
CHAPTER I?

ABSOLUTE CONVERGENCE OF FOURIER SERIES 
OF THE CONVOLUTION OF TWO FUNCTIONS, .

{0 , ) and periodic outside with period //T . We recall

Moreover, a function A is said.to be a Young's continuous
function if there exist two functions -f and each of the
Lebesgue class L« , such that A ls the Fourier convolution

o\of these functions'% Although there is no obvious criterion 
to verify directly whether a given function is a Young*s 
continuous function, it is known that a function is a 
Young’s continuous function if and only if its Fourier 
series is absolutely convergent.^ Mln-Teh Cheng^has 

obtained Young’s continuous functions as convolution of two 
functions one of which satisfies a stronger and the other 
a weaker condition than that of being a function of Lg.
In fact, he has proved the following

that A is called the Fourier convolution (faltung or
composition) of f end f If

(1) -hi*) = -fa

1) Zygmund 0o] , Vol. I, p. 36 2
3) Hardy and Llttlewood [12] $ Ohen [j] 

Cheng [8]
2) Young [35]
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THEOREM-*. If Uf(<X,pJ and ^ where
/z. ^ z. / $ yyf and Z. << • then the function A
given by (1) la a Young1 a continuous function.

In thia chapter we ahall establish two theorems 
regarding the construction of Young'a continuous functions 
In a way similar to that of Min-Teh Cheng. The first one 
la the following

THEOREM 11. If and where
t cK+rt' y If and y ,1a given by. 

then the function ^ given by Cl I la a Young's continuous 
function.

The case p^=-^ In this theorem is trivial. ,,

A word of explanation is in order here, to show the
connection between our theorem and that of Min-Teh Cheng.
In Theorem-*, for a given b , o{ is constant and <s< > -L •

1 ,In particular, the least value of d is and the value 
of o( is always greater than X~ In Theorem 11, each 
of <\ and d may assume any value between 0 and 1, 
provided that they remain connected by the inequality,- 
d-f- d (which Is. required of them in Theorem-* as
well) and y Is the conjugate index of j? *

In order to prove our theorem, we shall need the
following
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LEMMA 1. Let

* be given toy
Uf? (* f j?) , , <2 £<?(£.) £2§

A?

f~ZA?

*0*

then

(2) i: -,
for all ^ such that ft^f fartj~lj y> J? (jf-lJ ; but not 
necessarily when J$ ^f? (£>(+-fJ-'fj = f? (74-1).

PROOF: Since

by applying Hausdorff-Young Inequality, we get

for^£ Lp 
Now, taking

N

»

•i J?~ , where N is a positive Integer, 
/At

Pt

l) Hardy and Llttlewood [13J
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Putting A/tz ^ , and considering only the terms with 
Indices exceeding 4rN $ we obtain

X

J.
Since QJL. for ^ lt follow8 **»*

y ju

and. hence
°(x r / 7

wVt riLhj'
X’>"h

0 (/(r-tp-H-mj)

m
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Thus

t- Kf*T- A?

*Z/*/V> A •'
f

JLl<A*Z Z t</”T
Jjk?o (H j*Cr'*P+,~W^

O (I)
J

since ^ ^ ft (jK+f)—fj y f? t'ft'O - 

This proves the first part of the lemma.

We observe that Lemma 1 is a generalization of the 

following lemma due to Chengs

lift (.«)!?) * SMfM

given by fW fZf , then

for X % but not necessarily for rf’Z=.o( *

We shall also need the following lemma which Is, 
obtained by Hardy and Llttlewood.3)

l) Hardy and Littlewood, loc* clt.
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LEMMA 2, If f £ U^[«,b) » b^/«E§ o ^ c<^\, then
tn^o^n
PROOF OF THEOREM lit In the. first plane we see, that

and ^£X^» and hence the existence of the Integral

fA*rJ ji?cH)fWdt
follows by Holder's inequality. Secondly, it will suffice 
to prove that the Fourier series of i\ is absolutely 
convergent.
Let

&

—O* v -- A?
Then we know that

HOW
M N N

(3) 2J \t*d*f
.her. 5 le choker eueh that ^«+l'Sj ? Z

[£x~ > / i1 This choice of S is possible because of
the hypothesis cX-h X ~p The first sum on the right

* To see this, we note that X must simul-faneously satisfy 
the conditions.! {!) b l+x—Xlf a*1*1 (ii) £ > fa — ^ 
That is, S must be, such that $/ ^therefore such a will exist if ^ 'vA •,
l.e. if *+ <k -? ^ ^ ,+ .
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of (3)remalns bounded, as N A? * because of Lemma 1 
under the condition S)y& 5 while the second,
because of Lemma 2 under the condition ^ / .
This completes the proof of the theorem.

AM APPLICATION OF THEOREM 7.

We can also obtain Young* s continuous functions with 
the help of the Theorem 7 which can be stated In an 
equivalent form as follows*

!&£ o z. <*<&_ / * / j? 4^ ssd 't y o • M

and
f-z. ^

— 09

i*K
e,

j

where

,*r
I \;-■}<■*)I*'**-*=
o

£e* then

A7

Z' A-/'(fy.mf f OO

for all ft y fitT+l) Uj+ o(t>) * but not necessarily for 
/= piTr!)/ti-t-‘«t’) .< ( j/ denotes a summation for 7) in 

which the term corresponding to is omitted.)

a

In fact, we shall need the following lemma which can
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toe deduced as a corollary of this theorem toy taking ft v=.p,

LEMMA 3* Let <D Z. c< ^ / » } ^. and £ •>/> * If

then

2Z ^ j— dO

for ~f^L o{ » tmt not necessarily for Ts 

We shall prove the following 

THEOREM 12. Let o 4Lck,<z.} » \t.b s~ <? arid ■h'yn-m It £

p{j—c<) z. / and 4 Is given by ^T'j. / » then the
function j\ given by (1) is a Young* a continuous functions

PROOF* We first prove that the integral

Xir

0

does exist under the hypotheses of the theorem* It follows 
from the condition (4) that Li£(£zZ,h); and hence that

question will exist toy Holder’s inequality. Again, In 
order to prove the theorem we shall prove that the Fourier

fC.Lb -

satisfies the condition (4) and <x £
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series of % is absolutely convergent.'

If

tof-Ic £

&

and
— A? v, —<& /

then

^ -Tt
r>«c

low

where T is chosen such that ~f/~ <X and ~f<p y f * This 
choice of T possible because of the hypothesis 
p(j— <K)Z.\ .# The first sum on the right of (5) remains 

bounded, as // *v ^, by Lemma 3 under the condition T£,oc , 
and the second, by Lemma 2 under the condition >/ * This 
completes the proof of the theorem.

It remains to prove the second part of Lemma 1. For
this, consider the functions

— a. , .-fat) z* ]%j J Where >1 }

* For, ~T should be such that ^-TZ,oi , Therefore such a 
7~ will exist If ~L. c< » or which means the same as, if pli~c()zLir



63

It Is not difficult to see that f £ L'J? 0%jPl * tor 

o( a. . Also, its Fourier coefficients ^ are of
exact order / f> J 

to

A-! therefore the series

Z. ± * I /»/— A?

A? 0t*~V + T

a# HrHj {4. -t)/^H^+i) *

AII /*/■

to

A 21 Mto

■ijtr

diverges


