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3.1 Introduction

The aim of this chapter to define g-analogue of the p-deformed generalized
Humbert polynomials (2.1.14) of Chapter 2 and thereby its particular cases like the
p-Humbert polynomials, the p-Kinney polynomial, the p-Pincherle polynomial, the

p-Gegenbauer polynomial and the p-Legendre polynomial along with their inverse
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series relation. A g-analogue of generalized Humbert polynomials and its inverse

series relation are given by [9, 11]

P(m,x,7,s,clq) =

Ln/mj S—N+MK— . C\S—N-+m~RK— —S8
Z ,yk(q TRl ) oo (1 — o) mhR (1 — g) stk
k=0

(@* "L ) oo (5 i (@5 4™ i

(g™ = 1)m)

(3.1.1)
=
m n [n/m] s+k (m—1)k(k—1)/2 s—ntmk
(1 - qc)n(q7 Q)n =0 1— qc (qs—n—i-k; Q)oo
s—n+1.
q 1 4) oo
men—mk(mw,%smlq). (3.1.2)

The specialization of this polynomial are as follow:
The g-Humbert polynomials|[11, Eq.(24), p.13] and its inverse series relation|[11,
Eq.(25), p.14| with s = —v, ¢ =1 and 7 = 1, are given by

Ln/m] —v—n+mk—k+1.
(g7 $q) oo
Iy (z]q) =
() % (gL @) oo (@5 @ nmi (@15 ™)
m _q n—mk
x ((q1_>3”) (3.1.3)
—q
=
m 1)" ln/m] 1 —v—n+mk —v—n—+1.
(g™ —1) R Z (_1)kq(mfl)k(k71)/2( —q )(q $q) oo
(1= 9)"(g:9)n p (@ @oo(@™ 54 i

The ¢-Kinney polynomial and its inverse series are obtained from (3.1.3) and
(3.1.4) by substituting ¥ = —1/m as stated below.

Ln/m] (q—%—n—i-mk—k—i-l; )oo

Pum.alg) = 3

1
= (g R ) oo (@5 D (@ ¢k

X ((q’: : ;)x>n_mk

&

m n ln/m] 1 mim S RN
(¢"—1) = Z (_1)kq(m71)k(k71)/2(1_q mn k)(q m +1,Q)oo
n(q: - -1 n m—1. ,m—
(1= a)"(a:9)n =0 (@7 " Qoo (@™ 4™ iy

XPnfmk<m7 $‘Q)
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The g-Pincherle polynomial (m = 3 and v = —1/2 in (3.1.3) and (3.1.4)) with its

inverse series are given by

Ln/3]

Z ¢ +q+ 1) (ga T ) (=)™
(@7 )0 (05 (0% 6
=4
n [n/3] L, -
M<_x)n _ Z(_l)qu(k—1)(1—q 3SRy (gma L g)
(¢ @)n — (072" @)ool g )k
><73n_3k7q(x).

¢-Gegenbauer polynomial and its inverse series (m = 2 in (3.1.3) and (3.1.4)):

(/2] e _
’ (" @)oo (1 + )" o
C!(x = —x)" 3.1.5
n(#ld) kzzo (g4 ) o (65 @) 26 (G Q)k( ) (3.15)
~
(1+ )n Ln/2] (1_ —V—n+2k>( —v— n+1 )
q (—SL’)” _ Z(_l)qu(kfl)ﬂ q 00
(4 O)n p (7" q)oo (g5 Q)k,p
xC¥_ o (x]q). (3.1.6)

The ¢-Legendre polynomial with its inverse series (m = 2 and v = 1/2 in (3.1.5)
and (3.1.6)):

Pl = 3 O
=0 (677 0)oe (45 Onan (45 )
=
(1+Q)n(_$)n _ Lnf<_1)qu(k—1)/2(1—qén“k)(qé"§Q)oo
(4 Dn —~ (027" @)oo (@ Dy
X P, _or(x|q).

We first define the p-deformed version of (3.1.1) as

Definition 3.1.1. Forn e NU{0}, meN, r, s, c€e C,;p >0, and mr #p

Ln/m] s nr+mrk—kp+p.
i q 1
Popr(m,z,7,s,clq) Z * Jo=sl

(1— q)
(gmr—p; q””"*p)k

_ qc) s—n+mk—k

gs—nrtmkrtp, q)m(q; Q) n—mk

((¢" — )z)"™* (3.1.7)

We shall call this polynomials as the p-deformed generalized ¢-Humbert

polynomials. It extends the p-version of the g-Humbert polynomials, the ¢-Kinney
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polynomial, g¢-Pincherle polynomial, ¢-Gegenbauer polynomial and g¢-Legendre
polynomial together with their inverse series relation. We also note the inverse

pairs of the Askey-Wilson polynomials and the g-Racah polynomials [11, 19]:

(ab; @)nlac; Q)n(ad; @) ~x~ (7™ q)r(abedg™t; q)x
pn(cosb;a, b, c,dlqg) =
( g v 2 (ab: ghu{acs On(ads g 0
x(ae"; q)p(ae™"; )rg"” (3.1.8)
=
(ae”; nlae™ @)n Eijan(q‘";q)k(l-—-abcdqgk‘l)
(ab; q)n(ac; q)n(ad; ¢)n o (abedq®; q)nsa

ak pk(COSQ; a, b7 ) d|q)
(ab; q)i(ac; q)r(ad; @)k(g; @)k

(3.1.9)

and

n

(7™ Q)e(abg" s r(q™"; Qrlcdg™ 5 Q) 4,
(ag; @)x(bdq; @), (cq,Q)k(q,Q)

Ro(q " +cdg™;a,b,c,dlq) =

k=0
(3.1.10)
=
(0" Daledg™ i q)n - (@ @(L = abg® )
(aq; @) (bdq; q)n(cq; @)n =" (abg* T Qi1 (g; D

X Ro(q~* +cdg™ s a,b, c,d|q), (3.1.11)

the following pair involving the ¢-Bessel function J,El)(x; q) |11]:

n+1 e 1)k x\ n+2k

IO (zq) = )eo (—) 3.1.12
(=:4) ZE: ,Q)k(q,Q)k 2 ( )

k=

o

=

n+2k
(2> q n+k,q)oo(q, q)k ’I’L+2]€( ?q) ( e )

We shall obtain the inverse series of the deformed versions of the aforementioned
polynomials by establishing a general inversion pair in section - 3.2. Moreover, in
section - 3.4, we shall derive the p-version of ¢-Bessel function (3.1.12) due to Jack-
son and the generalized g-Bessel function (3.4.14) due to Mansour Mahmoud[44]
with their inverse series relation. Next, the summation formulas involving the
particular ¢, p-polynomials are derived in section - 3.5 and lastly, the Companion
matrix of monic polynomial derived from the p-deformed generalized ¢- Humbert

polynomial (3.1.7) is given in section - 3.6.
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3.2 Basic inverse series relations

While proving the general inversion pair, we shall use a result based on the
¢-Binomial theorem [19, Ex.1.2(vi), p.20]:

Lemma 3.2.1. For |q| <1 and n € N,

~ DV g
,; @GDur@ e (50)n (3:2.1)

Another result required is the following inverse pair.

Lemma 3.2.2. There holds the following inverse series relation.

_ - 0k k(k—2n+1)/2 | T 1

f(n) = };( 1)q Mql (qa—ar-l-np—k:(br-i-p);q)oqu(k) (3.2.2)
=

- - n —ar— T a—ar —n\or
g(n) _ Z(_l)kqllc(k 1)/2 {k:| (1 s kb )(q +kp—n(b +p)+p;q)oo,pf(k>7

k=0 q1

(3.2.3)
(Q1§Q1)n

b . n —
where q1 = q b # —p and [’“] % (13 q0)n-k(q @)n

Proof. We observe that the diagonal elements of the coefficient matrix of first
series are

i ip(1—1)/2 a—ar—ibr
(a2 @ )y

and the diagonal elements of the coefficient matrix of second series are

(_1)iqip(i—1)/2(1 _ qa—ar—ibr)(qoz—ar—ibr—i-p; Doorp
which are all non zero, implying that these matrices have unique inverse. Hence,
it suffice to prove that one of these series implies the other. We shall show that
(3.2.3) implies (3.2.2).

We denote the right hand side of (3.2.2) by ®(n) and then substitute for g(k) from
(3.2.3) to get

" n 1
@(]) - Z(_l)qu(k_2n+l)/2|: :| a—ar+np—k(br
1 k . (q +np—k(br+p) q)

k=0 L 1d)o0,p
k

) J(j— k a—ar—jbr a—ar+jp—k(br .
Sy ] (g g (),
Jj=0 a0
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Here applying the double series relation:

n k n n—j
> Alkj) = A(k +7,7),
k=0 j=0 j=0 k=0
we further have
n = . .
j =0 k=0 k +'] ql "7 ql
(1 a arfjbr)(qafaT‘JrjP*(kJrj)(errp)er’q) 7pf( )
(qa—ar-i-np—(k-i-j)(br-i-p); Q>oo,p J
nzli b ) =20t D/24 1)/ n k+7
+7)(k+j—2n+ +3(—
- s+ il ]
0 k= k + J q1 J q1
y (1 _ qa—ar—]br)(qa—ar+jp—(k+j)(br+p)+p; q>oo7pf( )
(qafarJrnpf(kJrj)(errp); q)oo,p J
n—1 n—j
n c—ar— b kt5) (k5 —2n+1) /245 (i—1)/2
= 10+ X (7] = g S
=0 a k=0

[” —J } (qo—ortip= (k) brtp)te, 0) (3.2.4)
q1

]{) (qo{—aT-i-'fLP—(k‘i'j)(br—i_p); Q)Oozp

Here, the ratio of two ¢, p-gamma functions represents a polynomial of degree

n—j— 1in k, that is

<qa—ar+jp+(k+j) (=br—p) +p; q) o

J
. — C! qkl
—ar-+np+(k-+5)(—br—p). Z L1
(qo-er P ), g)

say, hence from (3.2.4), we have

n—1 nfj
n —ar—jbr : j j—2n i(j—
(ID(n) — f(n) + Z [ } (1 — " Jb )f(]) (_1)kq§k+y)(k+3 2n+1)/2+35(j—1)/2

n—j n—j—1
ST
91 ]=0
n—1 n—j
n i(J—n oa—ar—1i1br . k(k—2n+25+1)/2
— )+ H G971 = iy () 3 (1)
j=0 J q1 k=0
n—j n—j—1
x[ L } Z C ¢t
a1 =0

n—1 . A n—j—1
= s+ X1 @i S @

q1 =0
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kk;k: mt2j41)/2 | —J|
XZ J >/[ A } g
q1

n—j—1

n j(j—n a—ar—jbr :
SN OEDS H 2 — I pG) Y G
7=0 J q1 =0
y — J k 1)/2 [n ; J] qf(lfnﬂ”rl)_
k:O q
On making use of Lemma - 3.2.1, we get
n—1 n . n—j—1
v = fo)+ 3|7 @ G Y G
im0 Wl 1=0
X (qglinﬂﬂ); Q1 )n—j
n—1 r = n—j—1
n j(J—2n a—ar—jbr .
= f)+ > || dVPa -t fG) D G
j:O ']' q1 =
—n+j l—n+j l—n+j n—j—
x(l—qgl +]+1))(1_q§ +y+2))_._(1_q§ +j+14n—j 1))
n—1 r A n—j—1
n j(J—2n a—ar—jbr :
= )+ |0 A - pG) Y G
i=0 LJ ] q1 =0
X(l _ q§l7n+]+1))<1 _ q§l7n+j+2)) . (1 N q[l)
= f(n).
This completes the proof of (3.2.2)<(3.2.3). O

This lemma yields the series orthogonality relation when f(r) or g(r) is

chosen to be [S] o In fact, we have

Corollary 3.2.1. In the notations of the above lemma, there holds the series

orthogonal relation:

<qa—ar+kp—n(br+p)+p . q)

0 = k(k—1)/2 {n} —ar—kb 74 ) oo
= § —1)*q 1 — go—ar—hbr P (3.2.5
M @ =V k ql( ) (o q) o p (3.2:5)

k=0

Proof. The proof follows by substituting g(r) = m ., 0 the lemma. O

There are two p-deformed general inverse pairs in this section namely, p-
deformed general inverse pair-1 and p-deformed general inverse pair-2, in brief,
GIP-1 and GIP-2 respectively. Each of GIP-1 and -2 have two versions; one

involving the finite series and the other involving the infinite series. The GIP-1
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for br # —p is given by

F(a) = Zv

+a—ar—brk—Fk
(¢ P1q)

2P Q(a + bk
<Q17Q1) ( )

G(a) e i k k 1)/2 (1 - qu*aT*b"“k) F(CL + bk)
= (@5 @)oo p(q1; 1)k ‘

In this, we choose a to be a non negative integer n. If we choose b to be (i)
negative integer —m, then we have the finite series version and if b is taken to be
(ii) positive integer then we have the pair involving the infinite series. In case (i),
we take N = |n/m|, whereas in (ii), N = co. The general inverse pair-1 or GIP-1

is a g-analogue of the inverse pair:

N ~k
wa) = Z p+a—ar—brk kp) vla+0k)
=

N (=) —ar — br a—ar

k=0

proved in Chapter 2 with N = |[n/m] or N = co. The GIP-2 for br = —p is

@ ey
F(a) = ;7 @0 G(a + bk)

N
F(a + bk)
Gla) — gD/ ‘
@ = I R D O

Here also we have the cases as stated above. Thus, a is a non negative integer n,
and b is either (i) negative integer —m or (ii) a positive integer m. In the case (i)
N = |n/m]., whereas in (ii) N = oc.

We now prove the first main result as

Theorem 3.2.1. If 0<qg<1, a, r, y€C, a=neN,q, =¢™ P, mr#pand

p > 0, then
Ln/m] +a—nr+m7‘k—kp. q> v
F(n) = 'y PP G — mk 3.2.6
=2 XA (n = mk) (326)
=
ln/m] (1 _ qa—nr+mrk>

- F(n—mk), (3.2.7)
k=0 (@ R2: @) o0 p (5 Go )k
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where q, = ¢™" P, mr # p.

Proof. We first prove (3.2.6)=-(3.2.7). For that, we denote the right hand side of

(3.2.7) by ®(n)

as follows.

d(n)

and then substitute for F'(n — mk) from (3.2.6) with [n/m] = N

(1 - qafnrerrk)
(@73 @) o (25 G2)
(1 _ qa—n'r—l—mrk)

(qo—nrthe; C_I)oo,p((h; Q@)K

k(k—1)/2
(=" g5

I
WE

F(n —mk)

i

0

k(k—1)/2
(—v)’“ gyt

I
. I07=

—k
+a—nr-+mr k+m1

X fyj =P G(n —mk —mj
jz (q2; Q2)j ( )
N N- k a—nr-+mrnr
_ ZZ Jitk 1)/ (1 —gorramehy
s (G @)oo p (25 42 )k

(qp+a nr+mrk+mrj—jp. q)

2P G(n — mk —mj).
<Q2,Q2)j ( j)

We apply the double series relation:

Ak,5) = D) Ak, j—Fk) (3.2.8)

J (1 _ qafnr%»mrk)

N
(= 1)k —htkgh(h=1/2
jzo k=0 ’ (@3 @)oo p (25 G2)k

qp—i—a—nr—i—mrk—i—mrj—mrk—jp+l<:p. Q)oo
X 2P G — mk — mgj + mk)
(Q2§ q2)j—k

qa—nr+mrk>

N
1—
) + ight= /2 (
) ZZ (g HRP; @) oo p (25 @2k

ptra—nr+mrj—jip+kp.
. ; q)oo,pG(n —mj)
(925 G2) &

G+ 3 Gl =) S

“ (423 2); p
(1 o qa—nr—l—mrk)<qp+a—nr+mrj—jp+kp; q>oop

<qa7m"+k:p; q> 0.p

(3.2.9)
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Next, we re-write the inverse series relation (3.2.2) and (3.2.3) by replacing n by

7, a =n and b = —m as follows.
J .
N Ve k(k—25+1)/2 (] 1
) = ’;( 1)%qy qu (qa*n“’d*ww)ﬂ'p;q)w,pg(k) (3.2.10)
=
J
) J a—nr+kmr a—nr— mr
) = DDA (g g ),
=0 q2

(3.2.11)

Now the substitution g(j) = [‘;}q in (3.2.10) and (3.2.11) yields f(j) =
2
1

(@, g and the inverse pair

J

1 k(k—2j+1)/2 | J 1 0
, = > (—1)rg -

(3.2.12)

afm“+k:mr)

0 ; —ye2li] A—gq i
0] = S]] Lol i
q2 q2 ) 0,p

(3.2.13)

On making use of (3.2.13) in (3.2.9), we obtain

®(n) = G(n)+ " AG(n—mj){O.LQ

Thus, (3.2.6)=(3.2.7). For the converse part, we denote the right hand side of
(3.2.6) by ©(n) and then substitute (3.2.7) to get

. (qp+o¢—nr+m7"k—kp; Q)

WE

O(n) = P G(n — mk
() k:07 (g2; @2) ( )
N a—nr-rmr
_ ka(qp+ TR @)oo
=0 (QQ 612)
N—k a—nr+mrk+mrj
] j(j 1)/ (1 —q +mrk+ J)

F(n —mk —my).

“Fﬁ

(q&_nr—‘,—m”‘k'i']p’ q)oo’p<q27 q2)j
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Here also applying the double series identity (3.2.8), we obtain

J

(,y)jkark (

On) = Y

+a—nr+mrk—k
¢ P1q)

j=0 k=0

X

(q2; G2)x
(1 _ qa—nr+mrk+m7"j—mrk)

(qa,nr+mrk+jp*kp; q)ooyp(q27 q2)]7k

(L= g

N

Y ol (=

= (925 42);

J 4
X (_1)kq§:(k+1—2])/2 [ﬂ
a2

= Fn)+ Y o (=)’ —q

(qura nr+mrk— kp’q)

F(n —mj)

0,p

(qa nr+mrk+jp— kpaQ)oop

a—nr—l—mrj)

=

d k(k4+1-25)/2 | J
1o

D IEHE

k=0 q2

But,

(qp+a nr+k(mr— p)aQ)oop J

(qa nr+k(mr— p)+]p7Q)oop

.

~

say, hence from (3.2.14), we further get

N

(CIQ; QQ)J'

F(n—mj)

(qp—l-a—nr—l-mrk—kp; q)

<\.

(qa—nr—i—mrk—l—jp—kp; q) o

j—1

(1 . qa—nr—i-(mr—p)k—l—lp)

—_

Al 61517

0

O(n) = F(n)+ Z qg(j—l)/Z (=) (1L = gorrtmd) F(n —mj)

=1

k=0

J .
% Z(_l)kq;c(k+l—2])/2 [ﬁ

(425 2);

j—1
Z Azqgl

92 =0
( 1— qafnrerrj)

_ +Zq2j /2 (=

(q27q2) F(n_m.])

k k(k+1-25)/2 | ] Kl
x;mz & [&ﬁ.

In this last expression, applying Lemma - 3.2.1, we find

N

afnrerrj)

Om) = Fn)+> g"™"" (=)L —q

=1

(425 @2);

i—
—mj Z
1=0

OOP( 1)j7kq§3 k)(§—k—-1)/2

F(n —mk —mj + mk)

(3.2.14)
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- 0/2(7)
= Flo)+ Y g e
j=1

j—1
XY AL =gy T =gy ) (L= gy T
=0

1—
= F(n).

](1 _ qafm"errj)

(¢2;42); Fn =mj)

Thus the converse part, and hence the theorem. O

Now corresponding to the case (ii), that is, when N = oo, we prove the

inverse pair as

Theorem 3.2.2. Ifp>0, 0<qg<1, a, r€C anda, b €N, then

9] qp+a ar—brk— kp )oop
27 G(a + bk) (3.2.15)
~
[e's) k(k D) (1 . qa—ar—brk) P
a+bk), (3.2.16
,,; (qa“””*’fp; 7)oo,p (G35 03)k ( b )

where g3 = q~""7P, br £ —p.

Proof. First, we prove (3.2.15)=-(3.2.16). We begin as in the above proof, with
the notation

o B (1 _ qa—ar—brk‘)
Ala) = Y (=g F(a + bk)
@ kZ:O S (@2~ ;@)oo p (G35 43) (
— i(—’y)qu(klm (1—g* ™)
=0 ’ (k25 @) oo (G35 G3 )k
° p+a ar—brk—brj—jp.
j ) q)oo D
X vj G(a + bk + bj)
]Z:; (¢35 43);
i k(k—
= (_1)k<7)k+gq3( 1/2
k=0 j=0
1 — g®9— brk pt+a—ar—brk—brj— ]p -
(g Do s s o)

(qa ar+kp7 Q)oo,p(QSa (IB) (q3a q3)

The double series relation:

DD AWk = D D Alkj—k) (3.2.17)
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gives us

0 J
ZZ(_l)k 7k+j—k ql;(k?—l)/2 (1 _ qa—ar—brk)
=0 k=0

(qp-i—oz—ar—brk—brj-‘rbrk—jp-i—kp; q)

y 0P G(a+ bk +bj — bk
(qa—ar—i-kp- Q)oo p(Q3; Q3)k<q3; q3)j*k ( )

= ii j k 1)/2 (1 . qozfa'r'fbrk>

7=0 k=0
+a—ar—brj—jp+kp.
(¢ TP ) o

X
(q“‘”*’“”; Qoop(3303) k(035 G3) j—k

= Z,y Z k ’C(’C 1)/2 (1 _qa—ar—bfrk)
7=0

(qp+oc ar— brj—jp+kp;q)oo

G(a+ b))

G(a + bj
(k22 @) oo p (035 43) (435 43) j—k (a+bj)
o) : J
7J k 1)/2|J a—ar—brk
= G(a)+§ G(a + bj) E [] (1—gq )
= (43193); — k|,

+a—ar—brj—jp+kp.
(¢” TIPS @)oo

X
(q@= kP q) o p

Now, using (3.2.2) and (3.2.3) with n is replaced by j, and setting g(j) = [2]
1
then in view of the Corollary - 3.2.5, we have f(j) = : . Thus,
) (7 HP; @)oo p

)
q3

1 k(k—2j+1)/2 | J 1 0
— = ) (-1 — :
(qa a'r—l—jp; q>oo,p g 3 k o (qa ar k(br+p)+ﬂ7; Q)oo,p k "

=
qoc—ar—brk:> (qp—l—a—ar—brj—jp—i—kp; Q)oo »

J

{0} _ ZJ: k 1/2{]} (1-
‘ a3 =0 & a3 (gomerehn; q)OOP

This pair leads us to

o0

s0) = 6o+ 3 gl e

J=1

= Gla)

thus, (3.2.15)=(3.2.16). For the converse part, we proceed by taking

o p+a ar—brk— kp
Z’y (g Q)OOPG((L—Fbk)
k=0 <q37 Q3)
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_ i’yk <qp+oz—ar—brk—kp; Doorp
=0 (g3 43)x
> ( v)quj(j_l)p(l _qafarfbrkfbrj) .
X . F(a+bj + bk
]ZO (g =bHIP; 4) oo p (435 43); ( )
ket dG-1)/2
= Sy
k=0 j=0

1— qa ar—brk— brj)<qp+a ar—brk— kp’ q> cop -
X (a7, ) T s F(a+bj + bk).
q 14)o00,p\435 q3) 31435 43

From the double series relation (3.2.17), this changes to

0 J
T((I) _ ZZ ] k k+j kq(J k)(j—k-1)/2

7 k=0

j=0
(1 a ar—brk— brj—l—b'rk)( +a—ar—brk—kp.

qp 7q)
(qa ar=brktip=ke: q) oo p (035 43) -k (35 @3)k

— +ZZ J k ~7 J(] 1)/2 k(k 2j+1)/2 (1 _qa—ar—brj)
7=1 k=0

<qp+a ar—brk— kp7 q) F( b )
y a—+ by
(qa—ar—brk-l-JP kP q) 0o ,p(q37q3>17k(q3;q3)k

_ a—ar—brj
y2(1—q ) .
= )+ E 1)/77¢3V " Fla+0bj
s (CI3, Q3)j ( )

=P F(a + bj — bk + bk)

k k(k 2]+1)/2( qp+a ar—brk—kp.

j
X Z oz ar—brk+j kq qg) ( ’Q)
— PR @)oo p (035 43) -1 (433 G3) K

_ +Z gl ne(l—g

(Q3, Q3)j

a— ar—brj)

F(a+ bj)
=1

pta—ar—brk—kp.

J .
9 il (g } @Q)oop
X Z(_1>kq§(k SR |: } a—ar—brk+jp—k
k=0 k q3 (q T, q>°°’¥’

Since

(qp+afar+k(fbrfp); Q) J—1

. <P (1 . qafar+k(fbr7p)+ip>
<qa—ar+k‘(—br—p)+jp; Q)oo,p g

j—1

E ki
= AZ qs

i=0
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say, we further have

00 o (1 . qa—ar—b’/‘j) )
Y(a) = F(a)+ -1 ],y]qJ(J 1)/2 Fla+bj
( ) ( ) ;( ) 3 <Q3§Q3)‘ ( )
J
% Z(_l)kqlg(k’ 2]+1 /2|: :| ZA
k=0 a3 =0
o0 1 — qa ar—ij) .
_ ) + ] i JJ 1)/2( F(a+bj)
; (QS7q3)j
Jj—1 J
« A (k 2j+1)/2|: :| qjgm
=0 =0 k q3

Now, apply Lemma - 3.2.1 to inner series in this last expression, we find

I 3 e )
a) = a+ bj
(q3:93);
j—1
x ZA (qéz Hl)v q3);
i=0
1— qa arfbrj) .
= )+ ind b= /2 F(a+ bj)
Z (q3a q3)]
x> AL g (1 g (1 g
i=0
= Fa)
This completes the proof of converse part and hence the theorem. O

Here, one can observe that br # —p in Theorem - 3.2.1 and Theorem - 3.2.2.
The two inverse pairs corresponding to br = —p are proved in the forms of the

following theorems.

Theorem 3.2.3. ifp>0,0<qg<1l, a=neNmr=pmeNandr € C, then

N qp+a nr. Q)
F(n) = Z’y’“ L G0, — mk) (3.2.18)
prt (@ )k
=
= F(n —mk)
G(n) = SO A — : 3.2.19
( ) kzg (qp—l-a—nr—i—kp; Q)oo,p(q, q)k ( )
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Proof. First we prove (3.2.18)=-(3.2.19), we began with notation Q(n) to right
hand side of (3.2.19) and then we put value of (3.2.18) as follow,

pard (qP o= R2: q) oo p (45 @)

N ( )k k=12
= —’y —
Z (qrrommm+ke: q) o (45 Q)

i (qp+o¢—nr+kp; q)

2P G(n —mk —myj)

X
-2

(¢:9);

N k(kfl)/2( pHa—nr+kp. )
= —1)kqktd d a Doy G(n —mk —mj
2 : - (qPro=m k2 @)oo (45 )i (45 ) ( )

k=0 35=0
ARpEy N

- Z (=1 G (n — mk — my). (3.2.20)
k=0 j=0 (;)r(q:q);

Al k_ kti—k qk(k—l)/Z
Qn) = -1 J— Gl — mk — mi 4 mk
( ) J;kz—o( ) (QQQ)k(q;q)j_k ( J )
N J )
— _|_ k(k—1)/2 Gln — mj
;kz:o (7 )(4:0)j—+ ( )
Y ;G(n —myj) J
- G(n)—FZ’y —]Z Y ghtk=1/2 []} . (3.2.21)
j=1 (¢ 9); 0 k ,

On applying Lemma - 3.2.1 in (3.2.21), we get

j (13 Q>j G(n N m])

) (¢:9);

Il
«@Q
S
+

]
)

I
Q
2

Thus, we proved = part. For converse part, we denote right hand side of (3.2.18)
by Z(n) and then we put value of (3.2.19) as follow

N
- K (@)oo
2(n) = y G(n —mk
) ; (¢ Ox ( )
N [n/m—k]

_ Z,y (qp'i'oé nr. q)oop Z (—’y)jqj(]_l)/2 F(n — ml{f — mj)
— (¢ @) = (qrremm HP; q) o p (45 0);
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Ln/m—k] j(J— a—nr
PUDR (e g) 0

SPID WEUE - ,
—~ = qp*“‘"”’fpﬂp;q)oo,p(q;q)j(q;q)k

X F(n —mk —mj). (3.2.22)
On making use of double series relation (3.2.8) in (3.2.22), we get

q(j k)(j—k— 1)/2(qp+oc nr. q>

N J
=(n) = 1) —kqkti=k 0.p
( jz ZO (qp+a TLT+kp+]p kp’ q)OO»P(q7 Q)jfk(qa Q)k
X F(n —mk —mj + mk)
N (7=k)(—k—1)/2 gp+a—nr.
i~k j 4 (q ) Q)oo D .
= (—1)7 "y . L —F(n —mj)
jzo — (g7 9P ) oo (45 0) j—k(G5 O

N J
= F(n)+ ) (=1 Y ¢V (g q);

j=1 k=0

(_1)qu(k+1—2j)/2F<n o m])
(43 0)5-1(q D
N i—1)/2( p+a—nr.
(]] (q Q)Jp

= )+ o F(n —myj)

ZO (4:9);

1)k k=1)/2 J k(1=7) 2.2
x> (=1’ k) (9:2:29)

k=0

X

<.

We applied Lemma - 3.2.1 to (3.2.23) to obtain,

(n) = F(n)+Z(_l)@jqa’(j—m(q“(“q‘;’;;jq)j,p

[1]

(¢"7;q); F(n —myj)

. 12 (P q);
= Pl + Y (1l s
1 q;Q)]

NA=¢ ) (L= ¢ F(n —my)

This completes the proof of Theorem - 3.2.3. O

Next, we prove inverse series relation

Theorem 3.2.4. ifp >0, 0<qg<1, a, b€ N and br = —p, then

27

+a— ar
qp

Do G(a + bk) (3.2.24)
k:
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[e o]

F(a+ bk)
E k k k—1)/
(qp“*a’"*’“p‘fJ) (@G Ok (3.2.25)
k=0 ) oco,p\4Y>» k

Proof. First we prove (3.2.24)=(3.2.25), we assign ¥(a) notation to right hand
side of (3.2.25) and then we put value of (3.2.24) as follow:

_ F(a+ bk)
Ula) — )2
@) kzo( ) (qrremar*2: q) oo o (45 @)
_ Z( 7>qu(kfl)/2 1

(g oo he: q) oo (05 @)
qp+a ar+kp. q>

(¢:9);

k=0

xi'y]

Jj=

=L G(a+ bk + bj)

(qp-i-a—ar-i-kp; q)

S5 (g2 o
(qp+a—ar+kp; q)oqp(q; Q)k<Q; Q)j

k=0 7=0
X G(a + bk + bj). (3.2.26)

On making use of double series relation (3.2.17) in (3.2.26), we obtained

© ] ' 1
U(a) = (—1)Fnd—htkghlh=1)/2 Gla-+ bk + bj — bk)
;; (¢ Dr(a5 9)j-
= G(a)JrZw( - 'G(a+bj)z<_1)qu(k 1/2 {ﬂ . (3.2.27)
j=1 q7 q)] k=0 q

Now apply result Lemma - 3.2.1 in (3.2.27) to obtain,

U(a) = +Z”yﬂ G(a + bj)

J=1

= Gla).

Thus, we proved = part. Now for converse part, we denote right hand side of
(3.2.24) by A(n) and then put value of (3.2.25) as follow

> pra—ar.
Ala) = Z'yk (4 q)oopG(a + bk)
o (5 9)n
B i’Yk (@ g i(—v)jqﬂ“’” F(a+ bk + bj)
k=0 @Gaor = (grro=artPhtip; q) oo (45 4);
— b (_1) ,Yk—i-]q i(G—1)/2 (quraiar;(ﬂ
k=0 j=0 (qrro-ertektip; q)oop(q 0);(¢; @)k
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I6)

X F(a+ bk +bj).

(3.2.28)

On making use of double series relation (3.2.17) in (3.2.28), we obtained

o
Aa) = ZZ )i~ Fohti= kqU=kG—k=1)/2

=0 k=0
(P @oop

>< N
(qp+a—ar+pk+yp—kp- q)oo’p(q; q)j_k;(q; 9k

_ Z (G- 1)/2qk(k+1 25)/2
7=0 k=0

(P @)oo
(qﬁ"‘*“’"“p' Doop(@: 1) j—1(T; O

F(a+ bj)
— + JG— 1)/2—
Z (:9);

F(a+ bj)

=0 k q

= Fla)+ Y (—1/ ¢ V(¢ q);
j=1

J
k: F+1=20)/2 J
DYSIE L
q

=0

On making use of Lemma - 3.2.1 in (3.2.29), we obtained
AMa) = Fa)+ ) (17 g0Vt q),,

= Fla)+ ) (175 gu DR (gt q),,

= Fla)+ ) (=1 gD (grtemerg),

This completes the proof of converse part and Theorem -

J pt+a—ar.
k kk—i—l —25)/2|J (q ;) oo,p
2 H (

L)

(4:9);

(4"

(¢;9);

1

Plq59);
N =) (1= ¢ F(a + by)

3.2.4.

F(a + bk + bj — bk)

F(a+ bj)

(3.2.29)

761)3' a .
(¢:9); Fla+bj)
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3.3 Alternative inverse pairs

We obtain the p-deformation of the Askey-Wilson polynomials (3.1.8) and
the ¢ -Racah polynomials (3.1.10) with the help of the alternative form of Theorem
- 3.2.1. We first consider the reducibility of this theorem by taking a = n,v =
I,b=—-1,m=1and q, = ¢"P,r # p. We then get

n p+a—nr+kr—kp.

Fin) = Z . (Q4;Q4)k7q)007p Gln=F)

k=0
<~
n B 1 — qa—nr—f—kzr)
G(n) = -1 qu(k /2 ( F(n—k).
) ,;( ) @, gl )
Reversing these inverse, gives
n p+oa—nr+r(n—k)—(n—k)p.
F(n) _ Z (q 7Q>OO,PG(k,)
=0 (G435 q4)n—r
=
n B L 1 — qa—m"—i-'r(n—k))
Gy = S (L1yErngrbmkne Fk),
() = 2 (1)) T g Gt )
that is,
n p+a—np—kr+kp.
F(n) (q ) Q)Oo,p G(/ﬂ)
P (q43 qa)n—r
=
- ) (5)+h—nk (1— g )
Gy = D (-1)imgl / F ()
— (g7 72; ) oo (G045 G4 )k
that is,
n p+a—np—kr+kp.
F(n) (C] ) Q)Oo,p G(k})
o (q43 qa)n—#
=
n n I; +k—nk a—kr
DGO S~y I RA L -
qig) =0 (1 — gomnrtnp=he) (go=nrnp=kptp: q) o 1 (q4; Ga)n—r

(5

On replacing G(n) by (—1)"q, )G(n), this pair reduces to

(l;) <qp+a—np—kr+k:p; Q)

PGk
(Q4;Q4)n7k ( )



Chapter 3 The p-deformed q-polynomials’ system - I 7

n (5)+k—nk

G(n) = Z(_l)k( 4y (1-¢

— 1 — qa—nr+np—kp>(qa—nr+np—kp+p; Q)oo,p<q4; q4)n7k:

a—kr)

F(k)

By making an appeal to the formula (1.5.10) with the substitutions a =1, p =1
and replacing g by q4, that is, using

(943 qa)n—k = (—1)kqf(’““)/2*”’“*’“M — (—1)* (5)—nk (qa3qa)n
| (42" qa)

! (" qa)i’

the above pair changes to

F(n) = Z(—l)kq@ (91"; qa)k(g" "~ hrthe,  q) oo G (k)

—nk
k=0 (—1)’“q4$2) (445 Ga)n
=
n (S)Jrk*nk a—kr
_ _1\k 44 (1—g¢ )
G(n) - kZ:O< 1) (1 _ qa—nr+np—kp)(qa—nT—i-np—kp-i-p; Q)oop
2 (a2 qa)n F(k),

(—1)’fq4(§)7nk(q41; G1)n

or alternatively,

oo (@13 Q)i (gP PR ) o
Fln) = Y g IS
=0 44; q4)n
i (1 —¢* ) (g™ qu)s
— (1 _ qafnrJrnpfkp) (qafnrJrnpfkarp; Q)oo,p(q4; q4)n

We replace here G(n) by G(n)/(¢"T* ™ q)oop t0 get

+ kr+k
qp a—np—kr p’q)

F(n) _ ank Q4 7q4

P Gk
(@PTR @)oo p(Qa5 @a)n (k)

Gln) = Z( a5 (1= ") (g a)k(@ " @)oo p F(k),

(1 — qomrtmp=ke) (qom e =ketes ) o (Gas 4a)n

that is,

_ Q4n;Q4)k
Fln) = Zq (qPrahrs q)p (Q4;q4)nG(k)

n

k a—kr —-n, +a—nr.
_ a1 —q* ") (aa"; q0)r(q” s Dk
G(TL) - kz:% (1 _ qa nr+np— kp)(Qz,L, q4) F(k)
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Now from the formula (1.5.11), we have
(qp+o¢—k7"; Q)k—n,p = (qp—&-oc—kr; q>f(nfk),p
_ (_1)n+kqp(nfk)(nfkfl)/Qf(erafkr)(nfk) 1
L) M
_ (_1)n+kqp(n—k)(n—k—l)/2—(l7+oz—k7“)(n—k;) 1
(@ @) nkp
_ (_1)n+kqp(g)+p<§)—nkp—l—kp—(p-i—oc—kr)(n—k) 1 :
(T Qnryp
and
(@ Dnkp = (PO k) o
— (_1)n+kqp(k—n)(k—n—l)/?—(p—i—a—nr)(k—n) 1
(qp7a7p+m“; Q)kfn,p
— (_1)n+kqp(k—n)(k—n—l)/Z—(p—l—a—m")(k—n) 1
(q—a—i—nr; Q)k—n,p
_ (_1)n+kqp(§>+p(g)—nkp—i—np—(p-‘,—a—n’r)(k—n) 1 7
(qiaern; q)kfn,p
hence, the above inverse pair assumes the form:
n —n. —a+kr.
F(n) _ Zqzk £Q4 akq4)k’(q aq)n—k‘,p G(l{?)
o (_1)n+kqp(2)+p(2)—nkp-‘rkp—(p—f—a—kr)(n—k)<q4; q4)n
54
S L UM e s g Y
n) = )
— (1= gt = ) (g4 @)k p (443 Q)
Also,
(1 — qa—kr> _ nr—kr—np+kp (1 — q—a—i-kr)
(1 _ anrnpfk:p) q (1 _ qfa+nrfnp+kp)’

consequently, we get

—a+kr

- (45" @)r(q " @)n iy
F n — an - ,
(n) kZ:O 4 (_1)n+k:qp(2)+27(g)*nkp+kpf(p+afkr)(nfk)<q4;q4)n

Gln) = z": giq" M TP — g ) (g4 ga)
(1 — getnr=methe) (=0 ) p(Qa; Ga)n

% (_ 1>n+kqp(§)+p<g) —nkp+np—(p+a—nr)(k—n)F<k) :

k=0

G(k)
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that is,

~ (@) Ok
Fn) = Y a* ’
k=0 (q47 q4)n

> (_ 1>n+kq—p(g) —p(g)+nkp—kp—(p+a—kr)(k—n) G(k)

G(n) - Z": qzlfanfkrfnp+kp(1 o qfaJrkr)(qél—n; Q4)k
— (¢ @) k—nt1,p(qa5 G1)n

% (_1)n—l—kqp(S)er(g)fnlcernpf(p+afm~)(kfn)F(k).

Here on replacing F(n)(—l)”q_p<g)+(”+a)” and G(n)(—l)"qp(g)+”p_(°‘+p)” by F(n)

and G(n) respectively, we get simplified form:

n . q
F(n) = Z%k
k=0

T (G GO Dk

(CI4; Q4)n

n k nr—kr—np+kp—nkp—nr(n—k) 1— —a+kr -n, —nkp—nr(n—k)
Gy = Y 4l (1 =g *"")(g1 " 9a)rq PR
k=0

(" @) k—nr1.p(qa; )

Rewriting the powers of ¢, we get

- —n. —a+kr.
F(n) = ank(r—p)+nkp—kr(n_k)(% 1 qa)k(q i q

)nfk,p
k=0 (¢4; q4)n k)

n k(r—p)+nr—kr—np+kp—nkp—nr(n—k) 1— —a+kr -n,
G(n) = Zq (1—g¢ (a2 qa)x
k=0

F(k);
(gt @) p—n+1,p(Qa; Ga)n (¥)

n

—n, —a+kr.
F(n — k2r (q4 ) Q4)k(q ) q)nfk,pG L
) kz:% ! (q43 q4)n )

n nr—np ,—nkp—n?r+nkr 1— —a+kr —n.
Gy = ST (1 — g™ (g 7C]4>kF(k)'
k=0

(T @) h—nt1.0(045 @a)n

Next, replacing G(n) by ¢""~"G(n)/q""", gives

N (7 rRce 78 VX (a7 I
F(n) = E g =G(k)
k=0 (945 g)n
==
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anr—nkp<1 . q—a—f—kr)(q;n; q4)k
(@t Q) r—nt1.0(qa5 @a)n

n

k=0
Now using the formula (1.5.7), we get

—oa+kr

~ ey (@ a0)k(q £ @)oo
Fn) = > d"™" 2 G(k)
; (qmothrme=kp; q) o p(q4; Ga)n

n anr—nkp(l _ q—a—l—kr)(q4—n; q4)k(q—a+nr+kp—np+p; q)

G = 2 0 Q)oep 55 1) .

If G(n) is replaced by G(n)/(¢~*™"; q)sop, then we get

. - (91" qa)k
F(n) = i Gk 3.3.1
=) ,; (gmothrme=kp: q) oo p(q4; Ga)n (k) (3:3.1)

(1 — ) (g g (gt g

_ )oop
Gln) = kz:% (943 q4)n F(k)

(3.3.2)

This pair is used to provides p-version of Askey Wilson polynomials and ¢-Racah

polynomials.

3.4 Particular cases
The polynomials (3.1.7) when compared with the series (3.2.6) of Theorem

-3.2.1 suggests the substitutions a = s,

G(n) = (¢" = 1)"z" /("™ Q)oop(1 — )" *(¢5 0)n)

and the replacement of v by (1 — ¢)v/(1 — ¢°). Then F(n) = P,,(m,x,7,s,c|q)
yields the p-deformed generalized ¢-Humbert polynomials. The inverse series is
then obtained from (3.2.16) in the form:

(L= q°)"(¢: q)n

Ln/m] stk (mr— - s—nr+mr s—nr
- k 1— q + q( p)k(k 1)/2(1 —q + k)<q +p; q)oo,p
- Z (_7) c s—nr+k mr— mr—

k=0 1—q (q P Q)oop(q™ P qM P )k

X P mkepr (M, ©,7, 8, ¢|q) (3.4.1)
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The p-deformed ¢g-Humbert polynomials and its inverse series follows by taking
s=-v, c=1and vy=11in (3.1.7) and (3.4.1):

5
~
2

—v—nr+mrk—kp+p.

I ( ‘Q) _ ((] >Q) (1 - Q)in+mk
b (q-v=mrtmkrtp: q) (65 @) nemi

k=0
g = 1)z)" "
- (3.4.2)
(q  d )k
=
m n [n/m] —v—nr+mrk
(¢"—1) o= Z (_1)kq(mr—p)k(k—l)/2<1_q k)
(1=a)"(¢:0)n p (77" RP: @)oo p
(@77 ) o,

(gmr=p; gmrP),,

The p-deformed ¢-Kinney polynomial and its inverse series is obtained by taking
v =1/min (3.4.2) and (3.4.3) as given below

Ln/m] f—fmdrmrk kp+p. Q)oop<1 _ q)—n+mk

Pn,p,T(ma*IkI) = Z
k

(g™ = 1y
X g

(g m R ) (G @) nmi

&
" " Ln/m] L pr4mrk
("~ 1) " = Z (—1)Pqtmr—pIk(e= 12 (1 _1q m rtmrky
1 — q)"(¢: 0)n e T

L _nr
(q m +p7Q)oop

(qmr P qmr p)k

Pn—mk,p,r (m, JI|Q) .

Take m = 3 and v = 1/2 in (3.4.2) and (3.4.3), then we obtain the p-deformed
g-Pincherle polynomial and its inverse:

/3] —7—nr 3rk—kp+p.
(q kTR )
Popr(@la) = ;
Z (72 ”’"*3’“"+”,q)oop(q Q)n—3k(q@* P ¥ P)y,
=
2 1)" Ln/3] 1 — L nr43rkN( ,— L —nrip.
(“+q+1) (—z)" = Z(_1>kq(3rfp)k(kfl)/2< —q: )(g 2 @)oo
1

(¢ @)n prd (@275 @)oo p (657773 45777

XPn—?:k,p,T(xM)
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The p-deformed ¢-Gegenbauer polynomial and its inverse series are obtained by
taking m = 2 in (3.4.2) and (3.4.3) as given below.

Ln/2]

—v—nr+2rk—kp+p. 1 n—2k
Crpr(zlg) = Z - Eq okt  Doc! +2q—) o
" = (IR Q) oo (43 @2k (077775 4770 )i
x (—x) 2 (3.4.4)
=

1 n ln/2] 1 —v—nr+2rk —v—nr+p.

(1+9q) (—z)" = Z(_l)kq(Zr—p)k(k—l)/2( —q )(q @)oo

(:9)a k=0 ("R q) o p (@77 7F; 42772 )
XCrzka,p,r(xM)' (345)

The p-deformed ¢-Legendre polynomial and its inverse series occur when v = 1/2
in (3.4.4) and (3.4.5). The pair is

[n/2] (q—%—nr+2rk—kp+p. Q)oo p(l + q)n—Qk

Pops(ele) = > (T,
k=0 \q ’

Qoo (@ Q) n—2k(q>P; ¢* P

% (_x)n—Qk
<~
n |_n/2J —l—nr T —l—nr .
—(1 +4) (—x)" = Z (_1)kq(2rfp)k(kfl)/2(1 _1(1 22 k)(q 27 ) oo
(q; Q)n k=0 (qiiimdrkp; Q)oo,p(q%ip; qzrip)k

X Pank,p,r (l‘ ‘ Q) .

Note 3.4.1. When p = 1, the polynomial (5.1.7) and its inverse series (3.4.1) get
reduced to the polynomial (3.1.1) and its inverse (3.1.2). Moreover, (3.1.7) and

its inverse series (3.4.1) approach to (2.1.1) and its inverse series relation (2.3.3)

as ¢ — 1 with p=1 and r = p.

The inverse series pair (3.3.1) and (3.3.2) when specialized suitably, provides
us inversion pairs corresponding to the p-deformed Askey-Wilson polynomials and

the p-deformed ¢-Racah polynomials. In fact, if « = —a — b — ¢ — d + p, and

G(n) = (ae“’; Q)"ap(ae_w; q)n,p/((ab§ Q)n,p(ac§ Q)n,p(ach Q)n,p(qr_p§ q" "))

then
(abedq™; q)npa™ Pupr(cosd;a, b, c,d|q)

(ab; @)np(ac; @)np(ad; @)np(abedq=; @)oo p (7P ¢"7P)n

gives the p-deformed bibasic Askey-Wilson polynomials and the inverse series:

F(n)=

(abedq™";q)pn pa™ prpr(cosb;a, b, c,d|q)
(ab; Q)nplac; Qnplad; )np(@P;¢77P)y
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_ Z bty (@7 g ) (abedq P @)oo p(ae”s @i pae™; @)ryp
P (abedgPHrrtmo=ke; q)oo p(ab; q)kp(ac; Orp(ad; Q)rp(q" 25 4"k

1

X e
(@ P q"P)n
=
(ae™; @)np(ae™; q)nyp
(ab; @)np(ac; Q)nplad; @)np(q P ¢ P)n
_ n anzr—nkp(l _ abcdq—p—i-kr)(q—n(r—p); qr—p)k(abcdq—p+nr+kp—np+p; Q)oop
— (ab; Q)rp(ac; Qrplad; @) p(abedq™; @)oo p (4" P 4" P)e(q" P ¢ P)n

x (abedq™; Q) pa” prpy(cost;a, b, c, d|q).

A further simplified form is

a" pnpr(costa,b,c, d|q)
(ab; @)np(ac; @)nplad; @)y
. <q—n(T—P); ¢ )i (abedg™ P, q)%,k,p(ae"’; q)k,p(ae_w; q)k,p

kr—k
- kZ:O ! (ab; Qrp(ac; Qi plad; Q)rp(@ P 4P )i
(3.4.6)

=

(ae”; @)nplae™; @y
(ab' Dnp(ac; @ p(ad; @)y
_ g™t (1 — abedg ") (g7 P g )

Z (ab; @)rp(ac; q)ip(ad; q)rp(abedq™ =P q)ee _pin (@777 7P
xa® pk,p,T(cosﬁ;a, b,c,d|q). (3.4.7)

Ifa =—a—0b—p, and

G(n) = (07" Dnp(cdg™ " Q)np/ (4" D p(bd”; @ p(cd”; Dnp(d 50 )n)

F(n) = (abq"; Q)npRnpr (g% + cdg*P;a,b, ¢, Nlq)/((abg”; @)oo p(d" ;¢ 7))

n (3.3.1) and (3.3.2), yields the p-deformed g-Racah polynomials along with the

inverse series as follows.

(abg?; q)mpRn,p,r(q_x + cdg**?;a,b, c, Nlq)
(" P47 P)n
_Z kr—tp ("0 P )07 @Qrp(cdq™ 5 ) p (aDGP; @)oo
(abghrtrr=kete; ) o (aqP; @) 1p(bdaP; @)k p(cqPs @)k p

k=0
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1

X
(¢ P; " P)(q"P; q"7P),,
=

(7% Onp(cdq™P; @)y
(aq?; @)np(bdq?; @)np(cq?s Q)np(q" P3¢ )
_ z": i (L= 007 ) (g0 g0 (abg I @) (b D
e (@b @)oo p(q" 75" P )k(q" 254" P)n
X Ripr(q~" + cdg™P;a,b,¢, N|q).

Taking ¢~* + ¢dq® ™ = u(x), this may be put in an elegant form:

(q_n("‘_p); q”"—p>k<abqnp+p; Q)%—k,p
(aq”; @)k p(bdqP; @)k p(cqP; Q)i p

" (cdg™ ;@) p(@ "5 Qrp
(P 7Py

Ropr(p(z)ia,b,c,Nlg) = > g
k=0

(3.4.8)

=
(47 @np(cdg™ s @)y _
(aqP; @)np(bdqP; q)np(CqP; @)np

n

anr—nkp(l o abqp-i-kr‘)(q—n(r—p); qr—p)k

(abg"4P; @) _pi1p(q7 7547 P)

k=0
XRk,p/r(lLL(x);a/, b7 C7N|q)‘ (3-4.9)
If p = 1, then the polynomials and their inverse series get reduced to those

obtained in [11]. The particular polynomials belonging to the above polynomials
are the p-deformed ¢-Hahn polynomial, the p-deformed little as well as big ¢-
Jacobi polynomials, the p-deformed ¢-Gegenbauer polynomial, the p-deformed
g-Legendre polynomial, the p-deformed ¢-Chebyshev polynomial together their
inverse series relation. Next, the p-deformation of the ¢-Bessel function (due
to Jackson) (3.1.12) and its inverse series occur from theorem - 3.2.2 when
v=-1,a=mn a=0 0b=2 1r# —p/2 and G(n) = (x/2)". With this,
F(n) = JT(LBJ(:U; 7)(¢"; ¢)op Provides the pair:

oo

p—nr. ) 1
IO (z3q) = (USTIESS ST
pr(5) (475 @)oo k0< ) (@775 q) gty (@775 g 727 )
- p
T\ nt+2k
X <§> (3.4.10)

G Q) oo p (TP TPy,

X< (236), (3.4.11)

(§>" _ iq<—2r—p>k(k—1>/2 (L= g " ") (" @)oo
=0 (

We call (3.4.10) as the p-deformed ¢-Bessel function which provides g-analogues
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of the p-deformed Bessel function (2.3.12) of Chapter 2 for r = —p. Here one
can observe that (3.4.11) is a p-deformation of the ¢-Neumann’s expansion (when
r=—1and p=1)[11]:

i n+2k
x)” _ k-2 (1= ") Do 1)
5] = D« I (z:q), 3.4.12
(2 s (@ @)oo (@ )i 1ou(®3q) ( )
whose inverse series is the ¢-Bessel function [19, Ex. 1.24, p.25]:
ntl 1 €T n+2k
TD (2 ( ’q x (—) . 3.4.13

kO

There is a generalization of the ¢-Bessel function which is due to Mansour Mah-

moud [44]. Tt is given by
0 a+1 k ak(k+n)/2

Jn(wia,q) = Z

” =0

”*1,61 (@G @)k \2 ' o

The series on the right hand side converges absolutely for all  when a € Z* and
for |z| < 2, if @ = 0. Mansour showed that one can obtain the g-Bessel functions of
Ist, 2nd and 3rd kind from (3.4.14) by making use of a = 0,2 and 1 respectively.
Also g-Bessel function of 4th kind given by Mansour Mahmoud [45] occur from
(3.4.14) when a = 3. We obtain the inverse series of this function with the help of
Theorem - 3.2.2. For that, we first put a=n, a =0, b=2, g5 =q > P,r # —p/2
and v = (—1)*"!. Then we find

; _ 9] i \k(at1) (qp nr—2rk—kp. Q)oop .
<~
Gy = Sl U)o,

(g7 4P @) oo p (055 G5) i

>
Il
o

Here replacing F(n) and G(n) by ¢***/8F(n) and ¢***/8G(n) respectively, we get

an? ) (qp nr—2rk—kp. Q)oo a(n42k)2
qg& F(n) = —1)k(atD) Pa s G(n+2k
() §< ) (g5 G5 ) ( )
=
an? o k 1— —nr—2rk a(ntok)2
qTG(n) _ Z(_l)akq§2) ( q ) q ( -;k) F(n—i—Qk),

(g™ 4R q) oo p (G55 @5 )k

i
o
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Which may be simplified to get

an? o0 p—nr—2rk—kp. ain2 Akt a2
R = Yoo T e S g o
k=0 (%S%)k
=
% N (5 (A—gm™) a(n?taknt4k?)
¢s Gn) = > (=1)"g* — s F(n+ 2k),
kz:; * (g Q) oo (053 G5k )
or alternatively,
> ak(n p—nr—2rk—kp. )
F(n) = 1R (@ Deew G 1 ok
( ) ;( ) (Q5;(I5)k ( )
=
- EY  ak(n+k) 1 — g—nr—2rk
G(n) = 2:(—1)%%(2)61#+ Sl ) F(n + 2k).

(g H02: @) oo p (453 G5 )k

iy
(=)

In this pair, if we put G(n) = (2/2)" then F(n) = J, (20, Q) (" Q)np(@® ™5 @)oo p
provides us the p-deformation of the function (3.4.14) along with its inverse series,

in the form:

1 e . kln qpfnerkakp;q
Jn,p,r(l’;a,Q) = Z(_l)( +1)kq k( +k)/2( )

(@75 Dnp (P77 Do =

x\ n+2k
“(3)
2

m7p
(g 2r=Pq=2P);

o0

n _—nr—2rk
(3) - D1t g <q( ;OO,Z(q-?r—p?q—?r—p)k
X Ttk (3 05 (@7 D p (675 @)oo
alternatively,
| 1 o0 (—1)(a+Dkgak(n+k)/2 L 2k
Inpr(xia,q) = (qp;q)wkz:%(qpm;q)Tk’p(qzrp;qzrp)k (§>
(3.4.15)
&
(z)n - i(—l)“kq(—%—p)(é)qak<n+k)/2 (1= ¢ ") (¢" @)oo
2 — (" Qoo p (g2 25 g7 P )
X Jntokpr (T30, Q). (3.4.16)

The inverse series of (3.4.14) now follows from (3.4.16) when p = 1,7 = —1.
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3.5 Summation formulas

In this section, we obtain certain summation formulas involving the in-
verse series of the p-deformed generalized ¢g-Humbert polynomials (3.1.7), the p-
deformed Askey-Wilson polynomials (3.4.6) and the ¢, p-Racah polynomials (3.4.8)
given by (3.4.1), (3.4.7) and (3.4.9) obtained in above section. We state the g-
Binomial theorem|[19, Eq(1.3.2), page 7| and two g-exponential functions e,(z)[19,
Eq(1.3.15), page 9], E,(x)[19, Eq(1.3.16), page 9] below.

For |z| < 1 and |g| < 1,

— (2 @)

The g-exponential function

= (OQCDk k 1

T = ——— = eq4(T), | <1, |g <1 3.5.2

> i " " Tgn @ (el <Ll <D (35.2)
and the ¢g-Exponential function

> ghkh- 1)/2

Z = (—2Q)0o = Ey(z), (z€C, |¢|<1) (3.5.3)

ko b
which will be abbreviated here as qeF and qEF respectively.

Next, rearranging coefficient of 2™ in (3.4.1) and multiply it by (a;q)n/(¢; q)n
and then taking sum from n = 0 to oo yields the summation formulas, by using

(3.5.1), involving the p-deformed generalized ¢g-Humbert polynomials as follows.

00 [n/m] stk (mr—p)k(k—1)/2
(1- q a;q)n 1—gq qmp)

> S ()

— ) — —q (q $ @)oo

L= ") (¢ g)oo az; q) o

( mrp)(mrp Joo P kpr(Mm,x,7y,s,clq) = g

L (3 ¢)oc
(3.5.4)

The summation formula

o [n/m| stk S B
Z 1_Q) Z(—v)k<1—Q)+ gt PRk
n:O k=0 - qc (qs—np—‘rkp; Q)oo,p

(1 _ s nr—l—mrk)(qs nr—l—p’ q)

(qmr—p; qmr—p)k

Pk pr(My 2,7, 8,¢lq) = e,(x)(3.5.5)
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can be obtained by rearranging coefficient of z" in (3.4.1) and using (3.5.2). By
rearranging coefficient of 2™ in (3.4.1) and multiply it by ¢"™~"/2 then taking sum
from n = 0 to oo yields summation formulas involving the p-deformed generalized

g-Humbert polynomials:

i qn n—1)/2 1 q )n Ln/sz( )k ( 1— q )S-‘rk q(mr—p)k(k—l)/2
-
=0 k=0 L=g¢) (@7 @)y

(1 . s nr+mrk)(qsfm“+p;q)

(qmr—p; qmr—p) i

2P Py mkpr(m, T, 7,8, ¢lq) = Ey(z). (3.5.6)

Similarly, the substitutions s = —v, ¢ =1 and v = 11in (3.5.4), (3.5.5) and (3.5.6)
yield

Ln/m] —v—nr+mr
; )n (1 —dq + k)

- (1 —q)"(a;@)np k —p)k(k—1)/2
(—1) gmr—p)k(k=1)/ —
% m _ 1 kZ:O (q v nr—l—kp; Q)oop

(q_,, m+p,Q) (ax;q)
mr— mr— OOPHn mk mpr(xIQ) = '—007 (357)
i), (73 @)oo
> n ln/m] —v—nr+mr
Z ) (1) qmr—p)k(s-1)/2 (1—¢ mrk)
—v—nr+kp.
n:(] k=0 (q p7 Q)oo )
(C] v m“—i—p’ Q)oo
(qm'r' - qmr p)pHTl mkmpr(x|Q) = eq(f[‘), (358)
and
> gn— n Ln/m] —v—nr+mr
Z ¢"" V(1 ) (—1)fqmr—p)kh=1)/2 (1—gq +mrk)
n=0 k=0 ! (q—u—nr+kp; Q)oo D
Ll "T“’, Q)oo
pHn mk mpr('r’q) = Eq<$>, (359)

(qmr P qmr p)

respectively.
For v = 1/m, then (3.5.7), (3.5.8) and (3.5.9) get reduced to the sum involving
the p-deformed ¢-Kinney polynomial:

00 [n/m] _1_ k
1 —q a; q — 3 1 —q m nr+mr
Z ( ) ( ) n,p Z (_1)kq( p)k(k 1)/2( )

_i_nr .
n=0 ( o 1) k=0 (q m —i—kp’ q)oop
—%—nr—i—p. .

X(q 7q>00ppn mkpr(m x|q) — (ax7Q>oo’

(gmr=P; g™ P )k (75 @)oo
> n Ln/m] — L nr4mrk
Z (1-19) Z (_1)kq(mr—p)k(k—1)/2(1 —4 )
n—0 (g™ —1)" k=0 (@ =" ) oo

(@7 "7 Q)0

X ankrquzexa
S plmtle) = ()
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and
> gnin— n Ln/m] L _nr4mr
A ) 3 (< 1)fgmrk(i-n/2 o (1= g m—mtmrh)
m n _1_pn
n=0 (g™ —1) k=0 (g m e, @)oop
1
(q—a—mﬂ—l-p’ Q)oo P

(qu Py gmr— p)k Pn—mk,pm(m,ﬂq) - E‘J(x)

Here m = 3 and v = 1/2 further reduce these summation formulas involving the

p-deformed g¢-Pincherle polynomial as follows.

Ln/3)

N (=D"(@ @np vk Grepk—12 (1 — ¢
Z (¢ Z( 1)"q (

k=0

77371—3]@;0,7"(1‘|q) = N
k (

0 n [n/3] —5—nr+3rk
R e (I O et i
(> +q+1)" = (

14 )0,
>kppn3k,p,r(x|q) = €q<.’L'),

and
0 n n(n— Ln/3] —1 _nr43r
Z (=1)rgnn=1/2 Z(_l)kq(3r—p)k(k—1)/2(1 — g 2R
n —1_nr
n=0 (q2 +Q+ 1) k=0 (q 2 +kp;Q)oo,p
nr+p.
q 2 4

Joop _
(g3 —P; ¥ P),, Pu-skpr(@lq) = Ey(x)

If we take m = 2 in (3.5.7), (3.5.8) and (3.5.9), then we get summation formulas

involving the p-deformed ¢-Gegenbauer polynomial as follows.

Ln/2]

i M Z (_1)kq(2r D)k 1)/2 (1 ﬂjimdr%k)
n=0 Q+1)n k=0 (q vonrihkp; q)

(q v— nreraQ)oop (ax,Q)oo

Crakpr(Tlg) = 3.5.10

( 2r—p. q27" p)k 2k,p, ( | ) (1‘,(])00 ( )
o [n/2) -
Z =" Z (—1)kq@r P12 (1 — g vnrrark)
=0 (q + 1)n —~ (qiyinT+kp;q)OOp

(@ Qoo
% (q%r—P; g%~ p)kpcn—%,pvr(ml@ = eq(2), (3.5.11)

and
n(n— [n/2] v nrtor

Z ¢"" V(1) Z (—1)kqCr-pk(s-1)/2 (1—-gq k)
n=0 q + 1 k=0 (q—u—nr—i-kp; Q)oop

(q_y nr+p7Q)oo v
X ( 2r—p. q2r p)kpcn Qkp'r( |Q> = Eq(x) (3512)
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Similarly the choice v = 1/2 in (3.5.10), (3.5.11) and (3.5.12) gives rise to the
summation formulas involving the p-deformed ¢-Legendre polynomial.

For deducing such sums involving the p-deformed Askey-Wilson polynomials
and the p-deformed ¢-Racah polynomials, we need p-deformation of the ¢-Gauss
sum and the corresponding ¢-Chu Vandermonde’s sum [19, Eq(1.5.1) and (1.5.2),
p. 10-11]:

ey (e)a;q)y (e q) o
won (wbicia 5p) = (¢:9)os (c/absq).,

and

. cq” c/b;q),,
201 (q 76;6;61,%) = %,

respectively. For that we notice the relation (a;q)n, = (a;¢”)n, p > 0, and thereby

transform these sums to the forms:

(¢/a;q) 0, (€/050) o,

c
bor O\ . 3.5.13
201 (CL’ G ’ab) (&5 @)oo p (¢/ab; q) o, ( |
and
) cq? (C/b; q)n D
P b P = - 3514
21 (q 056,97, b ) (¢; q)n,p ( |

Now multiply both sides of (3.4.7) by

n(a+b—(a+cosb+isinf+a+cosf—isind))

q ( n(b—a—2cosh)

q
(@%; Dnp (@73 @)np

and then taking sum from n = 0 to oo, we get

[e.e] n

Z CLC q np Cld q)np n (b—a—2cosb) Z an TP 1 — CLdeq p+k7")(q—n(r—p).qr—p>k
ab Drp(ac; Qrplad; @)rp

n=

a* pkpr(cosﬁ'a b ¢ dlq i 7q n,p a’e Z67q)npqn(b a—2cos0)
(abedg*=P; q) e i1 (7P ¢77) = (ab; q)np(¢F; Dy

Here applying (3.5.13), this becomes

i “ q np(d: @) p 00 2cose>z q"* P (1 — abedg P (P g7,
— S @np ab Drp(ac; Onplad; q)rp
ak pk,p7r(0039;a,b,c,d|q) B (be z07(]) (be’e;q)
(abedg"? =3 q)nr i1 (¢ PP (ad;q)ooy (q" - Qcoso,q)oop'
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Next, re-writing (3.4.7) in the form:
(@ @np _ (0 Qnplad; @)np 5~ ¢ P (1 = abedg ) (g "),
(abi@np — (ae g, (ab; @)rp(ac; Qi plad; @)p
a® pr.p.r(cosd;a, b, c,d|q)
(abedg*=P; q)nr i1 (4771 7P

and then multiply by (¢777; q)n(¢Pbe=)"/((¢7; ¢)np) and taking the sum from
n =0 to j, we find

n

an(rfp) (q—n(rfp); qT*p)k
— (ab; q)rp(ac; Qrp(ad; @)k

i (4777 D (063 D p(ad; D (be )"
=0 (@™ @)np(@”; O
(1 — abedg™P**)a* py.,.(cosd; a, b, ¢, d|q)
(abedg*v=r; q)m—nﬂ,p(q’"‘p; ¢k

J —Jjp. i@. ) )
Z q ) q ) Q)H,P (q]pbe—w)n.

(ab;q n,p(qp,q)n,p
This in view of (3.5.14) takes the form:

n

an(r—p) (q_n(’r—p); qr_p)

d q ]pyq n,p CLC Q)np(ad Q) n,p  jp1_—if0\n k
> i (b ™)
=0 ae ) ,p(q ) Q)n,p =0 (ab; Q)k,p<ac; Q)k,P
(1 — abedg™P**)a* py - (cos; a, b, ¢, d|q) _ (befw; Q)M,
(ad; q)p(abedq™=P; q) nr i1 p(q" 5 q" P )i (ab; q)j,p

Now, from the inverse series (3.4.9) of p-deformed g-Racah polynomials, we have

(4% DA™ 3 D 1) ». q" P (1 — abgP k)
D - ( q 7Q)n,p(cq 7q)n,p bakptp:
(aq 7Q>n,p 5—0 (CL q 7Q)%7n+1,p
y (g gmP),,
(@ PP )

Ripr(q~" + cdg™*P;a,b, ¢, N|q);

which on multiplication by ¢"“==%/(g?;¢),, and then taking sum from n = 0 to

00, yields the form:

n

f: bdq q np cq q np na " d)z an(v" D) 1 _abqp—l-kr)(q—n(r—p).qr—P)k
— @ Dnp abqkp“’ Q)2 —nt1p(q" 54" )i

B (% Dnp (AT Qi na—cd
XRka ﬂ’(q * + qu$+p; a, b7 C, N|q) = : 7 qn((l ¢ )
: ; (a9%; @)np (475 Q) p
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Once again using (3.5.13), we obtain

f: bdq q np cq (] np n(a " d)Z": an(r P) 1 _abqp—i-kr)(q—n(r—P);qr—P)
@ Qnyp abqkp“’ Q)2 —n1p(q" PP

(ag"7;4) o p (a7 "10)
(ag¥; @)oo p (aq=%; q)oo,p

n=0

X Ry pr(q" + cdg*™P;a,b,c, Nlq) =

Re-writing the inverse series (3.4.9) as

n

@ Dy (0dG"s @) p(ca”s D N~ P (1 — abg”*7) (") g7 7).
(ag”; @)np (cdg™P; Qnp = (abg*PTP;q)nr i1 (4773 7P )i

X Ry pr(q" + cdg®*P;a,b, ¢, Nlq),

and multiplying by (¢777;q)np(azg’®™?)"/((¢?;q)np), and then taking sum from
n =0 to j, yields

i q prq np bdq q) ,p(cq q) ’p(axqﬂ’ﬂ?)n n an(r—p)( _abqp-i-kr)

= (e @)@ Dy 2 (abg 7 )iy
g, e
@)y eorld "+ edg® .8, Nlg)
(4~ pvq ), .
= Z — — ) p(axqu—&-p) )
CL(] n,p q Q)n,p

The formula (3.5.14) simplifies this in the form:

n

i(q‘jp;q)n,p(bdqp; q)n,p(cqp;q)n,p(axquﬂ))n ¢"*" P (1 — abgPthT)
— (cdg™tP; Qnp(@P Dy “— (abg" Py q)nr iy
gD

(¢ P;q" Py,

(ag™*?; q) i

)k i
Ripr(q7" + cdg™P;a,b,¢,N|q) = :
P (ag?; q);p

Similarly one can derive other summation formulas using inverse series relation of

these p-polynomials and its particular cases.

3.6 Companion matrix

Taking [n/m| = N in (3.1.7) and converting it to the monic form, denoted
by ﬁn,p(m7 'Ta 77 87 C|Q)7 we get

ﬁnyp(m,x, v, 8,¢lq) = Z(gk Znmk
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where

) (qm'r—p. mr—p)n(qs—nr+mrk—kp+p; q)oo,p<1 _ qc)mk—k(l _ q)k

(qS*nTJFmrk‘FP; q)oo,p<qmrip; qu*p)n_mk(qu*QD; qmr*p)k

m_ 1)k

5k:7 (q

With this §,, C (Pm,(m, x,7, S, c\q)) assumes the form as stated in Defini-

tion 1.3.1. The eigen values of this matrix will be the zeros of ]Smp(m, x,7, s, ¢lq),
(see [48, p. 39]).

We shall revisit some alternative forms of the general inversion pair of this
chapter for the purpose of deducing the p-version of basic versions of Riordan’s
inverse pairs belonging to the table 1.7 to table 1.13 (which are listed in chapter
1) in chapter 9.

BASIC POLYNOMIALS’ REDUCIBILITY

The p-deformed generalized
g-Humbert polynomials

The p-deformed
g-Humbert polynomials

| J

The p-deformed The p-deformed The p-deformed
g-Pincherle q-Gegenbauer g¢-Kenny
polynomial polynomial polynomial

The p-deformed
g-Legendre polynomial
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