable suggestions and
guidance which I received from him during the preparation of this paper.

’ REFERENCES

[1] 8. Bernstein: Sur la convergence absolue des séries tr:gonomemque C. R
158 (1914), 1661—1664.

[2] Mi1n-Teh Cheng: The absolute convergence of Fourier series. Duke Math.
Journal, 9 (1942), 8033810, .

[3] Otto Szasz Uber den Konvergenzexponent der Fourierschen Rezhen Munchener
Sitzungsberichte, (1922), 135—150.

4] Otto Szasz Uber die Fourierschen Reihen Gewisser Functionenklassen. M. A.
100 (1928), 530-536.

{51 E. C. Ti tchmars L. A.note on Fourier Tiansforms. J. London Math. Soc.
2 (1927), 148150,

{6] B. 8. Yadav: On the absolute convergence of Fourier series. (To appear elsewhere).

71 A Zygmund: Trigonometric series. Vol. I and II, Cambridge (1959).




RAEAYSY
() “ K SOLU TE C(TNVERGENCE OF FOURIER ‘SERIES
. -7~ 7 B.S. Yadav and O. P. Goyal '
1. Let f( %) be L-integrable in (o, 27c) and periodic “outsxde ‘with- perzod P
and let . , e -
I T o © - : c s tamesll
(1) AxY ~ La,+ % (aﬁcosm—}-b smnx) Lt e

=1
S. Béthstein [1] and A. Zygmund 173 proved “the followmg two theorerxfs
respectlvely ) .
THEOREM A. JIf ftx) s I 1p 4, a > tﬁén tﬁé Foixrier 'series‘ of f{# )"convefgeé
absolutely, that is - ' .

o - - R S 4
b ~ L

(2) I (la,|+18,1)< .

Fora _-% this is no longer true. [9] iy g
Sy .)

THEOREM B. 1ff{ x) 19 of bounded vama‘uon and belongs to pr % a, > o,
then (2) holds. ©

These theorems were geheralized by O. Szész [47 and Waraszkiewxcz [ 5] and

A. Zygmund [ 8, 9] respectively to the following theorems : oo
THEOREM C. Iff(x)eLlp a;0<a<Tthen . . [ .7 .7l

(3) 2 (la B, f)<e.

for 8 > blit not’ necessa’rily‘for § =

+ 1 + T’
TIIEOREM D. I f(x) is, in addition, of bounded vanatmn in Theorem C,

then { 3) holds for B > ,-but not necessarily for B ==

+ + 2’

L. Neder [ 3] and A. C. Zaanen [6] have respectlvely made the followmg? addx—
tions to the Theotems A-and C: N . S AT
THEOREM E. ltfork>o, : '

n N .
st - . P RS} “
(NS ——a e o= en . PO I S i

ll(k)w-log(e—{-h Ty TS SO S

1, (k) = log log (¢&° +h I) .

. etc, o e

and 1f for certame> o, - o T ' RPN _
) ) cha’ ) sl T

!f(%—i-h) f( )l<

b {B) Loz (h) l:k]i_'ts(h_)-
then (2) holds also for a =% . A .
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THEOREM F. 1f
- ch®

[L)am)... 5, %) Zggl

1f(x b)Y =f(5) | <

then (3)~is true for § = Zai o

The aim of this paper is to make a similar addition to Theorem D. More
precisely we intend to prove the following

THEOREM 1. I f(x) is of bounded variation and satisfies the condition

%
) B - ch”.

then (3) holds for p =

Y

+ 2"
If we put o = 0 and % = 1, then this theorem reduces to the more general
form of Zygmund’s Theorem B [ Remark; (7) 1.

2. G.H. Hardy [ 2] proved that, if f( ) € Lip «, o< a,< I, then
o .
(s)'zlnﬁ”%(mns+lzg><:m,
e

for 8 < a. If f(x) s, in addition, of bounded variation, then
(6)
B Wl 13,0 <,
fe=T
for B<a. A.C.Zaaneni6; “Theorem 3 ] has proved the following addition+
ch®*

L (k) (h)....,," T & (h)

It f(x 4 B) = f(5) | < , then (5)

holds for § = a. In this connection, we shall prove the following
THEOREM 2. 1If f(x) is of bounded variation and satisfies the conditiom

ch*

[11 l(h I+8 ]2

. .(";r) Iz 0)-flz) , then {6) holds

for 8 = a.

3. PROOF OF THEOREM 1. We shall prove the theorem for k=2. From
{ 1) it follows that -

- )
Hx+ k)—f(x-h) ~ anI (b, cos nx—a, sinxz) sin nh,



ON THE ABSOLUTE CONVERGENCE OF FOURIER SERIES 31-

Therefore w I T
27 N y ;
(8 —f[f(x+h)-f(x WFis=s 3 Btsinm,
n=I
where P T=a?4b 2. . R
. 21 - i
Now -f§f(x+h)-f{x—h32dx<w~ (h)f%f(x+h ) =1 h)zdx
where w denotes the modulus of continuity of f(x). Putting b= %; :
-we have . VDI D Rt
27 - .
I T i 2- Sy s
?f [+ )4 C-3) | T T

< @I85
and f]f(x-l- )~f(x7y N)

. + ) /N
<2§; va o ‘f(‘x-!- Ecﬁ)-f(x) {dx
n/N ‘ .

dx;

dx—- ‘f(x+ .-—fx)

y==0
<f° A GOl
sics "3 [1( f(x+N )[@

where V is the total variation of /() in (o, 2n ), we have :

Fiz ) 2N>1d<

Therefore it follows from (8) andi(g) that

2 stm'“’ [ )V i‘zg’
n=1 - N° 3
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Hence £y

N
T P 251n2~——<(.)( )VN‘I

Nz N

Putting N = 2", where v is an integer > v, > (log 2,) + 3 and taking
into accouut only the terms with mdxces 7 exceedmg N, we have from the
last mequahty :

- 2 2 P . L . P _
(IO) 3 P 2<2,m(~—)V2 v.-
voI 2" : ,
N AR o

Hence by (4) S : P

A 2 VeV (2 g)? . - 'f_‘ R

p> L < 14¢ w ¥z R
EL U LErerT oo
n=2 +1 ) o

c —V(I+a) N .
= 1[ ( ) ”e( )]““" -
ll lZ
2V
As shown in [6} .l — o
‘ zl( )> y-2)logs
Cand lz~(’*"“)'>%198 v“Z); )
H , A QV .

hence, .

,"\ . - v . - . o M

2 LS -v(1+4a)

T P Cp 2 . .

= X 1+g - 4+ 2.

o Lt 2
Applying Holder's inequality we get - 7 . - ‘ A _’ Lt
2Y 'fﬁ 2V Bl2 2) - ?_BA/Z.; i,A
p> a<{s P} [z x) iU

y=-IX v—I S y-I
M=2 I - W He=2 +I . #n=2 I
’ o v(1+«)Blz.

N c ( -8/2)
<s[(v 2)10g1+ev 2)1“+2 3/22

N
Cs forp—
(v-2)log T E(y-1) cx+2 :
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- - N 1

Therefore, )
v : v
2 ® 2,
b PP=1x 3 PP
v-1 V=v, v-1I
#n==2 41 #ne=2 I
o T .
e B <
S (v-z)log”"* (v=2)

since Ian'§ [.3, as also | ntﬁ, does not exceéd PnB, it follows that
3 Byl ) <o
p> F+16 1 < ©,
Gl
This completes the proof of the theorem.
4. PROOF OF THEOREM 2. “We shall prove this theorem also for 2= 2.
From (10} we have ) ) )
v . .
2 - T Y N .
P ‘P2<c¢u)(*——~)z , - -
v~I " R PARE ) .
. n=2 I
hence by (7) we get |

ZV

o <[z ('2v>11+8< Y

"=z P
Cs 2“' (I+d)

< 2 » ‘
[( v~2)log I'*'S(w.»z) ] L )
’ By Schwarz’s mequahty - : .

v © L~ vafz
2 ) 1z, v/Z 62 .
% P, P2 < — .
y-1I < ) (v-2)log * F&(y~2)
#=2 +I ) - ,
Therefore, 2 | T , .
2 . " )
5 2*%p K - e,
-1 " (v-2)logt T & (v-2)
n=2 +1I - .
and hence )
Ty o 2V -
% nl/z P oz 2 " 2 '.na.lz P
-1 n V=Y, y-I .
=2 I n=2. +1I
@, I
¢ ] < @
L y =, (v—-2)10g1+8(v 2) ]

ul 5
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This proves that

n=1x

2 0% (a4 [, ]) < o.
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