
CHAPTER II

CERTAIN THEOREMS ON THE ABSOLUTE 
CONVERGENCE OF FOURIER SERIES,

1. It is known that if -f is of bounded variation, 
belongs to Lij> (o , HIT) , o<>Ot and has Fourier coefficients 

, then

It is of interest to ask as to what condition, 
satisfied by f , will make (l) convergent for =.a/(<K*A)»

In this connection, we prove the following

THEOREM 1. If j- is of bounded variation and satisfies the 

condition;

(1)

is convergent for
f) ^ #/(«+#$

ft$ y oLIMtA) J but not necessarily for

(2) U(S) ^ to isaj Z. li.it/tf_isj. ■ • ifi*/]*** J
where &-?£> , c<%.0 and

then (l) is convergent for

1) zygmund [39j Waraazklewlcz ggj
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Similar theorems have been proved by L<> Neder*^ and

2)A.C.Zaanen ' in connection with the classical theorems of
■z) \ 2{.)

S .Bernstein^'and its generalization due to 0. Szasz.

If we take o( ss O and » then this theorem
reduces to the more general form of Zygmund1s theorem (1.5)

PROOF5 We shall prove the theorem for • First we see

that
ev

^ j-[oc -i\) l ^ .

Therefore

i r t *

(3) rr \ / ffa+V-^ = 4 21 £ >
a

where ^
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■jr f lo
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Putting ~f\ ^ ]L s where A/ is a -positive integer, we have
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3^ Weder C20I
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and
2*

zw
~~ f + \ --f(7c) I

°£N~\ fr+OTT/N

^2: Lfr%H ,N

|2I /^+ Zft*)-j- Lx + %r)l*t«. .
z

Since '6 Vzo
<£AH
21 in* + &-rr

^6

') - f (* + ■% v) ^ V,

where V is the total variation of j- in (a,*#), we have

w.
(5) 4= 2™ .

Therefore it follows from (3), (4) and (5) that

t jiZinL ^
*s/ *.» —

This implies that
N

4) (-E)JL ( nJh *

2: C ^ * * IV*..
Putting , where 3/ is an integer greater or eaual to ,/ .

_ *L * *4 *
where ■+-$ and taking into account only the terms
with indices 77 exceeding X /y , we get from the last



inequality
»}

2L(6) 6z. h) ( „pj !/. &

Since /**. > -j for 4 +/ — 'H -' > '•'■'■ obtain
* a. i.

**/?>
Hence by (2)

How

l
21 e—«— / A V~1 1 *1-w

•y-f/
y.^ g i'^;°f

b>wO$)T
c ah<+v

i+wciWr*
*, ({,)r, ~ ^

7> v-v

i‘if,)

ht <*'

(■*-*} uf& .

/c *yl*>rutc
^



25

Therefore

Z K

Z~ I
pU+<x)

Applying Holder’s inequality, we get

2- r*

*v~f +1

fa fi = -z/Ci+sy.

J

Hence
fi />v

r* S5 z:M*
i ~~

P*P<,

£X?
J

c.

L
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A

since / A^f , as also fL^f , does not exceed f
it follows that

Z_ 0<?

3?/
This completes the proof of the theorem.

2. G-.H. Hardy^ has proved the following 

THEOREM-Ai .If LC'jp °( * 0 f » then

'hc-\

for jfi 2—cK • If Jf is, In addition, of hounded variation,
ihen

(8)
* Ah~,X. * (i**i + i**i)4iz-f

Z_ ?

for $ . For , (7) and (8) need not hold.~
i?)'A.G.Zaanen'v has made the following addition to 

Theorem-A:

TEEOREM-B. If for certain ~p c

*>ISJ
c S o(

1) Hardy [id] 2) Zaanen, loc. cit
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then (7) hold.3 for ft =. CK .

Ill this connection, we shall prove the following

THEOREM 2. If -f is of hounded variation and satisfies the 
condition;

„ *
(9)

then

b)(Sj z. •--- " “ " Apt ■)
U,if;u(»■■■ 4 IS)

CO

'h &/

oC/z,
* (_ /**,/ -f- l^jj Z. *7

PROOF; V/e shall prove this theorem also for A ■z-Fr 

(6), we have
A?Z

21 £,

om

£ •+■ |
and hence under the condition (9)

z «
2-

- y —7><X

<L. * . AMfiokt
z

y O-t*)

21 *

therefore, by Schwarz’s Inequality,



A (2L O A

3>*lL

(V-l)

and hence

9” 1**«*+/

<*/z,n p 4_ l*

Now

0? z*^—■ z. «*\
+}#7 <!L

i h fT^zj
4L. <£x?

This proves that
ft. o(H .
2Z * <&<?
**/

3. It can be easily seen that the hypotheses of 
Bernstein’s theorem (1.1) and Its generalization (1.3) by 
Szasz are, unnecessarily stringent, iis a matter of fact,
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they remain true and the proofs unchanged, If the condition 
Jf £ L~t^> o( is replaced by the weaker condition t
O.Szasz-^ has actually proved the following generalization

of (1.3)%

i 1
THEOREM-C. If (<X f , where 0 0C £ | » / <d. jb1 z_ ^ ,
then (1) is convergent for all / > I?but not 
necessarily for / = f'ffHt+y-)}.

Similarly it is known that, if
(Z. p ^ £ » ^asa

(10) wLI**I+ l^!j
'*0!

for all z, <x—

Ife shall make the following extensions to these theorems; 

THEOREM 3* Let O kic< ^ ^ jb , £. ?0 and -fayc* If

(11) f h £ **
I /ft***) - -ft*/1 4k J 4=. ry~ ' (+<l -h s

where 1 = , then (1) converges for
/ = /'/{H4+I/-/J.

THEOREM 4. If, with the same of, jp , £_ and ^ as in 

Theorem 3»

l) Saasz [24j 2) Zygmund £*J
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(12)

~fahen (10) holds for ^ o(-JL~

We also observe that our Theorem 3 Includes, as a 
special case, the theorem (1.19) due to Min-Teh Cheng.

j^-SQQ^ Pi-_theorem 5 • We shall prove the theorem for .
Since

&

by Hausdorff-Young Inequality, we have

'hzf
... J'

W
XN ivhere N is a positive integer, wePutting *ii .

obtain by the condition (11),

zr

£- <t N
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■jifTaking , where is an integer greater or equal to
V„ , and taking into account only the terras
with indices ^exceeding we get from the last
inequality

mfl, t J
C.X

~TF£

(13)

ora this, it follows,-as‘in the proof of Theorem 1, that
i*

,, I '

~~3-l
+; i w

How, by Holder’s inequality

r *
2kf-f-/

A

[ fU#u^. / = y- =p/fpfa#/-/j]



Therefore
- & Z* xjL

^- U, f*j

fj.p

This completes the proof of the theorem.

PROOF OF THEOREM 4; Since the condition (12) is nothing 
but the condition (11) with pl^./ , we can, by putting 
in the inequality (13) (or directly as above), obtain

ZL ft' *

Therefore, by Holder’s inequality,

z: />*‘6 £,///■: +! +f

4L <~. £
■M

f l *-*/ *
L*-*j io-M '*

JL*
and hence



33

l**)
£

for ^ ^ •

Therefore

Zl

c
(*-iI

&?

This proves the theorem. «

4. In the rest of this Chapter we shall establish 
two theorems which are related to two theorems of 
E.C.Titchmarsh^X Taking clue from the theorem of S.Bernstein 

on the absolute convergence of Fourier series and its 
generalization by O.Szasz, Titchmarsh^proved the following 

theorem on Fourier transforms!

THEOREM-D. Let f&L-p(r*/f)9 }^~ j? and let

l) T11 c hmar s h [27J 2) Titchmarsh [26J
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* > Uj j -ft *+•</- flx-Xjj *■*.
Vr O ()if) a +*±.1

j ■*

as $ -*o.
for

Then the Fourier Transform of f - 'belongs to

j?/U’+xp-tJ ^ / £ pllp'i) ■
The range of cannot be extended in this theorem. We shall, 
however, prove the following

THEOREM 5* Let <? <£o( j , f Z. ft *=: % > £ >/? and ^ >p. If
Pt _

= n i —-----------

/(14)/ T I ff + Ik] - ji^-AjjKhc ) ^L. Q

-fit

then5 t£ LP— /= H(t+*>->)■
This theorem corresponds to our Theorem 3 on the 

absolute convergence of Fourier series®

If we take c(^.f and ^ t=-«^ > Theorem-D can be put in 
a completely satisfactory form:"*")

THEOREMS. I£_ f£ and # ^ <L j , then
necessary and sufficient condition for

a

7 iXJ

+■ J J f / ty} 4%*. = (9 ^ y? ^ ^7
^ Titchmarsh £27j —
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is that

6Q I Z-
Ift'K+i)-4*. 0 [H] J

¥e shall also prove here the following analogue for 
Fourier series!

THEOREM 6. Let f £. L ^ (o , ATT) and'be periodic outside 
with period &tr > and let

/X?<c--— t0)%_jr ~ /L- ^
— &7

A_necessary and sufficient condition that
— A/ **

(15) 21 21 /^/^= o / eu>
' /V 7

is that

W
as) j j «*+*,- ~ 4+0.
o &( <£. J
—.THE0RE|.f--5.5 ¥e shall prove the theorem for &i
we first, observe that the Fourier ■transform of 'ff'K+'Xj, 
for a fixed ^ , is — <%Z sftox. *%. ^ • Therefore

to A?

where p is given by J^- -f- -j~- s= j , and ^ is a constant
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depending on

It follows from the condition (14) that 

to

| J l //V* *. f(*/f*l* — 0 j
t iX) / .to)

Since j * J > /4 'K *K. jr, we get

1^y> & f K. ~f\ jp.*) j^4tl ’

to

and hence

M Pr *-) j ffoc f ,+t -U/dp j

Now put

<nv = / /*/'*'A;
then, since ^ ^ , we obtain by Holder's

inequality

* (J* I 4*

„ /rL'f-ofi+i'W'-is-0 (f hi) %*tf)
7o^j

l) Titchmarsh, lojj. cit.
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o (r"» if')

Hence

p
X J 7I ^ =■ <$> (w

(J (*n) 1^$}) ) +

t x *-)
r! rO+v

■■*.y o/k

°d //£

= o U)
J>

JPr / = P!(p+<p-) .
04 J A?

Similarly we can show that

ItM^*-** 0(1/, 04 f-*A,

Thi3 completes the proof of the theorem.
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PROOF OF THEOREM 68 The sufficiency of the condition (16) 
is easy to prove and we supply a proof only for the sake of 
completeness. Since

Xl "flit 4L 
-4? X

it follows from Farseval's theorem that

^ xr
(17) A ^ fa l ==• J j-fi'%4'hj — -Xjj <s^*C

0

How taking , JL , we get from condition (16) n 4 N
£N XN

± * T. /<«!*-
N A, «NAf

&

- i z >vA?
■/r/

Therefore

= 0

^ £N bn

21 /<*/ = XA' *7 MN JIN 

•7*^TO \ N*\ UN)™ - - -}
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and (2) follows from
•N AP

Z 21 /<*/
AfAP

O [N

To prove that the oondition Is necessary, we put

4> CV
ty

Z I
k^v

Then

/ ^ / Z~- JL l ffa-ffcrtj}k*o J

<$ I0) — 4 (*>+!) %

Also, from (5)
$ l-h) = o f-n^)

Therefore, by Abel's transformation, we obtain

N-r

Z
*y «L- t *2.-7

+ N {4(a/-4>lN+,j'l
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tod hence from (7)
XV

f . 2, &J /#*+</-^-x//^ zn JId —j#

, w -i%hf *I . . . . . *■ illBUTf MOW \= 8r{Z.+Z +Z.
-tffl lfcl+1)

= a
This proves Theorem 6 completely,,


