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5.1 Introduction

The aim of this chapter is to provide g-analogue of general class of polynomial
(4.1.5)

Ln/m]
B?me(xJ) = Z (_n)mk(a+np>kl7p7kxk (511)

k=0
of Chapter 4 and its inverse series relation(4.3.8)
mn

k(a+ kp+ klp/m)
B} x;l 5.1.2
kz CL + /{;p ln+1p<mn)|k' kmp( ) ( )

120
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with the help of a general g-inversion pair which will be established in this chapter.

We define a g-analogue of (5.1.1) below.
Definition 5.1.1. Fora€ C, me Nyn e NU{0},0< g <1 andp > 0,

Ln/m]

Brmp(tlal) = D @@ @), e, (5.13)
k=0

in which | =r —m,r € C\ {m}, and the floor function |u| = floor u, represents

the greatest integer < u.

This general class extends the g-extended Jacobi polynomials [10, Eq. (3.8)]
and hence the ¢-Brafman polynomials and the little g-Jacobi polynomials [35,
Eq.(3.12.1), p. 92)| (also [19, Ex. 1.32, p. 27]). As a limiting case, this general
class also extends the g-Konhauser polynomials [3, Eq. (3.1), p. 3] and thereby
the g-Laguerre polynomials [50]. The main objective of the work is to establish
a general inversion pair (GIP) which would invert the aforesaid polynomials; and
furthermore, the well known orthogonal polynomials in 4¢3-function forms namely,
the Askey-Wilson polynomials 35, Eq.(3.1.1), p. 63| (also [19, Ex. 2.11, p.51])
and the g-Racah polynomials [35, Eq.(3.2.1), p. 66] (also [19, Ex. 2.10, p. 51]).
It is interesting to note that the g-analogues of some of the Riordan’s classes of
inverse series relations |11] also assume the extension by means of this GIP.
The GIP, the main result, will be stated and proved in Section - 5.2 using the
auxiliary result (Lemma 5.2.1). Section - 5.3 incorporates several alternative forms
of GIP by means of which various particular polynomials will be deduced. The
p-deformed ¢-difference equation and p-deformed ¢-differential equation of ¢, p-
polynomials are derived in section - 5.4. Next, we emphasis on applicability of
both series of GIP; the one for obtaining the generating function relations (GFR)
in Section - 5.5 and the other, that is the inverse series, for deducing the summation
formulas in section - 5.6. In Section - 5.7, the Companion matrix [48| for the
general class (5.1.3) is illustrated. A chart showing the reducibility of the p-
deformed Askey-Wilson polynomials and the p-deformed g-Racah polynomials to a
number of polynomials, is given at the end. This also includes the inter-connections

amongst these particular polynomials.

5.2 Basic inverse series relations

While proving the main result, we shall require the inverse pair which is

proved as
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Lemma 5.2.1. For 0 < ¢<1, M e NU{0}, me N, ae C, A € C\ {0} and
p>0,

_ a+k)\+mj)\fk:pfmjp)

(M) = i kk,\k 1/2M (1—gq F(k) (5.2.1)
g - k " (qa+(M+mj)>\—kp—mjp; Q)oo,p e

k=0
<~
M M
f(M) = Z ) ghAk= 2M+1>/2[k} A(qa+k>‘+m3>\+P—(M+mJ)p§Q)o@p g(k).
k=0 q

(5.2.2)

Proof. We first note that the diagonal elements of the coefficient matrix of the

first series are

(_1)zqz>\(z—1)/2(1 . qa+i)\+mj)\—ip—mjp)/(qa+(i+mj))\—ip—mjp; Q)oop

and those of the second series are

(_1)iqi)\(1—i)/2(qa-i—i)\—l—mj)\—i—p—(i—l—mj)p; Q)oop~
Since these numbers are all non zero; it follows that these matrices have unique
inverse. Hence, it suffice to prove that one of these series implies the other. We
shall show that (5.2.1) implies (5.2.2). For that we denote the right hand side of
(5.2.2) by ®(M) and substitute for g(k) from (5.2.1) to get

M
M . .
M) = Y (~1)fgP QMH)/Q[J (gt nng)
q

Oo?p

( 1 — anr’i)\erj)\fipfmjp)

k
i, iA(i—1)/2 .
X Z( 1) q |:Z:| " (qa+(/€+mj)/\—ip—mjp; Q)oo,pf(Z)

=0
M M-—i M
_ Z Z k+z (k+i—2M+1)/2 ( a+(k+i)A+mir+p—(M+mj)p. )
- k + /1: q I q o0,p
= =0 a*
Xqi/\(i—l)/2 {k + Z] (1 _ qa-l-z)\-l—mj)\—zp—mJP) f(z)
i > (qa+(k+i+mj)>\fipfmjp; q)oo,p
M M—i
_ Z(l . qa+i)\+mj)\fip7mjp)f(i) Z(_1)kq(k+i))\(k+i72M+1)/2+i)\(i71)/2
=0 k=0

[ M ] {k + Z} (qa+(k+i))\+mj)\+p—(M-i—mj)p;q)oop
X . ——— - :
k+1 . (qotCetitmg)A—ip—mjp: ¢) v

M M—i
=2 m e e e e U TUD B e
- q k=0
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$ @)oo
(qa+(k+i+mj))\—ip—mjp; q)

k

[ M— 1 (gt (k)M miAtp—(Mtmg)p
X
A

q oo,p

- 1
=0 =0

M-—1 M M—1i
= g0+ X Y] e e ) 3 (-1
a* k
a+(k+i)/\+mj>\+p—(M+mj)p; q)oo

P

quA(k+2i—2M+1)/2 [M - 1 (g
k P

(qoz—&-(k—l—z—l—m]))\—zp—m]p; Q)oo,p

Here, the ratio

(gt mid = mip gy ZZ Ay ™M
(qa+(k+z‘+mj)/\—ip_mjp; q)oop N =0 o

represents a polynomial of degree M — ¢ — 1 in k, hence we further have

M-1
(I)(M) _ f(M) + Z |:AZ4:| qi)\(i—M)/Q(l . qa-i-i)\-i-mj/\—ip—mjp)f(i)
i=0 a*

M—i

= . M—i
% _1)k FAR+2i-2M+1)/2 A, M
k:0< ) q L ” Z 1 q

:| qz)\(z—M)/2(1 . qa—l-i)\—l-mj)\—ip—mjp)f(i)
q/\
> Al (_1)ksqk>\(k—1)/2 |:Mk— Z:| q)\k(l-&-i—M—I—l)‘ (523)
1=0 k=0 a*
The inner most series on the right hand side in (5.2.3) may be summed up by

means of Lemma - 3.2.1 (based on ¢-Binomial theorem), to get

O(M) = f(M)+

:| qz)\(z—M)/Q(l . qa—l—i)\—l-mj)\—ip—mjp)f(i)
q)\

> Z Al<1 _ qA(H—i—M—i—l))(l . qA(l+i—M+2)) .
=0
(1= ¢*)(1 - ")

= f(M).

This completes the proof. O
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This lemma gives rise to the g-series orthogonality relation. In fact, the
substitution []\OA > for either f(M) or g(M) yields this property. In particular, the

following corollary is of our use.
Corollary 5.2.1. For 0 < j <n,m € N, XA € C\{0} and p > 0,

M X I
[ ¥ } = Z(_l)quk(kfl)ﬂ [M} (1 — gotkrs JA. kp—mip)
M qA =0 k o (qoc-‘rmn)\—kp—m]p; q>

ectmidtp—kp-mip, oy (5.2.4)

Oo’p

x(q

Proof. In (5.2.1), the substitution g(k) = m p gives f(k) = (qotmirte—hp=mip. )
and with these f(k) and g(k), (5.2.2) yields the stated series orthogonality rela-
tion. 0

As a main result, we establish the GIP as

Theorem 5.2.1. 0 < g¢g< 1, Ae C\{0}, a € C, n e NU{0}, m e N andp > 0,

[n/m] a+mkA+p—np. )

F n — _1 mk'qu)\(mk72n+1)/2 (q ) 0, G k 525
m = 2 G (6:29)
=

mn - 1 — qa-i-k)\—kp)

G(n) = —1)kgkAk=1)/2 ( F(k), (5.2.6

) kzzo< ) (@5 @) mn—k (T @)oo p (k), (5:28)

and conversely, the series in (5.2.6) implies the series (5.2.5) if for n # mr, r € N,

n (1 o qoz-i-k)\—k:p)

—1)kgrr =1/ F(k) = 0. 5.2.7
kzzo( ) (6% @) n-k(g*T" 45 @)oo p (%) (5:27)

Proof. First we show that (5.2.5)=-(5.2.6) for that we denote (5.2.6) as V(n) and
use (5.2.5) to get

Vi) = S (Capgpene Qe
— (@ @) mn—r (@ o
L P g G
— (@ @) mn—r (@ o p
Lk/m]

a+mjr+p—kp. q)
)

Y (gl =2G(j). (528)
=0

(@ @) k—mj
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Now, on making use of double series relation [62]

mn Lk/m| 0 mn—mj
35w = 55 ki
k=0 j=0 = e
n (5.2.8) gives
Vi) = > Z YeqUtmiMtmi—1)/2 (1 — gotkrtmir=kp Jp)
= i T —

a+mjr+p—kp—mjp.
miA(mj—2k—2mj+1)/2 (¢ ;q)

Xq =PG(y
(@ M) 4)
n mn—mj

mn —mj
_ Z Z (_1>qu)\(k71)/2 J
k o

] mn mj k—0

j=0
(1 a+k)\+m])\ kp— m]p)(qa—i-mj)\—O—p kp— mjp,q)

(qa+mnz\ kp—mjp. q)

mn—mj .
_ +z YR L
q

mn mj k=0 k

(1 . qa—i-k)\-‘rm])\—kp—m]p) <qa+mj>\+p—kp—mjp; q)

X . =P 5.2.9
(qa+mn)\—kp—mjp; Q)oop ( )

In order to prove = part, it is sufficient to show that the second term in (5.2.9)
vanishes. In fact, replacing (qot™iA+p=hr=mip. o) by f(k) and denoting the inner

series by g(mn — mj), one finds

mn—mj . at+kAt+mjr—kp—mj
, o mn—myj] (1 — gotRATmIATipmmap)
g(mn —mj) = (=1)" g ”/2[ } S f(k),
; koo (qotmmd=kemmivig) o, )
(5.2.10)
whose inverse series follows from (5.2.1) and (5.2.2) in the form:
mn—mj .
] —2mn+2mj mn —m
Flom i) = 3 (1)t ]
k=0 a*
x (g tRATmaA eI g) g (k). (5.2.11)

In this last relation, setting g(k) = [}] p vields f(k) = (qotmidtp=hp=mjp. o)
and with these f(k) and g(k), (5.2.1) yields the orthogonality relations:

mn—mj

—mi 1 —
1)k RAG=1)/2 mn —mj| ( q
> (—1)q i

q>‘ (qa—&-mn/\—kp—mjp; Q)oo »

a+k)\+mj)\—kp—mjp)
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at+mj —kp—mj 0
x(q +mjrtp—Fkp ]I);Q)oo,p — {mn—m]} K (5.2.12)
q

On making use of (5.2.12) in (5.2.9), we get

V(n) = G(n)+§#{mno LA

Thus, (5.2.5)=-(5.2.6). Next to show (5.2.5)=(5.2.7), denote (5.2.7) by R(n), that

is,

oHrk/\fkp)

R(n) = Zn:(—nkq“(’“w (1=q F(k), (5.2.13)

p (@ @)k (@ F: @)oo

and then substitute from (5.2.5) for F'(k) in it, then we get

Rin) = S (1ypgnene_ (Lma )
— (@ )i (@ F: @)oo
Lk/m] a+mjr+p—k
 miA(m— (qoTmIMPTI g) o .
% (_1)m]qm])\(m] 2k+1)/2 P G(])
; (4% @) k—mj
ln/m] n—mj o mjr—kp—myj
- Z Z (—1)k+md gUktmiAlktmi=1)/2 (1 — gotkr+mir—kp ]%7)
= = (0% @) n—mjk (Ot AFP=IP; ) o
a+mjr+p—kp—mjp.
A (mi—2k—2mj q ;) oo :
w(—1 qum]/\(m] 2k—2mj+1)/2 ( P G j
=1 (@ e U)
[n/m] N nemj , a+kAEmjA—kp—mj
_ Z G(j) ZJ(_l)qu)\(kl)/Q {n—mj] (1 — gothrtmirkp=mip)
= (@) nmi kool (qFmAmhemmivs q)oe
x (gotmirtp—kp=mip. o (5.2.14)

Next, following the method employed in obtaining the orthogonality relation
(5.2.10), it can be shown that

oz+k/\+mj)\fkpfmjp>

n—mj .
Z (_1)qu)\(k71)/2 {” - m]] (1—¢ .
prd kol (qotmiskemmivg)

at+mjr+p—kp—mjp. q>oo ,
? P

|
n—mjj

(¢

Oo7p



Chapter 5 The p-deformed q-polynomaials’ system-I11 127

as a result of which (5.2.14) reduces to

R(n) = Lf%[n —OWL*'

=0

.

If n/m is not an integer i.e. n # mr,r € N, then the right hand member of the
last expression given above vanishes and thus (5.2.5)=-(5.2.7); which completes
the proof of the first part. For the converse part, assume that (5.2.6) and (5.2.7)
hold. In view of (5.2.7) and (5.2.13), we have

R(n) = 0, n#mr, reN (5.2.15)
and also, by comparing (5.2.6) with (5.2.13), one finds the relation:
R(mn) = G(n). (5.2.16)

Since, the inverse pair (5.2.11) and (5.2.10) with j = 0 and m = 1 reduces to the
result g(n) = R(n) and f(n) = F,, we consequently get

(n) i( )b kA(k—1)/2 (1 — qthA—kp)
R(n) = —1)FghrE Fy,
—~ (@275 @)oo p (0% @ )
=
n a+kA+p—np. )
E, — _1 qu)\(kf2n+1)/2 (¢ 14 )oo,p R(E).
kZ:O( ) (@ ¢)n—+ (k)
It now follows from (5.2.15) and (5.2.16) that
mn - 1 — qa-i—k)\—kp)
R(mn — -1 qu)\(k’ 1)/2 ( Fk
(mn) kZ:O( ) (gt A=k: q) o p (05 @) mn—k
=
o k  mkX(mk—2n+1)/2 (qTmRMP=P gy
Fy = ) (—1)mkgmktmk=2n e 2 R(mk),
k=0 ) n—mk

where R(mn) = G(n). Thus, the relation (5.2.6) with R(n) = 0,n # mr for
r € N, implies the relation (5.2.5) which proves the converse part and hence the

theorem. O

5.3 Particular cases

In this section, we obtain alternative forms of Theorem - 5.2.1. These forms

will be used to deduce the general class of ¢, p-polynomials (5.1.3) and its particular
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cases along with their inverse series relations. Besides this, such alternative form
will also be used to deduce the extended p-deformed Askey-Wilson polynomials and
the extended p-deformed q-Racah polynomials together with their inverse series.

We begin with Theorem - 5.2.1 and apply the formula

(g e = (1" (g ),
in it to get
[n/m] a+mkA+p—np.
F(n) — (_1)nq)\(2mk7n(n+1)/2) (q —— aQ)OO,P G(k) (531)
k=0 (q 1 q )nfmk
<~
mn - (1 o qa-i—k)\—kp)
G(n) — (_1)mnq/\(2kmn mn(mn+1))/2 F(k)
; (qFmmAk2: @)oo p (@5 4 mn—
(5.3.2)
Next, using the formula:
(" (G Dk = (=102 (g1 ).,
with ¢ is replaced by ¢~ and k by mk in this pair, this pair transforms to
Ln/m] (qn,\. q—,\)mk
F(Tl) — Z (_1)nfmkqf)\(n(nJrl)fmk(mkfl)+2mnk72mk)/2 _;\' —
k=0 (q 4 )n
X<qa+mk)\+pfnp; q>oo7p G(k‘)
~
mn mn\. ,—A _ at+kA—kp
mn—k _—A(mn(mn —k(k— q y 4 k 1 q

(@R Qoo p (47 ¢ )mn
Here, if F'(n) is replaced by ¢~ *""+*1)/2F(n) and G(n) is replaced by
q—A(mn(mn—f—l)/Q)G(n)/(qa+mn>\+p; q)oqu(n)’

then we obtain after little simplification, the pair:

[n/m] _— (qn/\.qu) N
Fin)y= S gmn 9 "m Gk
") kzo (g +™ 2425 q) np (@25 47N )n (%)
<~
mn mn\. ,—A 1— a+kA—kp at+mni+p. B
G(n) _ quk)\ (q 4 )k( q )(q aQ) k.p F(k)

—X. 4= _ pqatmnAi—k
P (@0 M) mn(l—q )
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But since

q—)\mnk _ q—Amnk (qp—a—mk)\—p; C])

(gt q)

n7p
(_ 1)nqpn(n+1)/27(o<+mk)\+p)n

—n,p

_ (_ 1)nq—pn(n+1)/2+(a+p)n(q—a—mk)\; Q)n,pa

and
(_1)kqfk:)\qpk(k+1)/2f(a+mn)\+p)k

(g7~ AP ) g
(_1)kq—k/\—mnk)\qpk(k-l-l)/Q—(oz-‘rp)k

<q7a7mn)\; Q)k,p

—k)>\( a+mni+p.
)

q (g QDotyp =

Y

the above pair changes to

ln/m]

B (@0 M)k (@™ Oy
F(n) _ (_1)nq pn(n+1)/2+(a+p)n ) G(k‘)
kz:% (a7 )
=
mn mn\. —)\) (1 _ qa—i-k)\—kp)
G(n) = -1 kq—kk—mnk/\qpk(k+1)/2—(Oé-‘rp)k (q g k
( ) kz:;< ) (q—/\; q—/\)mn(l _ qu—mn)\—kp)
F(k
. F()

<q—a—mn)\; Q)k,p :

Further, Replacing F'(n) by (—1)"q Pn+D/2++pn B(n) /(¢=*: ¢*),,, and noticing
that

qfk)\(]_ o anrk)\fkp) qfk)\qa+k)\fkp(1 _ qfafk)\Jrkp)

(1 _ qa—l-mn)\—kp)(q—a—mn)\; q>k,p - qa+mn>\—/€p(1 _ q—a—mnz\—l-kp)(q—a—mn)\; Q)
(1 - q—a—kk-i-kp)

qmn)\(qfafmn/\; q>k+l,p ’

k,p

the above pair assumes the form:

F(n)= > (d" ¢ Nmr(a ™ @y G(k)

7mnk)\( mn. qf)\)k<1 _ qfosz)\Jrkp)

G(n):fi _ g

F(k).
"M@ ) (@ Qrrp (@

Finally, replacing G(n) by G(n)/(¢™ (g™ @)oo p), F(n) by F(n)/(¢*T; q) oo p

and substituting o = —a, mA = —[, where [ = r —m, r # m, in this last pair, we
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obtain

[n/m]
— Z qkl nl/m l/m) k(qa-l—np;q)%vlO G(lf) (533)

G( ) i anl(qfnl; ql/m) (1 _ qa+k(l/m)+kp)
n)=
(@ @) (@7 G ) (075 41

Fk).  (5.3.4)

We shall use the adjective extended p-deformed or p-deformed whichever
suitable, for the polynomials belonging to the general class (5.1.3).
We first deduce the inverse series of the polynomials (5.1.3). In fact, the choice
G(n) = vy,a™ in (5.3.3) yields the polynomials (5.1.3); whereas the same substitu-

tion in (5.3.4) yields the inverse series:

. mn anl(qun(l/m)ql/m) (1 o anrk(l/m)Jrkp)

= (@75 q)im (@75 6 ) n (61775 61 )

InT By . »(7q;1).(5.3.5)

Next, regarding [ € C\ {0}, and putting a = e and

o1, q>n7p e (qac; q)n,p/((qﬂl; C])n,p .. (qﬂd; q)mp(ql/m; ql/m)n>

Yo = (q

n (5.1.3) and (5.3.5), then the basic analogue of the p-deformed extended Jacobi
polynomials F'

nmpal(@); (B) 1 |q] and its inverse series occur in the forms:

FO @) (8) : zlq]

L%V:”J (T k(g @) (07 Dk (075 Ok
= q

- (@ Drp -+ (@5 Qi p (@™ 4™y,
=
(@™ Qnp - (€% @y o

(@ Onp - (0% Onp(@/™; ¢4™),,
_ g = g ) g
ql/m’ ql/m)mn(qe-l-kp; q)%+17p(ql/m; ql/m)k ,m,p,

¥ (5.3.6)

=
(5.3.7)

where («) indicates the array of ¢ parameters ay, ag, ..., a. and () indicates
the array of d parameters 31, f2, ..., [4. Here the limit ¢ — 0 leads us to the

bibasic p-deformed ¢-Brafman polynomials and its inverse series as follows.

[n/m| g~/ gtfmy

By l(a); (B) : xq'|q] = Z ¢"

4

k(@ Onp - (% Onp ok
(@ Qrp -+ (@5 Q) rp(™; @)y,
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mn(l/m)

(@™ D~ (4% D Z okl 14k
(@5 Dngp - (€% Onp (@™ ¢1™) K ’/m 4™ ) (@5 ¢,

><ka[( a); (B) : ¢'z|q).

The extended p-deformed little g-Jacobi polynomials (cf.[19, p.27] with m = [ =
p = 1) and its inverse series may be deduced from (5.1.3) and (5.3.5) by replacing
a by a+ b+ p and taking v, = 1/((ag”; ¢)np(¢"/™; ¢/™),) which are stated below.

[n/m| —n(l/m). l/m np+p.
(4 $q " )k (bGP )
pnmpl x;a, b q § q

=

(aq?; q)rp(q/™; ¢H'm)y,

2 mn anl(q—mn(l/m); ql/m)k(l _ abqk(l/m)-i-kp—‘rp)

(ag?; )np(q"/™: q"™) 4= (abgtr+r; Q) in15(47" ¢ mn (4775 ¢
X pk,m,p,l<x; a, ba q)

Next, in (5.1.3) and (5.3.5), making the limit ¢* — 0, putting

ln(a+1)—lmn+ln(ln—1)/2/((

Yo =q 23 Qi p(@5 @)

and replacing [ and = by Im and (zq")' respectively, lead us to the inverse pair of
the extended p-deformed g-Konhauser polynomial (cf. [3] with p =1 and m = 1)

and its inverse series:

[n/m| a+n - e
gt n DRI 1) /2 (gl gy

(pa Q)nlp
Ze) (x;1 : 5.3.8
mol7i110) = (@' 4")n ,; (Pat; )rip (45 4 )i (538)
=
grletD—tmntin(n-1)/2 mn (—1)kghithi=1)/2 "
0 Dig @ Do~ 2 (0 D@ Do 75119
yY)nlp ) mn k=0 y Y )klp 549 )mn—k

(5.3.9)

The instance [ = 1 is the pair of inverse series relations involving the extended

p-deformed g-Laguerre polynomials (cf. [50] with m =p = 1):

k(a+n+1)+k(k—1)/2

Lo (00 @y (G @) 4
J(wlg) = =2 N

k
" ) (Pt; Q)k.p (45 @)mi ( )
=
n(a+1)—mn+n(n—1)/ mn k k(k 1)/2

L (xlg). (5.3.11)

M

(p; Q)np(G; @) mn (pa;q kp(q Q) mn—k

It is interesting to see that the inverse pair (5.3.3) and (5.3.4) provides the
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extension to the Askey-Wilson polynomials and ¢-Racah polynomials to which
we call the extended p-deformed Askey-Wilson polynomials and the extended p-
deformed ¢-Racah polynomials; and denote them by p, ;m,(cost;a,b,c,d|q) and
Rympi(q% + cdg™t Y a, b, ¢, d|q), respectively. These polynomials may be deduced
from (5.3.3) and (5.3.4) as follows. First replacing a by a4+ b+ c+d — p and then

choosing
G(n) = (aeiGS q)n,p<a€_i0? Q)n,p/((ab§ Q)n,p(ac; q)mp(ad? Q)n,p(ql/mS ql/m)n)a

then F(n) = ppimp(cost;a,b,c,d|lqg)a™/((ab;q)np(ac; @)nplad; q)n,) yields the

pair:

DPnimp(cost;a,b, c,d|q)a”
(ab; @)nplac; @Q)np(ad; @)y

R g Ym™: gmy  (abedq™ s ) (a6 q)1p (a6 q)
- Z l/m. 4l/m \5312)
(ab; @)rp(ac; rplad; q)rp (g™ /)i
o
(aew;q)n’p(aefw. mn(l/m) ql/m)k

) Q)n p nkl
(ab; q)n,p(aq q)n,p(a‘t q)n,p(ql/m l/m Z 1 l/m§ l/m>k

(1 — abedg*L+=r) ok Pretms (0059, a, b, ¢, d|q)

5.3.13
abedg*?=P; q)m 4 o (ab; @)rp(ac; Qrp(ad; @)rp(/™; 6™ Y ( )

T

Likewise, in the inverse pair (5.3.3) and (5.3.4) if a is replaced by a + b+ p and

G(n) is chosen as

(@5 Qnp(cdq™ 5 Q)np/ (075 Q)p (bGP D ip (s D p (@™ 6 ™)),

then F(n) = Rympi(q~" + cdg™ 5 a,b,¢,d|q) yields the inverse pair:

) [n/m] g~"m). ql/m) .
Rompi(q™™ +cdq™ s a,b,¢,d|q) = Z g (/s /),
. (abg""*?; q)ua , (Q“’”;Q)k,p(cdq“p,qn,p (5:314)
(ag”; q)rp(bdq?; Qi p(cq”; i h
~
U Q)n,p(quHp; Q)n,p _ % anz (q_mn(l/m) l/m)k
(0473 Q) p(bdG?; ) p (€ Q) p (6754 )n = (@™ /™)

(1 o abqu+kp+p)

—x x+1,
X (DT s o (@ T Rimpi(¢ +cdg® 5 a,b,¢,d|q), (5.3.15)
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These p-deformed g-polynomials provide p-extension to a number of particular g-
polynomials (see [35, p. 61, 62] for complete reducibility chart and [35, Ch. 3]).
They include among several polynomials the g-Hahn, dual g-Hahn, continuous g¢-
Hahn, continuous dual ¢g-Hahn, ¢g-Meixner-Pollaczek, Meixner, ¢-Krawtchouk and
g-Charlier polynomials together with their inverse series relations in p-deformed

sense.

5.4 q,p-Difference equations and ¢, p-Differential

equations

In deriving the differential equation for the polynomial (5.1.3), we use the

theory that the function

aiy, a2, ..., aa; ¢ T
W= A¢B
b17 b27 ER) b37

with A < B and |z] < oo, or A = B+ 1 and |z| < 1, |¢| < 1, satisfies the
g-difference equation [13, Eq.(25), p.329]:

B A
[{9 H(9 +q" b - 1)} — ggBra a2t {H(@ +q Y - 1)}] w =0, (5.4.1)
i=1 j=1
where 0f(x) = f(z) — f(zq).
Now for p > 0, let us consider the operator 6,,f(x) = f(x) — f(zq?), then we find
that
eq pf(x)
Zepl XY p <1 5.4.2
1—-q)z ol (@), (lg| ) ( )
which may be regarded as p-deformed g-derivative of f(x) in which p = 1 yields
O-form g-derivative of f(z)(cf. |19, Ex.1.12, p.22| with p = 1). We shall obtain the
q, p-difference equation and ¢, p-differential equation of the p-deformed extended
g-Jacobi polynomial by replacing [ by Ip (in which case, P = r) and using the
properties (1.5.12) and (1.5.13) stated in Chapter 1 with p = 1. Then we get the

following simplified form:

e = T’ r),
i=1 j=1
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and using same properties for p > 0, we get
1o
e+n (e n+s— l
@@y = [ (@),
s=1t=1

In view of this, the explicit representation of the p-deformed extended g¢-Jacobi

polynomial (5.3.6) takes the form:

F . 1(@); (8) : zlq]
[n/m|

3 (r™" 7 )mn (5P Q)klp(qm?Q)kvp'"<qaC;Q)k’pq“”x’“
k=0 (@™ D -+ (@74 Qi (737
[n/m] m m .
i—1—n)/m 1. (etp(nts—1))/1 L
-3 (T e
im1 j=1 s=1t=1
C d -
X {H(O‘US Q)k,p} {H(ﬂv;Q>k,p<r;r>k} (‘xqpl)k' (543)
u=1 v=1

th lth

Here w is m" root of unity and v is [** root of unity. The ¢, p-difference equation

satisfies by (5.4.3) is as given below.

Corollary 5.4.1.

d m m 1 c d
ler {H(eqp + qpiﬁ” } :cqpl H H H H H {qau Bu+p+(e+p(n+s—1))/1
v=1 i=1 j=1 s=1 t=1 u=1v=1
o pli=1=n)/m w N, + p—(=D=n)/m, -5 _ 1) (0, +q —(e+p(nts—1)/1,, 1t —1)
Xop a7 = H v (8) : zlg] = 0.(5.4.4)

Proof. We begin with

[ d 1 n/m] m m
- 1 i—1l—n)/m,  j—
- HT {H(eq’p i qp - 1)} -0 (T; T)k {H ]:[ (T( o w’ 1; T)k}

. ]
0, {H(Qq,p + g7 P — 1)} FL @) (8) : zlq]

v=1 k i=1 j=1
Il d Lo
5 {HH e+p(n+s—1))/lyt—1; q)w} {H(/Bv; Q)k,p} {H(au; q)k,p} (xqpl)k
s=1t=1 v=1 u=1
[n/m] m m 11
_ q {H H (T(i—l—n)/mwj—l; T)k} {H H (q(e—l-p(n-l-s—l))/lyt—l; q)kp}
o 5T i=1 j=1 s=1t=1
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X {H(au;q)k,p} {H(ﬂv;q)k,p} lﬁr {H(Qq,p +q" P — 1)}] "

[n/m] m Il
— Z (fip) {H H (T(i—l—n)/mwj—l; T)k;} {H H (q(e-l-p(n-i-s—l))/lyt—l; q)m;}

k=0 =1 j=1 s=1t=1
c —1 d
X {H(Oéu; q)kp} {H(ﬁv; Q)k,p} ler {H(t%,p(xk) + gP Pk — x’“)}]
u=1 v=1 v=1
[n/m] qklp m m ' 4 l l
- Z - H H (r(lflfn)/mwjfl; T)k H H (q(e+p(n+sfl))/lyt71; q) .
i e i =1 s=1 11

[n/m] qklp(]_ _ T’k) m m ‘ ' 1
_ Z : {HH (r(zqfn)/mqu; T)k} H H (q(e+p(n+sfl))/lyt71; q)k,p}

d ln/m] 1 m m ‘ '
= {qu Bv} Z oM {HH(r(z—l—n)/mwj—l;r)k}

v=1

l

!
HH (etp(nts—1))/1,t— 1 H(au;Q)kp} (xqpl)k
s=1t=1

d Wy (e . ¢
— {li[l P—Bv} Z T {Hn(r(l— —n)/m, i— ;T)k:+1} {H(au;q)kﬂjp}

X

\_/

%
——
—N
<
ﬂ‘ Qu

=

<.

-

B

L

S
——

|

I
Il o

q
k=0 i=1 j=1 u=1
Il d -1
> {HH(q(e+p(n+s 1))/l t—1, q)k+1p} {H( vQQ)k,p} (qul)k—‘rl‘
s=1 t=1 v=1
Thus we get,

[9?“ {H(eq,p g - 1)}] FLol(@): (8) : zlq]

v=1
d lnfm] (m m ‘ d -1
= zg" {qu—ﬁu} Z {HH (r(z—l—n)/mw]—l;r)k—H} {H(BU;Q)k,p}
v=1 k=0 i=1 j=1 v=1
l l c plNk
X {H (q(e+p(n+s 1))/l o q)k—l—lp} {H(au§Q)k+1,p} ((f“qr))k ) (5'4-5)
s=1t=1 u=1 ’
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On the other side we have

m m l l
[{HH 9 4 (i—1— n/m 1—j 1)} {HH(QQ@+q—(e+p(n+s—1))/llj1—t_1)}

i=1 j=1 s=1t=1

m m l l
_ [{H 9 4 (i—1— n/m 1-j }{HH 9qp+q (e+p(n+s— l))/l 1—t 1)}
7j=1

% s=1 t=1

c [n/m] m c
% {H(gq,p—"q_au }] Z {H (i—l—n)/mwj—l;r)k} {H(au;Q)k,p}

x{ (eq,p+q—%—1)}] Fl (@) (8) : zlq]

u=1 = i=1 j=1
1o d -1
x {HH(q<6*”<"“ R H(ﬁv;qn,pmm} (zg")*
s=1 t=1 v=1
e (qpl)k T (i—1-n)/ L. +p(nts—1))/1, b1,
- (r;7)k {HH (T w’” } { H 8 q)k,p}
k=0 ! i=1 j=1 s=1
c d -1 m m
X (au;Q)k,p} {H(ﬁv;q)k,p} HHH (0,
u=1 v=1 =1 j=1

11(

u=1

l l
{HH eqp_i_qf(eer(nJrs 1)) /l 1—t

=1

Ln/mJ
_ {HH (i—1— n/mw] 1’

k=0 =1 j=1

X { (au;Q)k,p} {H(ﬁv;Q)k,p} [{

T
l l c
H qpk+q (e+p(n+s—1)) /l 1— t }{H —q +q }] xk
u=1

s t=1

m l
— { p—(i=1=n)/m ly}{HHq (e+p(n+s—1))/1 lt}{Hq—au}
=1 j=1 s=1t=1
[n/m] (m m 11
X {HH (T(p(il)np)/mwjl.r)kﬂ} {HH <q(e+p(n+sfl))/lyt71_q)k+1 }
) 9 P

i=1 j=1 s=1t=1

X {H(ﬁU;Q)k,p} {H(O‘u;Q>k+1,p} w. (5.4.6)

u=1 (T’ T)k

3l

e

1

V)
Il
—_
o~

l
4 zln)/m 1—j 1)}
l

t=
c
(e+p(n+s—1)) /l t—1.
q 7p
t

m

[1(

15=1

ESH,_/

—

1
—Quy k

Op +q - 1)] x

1

P

4 (i—1— n)/m 1- ])}
k

Il
—

::]s

Finally, we get the bibasic p-deformed g-difference equation (5.4.4) satisfied by
(5.4.3) from (5.4.5) and (5.4.6). O
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Corollary 5.4.2. The function y = Fé?z),m,p[(a%(ﬁ) . x|q] satisfies the bibasic
q, p-differential equation

[(1 —r)zD; {H((l — @)z Dyp + ¢ — 1)} — " H H HH H

v=1 i=1 j=1 s=1 t=1 u=1v=1

x {T(iln)/mqauBv+p+(e+p(n+sl))/lelytl((l . ?”)%DT + Tf(iflfn)/mwlfj . 1)

X (x(l - Q)Dq,p + qi(e+p(n+871))/lV17t - 1)((1 - Q>$Dq,p +q " — 1)}] y=0.

(5.4.7)

Proof. This follows when (5.4.2) is used in (5.4.4). O

The following corollaries are the consequence of the limiting case ¢¢ — 0 of
(5.4.4) and (5.4.7).

Corollary 5.4.3. The function y = By [(a);(8) : z¢"|q] satisfies the q,p-

difference equation

[0’" {H(eq,p + qpiﬁv - 1)} — zq” H H H H {T‘(iln)/m

v=1 i=1 j=1u=1v=1

anufﬁvakpwjfl(er + rf(iflfn)/mwlfj o 1)(9%1) + q*au _ 1)}] Yy = 0

and

Corollary 5.4.4. The function y = B]',[(«); (B) : xq¢"|q] satisfies the bibasic
p-deformed q-differential equation:

c d

L | (] e 11101

v=1 i=1 j=1u=1v=1

X P (L =)D, + 1 — 1)(1 = q)aDyy g7 ”H =

where w is mt"

root of unity.
In order to obtain the bibasic p-deformed g¢-difference as well as ¢-differential
equation of the extended p-deformed g-Konhauser polynomial (5.3.8), we first write

(5.3.8) with ¢! = r, that is

. /M) k(atnt1)+k(k—1)/2 (. —n. Ik
2 (allg) = BEDrin 5T I (5.8
T (7“, T)n k—0 (pav Q>kl,p(r; 7ﬂ)mk
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In view of the properties (1.5.12) and (1.5.13), we have

!
(po; Qrip = H(T(a+pt)/l;r)k,p

t=1

and

(rvr)mk = (Tv 7’2,7“3, ' 7Tm7rm)kp
_ H H (ru/myv l? ?,,)k
u=1v=1
Using these in (5.4.8), we get
(Pt Dot = TTT (61
o . o ) 4)nt,p k(a+n+1)+k(lk—1)/2 i—1-n)/m_, j—1.
Ze) (allr) = . > et (T w ),
k=0 =1 j=1
l -1 m m -1
X {H(r(a“’t)/l;r)k,p} {HH (r“/myvl;r)k} 2'* (5.4.9)
t=1 u=1v=1

h

where w and v are m*" root of unity. For this polynomial, we have the

Corollary 5.4.5. The polynomial (5.4.8) satisfies the q, p-difference equation:

Znon o 1)

n7m7p

I m m
[H H H {(er,p + Tp—(a+pt)/l _ 1)(07" + Tl_(u/m)yl_” o 1)}
t=1 u=1v=1

H H ! ﬁ ﬁ {Tp_((a+pt)/l)+1_(“’/m)+(i—l—n)/m

i=1 j=1 t=1 u=1v=1

_xlr(a+n+1)+(l—1)/2

Z@) (zr;llr) = 0. (5.4.10)

n7m7p

Xl/l_ij_l(er 4 pliml=n)/my 1) 1)}

Proof. We start with

: 0 pp—(atpt)/l _ ¢ T 0. 1 pl-(u/m)1—v 4 (r; T)nzft?;zup(x; lr)
H( rp ) H H( r T+ )

t=1 u=1v=1 (pOé; Q)nl,p
[n/m] m m l -1
_ Z Tk(a+n+1)+k(lk71)/2 {H H (r(iflfn)/mwjfl; r)k} {H(r(aert)/l; T)k,p}
k=0 i=1 j=1 t=1
m m -1 l
{fiftemn,) o, memo)
u=1v=1 t=1

s
s

(6)1" + rl—(u/m)yl—v i 1)} l’lk

1v=1
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|n/m] ! -1
_ Z r k(a+n+1)+k(lk—1)/2 {HH —1-n /mwj—l;r)k} {H(T(aﬂt)/l;r)k,p}
i=1 j=1 t=1
m m -1 l
« {H H (ru/myvfl; 7n) } {H 0 + rP— (atpt)/l 1)}
u=1v=1 t=1

=
=

s

(er(xlk) + rlf(u/m)ylfvxlk . l’lk)}

u=1v=1
[n/m] m m ! -1
_ Z Tk(oc-‘rn-‘rl)—&-k(lk—l)/Q {H H (T(i—l—n)/mwj—l; T)k} { (T(a—l—pt)/l; T)k,p}
k=0 i=1 j 1 t=1
X{HH( u/m v— 1 } {HH —r +T1 (u/m) 1— ’U)}
u=1v=1 u=1v=1

:N

s

(Qr,p(fﬂlk) + Tp—(oa-i-pt)/lxlk . :L‘lk)}

t=1
[n/m| l -1
_ k(atn+1)+k(lk—1)/2 —1—n)/m, j—1. (atpt)/
S e gl
m m -1
% {HH( u/m v— 1 } {ﬁ T‘pk—i-Tp a—l—pt)/l)}
u=1v=1 t=1

s
::]s

X { (=rk 4 i w/m)y, }
ln/m] -1
_ Z r k(a+n+1)+k(lk— 1)/2{ H —-1-n /mwj—l;r)k} {H(T(Oc-i-pt)/l;r)k,p}
=1 j 1
m l m m
> { H ( u/m v— 1 } {Hrp (a+pt)/ } {H Hrl(u/m)ylv} xlk

-1 u=1v=1
l
— p—(a+pt)/ 1- (u/m —v
I Ly

IS
Il
—
@
Il
—_

::]3

1

<

u=1v=1
Ln/mJ m m ‘ ‘ 1 —1
« Z pRlatnt)+k(lk—1)/2 { H (r(z—l—n)/mw]—l;r)k} {H(r(a—l—pt)/l;r)hp}
k=0 i=1 j=1 t=1

X

m m 1
(e )
u=1v=1
= {li[rp_(ori-pt)/l} {ﬁﬁrl—(u/m)yl—v}
t=1

u=1v=1

ln/m]

X 7’("3'*‘1)(a+"+1)+(k+1)(lk+l—1)/2{ T (6 mwi 1-7’)k+1}
k=0 i=1 j=1
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l -1 m m -1
{H (atpt)/ ,p} {H H (Tu/myv—l; r)k} xlk-l—l
u=1v=1

{ﬁ —(a+pt)/ } {ﬁ ﬁ rlf(u/m) Vlv} xlr(a+n+1)+(l71)/2

140

u=1v=1
% k(a+n+1)+k(l1k—1)/2 {HH (z 1-n /mw] 1. )k+1}
k= i=1 j=1
-1 m m -1
{H (atpt)/ p} {H H (ru/myv 17 T)k} (JJT)lk
t=1 u=1v=1

Thus,

HH(@W 4 pp(atpt)/l 1)} {ﬁ ﬁ(er +optolu/my e 1)}]

u=1v=1
i)z 1)
(P Qi
l
H —(a+pt)/ HH 1— (u/m v}] l,lr(a+n+1)+(l—1)/2
[{t 1 }{u 1v=1
[n/m] m m
k(at+n+1)+k(lk—1 i—1l-n)/m_  j—1.
« Z (tk-1)/2 {HH(T( )/ i 7r)k+1}
i=1 j=1
l -1 m m
X {H(T(aert)/l;?“)k,p} {H H (Tu/myv—l;r)k} (SBT)Z@ (5.4.11)
t=1 u=1v=1

Next on the other side we have

[ﬁﬁ 9 4 (i—1— n)/mwl 3_1)] ((Tyr)n

=1 j=1

PO q)nlp
|n/m| m m ! -1
Z Tk(a+n+1)+k(lk—1)/2 {HH (r(i—l—n)/mwj—l;r)k} {H(T(a—l—pt)/l;r)kp}
k=0 i=1 j=1 t=1
m m -1 m m
> {HH (Tu/myv—l } lk [HH (i—1— n)/mwl Jj_ 1)] Ilk
u=1v=1 i=1 j=1
[n/m] z !
Z r k(a+n+1)+k(lk—1)/2 {HH (z 1- n/mw] 1. ) }{H(T(aert)/l;T)k,p}
i=1 j=1 t=1

=1 j=1

m m -1
% {HH u/m v— 1, } lk [HH (i—1— n)/mwlfjxlk —.I'lk)]
u=1v=1
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[n/m] ! -1
_ r k(a+n+1)+k(lk—1)/2 {HH (i-1— n/mwj—l;r)k} {H(T(a-i-pt)/l;r)kp}
i=1 j=1 t=1
m m -1
> {H (ru/myvfl;r } k [HH 7, 4 (i—1— n)/m 1— ])]
u=1v=1 i=1 j=1
m m Ln/m] l -
_ [H H(T—(i—l—n)/mwl—j)] Tk(a+n+1)+k(lk—1)/2 {H(T(a+pt)/l;r)kp}
i=1 j=1 k=0 t=1
m m -1
« {HH (T(i—l—n)/mwj 1, k+1} {HH u/m v— 1 } (1]7’l)k.
i=1 j=1 u=1v=1

Thus,

[n/m] m m l -1
Z rk(a+n+1)+k(lk—1)/2{HH(T(z 1— n)/mwj 1 k+1} {H (a+pt)/ }

k=0

s

- |

=17

s
=

-1
(ru/ml/vl;r)k} (mrl)k

1v=1

IS
Il
S
Il

Ziom o 1|7)
(13 7) 7 (P @)t p

(i—1— n/mwjfl)(e 4o (i-1- n)/mwl J_1>

’:]3

(5.4.12)

1

The p-deformed g¢-difference equation of (5.4.9) now follows from (5.4.11) and
(5.4.12). 0

The corresponding g, p-differential equation of (5.4.9) is obtained by making
use of (5.4.2) in (5.4.10) which is given by

Corollary 5.4.6. The polynomial y = Zéf%,p(x;l\r) satisfies the q, p-differential

equation:

[H H H { (1 —r)xD,, +r"" (akpt)/L _ (1 —=r)zD, + pl=w/myyl—v _ 1)}]

t=1 u=1v=1

i=1 j=1t=1 u=1v=1

Since the extended p-deformed ¢-Konhauser polynomial reduces to the ex-
tended p-deformed ¢-Laguerre polynomial (5.3.10) when [ = 1 in which case r = g,
we obtain the p-deformed g¢-difference equation for the extended p-deformed g¢-

Laguerre polynomial by making use of [ =1 in (5.4.10). We thus have the
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Corollary 5.4.7. The extended p-deformed q-Laguerre polynomial satisfies the

q, p-difference equation:

u=1v=1

% [ﬁﬁﬁﬁ{ —(u/m)+(i—1— n)/m 1— ij 1

i=1 j=1u=1v=1

(Ogp +q = 1){ LT, +q /vt - 1)}] L) (xlq) — zg"*

x (0, + q—(i—l—n)/mwl—j _ 1)}] Lml,p(fqm =0. (5.4.14)

The differential equation then follows from (5.4.13) with { = 1 which is stated
as

Corollary 5.4.8. The extended p-deformed q-Laguerre polynomial satisfies the
q, p-differential equation:

[((1 — @)1 Dyp+q " — 1){ 1] = @D, + ¢~/ — 1)}] L), H(xlg)
g

H{ —(u/m)+(i—1— np)/m 1=v, -1
i=1 1
X ((1 = q)xDy + g~ 1mmo)/myyl=i 1)}] L) (2q|q) = 0.(5.4.15)

u=1v

The choices m =1 and p =1 in (5.4.15) lead us to
[(1=q)zDy+q* —1] (1 - q)zD, L9 (z]q)
—aq[((1 = q)xDy +¢" = 1)] L (zqlq) = 0,
that is,
(1= @)Dy [(1 — @)z Dy LY (2|g)] + (47 = 1)(1 = q)wDy LY (z]q)
—2q[((1 = @)Dy +¢" = 1)] L (qlq) = 0.

It can be shown that this equation approaches to the ordinary differential equation

of L¥(x) as ¢ — 1~ from within the interval (0, 1). For that we replace x by x(1—¢)
to get

(1—q)xD, [(1 = q)xD LY (x(1 = )lg)] + (¢ = 1)(1 — @)z D L (2(1 — q)|q)
—2q(1 —q) [2(1 — ¢)Dy + ¢" — 1] L' (zq(1 — q)|q) = 0.
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Dividing by z(1 — q), it becomes

Dy [(1 = q)xD LI (2(1 = q)|q)] + (¢~ — 1) DL (2(1 - q)|q)
—qlz(1—q)Dy+ ¢" — 1] L (zq(1 — q)|q) = 0.

Now with f(z) = (1 — ¢)z and g(z) = D, L (x|q) the g-product rule:
Dq [f(x)g(x)] = f(xq)Dag(x) + g(z) Dy f ()

transforms this equation to the form:

(1— Q)l‘qD (@1 —q)lg) + (1 — )DL (x(1 — q)|q)
+(q~ )DqLﬁf (z(1 = q)lg) — q[z(1 — ¢)Dy + ¢" — 1] LI (2q(1 — q)|q) = 0,

that is,

—Q

a a q -1 a
s DL L - la) + DL (1 = o) + (L) D2 a1~ )

1
—q [a:D + ql p } L (zq(1 - ¢)|q) = 0.

Applying now ¢ — 17, we find

2L (z) AL (z)
4 n \T) _ 4 () (@) () —
x [ e +(a+1—12) e nL,(x) =0,

which is the differential equation of Laguerre polynomial Lgf“)(x) [53, Eq.(1), p
204).

5.5 Generating function relations
The generating function relations (GFR) for the general class of g, p-

polynomials (5.1.3), the extended p-deformed Askey-Wilson polynomials and the
extended p-deformed g-Racah polynomials will be derived with the help of the
alternative form (5.3.3) given by

F(n)
In(n—1)/2m n
Zq (a; Q)npm t
T I .
— In(n-1)/2m __ \*»9/n,p kl/ —in/m. 1/m atnp. "
- Z l/m L™, Z q"(q g ) mi(q p,q)%ypG(k)t
k=0

In(n—1) 2m . kl n
- Z Z q / (ql/m,ql/m)n (aﬂC.I)n«f%’p q pG(k) t

n=0 k=0
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Now, in formula (1.5.10), replacing k& by mk and taking p = 1, it becomes

l/m. ,l/m
lm. Jl/m _ mk _lk(mk+1)/2—lk—Ink (@™ ¢ )n
""" Jn—me = (—1)"q
( i = (=1) T gy

9

consequently, we get

F
Z In(n— 1/2m(a Q)np (n) m

l/m. 5l/m

pard (q"/m; q"m)y,

_ Z Z mk ln(n 1)/2m+mk(mk+1)/2—1k—Ink (G’Q)’”%p qle(k:) n
l/m. 5l/m

n=0 k=0 (q/ 7q/ )n—mk
_ ymk "= 1)/ 2mHk(mk—1) 2—lnk (a’Q)"JF%’P Ky ¢
- Z Z l/m. ,l/m ¢ G (k)

n=0 k=0 (q 1 q )nfmk:

Here the double sum may be replaced by means of the identity:

oo |[n/m] 0o oo
SO Ak =33 Alkn 4 mk),
n=0 k=0 n=0 k=0
to get
o F(n)
In(n—1)/2m n
q a;q)n
; (@4) P (gt/m; gtlm)
_ - i(_l)mk (1) (nekmk—1) /2m-4 T (mb—1) /2= (netmk) (a:q) ntmktEp
n=0 k=0 (™4™ )
XG k) tn+mk
0 (@5 Q) kst
= ZZ(_l)mqun(n—l)/Qm ( T l/mp’p G(/{?) tn-i—mk' (551)
n=0 k=0 ¢ ¢ )

From this, we deduce the GFR of the ¢g-polynomials as follows.
x GFR of B, (z|q;1).

n,m,p

In (5.5.1), the choice G(n) = v,2" implies F(n) = B%, (z|g;l) which yields a

n,m,p

general generating function relation:

[e.9]

In(n—1)/2m (CL; q)nap a . n
> a e iy Brmp(@l4 1) T
: (g"/m: gtm),,

3
I

[
NE

(=1)"*(a; Dot i 101 (ag™ ™ 0: p) (t|a. /™) e ((—t)™z)",

(5.5.2)

B
Il
o
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in which we have used (1.5.8). We shall also assume that |¢| < 1 whenever required.
This relation when further specialized appropriately, provides us the GFR of the
particular polynomials which are illustrated below.

* GFR of anpl[( a); (B) : z|q).
Here choosing [ € C\ {0}, a = e and ~,, = (13 Wnp - (Aci @)y in

(61; Q>n,p e (ﬁd; Q)n,p(ql/m; ql/m)n
(5.5.2), we immediately obtain the GFR

e (&Q)m n
(I/m)n(n—-1) /2J—L~nmpl[( ); (B) : x|q] W t

. ql’fL(N—l)/zm(e; q)n+mk+%7p(a1; q)k,p e (a67 q)k,p

—1 .Z’k t +mk
§( ) (B15 Drp -+ - (Bas Drp(@/™5 ™)@/ 1),

WE

q

3
Il
=)

NE

n=0
_ N TN oy (013 @i (06 Qi (—1)"2)"
I; 101 (eq 0:p) (8 )(ﬁl;q)k,p~--(ﬁd;Q)k,p(ql/m;q‘/m)n'

* GFR of B),[(a); (B) : 2q'|q]-
The limiting case e = ¢° — 0 of the above GFR yields

tTL

— i i(_l)mk qln(n—l)/Qm—lk(al; Q)k D (Oéc; Q>k,p {L’k tn-‘rmk
(B Qi - (Bas Qrp(@/™; ¢/™) (/™5 ¢,

. - (¢ Dk (0 D m, —~I\k
= qu/m(t)z(qﬁl;q)km...(qﬁd;q) p(ql/m-ql/m) (@(=)"q")

qun(n—l)/Qm B:Zp[(a); (ﬁ) : qu|q]

wherein we have used the g-exponential function (3.5.3) and we assume for con-
vergence that ¢ < d+ 1, and |t| < 1if c =d+ 1.

* GFR of py,mpi(z;a,b;q).

In (5.5.2), we replace a by a+ b+ p and substitute v, = 1/((ap; @)np(¢"/™; ¢"/™),)
to get

. In(n— m (abqp; Q)n, . . n
Z gz an,m,p,l(x’ a,b;q) t
( 1)mkqln(n 1) /Zm(abqp )n—l—mk—i—%,p

B ZZ (ap; Qnp(@™; @) (@™ 1),

k tn-{—mk

k=0
nd (a’bqp'Q)mk—l— D
= > (¢ Z/m) 161 (abg” ™R 0: p) (g, ¢/™).
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« GFR of Z\%) ,(z:1|q).
In (5.5.2), taking limit ¢ — 0, replacing [ and z by Im and (z¢")',l € N, and
putting v, = ¢V HTUR [ (pav; @) p (05 ¢ )mn), we get

qun(n 1)/2 anp(x l’Q) "
o (PO Qi p
kl(a+n+1)+kl(ki—1)/2

_ mk nln /2—kim 4 Kl n+mk
- 1. 4l AN ¢ )

n=0 k=0 (pOé, q)kl,p(q 1 q )mk(q g )n

— f:( 1)mk —klm{iqln(n 1)/2((tq ) } q

o —~ & n | (P @Q)rap(dh; ) m
o0 El(a+1)+kl(kl—1)/2

m. —Rlm q
= D (=)™ (g™ ¢

P (e Q)rip(q's @)k

> w
kl(kl-1)/
k=0

(po; Qe p(—t; ¢ i (b ¢ )i’

El(o+1)+kl(kl—1)/2

(z't™)F,

(atem)

k

m .l (a—m+1)l

which is a bibasic convergent hypergeometric series with w = (—t)™x!q(
« GFR of L', ,(z|q).

It is an instance [ = 1 the last GFR of Z,(f%,p(w; llq).

We now deduce the GFRs of the polynomials (5.3.12) and (5.3.14) from the general
GFR (5.5.1). Here also wherever necessary, we assume that || < 1.

Now, if a is replaced by a + b+ ¢+ d — p and

G(n) = (ae”; q)nplae™; q)np/((ab; np(ac; )np(ad; @)np(d/™; ™)),

then
F(n) = pn,l,m,p(case; a,b,c, d’q)an/((ab; Q)n,p<ac; q)n,p(ad; Q)n,p)

leads us to the GFR

- In(n—1)/2m —p. Dnimp(cost;a,b, c,d|q)a” .
q (abedq™; q)n, t
% ) 8 <ab' q)np(ac; q)mp(@d? Q)n,p(ql/mS ql/m)n
S Ly o
= (ab; @)k p(ac; rp(ad; @)rp(d/™; ¢/™) (g ™; ¢H/™),,

(abedq™; @) g2 (a€™; Qrp(ae™ @i
= (ab; Q)rplac; Orplad; )rp(a’™; ¢ ™)n
x1¢1 (abedg™ PP 0; p) (tg, ¢/ (—1)"™.

I
Mg
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Likewise, replacing a by a + b+ p

G(n) = (4" Dnp(cdd™?; 0)np/ (45 0)np(bda”; ) p(ca”s D) p (a5 ™))

n (5.5.1), we obtain with F(n) = Ry, mi(¢"" + cdg™ 5 a,b,¢,d|q), the following
GFR.

oo b n.

> g /ch;/q—lq/)p Ry mpi(q™" + cdg™ 5 a,b, ¢, d|g) "
m q m)

=0

ii _1>mkqln(n 1)/2m(q z. )kp(cdqx+1)7q)kp<abq q)n+mk+%,p

e (ag?; @)y (bdaP; @)rp(ca?; )iep(a ™ ¢ (g™ g,

i (@7 Drp(cdg™; Q)rp(aba”; @) g b1
= (aq?; )k p(bdaP; )k p(cq?s @)k p (@™ g™

><1¢1 (abg” ™7 M, 0; p) (tlg, /™) (=)™

n

kl tn+mk

5.6 Summation formulas

In this section, we illustrate the use of the inverse series of the GIP and in
particular the inverse series of the general class (5.1.3), to deduce certain sum-
mation formulas. The inverse series (5.2.6) of Theorem - 5.2.1 provides the sums
involving the p-Askey-Wilson polynomials (5.3.12) and ¢, p-Racah polynomials
(5.3.14); whereas the inverse series (5.3.5) takes care of the sums involving the
other particular polynomials.

We Begin with the inverse series (5.3.5) with the assumption that ~, # 0,Vn =
0,1,2,..., then we have

imn q:—lilk(q—mn(l/m) ll//::) l(/jin_ qa-i-’lﬁ/(ir/Lm)_l'_/’:) B[Zmp(vm‘QJ) _ .Z'n(561)
g (@5 ) in (6775 G ) n (g7 g1

In this, multiplying both sides by (a;q)./(q; q), and taking the summation from
n =0 to oo and then using the ¢-Binomial theorem (3.5.1) with |z| < 1, we get

io: a: q mn anl(q—mn(l/m) l/m) (1 _ qa-l-k’(l/m)—i-kp) - ( ‘ ) (an)oo
mp(Tl@l) = 2
(@ O 2 (@211, (075 0™ ) (5 g (25 9)oc

If x =0, then B¢

imp(0g; 1) = 7o simplifies this sum to the form:

nkl<q—mn(l/m); ql/m)k(l _ qa+k(l/m)+/€p)

i Dn <~ 4 _q
(@ D =5 (@5 @), (6750 (075 ¢
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Next, multiplying both sides by ¢""~1/2/(q; q), and taking summation from n = 0
to 0o, in (5.6.1), we find in view of (3.5.3), the sum

nkl( —mn(l/m). l/m 1 — a+k(l/m)+kp
q q\q 4 q

Z a+k(p. l/m> l</m 1/m. l/m> Bkmp($‘Q7 )

= W@ Dn =5 (@ @) (@75 G ) (4175 61

Ey ().

Similarly, we obtain

(e o]

anl(q—mn(l/m); ql/m>k<1 _ qa-l—k(l/m)-l—kp)

1
By mp(@la; 1) = eq(x),
nz_; V(@5 D 5 (073 q)im (@75 67 ) (6175 617 ) o !

using (3.5.2) with |z| < 1. Taking summation n = 0 to co and assuming |z| < 1
in (5.6.1) yields
0o mn nkl l/m) l/m 1— qa+k(l/m)+kp 1
S e T g ) =
—o Tn = @)1 ’

(5.6.2)

By assigning different values to x from (—1, 1), a number of particular summation
formulas can be derived. For example, x = 1/2 in this formula gives the following

one.

Z_ gk (g m) s glmy, (1 — qetkA/mbkey (l)q l) _ 5

v 2 (P )iy (@5 @) (1 )T
Now consider the summation formula of 1¢; given by [19, Eq.(IL.5), p.236]

(¢/a; @)oo
(¢:q)oo

The sum of ;¢;[*] in (5.6.3) enables us to obtain one more summation formula by

161(a;¢;q,¢/a) = (5.6.3)

multiplying
(~1"¢9 (a:q),
(& On(d;9)n
to both sides of (5.6.1), replacing = by ¢/a and then summing-up from n = 0 to
0o. We then obtain

i (_1) (I, )n % nk:l —mn(l/m) ql/m) (1 _qa+k(l/m)+kp> - (
G MUR a+’“” 1q)in 41, (@75 6 (6175 61 fomp

k:O

an
_ (¢/a;9)
(¢ @)oo
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The reducibility to all these summation formulas to the particular polynomials may
be obtained by making the substitutions as specified in Section 5.3. For instance,
taking v, = (@™ Qnp (0% D/ (075 Do -+ (€7 D p (@56 )p) and a =
e in (5.6.2) yields the summation formula involving the p-deformed extended g-

Jacobi polynomials as follows.

io: ﬁl; np . ﬂd; ) ( l/m7ql/m) i’iqkln<q—mn(l/m);ql/m)k
n=0 al’ C]) ’ (acv Q)n,p (ql/m; ql/m)mn

k=0

(1 _ qe+Lk+kp>

(e) 1
X<qe+k:p;q)l7n+17p<ql/m;ql/m> Frmpal(@); (8) « xlq] = 11—z

We now obtain summation formulas involving the extended p-deformed Askey-
Wilson polynomials and p-deformed extended ¢g-Racah polynomials with the help
of the sum (3.5.13):

c c/a;q).., (c/biq)
201 (a, b;¢; ¢, %> = <(c/, qiip g)c(/a/b; qq))ooj. (5.6.4)
and the sum (3.5.14):
cq™ c/b;q),

201 (q””,b; ¢4’ qb ) = %. (5.6.5)

We rewrite the inverse series (5.3.13) by introducing (¢”; q)n, to get

(a¢; Dnp(ad; Qnp(@™; 0™ g~ a"™(a "5 q™)(1 — abedg* PP

(@ O =g (abedg™?; @) iy (abs @)rp(ac; Q)rp(adi @rp
a*primp(cost;a, b c,dlq)  (ae;q),,(ac™; Q)n,p. (5.6.6)

(@™ ™) (@5 4™ (0 O p (075 @y
We intend to use (5.6.4), and for that we multiply both sides of (5.6.6) by

n(a+b—(a+cosb+isinf+a+cosf—isind)) n(b—a—2cosh)

q =4

and then take sum from n = 0 to oo, then after little simplification, we find

i ac; q np ad q)np(ql/m’ql/m> mn anl(q—ln. ql/m> (1 o abcquL+kp_p)
n= (@ @ = (abedg"? 775 q) iy, (abs @)rp(ac; Q)i
—if i6.
a*pr 1.mp(cosl;a, b, c,d|q) n(b—a—2c0s0) _ (be™q) (be ,Q)

X q = .
(ad; @)1p(q"/™; G/ )i (@15 @)k (ab; q) oo p (qb a2cost; q)oo »
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In (5.6.6), we transfer (ae=; ), , to the other side to get

ac; @)np(ad; Qp (@™ 60 x~ @™ (a4 ™)L — abedgt e
P P
(@™ Q)up(07 Onp 1= (abedg 775 q)in ,(ab )rp(ac; @)y

akpk,l,m,p(cose; a, ba c, d|Q) — (aezﬂ; Q)mp
(ad; Q) p (@™ ¢/ imn (@™ @)k (ab; @) (475 @)np

X

In this, multiplying both sides by (¢777;¢),,(¢’?be )" and then taking the sum
from n =0 to j, then using (5.6.5) on the right hand side, we obtain

i (ac; @)np(ad; @)up(a7™5 6™ )0 <~ ¢ (@775 ¢"™)w(1 — abedg" )
= @@y (@ i (abedgPPiq) iy L (ab; @)k p(acs @k yp

a"pr 1.mp(cosb; a, b, c,d|q) (7 ) o jpb6_20> _ (be—ie;q)j’p
(ad; Qi p(q"™; G/ )mn (g5 gHm)y 0 TP (ab; q);,p

X

We proceed in a similar manner to derive summation formulas from the inverse
series (5.3.15). We rewrite it by introducing the factor (¢”;q),, and transfer the
factors (cdq®*?;q)np, (bdqP; Q)nps (¢GP;qQ)n,p and (¢/™; ¢"/™),, to the other side to
get

(bdq®; @)np(cqP; Qnp(@/™; ¢™) 1 g™ (g7 ™) (1 — abg"ETRrP)
(cdg™; q)np(a7; @) = (abg* 25 q)in (075 6™ ) (675 61 )
—X.
ka,m,p,l(q_m + cdq"’“; a,b,c,d|lq) = (4 ’q)”’p

(aq?; Q)np(@P; Onp

Now multiplying both sides by (¢77; q),,(azg’?™)™ and then taking the summa-

tion from n = 0 to j, we obtain

i bdq q np cq Q)np(ql/m;ql/m)n mn anl(q—mn(l/m);ql/m)k<1 _ abqu+kp+p)

o (cdg**; @)np(@¥; Qnp o (@bg" P g)m (67 G )
—Jjp. n Jp+p\n aqx"‘p;q .
ci "f/) ,p<qu Rl + st dlg) = L Din
(g5 /™) (ag”; 4)jp
5.7 Companion matrix
Taking [n/m| = N in (5.1.3) and converting it to the monic form

Ba . (xla;1), we get

n,m,p

N
Bgm,p<x|Q7l) = Zak xkv
k=0
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where

¢ (a7 g k(@ @),

6k - |
A (g0 g (075 )

Thus, B®, (z|g:1) is of the form as stated in Definition 1.3.1. The eigen val-

n7m7p

ues of the Companion matrix will be then precisely the zeros of the polynomial
By pll: 1):

Apart from yielding the extended p-deformed g-polynomials, Theorem - 5.2.1
and its alternative forms also provide an effective tool for carrying out the extension
of certain inverse series relations belonging to ¢-Riordan’s classification [11, Table
2,5,7, p. 17-20] in the sense of p-deformation (also see [55] for ordinary forms).
They are derived in chapter 9.

BASIC POLYNOMIALS’ REDUCIBILITY

A General class of p-deformed

g-polynomials’ system 11

The p—deforrrlled extended The extende(li p-deformed
g-Jacobi polynomial g-Konhauser polynomial
The The extended p-deformed The extended

p-deformed generalized little p-deformed
g-Brafman g-Jacobi polynomial g-Laguerre
polynomial polynomial
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THE INTERCONNECTIONS OF THE p-DEFORMED
EXTENDED BASIC HYPERGEOMETRIC POLYNOMIALS

The extended p-deformed Askey-Wilson polynomials

The extended p-deformed g-Racah polynomials

The extended p-deformed Continuous |
id Dual g-Hahn polynomials

The extended p-deformed Continuous
g-Hahn polynomials

The extended p-deformed Continuous
g-Jacobi polynomials

The extended p-deformed Continuous
g-Rogers/Ultraspherical polynomials ]

The extended p-deformed
Big g-Jacobi polynomials

lv

The extended p-deformed Al-Salam-

The extended p-deformed
g-Hahn polynomials

The extended p-deformed Dual
g-Hahn polynomials

The extended p-deformed
g-Krawtchouk polynomials

The extended p-deformed Dual
g-Krawtchouk polynomials

The extended p-deformed Quantum
g-Krawtchouk polynomials

\ 4

The extended p-deformed g-Meixner-

'_
Chihara polynomials /

The extended p-deformed Affine
g-Krawtchouk polynomials

T

Pollaczek polynomials

The extended p-deformed Big g-

The extended p-deformed Continuous
g-Hermite polynomials

Laguerre polynomials

The extended p-deformed Little
> g-Jacobi polynomials

The extended p-deformed

\w \w

The extended p-deformed Little g-
Laguerre/Wall polynomials

The extended p-deformed Al-Salam-
Carlitz I polynomials

/

g-Meixner polynomials

The extended p-deformed Continuous
Big gq-Hermite polynomials

The extended p-deformed Continuous
g-Laguerre polynomials

The extended p-deformed Stieltjes-
Wigret polynomials

The extended p-deformed Discrete
g-Hermite Il polynomials

The extended p-deformed g-Laguerre
polynomials

The extended p-deformed Alternative
g-Charlier polynomials

The extended p-deformed g-Charlier
polynomials

A

N ENVAN

The extended p-deformed Al-Salam-
Carlitz 11 polynomials

A

The extended p-deformed Discrete
g-Hermite | polynomials
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