
CHAPTER V

ABSOLUTE CONVERGENCE OF FOURIER SERIES OF 
ABSOLUTELY. CONTIiUOUS FUNCTIONS

1. It is known that the, Fourier aeries.of an absolutely

Is the Fourier series of an absolutely continuous function, 
yet it does, not converge absolutely. This necessitates to 
think in terms of some extra conditions which an absolutely 
continuous function should satisfy in order that its Fourier 
series converges absolutely. Various results are obtained 
in this direction by L. Tonelll^, C.H. Hardy and J.E. 
Littlewood2) and A. Zygmund.^ Here we Intend to prove the 

following

THEOREM 13. If F be an absolutely continuous and J^7T— 

periodic function with the derivative = -H*.) such that

where U) is the modulus of continuity of , then the 
Fourier series of F converges absolutely.

continuous function is not necessarily^convergent. For 
example, the series

(1) id LS) f=. £ S'* j ^ y — /

1) Tonelli [28J
3) Zygmund [3SJ

2) Hardy and Llttlewood jl4]
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If denote the Fourier coefficients of F ,
and ^ ^ denote those of , then
(2> 4* ** - £*/*
as also

/ 3*91 '—

#7

7>z]

Put
'H

% l*) s ^ hk !Jh &&**--^jU^k*.)
M^l

where ^ d » ^ ^ and ^ && •
Since 7^ is a trigonometric polynomial, we have

ir*\

Jnj f #*+*; - ,fir«-X/J &j m*.

J

f *pf py.4ic {*/ds&P*4kJ4L.p7J

2-~ K ( !**]~tVI^ l /Ti^-j
ft

2- ^ ^ir

3W ^ ; <2 <£?>£*- jr
*
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Now putting X -= JL— , we obtain
' W

2- y ky /^/ )#=7

1>z I

£l>

^ *n J (fC**Z) - j T«t*Jd*t
z /
jn ^ L ^f) I / 7* tv!^*c J6

z / >/lL-

(by Cauchy-Schwarz inequality)

2- i'z

'** This inequality was used by Bojanic CbJ to give new 
proofs of theorems (1.1) and (1.5) due to Bernstein and 
Zygmund. respectively'^ .
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» Ak =•!
h'h

1—- jJ 1—

; <5^ = pfc ■=. j f then
*h

and hence from (2)
ft

(3) /C 'h

This gives

IAaI+ ~ fh-F-*■-£*'/*>

IA-ft! -J<• /^5»|/ = H-+! j
and hence



68

Therefore, taking limit, as /Y-^ ,

, for o( > — ^ #

The proof is complete.

We shall also prove the following routine generali
zation of Theorem 131

THEOREM 14* If 0 p ^ \ and ^ satisfies the condition (1) 
then

(4) / A[IA?>I ~h / Sy i J

— / >&lL*jX4r3).

I^OOFt, Taking $y^Q in (3), we have 
’ *1

X f >Avl £ 4» (Z-
-2>szl "

But by Holder's inequality
*!

z ^y* (£ ^ ££ )' 7:1 y

30-0} *//. g
Z C.91 7 ^/z

3-3glz. a
= c . * . U
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and similarly

y2L s/M ±c
fi r

* to [%■)

therefore
'hk £ l&/) ^ ^

7>*}

How putting

a. = ii ru*,iiii/)
y*!

/

we get
'h

X U*/+ it/
— /**

4z d. f)

#-/
~h

p y
y ()+v)%0

/-.

t __

*> IV

r ^
0 L /L ~r$ifu+«ty*~] *
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Therefore

This completes the proof .1

2. In this section we intend to establish two more 
theorems regarding the absolute convergence of the.Fourier 
series of functions of bounded variation which satisfy 
certain additional conditions. Our theorems are in a 
sequel to certain. theorems of R* Mohanty^ and S.Izumi^ Our 

first theorem is

THEOREM 15 V Let

(ii) j 14$[«■,*)j — 0(1*/*] f c(>o .

If -f- is such that

(i) is of bounded variation in {O » 7T)

cp i'Kfii) S? o • §*£
(ili) thejeauenoe i8_ofJbgmagfl

variation for some i > O * iken
is of bounded

1) Mohanty J19J
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H- 1^7,1 ^ .

We have also the cosine series analogues

60

THEOREM 16. Let

OO

ojs.1

/t* ^ **

If

(1)7 f is of bounded variation in { 0 t 7f )

(u)'f i^vik^)! ^-0(1*1*) j°(?0 * where

tytKi*) z=.flKL+A)~^fa 5 > o * and
(ill) the sequence ^^4 is of hounded

variation Tor some , then

A?
I&kf Z- <*? .X

We shall only prove Theorem 15; the proof of Theorem 16 

will follow similarly.

PROOF OF THEOREM 15S We first observe that

4 t^}^) ~ £*xy71%

ft?)



72

Therefor©

<£ ^L,'h id to** ^ &

rr

rtf

/ <f> l%ft) t*tniL*iK

<£r

O

r r~~ §~ J ** * j

&r

tdl4*~ % *c

and hence

— 1T L'h s= 4%J sdifrr'hK
IT

where *} 

and

/ fW~ •* / +
Jq

r r
+ j- / 44> (*/*)* Jnfff'

t f *r=z 7^ 4J chosen such that ?7 Is an integer

f1' ^\+° \ ^-mup).•*.

:$ A satisfying these, conditions can be chosen; 
bee Izumi, loc. cit.
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Therefore
A*

# W

21- i J 'JuL 'hK^tp
*W

tX) W'

HI, j*.**.*$(*,*)}i-
'h'l

* \ rT

3%?/

Putting j)&JL » we get

* JL . .
*2 Mv ^

A7
X kU, xfHumt.JffaKjL
'h^i X*r/ J

+
A7 Jf

f* 1 J%/i*'nic **(*'&,

**/

I-tT J* y.

Now, since
A?

citpl^fix) —X 21 ^ dtoi-'k'ti) *L.
**)

J
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we have

Hence
%

l , Af r

From this^follows, under the hypothesis (111), that JT

Again, choosing N~N(j,8) such that JJyf z_<f, for 
% ?. N * ve have

( d*jft} -- -V? 2" J■W **t J*lf

l) Izuml, loc. cit*-



it follows that JT ^ £& ,
This completes the proof of the theorem.

-SM; It is easy to see that the condition (li) can 
replaced by the weaker condition


