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Introduction

The objective of this chapter is to provide extension to the p-deformed
Wilson polynomials (2.3.18) and the p-deformed Racah polynomials (2.3.19) of
chapter 2 by considering the degree [n/m] in stead of n. One such polynomial is

the extended Jacobi polynomial [41]
ln/m]

Here («) represents the array of ¢ parameters

75(1'

(=1)mr(e +n)w(an)i - (@ )k

(B1)k - (Ba)k k!

(4.1.1)

due to H. M. Srivastava.

., o and similarly (f) represents the array of d parameters (1, 5, . . .

94

.
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The special cases of this polynomials are the Brafman polynomial:

B (a); (B) 1 2] = Z (_n)mk(al)k(%)k 2k, (4.1.2)

[n/m]
1+ a) (—n)
(o) . o ( ns mk sk
Zpon(x;8) = oy E iz Q)Skk!x (4.1.3)
k=0

and the evident case, the extended Laguerre polynomial:

[n/m]
(a) (It ) (=1)mk &
Ly (x) = o kg e a)kk!x : (4.1.4)

Here, we introduce a general class of p-deformed polynomials below.
Definition 4.1.1. Fora, | € C, m € Nyn € NU{0} and p > 0,

[n/m]
Bz,m,p(‘r§ l) = Z (—n)mk(a + np)lw%xk. (415)

k=0

in which the floor function |r| = floor r, represents the greatest integer < r.

This class include the above mentioned polynomials for p = 1 and for the
appropriate choice of a,l and 4.
The proposed extensions to the p-deformed Wilson polynomials and the p-
deformed Racah polynomials will be obtained by establishing a general inversion
pair (GIP) which would besides these two polynomials, also invert the above stated
general class of polynomials. The inverse series of the polynomials (4.1.1), (4.1.2),
(4.1.3) and (4.1.4) are known in the following forms [9].

(ar)n -~ (ac)n(mn)! o (—mn)(e + k + lk/m) © . .
GGl = 2 fer Bl Tkl (9]

see |9, Eq.(4.1.5), p. 80| ; and

(O‘I)n<a2>n T (O‘C)n n o - (_1)k

(B)n(Bo)n -+ - (5d)nn!x N e (mn — k)k! By'[(); (8) : 2],

(]
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sn __ — (_1)kn|(1+&)8n ()
" = Z( Z

1+ a)g(mn — k) ~Fm

(z35),
k=0

and

n — (=1)Fn!(1+a), (@)
S Z(1+a)k(mn—k)! e ()

k=0

The inverse series of the general class (4.1.5) will be derived from the GIP which
will be proved in section - 4.2. Section - 4.3 contains the inverse series of all
the polynomials that are belonging to the GIP. The differential equation of these
polynomials are derived in section - 4.4. The generating function relations and
the summation formulas are derived in section - 4.5 and section - 4.6 respectively
and finally, the Companion matrix representation for the p-deformed monic poly-

nomials will be illustrated in section - 4.7.

4.2 Inverse series relations

The general inversion pair (GIP) which will be proved here uses the following

lemma in its proof.

Lemma 4.2.1. For M e NU{0}, meN, ae€C, e C andp >0,

5
[
NE

M
(—1)’“( k)(a + kX +mj\ — kp — mjp)
=0

<Ty(a+ (M +mj)\ - kp — mjp) f (k) (12.1)

o

=
=

[
M=

M 1
(_1)k( k ) Lp(a+ EX+mjr+p— (M + mj)p) g(k).
(4.2.2)

B
Il

0

Proof. We first note that the diagonal elements of the coefficient matrix of the
first series are (—1)"(a + i\ +mj\ —ip — mjp)p(a + (i + mj)A — kp — mjp) and

those of the second series are

Z. 1
) Lp(a+iA+mjr+p— (i+mj)p)

(—1

Since these elements are all non zero; it follows that these matrices have unique
inverse. Hence, it suffice to prove that one of these series implies the other. We
prefer to show that (4.2.1) implies (4.2.2). For that we denote the right hand side
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of (4.2.2) by ®(M) and substitute for g(k) from (4.2.1) to get

M (M 1 d (K
M) = §(_1) (k)Fp(a+kA+mj)\+p—(M+mj)p) ;<_1) (Z)
X(a+id+ mjA —ip — mjp)Ly(a + (k+mj)A —ip — mjp) f (i)
P s (M (B Tpla+ (k+mj)\ —ip — mgjp)
- ;;<_1) <k>(z‘)rp(a+k>\+mjA+p—(M+mj)p)
X (o + A +mj\ —ip — mjp) f (i)

' M\ (k+i Lp(a+ (k+i+mj)\ —ip — mjp)
—Z (_Dk( )(z Pypla+ (k+i)A+mjX +p — (M +mj)p)

+
=2 (J\f) (o + X+ mjA\ —ip — mjp) £ (i) Z_(_l)k (Mk_ Z)
Tp(o+ (k+i+mj)\ —ip — mjp)

Lp(a+ (k+ )X +mjA+p— (M +mj)p)

Here, the ratio

Ip(a+ (k+i+mj)\ —ip —myjp) _ Mil A K
1=0

Lp(a+ (E4+ )X +mjr+p— (M +mj)p)

say, which represents a polynomial of degree M —i —1 in k, hence we further have

M—i—1

M
M
dM) = M A A —ip —mj ' A
00 = a0+ 3 () s v mirip-ming() 3 4
M—i .
M —1
X —1)* K.
(M)
k=0
Now, if P(a + bk) is a polynomial in k of degree less than N, then
N
N
> (-1* (k)P(a+ bk) = 0.
k=0
Thus, we get ®(M) = f(M). This completes the proof of the inverse pair. O
This lemma gives rise to the orthogonality relation. In fact, the substitution

(AOJ) for either f(M) or g(M) yields this property. One of the orthogonality

relations which we later need, is recorded as
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Corollary 4.2.1. For0<j<n, meN, Xe C and p > 0,

M . .
0 M\ (a+ kX +mj\ — kp —mjp) '

=2 r A—kp— :
( ) Zko( )<k>FP(a+mjA+p—kp_mjp) p(Oé—l-mn p — mjp)

Proof. In (4.2.1), the substitution g(k) = (}) gives f(k) = 1/(Dy(e +mjX +p —
kp — mjp)), and with these f(k) and g(k), (4.2.2) yields the series orthogonality

relation. O

As a main result, we now establish the GIP as

Theorem 4.2.1. For A€ C, a € C, n e NU{0}, m e N andp > 0,

[n/m] - 1
Fln) = ; (=1) ka(oz +mkA +p —np)(n — mk)!G<k) (4.2:3)
=
Gn) = Y (ORI S Z W iy, (a
k=0 '

and conversely, the series in (4.2.4) implies the series (4.2.3) if for n # mr, r € N,

Z(_l)k (a+ kXA — Ep)Tp(a + nA — kp)F(k’) _ (4.2.5)

— (n—k)!

Proof. We first show that (4.2.3)=-(4.2.4). We denote the right hand side of (4.2.4)
by V(n) and then substitute for F'(k) from (4.2.3) to get

mn

Vin) = Z(_l)k(a-l—k:)\—kp)Fp(a+mn)\—kp)F(k)

(mn — k)!
k=0
_ in:(—l)k (o + kX — kp)T'y(a + mn — kp)
— (mn — k)!
Lk/m] 1

" ]2_; S Y R gy e

Here making use of the double series relation [62]:

mn |k/m] n mn—mj

YoX Ak = > D> Alk+mi ),

k=0 j=0 j=0 k=0
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we further get

n mn—mj

B a+ (k +mj)A — kp — mjp)l'y(a + mnX — kp — mjp)
Vi) = > > (= Lp(a+ mjX +p — kp — mjp)(mn — k — mj)!k!

7=0 k=0

G
& G(j "l ef(mn—mj\ Iy(a+mn\—Ekp—mj
_ Z% E ( J)F (a + p — mjp)

= mn —mj)! — k pla+mjX+p—Fkp—mjp)
X (o + (k+mj)\ — kp — mjp)

DG "I frme g Tya i — ki)
= Zﬁ Z <_1) < k >I‘ ] '

= (mn—mj)l = pla+mjA +p — kp — mjp)
(o + (k +mj)A — kp —mjp) + G(n). (4.2.6)

We now show that the inner series in this last expression vanishes. For that we
replace 1/T',(ov + mj\ +p — kp — mjp) by f(k) and denote the inner series by

g(mn —mj), then we have

mn—myj .
gt —mj) =Y (0" ™) (@ Ak miA = o= mip)
k=0
xTp(a+mnX — kp — mjp) f(k). (4.2.7)

The inverse series of this series follows from Lemma 4.2.1 in the form:

, _mn_mj mn —mj 1
Jlmn —mj) = kzg (_1>k( k )Fp(oz—l—k/\—i-mj/\ +p — mnp) 9(k):

(4.2.8)

According to Corollary - 4.2.1, we set g(k) = (}) in series (4.2.8), we then get
f(k) =1/Ty(a+mj\ + p — kp — mjp) back, and with these f(k) and g(k), the

series orthogonality relation occurs from (4.2.9) as given below.

( : )Z mgj(—w’“(m"_mj) (o + kA + mjA — kp — mjp)

mn —mj — k Lyp(a+mjA +p — kp — mjp)
xT'p(a+mnX\ — kp — mjp). (4.2.9)

Using this in (4.2.6), we get

V(n)zG(anEé(mG#( 0 _>:G(n).

= n—mj)! \mn —mj
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Thus, (4.2.3)=(4.2.4). Our next aim is to show that (4.2.3)=-(4.2.5). For that let
R(n) denote the right hand side of (4.2.5) that is,

R(n) = Y (-1 Gl ]?;>Ep§§!+ n — kp) F(k).  (4.2.10)

k=0

Proceeding as before, that is, substituting for F'(k) from (4.2.3), we have

& a4+ kX —kp)Tp(a+n\—k
R(TL) _ Z(_l)kz( (];3_;)' p)

k=0

Lk/m] 1

% JZ:(; (=)™ Ip(a+mjr +p — kp)(k —mj)! )

Ln/m] n—mj

_ Z Z(_l)kr Iy(a+nX\ —kp —mjp)

pla+mjX+p—kp—mjp)(n —mj— k) k!

7=0 k=0

— WZmJ &nzmj(_l)k (n—mj) Lp(a +nA = kp — mjp)
2 (n—mj)! 2= k) Tyla+mjdtp—kp —mjp)
ot EA i — kp— i) (4.2.11)

We see that the inner series on the right hand side in this last expression differs
slightly from the one occurring in (4.2.6); that is, instead of mn —mj, it is n —mj

here. Accordingly, the series orthogonality relation occurs in the form:

n—zmj(_l)k (n o mj) (a + kXN +mjg\—kp — mjp)

r A—kp—mj
k) Tpla+mjr+p—kp —mjp) plov b A= kp = mip)

B 0
\n-mj)’
This leads us to
[n/m] .
B G(j) 0
)= ; (n = mj)! (n - mj)'

If n # mr,r € N, then the right hand member in (4.2.11) vanishes and thus
(4.2.3)=-(4.2.5); which completes the proof of the first part. For the converse
part, assume that (4.2.4) and (4.2.5) both hold true. In view of (4.2.5),

R(n) =0, n#mr, r € N, (4.2.12)
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and also,
R(mn) = G(n) (4.2.13)

by comparing (4.2.4) with (4.2.10). Now, from the inverse pair (4.2.7) and (4.2.8),
taking 7 = 0 and m = 1, we find that

n

R(n) — Z(_l)k(a—l—k)\—k;p)Fp(oz—i-n)\—k:p) I

— (n—k)!
_ -
. 1
b= ;(_1)k Lp(a+ kX +p—np)(n —k)! R(k).

Hence, in view of the relations (4.2.12) and (4.2.13), we arrive at

. — kp)T _
R(mn) = (_1)k (o + kX — kp) p(Oé + mnX — kp) F
o0 (mn — k)!
=
[n/m] .
kZ:O - Ip(a +mkX+p —np)(n —mk)! (mk)

Thus, the series in (4.2.4) with R(n) = 0,n # mr for r € N, implies the series in
(4.2.3). This proves the converse part and hence the theorem. O

4.3 Particular cases

We first deduce the general class (4.1.5) and its inverse series from the
theorem. For that the GIP of the theorem needs to be transformed sequentially
as follows. While obtaining such transformed pairs, we shall assume that the
condition (4.2.5) holds true which will not be mentioned in each of the inverse
pairs below.

The first transformed version is deduced by taking « = —¢, A = —(r — m)p/m

and replacing G(n) by G(n)I',(—c — rnp + p) in Theorem- 4.2.1 to get

[n/m]

oy = 2 (—1)"—7%F s Trlcifi;; - ;’;f;) o mk)!G(k:), (4.3.1)
& ~ ’
Gn) = g (c+rkp/m) T'p(p — c — (r — m)np — kp) PR,

(c+ (r—m)np+kp) Iy(p — ¢ — (r — m)np — mnp)(mn — k)!
(4.3.2)

k=0
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On making use of the property (1.3.6) with appropriate values of n,k and z in
(4.3.2) leads us to

[n/m
F(n) = Z ”nrfpn;‘kmkpc;() (4.3.3)

N k=
Gln) = ; e e D

or in more simplified form:
) = 3 Vet ke Oy p (4.3.5)

() r—myntht1p (Mmn —k)!

Now, if we put r = [ 4+ m, replace G(n) by (—1)™"(¢)int+mnpG(n) and F(n) by
F(n)/n!in (4.3.3), (4.3.5), then we get

"L 1yt (e lk+mk, MEP)n—mk
F(?’L) _ Z ( 1) ! ( ) (np_<m—i];)lkp+ kp) P G(k‘)
- k=0
Gn) = Z c+kp+lkp/m) F(k).

=0 ln+k+1p mn — k‘)' k!

More elegant form of this pair is given by

Ln/m]
—mn)y (c+ kp+ lkp/m)
F(n)= ) (=) (©ntip Gk F(k).
( ) ;( ) k ( ) +lk,p kz: ln+k+1p (mn)! o ( )
Finally, replacing F'(n) by (¢),,F(n), this gives
Ln/m]
F(n) = > (=n)mk (c+np)iwy G(k); (4.3.6)
k=
- 0
G(n) = Z e (et kp + lkp/m) Fk). (4.3.7)

= (c+ kp n+1p (mn)! k!

This inverse pair is used to derive the inverse series of the general class (4.1.5)
and its particular cases. Moreover, this pair provides the extension of p-deformed
Wilson polynomials and p-deformed Racah polynomials along with their inverse
series relation in p-gamma and Pochhammer p-symbol[17]. Now, put ¢ = a and

G(n) = yp,2" in (4.3.7), then F(n) = B2, (z;1) yields (4.1.5) and its inverse

n,m,p
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series:

mn (_mn)k (a + kp + lk’p/m)
T k ). 4.3.
k. 2 (@ + kp)ins1,p (mn)! k! B mp(31) (4.3.8)

The p-deformation of the extended Jacobi polynomial and its inverse se-
ries can be obtained from (4.1.5) and (4.3.8) by taking v, = (a1)np- - (Q)nyp
J((B1)np - (Ba)np n!). The inverse pair thus formed, is given by

[n/m|
@ () (8): 2] — (=1)mr(a +np)ikp()rp - (Q)kp
]:n’l’m’p[( Ji(B) el = Z (B)kp - (Ba)rp k!

k=0

(4.3.9)

=
(@)np - (Ac)np (M1)!

(ﬁl)n,p T (/Bd)n,p n! -

(—mn)y(a + kp + lkp/m)
(a + kp)ln-i—l,Pk!

F @) (8) : al.

(4.3.10)

NNgE

The extended Jacobi polynomial Féfll),m[(a); (B) : x] and its inverse series occur
when p = 1 (9, Egs. (4.1.4) and (4.1.5), p. 80]. In this pair, putting | = 0, we

obtain the p-deformed Brafman polynomial and its inverse series as given below.

Ln/m]

m . . R (_n)mk(al)km'”(()%)k,p F
Byl(a): (B) s a] = ; e G =5 (1)

=

(a1)np - (Qc)np(mn)! o (—mn)p .
Gy Bl © — 2 R E B l(e):(8) e (43.12)

Let us consider a generalized p-deformed extended Jacobi polynomial given by (cf.
[53, p.254] with m=1=p=1)

in/m) :
1+ a), (=) me(a+ B+ np+ 1)y 11—z
pled) oy _ | » ? (4.3.13
niimp(7) ! kz_o (1+ )y M ) 4319

This is a particular case a = a+ 8 +1, v, = 1/((1 + @)npn!) and z is replaced by
(1 —x)/2 of (4.1.5). Then from (4.3.8), we immediately obtain its inverse series:

mn

O 5 Cmnlat St kptlkp/m D pas o)
(14 a)np2mn! (a4 B+ kp+ 1)ms1p(1 + )i p(mn)! klm.p

(4.3.14)

k=0
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The extended p-deformed Konhauser polynomial and its inverse series can be
obtained from (4.1.5) and (4.3.8) by taking [ = 0, 7, = 1/((p + @)snp n!) and
replacing « by 2°,s € N. Then B¢, (z;0) = n!ZfL?‘T)n,p(x; s)/(p+ &)snyp yields

n7m7p

Z(a) ( ) (p + a)sn,p L%J <_n>mk sk (4 3 15)
r;8) = ——= — " 3.
nmp W 2 et a)ay B
=
— _1 k sn ' [
= (=) (P + Wonp ™ Z%) (35). (4.3.16)

k=0 (p+ @)skp (Mmn —k)!

In this last inverse pair, taking s = 1, we readily get the extended p-deformed

Laguerre polynomial(cf. [53, p. 201, 207|) and its inverse in the forms:

[n/m]
e VR CO TP N G O VS 4.3.17
n:m:p(x) n' ICZ; (p+ Oé)k’p kf' v ’ ( )
=
— (—1)F np (@
o (=D + np n L) (a). (4.3.18)

— (p+ a)ryp (mn —k)!

The well known generalized orthogonal polynomials possessing the higher order
hypergeometric function form 4F3[*] are the Wilson polynomials |35, 67, 69] and
the Racah polynomials (or Racah coefficient or 6-j symbols) [19, Eq.(7.2.16), p.
165] (also [35, 67]). These polynomials encompass several particular polynomials
such as the polynomials of Jacobi, Hahn, continuous Hahn, continuous dual Hahn,
Meixner, Meixner-Pollaczek, Krawtchouk and Charlier (see |35, Askey-Scheme,
p.23| for interconnections chart). It is interesting to see that both these poly-
nomials along with their inverse series relation are contained in the inverse pair
(4.3.6) and (4.3.7) with p = 1. In fact, It provides p-deformation to both these

polynomials together with their inverse series.
The extended p-deformed Wilson polynomials and its inverse occur by re-

placing ¢ by a + b+ ¢+ d — p and choosing
G(n) = (a+ix)np (@ = ix)np/((a +D)np (a4 C)np (@ + d)pnl).
Then
F(n) = Woimp(®*a,b,e,d)/((a+b)np(a+c)npla+ d)ny)
in the inverse pair (4.3.6) and (4.3.7) gives rise to the pair:

)@+ b4 e d 1 — Pl

(CL + b)km(a + C)k,p

Woimp(2?; a,b,c,d)
(@+b)npla+ c)npla+d)n,y

(]

k=0
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(@ +ix)kp(a —ix)g,y

, 4.3.19
(CL + d)k7pl{?! ( )
=
(a+ix)pp(a —ix)pp(mn)! i (—mn)p(a+b+c+d—p+kp+lkp/m)
(a4 b)ppla+ c)ppla+d)yn! — (a+b+c+d—p+Ekp)int1p

Wk,l,m,p(ZQ; a? b) C? d)

X . 4.3.20
(a+b)k7p(a+c)k,p(a+d)k,p k! ( )

Likewise, the extended p-deformed Racah polynomials and its inverse series
are obtainable from (4.3.6) and (4.3.7) by replacing ¢ by a + b+ p and making the

substitution
G(n) = (=2)np(x + ¢+ d+p)up/((@+ P)up + d + p)np(c + plnpnl).

Then with F(n) = Ry, mp(z(x +c+d+Dp);a,b,c d), yields

L%J (=1)mk (@ +041p+ Pirp (—2)kp

(a+pkp (b+d+ D)y

Ryimp(x(z+c+d+p);a,bed) =

k=0
(et dt Dy (4.3.21)
(C + p)km k!
=
(=2)pp(x + ¢+ d + p)pp(mn)! o (—mn)i(a +b+p+ kp + lkp/m)
= >
(a+ p)mp(b +d+ p)mp(c + p)n,p n! A (a+b+p+ kp)lnﬂ,pk!

0
XRi1mp(x(x+c+d+p)ab,cd).
(4.3.22)

Thus, the p-Wilson polynomials and the p-Racah polynomials extend all the above
mentioned particular polynomials in p-gamma function and p-Pochhammer sym-
bol.

As mentioned in the beginning of this section, we remind that the condition (4.2.5)
holds for each of the above inverse pairs.

The series identities (4.3.6) and (4.3.7) are used to derive certain generating func-

tion relations and some summation formulas involving p-polynomials respectively.

4.4 Differential equations

With the help of (1.3.11), we derive the differential equation satisfied by the
special case of (4.1.5) corresponding to the choice v = 1/((b1)kp(b2)kp - - - (br)kpk!)
and [ € N. The particular polynomial thus obtained is denoted by Vn’f;(x; [) whose
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explicit series representation is given by

mo(—np+ip—p Lfat+np+ijp—p
[n/m) {Hl ( m ) Hl ( l ) }
Z 1= k,pJd= k,p
=0 (bl)k,p(bQ)k,p T (br)hp k!

X (mmll:cp’m)k
= m-HFT ((Ap(ma _np)7 Ap(lv a—+ np))ap7 (bla b2a Tt bT’)vp) (mmllxp—m> .

Voi(wsl) =

Now comparing this with (1.3.11), we obtain in straight forward manner, the

differential equation:

[D{ﬁ(pD—i—bi—p)} —xﬁﬁ{(mD—n+j—1)(lpD+a+np+kp—p)}]

=1 ]:1 k=1

x Vo (x;1) = 0,

This may be further reduced to the differential equations satisfied by the p-
deformed extended Jacobi polynomial and the extended p-deformed Konhauser
polynomial along with their particular cases. The explicit representation of the

p-deformed extended Jacobi polynomial (4.3.9) is given by

[n/m] m o . l -
F o) 2] = S]] (W) 11 <€+npﬂlh7p p)
k,p

k=0 i=1 kp j=1

(Oél)k,P c (Oéc)kvp (mmllxp—m)k:

X
(51)k,p e (ﬁd)k,p k!
which satisfies differential equation

[D{ljl(pDJrﬁg—p)}— xﬁljlg{(mD—nJri—l)

X (lpD +e+np+ jp—p) (pD + ay) }]y:().

(4.4.1)

We know that the case [ = 0 is the p-deformed Brafman polynomial (4.3.11) whose
differential equation occurs form (4.4.1) by taking I = 0, given by

[D{H(pDJrﬁs—p)} —xﬁﬁ{(mD—nH—l) (pD+ozr)}]

s—1 i=1 r=1
xB,Tp(a); (B) :x] =0.
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We note that the explicit representation of the extended p-deformed Konhauser
polynomial(4.3.15) with the help of (1.3.7), is given by

{ (—np +ip — p> }
(p + a)ln,p /] i=1 m k,p

nmpTil) = T kz_: Lot gp
=0 H ( ) k"
j=1 L Sy
(p+a)

= LT e ((Ap(m; —np), p, (Ap(l; a4 p), p) (

n!

mmxlp—m k
ll

mm$lp—m
Il ’

whose p-deformed differential equation is obtained by making use of (1.3.11) as
stated below.

Z% ol Dnl

l m
D (IpD + o+ jp — Ip) 3 — o' (mD—n+1i—1) = 0.
{]1;[ ];[ (p + a)ln,p
This is equivalent to
l m
D {H(lpD+a+jp—lp)} —xl{ H(mD —n+i—1) } Z,(f‘g%p(a:;l) = 0.
=1 i=1

Taking [ = 1, this reduces to
[D {(pD + )} —ap ™ [ [ (pmD — np + ip — p)] L), () = 0.
i=1
If we choose m = 1 in this last equation, then we get the differential equation of

p-deformed Laguerre polynomial as follow

ID{(pD+ )} =z (D —n)|L;>) () = 0.

n7m7p

This further reduces to a differential equation of Laguerre polynomial[53] when

p = 1 as stated below.

2L (x) AL (x)
n n (a)
x [—x2 +(a+1-— x)—x +nL,Y(x) = 0.

4.5 Generating function relations

We recall the first series of the inverse pair (4.3.6) and derive the gen-

erating function relations (or GFR) of p-deformed general class of polynomials
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1B p(w3l);n =0,1,2,...} defined by (4.1.5). We require the generalized p-Write
function due to K. Gehlot et al.[20] which is defined by

. 12[ Fp(ai + Ozzl{?)
(a;, )45 2 o { i=1 } N
(4.5.1)

z

qq]f = Z )
(bj, )1, F=0 { [1 T, (b, + @k:)}k:!
j=1

where z € C, p > 0, o, f; € R\{0} and a;+a;k, bj+ (k€ C\pZ~ for1 <i<gq

and 1 < 7 <r. In the notations
55 q _%
D H . D
} { i=1 }

0%

p
the series converges for all z € C if A > —1. If A = —1 then the converges
absolutely for |z| < ¢ and if |z| = J, then R(u) > 1/2. We shall also use the
generalized p-Mittag-Leffler function:

q

-y
j:lp iz P J=1
PR S ol
PR G

Bi
p

Tk:p k
4.5.2
ZF (ak + Bk : (45.2)

given by R. K. Saxena et al. [59], wherein p € R, a, 3, v € C; R(,5) > 0
and 7 € C. This will be needed while deriving the generating function relation of
the extended p-deformed Konhauser polynomial. Now in order to derive the first
GFR, we take ¢ = a, multiply it by (a),, t"/n! with |{| < 1/p in (4.3.6) and then

take the summation n from 0 to oo to get

> a)np _ m np(a + np)lk7p n
SIUTTNPREE b Si= G
n=0 n=0 k=0
0o L”/mJ (@i
_ ntlk.p
DI n_mk'n' G(k) "
n=0 k=0

_ i - (_1)mk(a)n+mk+lkp G(k‘) tn-‘rmk

n!

_ Z Z (a + mki'—‘r lk?p)n,ptn> (a>mk+lk,p G(k}) (_t>mk
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o —a—mkp—Ilkp mk
= > (=tp)” 7 (@mrsrp G(k) (—1)
k=0

o0

k=0

Here if G(n) = y,2" then F(n) = B}, (z;1) leads us to the GFR of (4.1.5) in the

form:

S @)np 1aa n —a = x(—t)™ k
; 2&! By p(w;l) 1 = (1—tp)7 ];(a)mmm ((1_(t—p))m+l) . (4.5.3)

From this, the GFR of the p-deformed extended Jacobi polynomial occurs by sub-
stituting v, = (1)np - (@)np/((B1)np - -+ (Ba)nyp n!) and using the generalized
p-Write function (4.5.1) in the form:

B i (a)(m-s-l)k,p(al)km"'(QC)k,p x(—t)" :
= A=) ) By - (Ba)iph! ((1—tp)m+l)

x(—t)™

(a,mp+1p), (@1,p), ..., (Qe,p); (1= tpym+

X c+1\I’§
(ﬁlap) y et (Bcbp)a

If I € N{J{0}, then this further reduces to

@op p@ 1) (8) 2 a] 7

n!

WE

I
=)

_ Lo [T (atip—p (a1)p = ()i
= (1—tp) szzo{]lzll( mt 1 )km}(ﬁl)k,p'“(ﬁd)k,pk!

y (x(m + l)m”(—t)m)k

(1 _ tp)m—‘rl

= (1—tp)
X m+l+ch ((Ap(m + l7 a)a ag, ... aac) » Py (ﬁla s 75(1) ’p) (w(nzl_'__l)tp)m(;t) ) ’
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For [ = 0, this yields the GFR of the p-deformed Brafman polynomial as follows.

S (@)np B [(); (8) : a]

_ oo (@ (@)kp (@i (=)™ )"
= (=) pkz:% (B)kp - (Ba)kphk! ((1—?529)’")

S oo {0, b ()

= (1 - tp)_%erch ((Ap(m’ CL)’ (Oé)) Py (6)) ,p) <%> '

Next, the GFR of the extended p-deformed Konhauser polynomial can be derived
from (4.5.3) by taking { = 0,7, = 1/((p + @)nspn!) and replacing z by z°,s € N.

It occurs in the form:

_ -5 (@)mk.p (=)
= (1 tp) e (p—|— Oé)skpk' ((1 - tp)m)

x® (—t)™
) (1 ) tp)_% Fp(p + Oé) I\Iﬂl’ (CL, mp) (1 — tp)m

(p+ a, sp);

Alternatively, incorporating p-Mittag-Leffler function (4.5.2), this assumes the

form:

Z JM Zfﬁm,p(I; S) t" = Fp(p + Oé)(l — tp)_%

(Pt snyp
oo s (—)m\*
2T, w7 ()
= Typ+a) (L=1p) 7B, oy (%) ’
that is,

> S —t)m
79 (zs) " = (1—tp) »EOT ="
nz: Fp p+ o + snp) n,m,p($a S) ( p) P, Sp, a+p ((1 o tp)m
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Since s € N J{0}, then this GFR can be written as

= ) B (B (ma)) (B + ) ) ().

1 —tp)m

The instance s = 1 in all these three GFRs of the p-deformed Konhauser polyno-
mial yield the GFR of the extended p-deformed Laguerre polynomial respectively

in the forms:

- (a)n, « n
> I (o)

— P+ Q)np
— (1—tn) 7 (@) (=" "
= (1 —tp) ra (p_‘_a)hp]{!((l—tp)m)
amp); EED™
= (1 tp);%(fa)a)ﬂlf? = ’
p (p+a,p);

- (a)n, a n -2 Ha,m x(_t)m
ZF L Lq(z,r)n,p(x> t" = (1—tp) P By atp (1—tp)m

= I'y(p+ a+np) tp)
and
(@ o (@) r(=t)" )"
@ ()t = (1 —tp) e =
;(Ha)n,p () ZO (p+ a)rpk! \ (1 —tp)™
= (1—tp)>

o

B (B, ) (a+) ) (T

where m = 1,2 for convergence. For other values of m, this provides the divergent

generating function relations. For m = 1, we have

DN (a)”’;’ Litp(@) 1" = <1—tp)‘31F1<<a>,p,<a+p>,p)( — )

(1—tp)
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Here, a = p 4+ « gives

- —p=a —xt
L9 (@) = (1—tp) 5 &
S Ll = (- e (T

n=0

(cf. [53, Eq.(4), p.202] with p = 1). For m = 2, we have with |[4zt?/(1 — pt)?| < 1,

Z L) (@) " = (1—tp) 5P (A2, @) p. (04 1) D) (#) .

p+anp 1_tp)

It may be noted that if p = 1 then this reduces to the GFR given in [53, Eq.(3),
p.202|.
In this last GFR, the substitution a = 2a + p gives an elegant form:

(2 . N Apxt?
Z( a+p) P L( ) (.’L’) " = (1 _pt)—(2a+]7)/10 (1 _ L

—(2a+p)/2p
— (pta), "M (pt — 1)2)

Next, the GFR of the extended p-deformed Wilson polynomials occurs from (4.3.6)
by replacing ¢ by a + b+ ¢+ d — p and choosing

G(n) = (a+ix)npla —ix)np/((a+b)npla+ c)npla + d)ypn!).

Then F(n) = Wyimp(x?a,0,¢,d)/((a+b)np(a+ c)npla+d)n,) gives

(@4 b)npla+ c)ppla+ d)ypn!

- b d—p)n
Z (atbtctd=ph Woimp(@? a,b,c,d) "
(

_ ]__tp —abcd-&-pz &+b+c—|—d p)mk—i—lkp

P (@+b)kpla+ c)ppla+ d)gpk!

(a4 iz)kp(a = i2)k, (%) |

(1t >M Ipla+b)Iy(a+c)lp(a+d)
B b Iyla+b+c+d—ply(a+iz)l,(a—ix)

—t\m
(a+b+c+d—pmp+lp),(a+iz,p),(a—iz,p); %
x3 Wy (1—tp)

(a+b,p), (a+c,p),(a+d,p);

Y

in which we have used the generalized p-Write function given in (4.5.1). If [ €
N(J{0}, then this reduces to

Wn,l7m7p(x2; a,b,c,d)t"

i (a+b+c+d—D)nyp
— (a+b)npla+ c)npla+ d)nyn!
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—a—b—c—d+p

= (1—tp) p
Xmaip2Fs (Apy(m+La+b+c+d—p),a+ixv,a—ix),p,

(a+ba+c,a+d),p) <(m(—1|—l_)’:;)7§;lt)m> )

wherein m + [ = 1, 2 for convergence.
In a similar manner, the GFR of the extended p-deformed Racah polynomials is

obtained by replacing ¢ by a 4+ b + p and taking

G(n) = (—2)np(x +c+d+plup/((@+D)npb+d+ pnp(c+ pnynt),

n (4.3.6), then F(n) = R, mp(x(z+ c+ d+p) leads us to the GFR:

[e.e]

b+p)n
Z ((H_n#)’p Ryimp(x(z+c+d+p);a,b,ecd)t”
n=0 :
= (1—tp) abe pi a+b—|—pmk+1kp( T)pp(r+c+d+Dp)p ( (—t)™ >k
k=0 (@4 Pp(b+ d+ plip(c+ plipk! (1 — tp)m+l
= (1 _tp)_a_Tb_p Ipla+p) Tp(b+d+p) Tp(c+p)

Ipyla+b+p) Ip(—z) Ip(z+c+d+p)

—)m
(a+b+p,mp+Ip),(—z,p), (x+c+d+p,p); %
<305 (1 —tp)

(a+p,p),(b+d+p,p), (c+p,p);
If | € N|J{0}, then this further reduces to

an—'mpRnlmp( (x+c+d+p)a,b,cd)t"

—a—b—p

tp)” 7 e Fs (Apm+la+b+p),—z,x+c+d+p),p,

m ey,

(1 _ tp)erl

”.33M8

(a+p,b+d+p,c+p),p>(

in which m + [ = 1,2 for convergence.
Next section deals with the summation formulas obtained with the help of inverse

series relation of earlier section.

4.6 Summation formulas

In this section, We use the series identity (4.3.7) to derive certain summation
formulas involving the polynomials Bj;, (x;1), the extended p-deformed Wilson

as well as the extended p-deformed Racah polynomials. We shall require the p-

deformed Gauss summation formula (Lemma - 2.7.1)
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Ifp>0, c#—p, —2p, ... and R(c —a—b) > 0 then

2F1((a,0),p, (c),p)(1/p) = ?:EZ)E”CE)CF;(ZZ: Z; (4.6.1)

and the p-Chu-Vandermonde identity (cf. [53, Ex. 4, p.69| with p = 1)

Corollary 4.6.1.
JFy((=np,b), p, (¢), p)(1/p) = = Vo (4.6.2)

We now obtain the summation formulas involving the above considered poly-
nomials. For that we begin with the inverse series (4.3.8) assuming =, # 0Vn € N,

in the form:

)

1 (—mn)k(a + kp + lkp/m)
Bimp(:1) = 2" 46.3
Tn g (@ + kp)int1,p(mn)! k! rmp(T3 1) ( )

and multiply the both sides by 1/n! and take the summation n from 0 to oo, then
we find

(a+ kp+ lkp/m)
Py ) =e”. 4.6.4
z:; nl, 2; (a+ /fp In+1,p(mn)! k! Bimp(w:l) =e ( )

Here x may be assigned particular values to get a number of particular sums; for

instance, x = 0 in (4.6.4) gives

Y% Z e(a + kp + lkp/m)

=1
nly, &= (a+ k:p Int1p(mn)! k!

n

Next, by taking v, = (@1)np - (@)np/((B1)np - (Ba)np n!) in (4.6.4), we get a
summation formula involving the p-deformed extended Jacobi polynomial:

D e Vi e e LG I R
n:0 /P g n-—Li,p e

The p-Brafman polynomial case follows immediately when [ = 0.
Now, the summation formula involving the extended p-deformed Konhauser poly-
nomial can be obtained from (4.6.3) by taking [ = 0,7, = 1/((p + a)snpn!) and

replacing = by z°. With this, B x;0) = Z,(ﬁg%p(:c, $)/(p+ @)sn,p yields the sum:

nmp(

[e.e] mn

Z(p + a)snp Z (_mn)k Zlgarabp(ﬂf; S) = exs

e (P + @)k p(mn)!
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When s = 1, this readily yields the summation formula involving the extended
p-deformed Laguerre polynomial.

Next assuming |z| < 1, and taking summation n from 0 to oo in (4.6.3), we find

Ziz a—i—/{:p—i—lkp/m)Ba ( l): 1
Ofy k=

a—l—kp Jint1p(mn)! k! hmp 1—2a

By assigning different values to x from (—1, 1), a number of particular summation

formulas can be derived. For example, x = 1/2 gives the following one.
= 1 — k (a4 kp+lkp/m) 1
Z_Z k | k! Bmp 2l =2.
nOfY k= CL—|— pln—i—lp(mn)

Here, if v, = (a1)np* (@)np/(B1)np -+ (Ba)npn!), then we get

$° B (Bahngnt §5 (Cnhalo + b + thpm) o
= ()np - (Qnp = (a4 kp)ingap(mn)! k! lm.p

[(@); (B) : 2]

1
1—=x

involving the p-extended Jacobi polynomial.
The summation formula corresponding to the extended p-deformed Konhauser
polynomial can be obtained from (4.6.3) by taking | =0, v, = 1/((p + a)snpn!)

and replacing x by z°. Then with By, | (z;0) = Z,(”)np(x $)/(p+ @)snp, it gives

—mn a 1
Zn'p+a snpz( ( )k Zlg:n)lp(x’s) =

P+ @)k p(mn)! 1—as

We now derive certain summation formulas involving the exztended p-deformed
Wilson polynomials. For that we first multiply both sides of (4.3.20) by p~" and

then take summation from n = 0 to oo, to get

i (a+ C)npla+ d)n,y Z (—mn); (a+b+c+d—p+kp+lkp/m)

— p" (mn)! o (a+b+c+d+kp—Dp)miip

y Wiimp(2? a,b, ¢,d). B i (a4 1)np(a — i),
(a+b)gpla+c)rpla+d)g, k! (@a+b),, p* n!

This with the aid of the p-Gauss sum (4.6.1), gets simplified to the form:

a+c)np(a+d)np Z (—mn)g (a+b+c+d—p+kp+lkp/m)
p* (mn)! (a+b+c+d+kp—p)mtip

k=0
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o Wi imp(2?;a,b,¢,d). _ Tyla+b)T,(b—a)
(a+b)rp(a+pplat+dip, k! Tp(b—iz),(b+iz)

Since for z = 0,

Wk,l,m,p((); a, b, C, d)
(a+b)epla+c)rpla+ d)ry
= 2 E3((Ap(ms k), Ap(la+ b+ c+d+ kp — p+ lkp/m), a, a), p,

(a+b,a+c,a+ d),p)(mmll),

hence, we find the summation formula:

i a+cnpa+d e~ (—mn) (a +b+c+d—p+kp+lkp/m)
— P . a—i—b—i—c—i—d—I—kp P)int1p k!

><m+l+2F3((Ap(m, —k), Ap(l, a+b+c+d+kp—p+lkp/m),
I'p(a+0)Iy(0b—a)
[Cp (b))

Now, if both sides of (4.3.20) is multiplied by (—jp),, p~™ and then the summation

a,a),p,(a+b,a+c,a+d),p)(m™l') =

from n = 0 to j is taken, then we obtain

Jp)np(a+cnpa+d % (a+b+c+d—p+kp+lkp/m)
(@ —ix)np p"(m a+b+c+d+kp Pin+1,p

SM“

k=
Wk,l,mp(x a, b C, d) _ i ( ]p)n,p(a + wj)n,p
(@a+b)pla+c)pla+d), k! (@+b)pppn!

Here the left hand series when summed up by using the terminating p-Gauss sum
or the p-Chu-Vandermonde identity (4.6.2), then we find

Z]: Pnpla+ npla+d)n, i’i (—=mn)g (a+b+c+d—p+kp+lkp/m)
— — 1) pp PP (mn)! p (a+b+c+d+kp—D)intip

" Wiimp(@? a,b, ¢, d). _ (b—ix);,

(a+bkplat rplatdiy k! (a+b)jp

In this, the choice x = 0 gives rise to the sum

(0)jp _ . (=Jp)npla+ )npla+ dnp i (=mn)g (h—p+kp+lkp/m)
(a+b);, e (@ — i)y, p*(mn)! “(a+btc+dtkp—plniip k!

X2 F's((Ap(m; —kp), Ap(l; h + kp —p + lkp/m),a,a),p, (a+b,a+ ¢,a + d),p)
(m™l'p™™).
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In a similar manner, we may find the summation formulas involving the eztended
p-deformed Racah polynomials. From the inverse series (4.3.22) of the extended
p-deformed Racah polynomials, we obtain the following formula by multiplying

both sides by p™ and then taking the summation from n = 0 to oo.

i b+d+pnpC+p)npz(—mn)k(a+b~l—p+kp+lk‘p/m)
" (mn)! ~  (a+tb+p+kplntip k!

n=0

i (@ +ct+d+pap(—2)nyp

XRi1mp(x(x+c+d+p)ab,c,d) =
" e0 (@4 p)np p" !

In view of the p-Gauss sum (4.6.1), the right hand side gets summed up as follows.

i": (b+d+p np( + D)np % (—mn)i(a+b+p+ kp+ lkp/m)
(@+b+p+kp)int1p k!
Ly(p+a)lpla —c—d)
Ipa—z—c—d)l(p+a+zx)

|
n=0 p" ) k=0

XRi1mpx(x+c+d+p)abed) =

If we multiply both sides of (4.3.22) by (—jp)n, p~" and then take the summation

from n = 0 to j, then we have

EJ‘: (=iD)np(b+ d+ D) p(c + Plny i (=mn)i(a+b+p+ kp + lkp/m)
|
k=0

—~ (z+c+d+phyp" (mn)! (@+b+p+kp)int1p k!

j .
(_jp>np(_x)np

X Ry jmplx(x+c+d+p)a,becd) = . =
k,l p( ( ) ) ; (a—i-p)n,pp”n!

Applying the p-Chu-Vandermonde identity (4.6.2) on the left hand side, gives

—JD)np b—i—d—i—p)np(c—i—p)npz (—mn)p(a+b+p+ kp+lkp/m)
$+C+d+p)npp ( )‘ (a+b+p+kp)ln+l,p k‘

(37 + a + p)j7p
(a+Dp)ip

':M“

k=0

XRiimp(x(x+c+d+p)abc,d) =

A worth mentioning sum occurs when = = 0. In this case, Ry, (0(c +d + p);a,b,¢,d) =

1 hence, this summation formula reduces to

i jpnpb—l—der)np(c—irp)ann(—mn)k(a+b+p+kp+lkp/m)
— (z+ctd+phypt (mn)! £ (a+b+p+Ep)miip k!
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4.7 Companion Matrix

Taking |n/m] = N in (4.1.5) and converting it to the monic form B®, (x;1),

n7m7p

we get

N
Bo (@) = > Mk, (4.7.1)
k=0

where

(—1) k(@ + 1P) 1k p Yk

A = ,
g (—n)mn (@ + np)inp YN

assumes the form as stated in definition 1.3.1. The eigen values of this matrix will
be then precisely the zeros of B®, (x:1) (see [48, p. 39]).

n,m,p

Besides yielding the extended p-polynomials, Theorem - 4.2.1 and its alter-
native forms also provide an effective tool for carrying out the extension of certain
inverse series relations belonging to the Riordan’s classification|55| involving the
p-gamma function and the Pochhammer p-symbol. They are derived in Chapter
8.

POLYNOMIALS’ REDUCIBILITY

A General class of p-deformed
polynomials’ system 11

| !
The p-deformed The extended p-deformed
extended Jacobi polynomial Konhauser polynomial
The p-deformed The generalized p- The extended p-
Brafman deformed extended deformed Laguerre
polynomial Jacobi polynomial polynomial
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SCHEME OF p-DEFORMED EXTENDED CLASSICAL
POLYNOMIALS

The extended
p-deformed Wilson
polynomials

{

¥

The extended
p-deformed Racah
polynomials

!

1

The extended
p-deformed
Continuous Dual
Hahn Polynomial

The extended
p-deformed
Continuous

The extended
p-deformed Hahn
Polynomial

The extended
p-deformed Dual
Hahn Polynomial

Hahn Polynomml/

>

d
The extended The extended The extended p- The extended
p-deformed > p-deformed deformed Meixner p-deformed
Meixner-Pollaczek Jacobi polynomial polynomial Krawtchouk
polynomial polynomial

\

<

/

The extended p-
deformed Laguerre
polynomial

The extended p-
deformed Hermite

polynomial

The extended p-
deformed Charlier

polynomial
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