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6.1 Introduction
H. W. Gould|26], J. P. Singhal and Savita kumari|38|, Dave and Dalbhide

[8] and others proposed various unified of polynomials’ systems in the form of a
general class of polynomials and derived inverse series relation, generating function
relations, differential equation and other properties of it. In this chapter, we

provide an extension to the general class of polynomials

A “—~ T(1+ B —na+lk)(n—mk) "

(6.1.1)

due Dalbhide and Dave[8|, in the light of recently proposed one parameter de-

formation I',(z) of the classical gamma function I'(z) such that I',(x) reduces to
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I'(z) when p = 1. Here {\} is a general sequence; does not involve n. Dave and

Dalbhide obtained the inverse series relation of (6.1.1) in the form:

2 (—1)% B T(B + nl — ka)

An" = (mn — k)!

Sp(l,m,a, B : x).

k=0

The general class of polynomial (6.1.1) includes the extended Jacobi polynomial:

@O () (8) 2] (~)msl0)e (0
Mol 0): 01 = 3 e B (B

due to H. M. Srivastava and M. A. Pathan|42| whose inverse series relation was
obtained in the form [8]:

(=D (@)n(@2)n - (A _n _ g”: (—=1)™*B (8 + nl — ko)
(BU)n(B2)n - - (Ba)un! £~ T(1+ 5 — ka)(mn — k)!K!

xHED((@); (B) : .

The deformed version of (6.1.1) besides providing the extension to the extended
Jacobi polynomial, also extends the Brafman polynomial (4.1.2), the extended
Konhauser polynomial (4.1.3) and the extended Laguerre polynomial (4.1.4) with
their inverse series as stated in chapter 4. We define the following p-deformation

of polynomial (6.1.1).

Definition 6.1.1. For 0 < a <1, € C, meN, n, I =ma € {0} UN and
p>0,

[n/m]
Snpl,m,a,f:x) = Z

k=0

(_Dmk )\k xk
Lp(p+ B — pna+ plk)(n — mk)!

(6.1.2)

in which the floor function |r| = floor r, represents the greatest integer < r.

The above extended Jacobi polynomial occurs as a special case when p =1
and A, = (o1)p -+ (@e)n/((B1)n - -+ (Ba)un!).
Thus, if
P (@1)np - (Qc)nyp

(B)ngp - - (Ba)npn!
then (6.1.2) yields the p-deformed extended Jacobi polynomial (or pEJP):

[n/m]
(.B) . . _ (=1)mr () - (Qe)rp k
Hoimpl(@); (B) 1 2] = g (ETET  RTaaL (6.1.3)
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Here if [ = 0 then we get the p-deformed Brafman polynomial (pBP):

R N )mk\ Q1 )k Q)i k
Byl (9): 4= ity (Ol (6.1.4)

Next, the polynomial (6.1.2) yields the generalization of the Konhauser polynomi-
als Zfla)(:zr; [) when =1, a=0, \, =1/(n!(p+ @)np), | € Nand z is replaced
by z!; which is given by

[n/m]
+a)ln (_n)mk
7 (1) = p 2y M, (6.1.5)
P n! 0 (p—i—oz)kl,pk!

We call this polynomial as “the extended p-deformed Konhauser polynomials”
or briefly, EpKP. The case | = 1 yields the “the extended p-deformed Laguerre
polynomial”, or EpLP which we denote by L%?‘T)mp(x) and define by

Ln/m]
—|—Oé>n (—n)mk

L _ P k. 6.1.6

i = S e

It is evident that the polynomial (6.1.2) and its particular cases would reduce to
the polynomial (6.1.1) and its particular cases, when p = 1.

The flow of the remaining sections are as follows.

In section - 6.2, we derive general inversion pair. Form this, we deduce the inverse
series relation of the polynomial (6.1.2) and its further particular cases in section
- 6.3. Moreover, We obtained another inversion pair which is associated to (6.1.2)
and its particular cases for m = 1. The differential equation of the extended
p-deformed polynomials are derived in section - 6.4. The generating function rela-
tions and the summation formulas involving p-polynomials are derived in section -
6.5 and section - 6.6, respectively. In the last section, section - 6.7, the Companion

matrix of the p-deformed monic polynomial obtained from (6.1.2), is derived.
6.2 Inverse series relations
In this section, we derive two general inversion pairs.

Theorem 6.2.1. Let 0 < o <1, n € NU{0}, m € N such that am is a non
negative integer and § € C\ {0}, then

ln/m] 1
Gn) = ; I',(8 + pmka — pna + p)(n — mk)! F(k) (6:2.1)
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Py = Y U8 &ff;ﬁ”mﬁka) G(k), (6.2.2)

k=0
and conversely, the series in (6.2.2) implies the series (6.2.1) if for n # mr, r € N,

Z(_Dn_ B(Fg(f;fm_pka) G(k) = 0. (6.2.3)

k=0

Proof. We first prove that (6.2.1) = (6.2.2). For that let us denote the right hand
side of (6.2.2) by F}, then on substituting G(k) from (6.2.1), we have

nm

Z (=1)m=k3 T,(8 + pmna — pka) (k)

fn = prd (mn — k)!
_ — mn—kﬁ FP(B + pmno — pka)
- kzzo(_l) (mn — k)!
Lk/m] 1
x>  F0) (6.2.4)

= Tp(B+pmja —pka+p)(k —mj)

Here, On making use of the double series relation

nm |k/m] n mn—mj
SN Ak = D> ) Ak +my, j), (6.2.5)
k=0 j=0 j=0 k=0

we further have from (6.2.4),

_ . (=1)mnEmmIg Ty (8 + pmna — p(k + mj)a)
b= z_: Z (mn —k—mj)! I'y(B +pmja — p(k+mj)a+p) k!

F(n) + nz_l )T mgj(_mk (mn — mj)

(mn —mj)! — k

F(j)

+

I,(8 4+ pmna — pka — pmja) 4
* I,(8 — pka +p) £
1 (_1)mn—mjﬁ . mn—mj L (mn — m] In—1lj—1 )
= F(”)+Zmﬂﬁ Z(—l)( i ) ZO A K,

j=0 k=0

where | = |ma| is an integer < m for 0 < a < 1. Now, if P(a+bk) is a polynomial
in k£ of degree less than N then

Z (_1)k (‘]]Z)p(a_|_bk) = 0. (6.2.6)

k=0
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Here, the inner sum in the second term vanishes in view of (6.2.6), giving F,, =
Next, to show that (6.2.1) = (6.2.3), we take

n

(=1)"F B T,(B + pna — pka)
Z (n—k)!

G(k) = G,.
k=0

Then substituting from (6.2.1) for G(k), we get

n

—1)"k B T,(B + pna — pka
o = 3 U ko)

k=0
Le/m] .

X F(j
Z I'p(6 +pmjo — pka + p)(k — mj)! b

R )" 5B Ty(B + pna — pha) .

= 2 ZO ﬁ+pmjoz pka +p) (n —k)! (k—mj)! ()
Ln/m] n—m;

— )n mj— kﬁF (ﬁ—i—pna pka pm]a) ‘

= kz; (n—mj — k) Tp(8 — pka + p) k! F(j)

[n/ n—myj n—mj [na|—|mja]—1
) 2% o n—mJ'Z ( ) 2, B

s=0

Here, in the last expression, the inner sums is the (n —mj)"" difference of polyno-
mial of degree less than n —mj for 0 < a < 1, hence it vanishes in view of (6.2.6);
thus proving (6.2.1) implies (6.2.3).

We now assume (6.2.2) and (6.2.3) with n # mj, j € N, and show that they both

imply (6.2.1). For that we first note the inverse series relation:

am) = Y U ff;(f Z)f’”“_pk“) (k) (6.2.7)
N k=0
um) = 3 ! Q(k). (6.2.8)

“—~Ty(B + pka — pna + p)(n — k)!

Since (6.2.2) and (6.2.3) hold, it follows that if n # myj, j € N, then Q(n) = 0,
whereas for n = myj, Q(mj) = F(j) from (6.2.2). In this case, ¥(k) = G(k) and

with these substitutions, (6.2.8) assumes the form

1
Gln) = n;o L,(8 + pmka — pna + p)(n — mk)! Q(mk).
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Thus the inverse pair (6.2.7) and (6.2.8) provide us the series relation:

-~ (2D F B T,(8 + pmna — pka)
F = G(k
m =3 A @
=
[n/m] 1
G = F(k
(n) kZ:O I,(B + pmka — pna + p)(n — mk)! (%)
whenever (6.2.3) holds. This completes the converse part. O

It is interesting to check whether interchanging of the coefficients in above
theorem yields the inverse pair? The attempt made in this direction led us to the

inversion pair which is proved as

Theorem 6.2.2. Let 0 < o <1, n € NU{0}, m € N such that am is a non
negative integer and § € C\ {0}, then

/) yn—mk no — pmka
o = 3 U ﬁfz(f ;g)! PRe) iy (6.2.9)
N k=0
F(n) = > ! G(k), (6.2.10)

“ I')(8 + pka — pmna + p)(mn — k)!

and conversely, the series in (6.2.10) implies the series (6.2.9) if for n # mr, r €
N,

n

1
~ T',(f + pka — pnac+ p)(n — k)|

G(k) = 0. (6.2.11)

Proof. In order to prove that (6.2.9)=-(6.2.10), we denote the righthand side of
(6.2.10) by ©(n) and then substitute for G(k) from (6.2.9) to get

nm

1
o) = % I',(8 + pka — pmna + p)(mn — k)!G<k)
B nm 1
B = T,(8 + pka — pmno + p)(mn — k)!
Lk/m] —mj ‘
(=1 ™ BLy (B + pka — pmja) .
X Z . F(j)
= (k —my)!
nm |k/m]

_ (=1)*"™BLy (B + pka — pmja) .
B Z Z I',(8 + pka — pmna + p)(mn — k)!(k — mj)!F(‘])'

k=0 5=0
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This, in view of the double series relation (6.2.5), further simplifies to

n mn— m]

B 1)k+mi=mjg T »(B 4+ p(k+mj)a —pmja)
O(n) JZO Z (mn —k —mj)! (k —mj+ my)!

1

(B + p(k +mj)a — pmna —|—p)F(‘j)
RS o (—=1)*8 Ty(8 + pho) )
J=0 k=0 (mn —mj — k)KIT, (8 + p(k + mj)a — pmna + p) J
n—1 mn—mj
_ (=1)*B Ty(B + pka)
= F(n)+ 2 2 i — P F
x : F ()

Lp(8 + p(k +mj)a — pmna + p)
n—1

15} e mn —mj P it .
= F(n)+ 2 T — mj)! > ( I )(—1) F(j) X:; Ark"

k=0

<.

where [ = |ma] is a non negative integer < m for 0 < a < 1. Here, the inner
sum in the second term vanishes in view of (6.2.6), giving ©(n) = F(n). Thus,
(6.2.9)=-(6.2.10). Next, in order to show that (6.2.9)=(6.2.11) for n # mr, r € N,
we denote right hand side of (6.2.11) by ®(n) and then substitute for G(k) from
(6.2.9) as follows.

n

On) = Y. ! G(k)

—~ T, (B + pka — pna + p)(n — k)!

n |k/m]

_ )™ Ty(B + pka — pmka) :
B ZZ B—l—pka pna +p)(n —k)(k — mj)!F(j)

= (—=1)F=mi B, (8 + pka — pmja) .
- z_: jz: (5+pka—pna+p)(n_k)!(k_mj)!F(J)

_ ! (~DMITmIB T8 + plk + mg)a — mja)
= L X R Rtk mi)a—pna+p) O

[na|—|mja|—1

(g S

s=0

Now since 0 < a < 1 and ma is a non negative integer, the inner sum is (n—mj)%"
difference of the polynomial in & of degree less than |na| — |mja] — 1, hence is
zero (from (6.2.6)). Thus ®(n) = 0 giving (6.2.9)=-(6.2.11). We now assume that
(6.2.10) and (6.2.11) with n # mj,j € N, hold true and show that they together
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imply (6.2.9). For that we first denote the inverse series relation G(n) and F(n)
by A(n) and Y(n) for m = 1 as follows.

" (=1)k no — pko
A(n) Z( Y BF&W_Z;?! LB (6.2.12)
N k=0
T(n) = ! A(R). (6.2.13)

£ T, (B + pka — pna+ p)(n — )|

If n # mr, r € N, then A(n) = 0, whereas for n = mr, A(mr) = F(r) from
(6.2.10). In this case, Y (k) = G(k) and with these substitutions, (6.2.13) assumes

the form

Thus the inverse pair (6.2.12) and (6.2.13) provide us the series relation:

Fn) = Y ! Gk

I',(B8 + pka — pmna + p)(mn — k)!

N k=0
(n/m) | \nmmk T B

6n) = > SRR Z IR g,
k=0 '

whenever (6.2.11) holds. This completes the converse part ad hence the theorem.
[l

6.3 Particular cases

In this section, we obtain inverse series relation of (6.1.2) and its particular
cases with the help of Theorem - 6.2.1. In order to obtain the inverse series relation
of (6.1.2), we substitute F(n) = (—=1)""\,2" and ma = [ in this theorem. We
then have G(n) = S, ,(l,m, a, 8 : ) and consequently from (6.2.2), we obtain the

inverse series:

S~ (=" BT,(8 + pnl — pka)
(mn — k)!

A" =

Skp(l,m,a, B : ). (6.3.1)

k=0

The extended Jacobi polynomial (6.1.3) and its inverse series may be deduced by

taki
o o — KD (@) (B) : 2]
(n) = I(p+ 5 —pna) n!
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and

o (_1)mn(a1)n,p(a2)n,p T (QC)n,pxn
S W 5 N 1 B R

and it is given by

(_1)mn<a1)n,p(a2)mp e (O‘C)mp no_ - <_1)mnikﬁrp<@ + pnl — pka)

(B)np(B2)np -« (Ba)npn! v =0 Ly(p+ 5 — pka)(mn — k)!k!
XA [(00); (B) : ). (6.3.2)

From this, the inverse series of (6.1.4) occurs in straightforward manner by taking

a =0in (6.3.2), given by

(@)np( @)y @Iy o _ S~ (D g
BBy~ Bal® ~ 2 (o — iyt Depl(:(9)

The polynomial EpKP possesses the inverse series:

In nm (_1>kn'(p + a)ln,p ()
x k=0 (P + Q)pip(mn — k) kamp (T3 1),

(6.3.3)

and for [ = 1, it furnishes the inverse of EpLP (cf. [53, Eq.(2), p. 207] with p=1):

nm

o=y ((_1)k”!(p F Dy ) (0 (6.3.4)

k=0 P+ a)k,p(mn - k;)] km.p

6.4 Differential equations

In this section, we derive the differential equation of the polynomial (6.1.2)
by specializing the sequence {),} as {;;}. The equation will be obtained with the
help of the differential equation (1.3.11) of the function (1.3.10).

The particular polynomial thus obtained is denoted by Rgp(x; [) which is given by

R™ (gjl) = L%” <_np)mk,p z* p_mk
PR (p+ B — pna) i, k!

k=0

Ln/m] m . ! . -1
B 1 —np+ip—p B — pna + jp
-2 (), H ()

j=1
m —m k
" (m p )
T

= wF1 (Dp(m; —np),p, Ap(l;p + B — pna), p) (

mMxp™™
It '
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Now comparing this with (1.3.11), we obtain in straight forward manner, the

differential equation:

[D (IpD +  — pna+p — lp) (IpD + 5 — pnac+2p — lp) - - - (IpD + B — pna)
—x(mD —n)(mD—n+1)---(mD—-n+m—1)]R? (z;1) = 0.

This may be further reduced to the differential equations satisfied by pEJP, pBP,
EpKP and EpLP by specializing the parameters appropriately.

Explicit representation of (6.1.3) for [ € N with the help of (1.3.7) is given
by

Hq(zofl’fz’p[al, N R PN G
[n/m

J m l
_ (1)kp - O‘c k.p np+1ip —p
-Y e () i

mmrp™™ F
()

= e (g —np), {anYouy) py (D (i p + B — pra), {5}, ) (

mmrp™™
[

Now comparing this with (1.3.11), we get the differential equation of pEJP:

D{HH(lpD+6—pna+jp—lp)(pD+Bs—p)}

j=1s=1

—x {HH<mD —nti-1) <pD+ar>H 1D (@) (B) 2] =0,

i=1r=1

where D = T The p-deformed differential equation of the deformed Brafman
x

polynomial (6.1.4), the extended p-deformed Konhauser polynomials (6.1.5) and
the extended p-deformed Laguerre polynomial (6.1.6) are derived in section - 4.4

of chapter 4.

6.5 Generating function relations

In this section, we derive the generating function relations (GFR) of the
polynomials pEJP, EpKP and their particular cases pBP and EpLP. For that we
use the series (6.2.1) of Theorem - 6.2.1 given by

Ln/m] 1

Gln) = ; [, (8 + pmka — pna + p)(n — mk)!

F(k).
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Noticing that the Bessel function occurs in the generating function relation of
the Laguerre polynomial (see [53, Eq. (2), p. 201]), we use here the p-deformed
Bessel function (2.3.12) of chapter 2 and define the p-deformed generalized Bessel
function as well as the p-deformed modified Bessel function respectively, as follows
(cf. [53, 62] with p =1).

Definition 6.5.1. For p > 0 and n,u,v € C,

> (—1)k 2\ n+2k
In = 5 : 6.5.1
#(2) ;Tp<p+np+kp)k;! <2> ( )

- 1
JE (z) = —x)k, 6.5.2
#() ; Fp(P+Vp+kpu)k!( ) ( )
and

Ly(x) = i7" Jy,(iz). (6.5.3)

Y Gyt = > F(k)t"

2 T, phma —pna  p)n — b

- 1
a Z I',(8 + pkma — pna — pkma + p)(n + mk — mk)!

n=0 k=
x F k)tn+mk
[eS) 1 .
i " F(k) it 6.5.4
(nz_% Fp(ﬁ — pno —{—p) n! ) (; ( ) ) ( )
Next consider
n o __ o )
nZ:()(7>n,p G(n) = nZ:O kg (ﬁ + pkma — pna + p)(n — mk) F(k) t

N (’y>n+mkp A

= ) F k’ tn+m
nzﬂ)grp(ﬂ—lma + p)n! (k)
N v+ mkp)n, .

i( )mkp mkz "y + mkp)np(—B)nayp m

n!
—~ Ty(6+p) !

(6.5.5)
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By specializing «, [ and F(k) appropriately, we obtain the generating function
relations of the polynomials pEJP and EpKP.
The substitution

. (_1>mn(a1)n,p<a2>n,p e (QC)n,p 2"
) = s (Bo)up - (Bop

in (6.5.4) implies

Gn) = Pamal(0); (8) : o
Ly(p+ B —pna)n!’
and consequently, with the help of (6.5.4) and (1.3.10), we are led to the generating

function relation:

5o EV EDhaw gyion | e (8) ] ¢

n! n,ma,m,p
n=0
_ = (_1)na( 6)710417 n 041 kp 042 kp " (Oéc)k’p ko pymk
N (nzzo n ' > (; 61 k,p 62 kp " ° (6d>k,pk! v ( t) >
= Fu((a),p, (B) )" ( p —Bnap g

o

n=

Here for a = 0, the first series on the right hand side converges for |t| < co and
for @ = 1, it converges for |t| < 1/p. For a = 1, the above GFR takes more elegant

form:

ZHS@M $(8) 2] (~Bhnp i = (1+1p)7 Fy((0)., (). p) (2(—0)").

On the other hand, the choice @ = 0 (hence [ = 0) leads us to the GFR of pBP
which is given by

SOBI () (8) 2] S = e Fu((0),p, (8),p) (s(—t)™).

n.

The special case p = 1 yields the generating function relation occurring in (62, Ex.
67, p.199]. Next, taking o = 0,8 = 0, and

(D@ u00)ay (0
Fln) = (B)np(B2)nps 5 (Ba)npn!

n (6.5.5), we get
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Hence in view of (1.3.12), we find yet another relation with the help of (6.5.5):

(o pm (123 (8) : )i

n!

WE

N
I
o

[
NE

(=)™ (V) mtesp (@) ep (@) + + + () o0 % N
0 (61)167;0(52)1@;0 ce (/Bd)k:,pk'! (Z k! t ) t

(V)mk’p(al)k’p(aﬂk’p o ( ) _ (M)xk _4\mk
< (Bkp(B2)kp - -+ (Ba)rph! =(1—pt) (—t)

o0

N/ (V) mkp(02)kp(@2)kp - -+ ()b _ )k mk
L= Y By (Baeght 720 O™

k

n

[
hE

=
Il

—~

(6.5.6)
By making use of (1.3.12) together with properties (1.3.7) and (1.3.9) in (6.5.6),
we get (cf. [62, Eq.(2), p.136] with p=1)

n!

S Bl (8) 2] e 1y

oo (D55(mi ), (0),9) . ((8):1)) (ﬂ) .

(I —pt)m

For m 4+ ¢ < d+ 1, this yields convergent generating function relations.

For obtaining the GFR of EpKP and EpLP, we take « = 0, § = 1 and replace
F(n) by (=1)™a™/(T,(p 4+ a + pnl)n!) in (6.5.4). Then G(n) = Z2,, (;1)/((p+
@)niplp(p + @) the GFR:

= Smp €, l) n - 1 ( 1)mk " mk
Z =Y Ao Z t
— (p+ )uplp(p + a) = Ty(1+p)n! Ly(p + a+ pkl)k!
et . 1 k
T,(1+p) ; T,(p+ a + pki)kl ((=0)matet™)

that is

2 (T3 ‘T

Z p( )tn — € p(p + Oé) J‘lg ) (( 1)m+1 ltm) (657)

0 (P + @)nip Ip(l+p) »

involving the deformed generalized Bessel function (6.5.2). The particular cases
p = 1, m = 1 provide us the generating function relation obtained in [62, Ex.
65, p. 198]. Yet another generating function relation is obtainable by making
the substitutions a = 0, 8 = 1, and F(n) = (—=1)™ 2 /(T,(p + o + pnl)n!) in



Chapter 6 The p-deformed polynomials’ system - II1 166

(6.5.5), yields G(n) = Z3,, ,(z; 1)/ ((p + @) pl'p(p + @), we find that

o0

(V)N,Panp(d Z; l) tn
0 P+ @)uplp(p + )

= (V)mkp(_l)mk thmk (i 7+mkp ”ptn)

= Ty(p + o + pkl)KIT,(1 + p)

n—

1 = (V) mk.p '* - (v +mkp)np mk
= ’ AL T I gn ) (—
I'p(1+4p) ; (P + )ik pk! Zo n! =)
1 = (V) mip —y—mkp Lk mk
= —pt t
Ip(1+p) kz (p+04)lkp’f'( ) =)
1 — pt) ? > mk:p —mk 1k mk
= t —t)"".
»(1+p) ZO (p+ @) pk' —pt) (=)

In the notations of (1.3.7) and (1.3.9), this takes the form:

= s g g e
2. Ty = TR

ol (gt ) By oo () (7)) 659)

1—pt

Here m <[+ 1 for convergence; the divergent generating function relations occur
for m > 1 4+ 1. This reduces to the generating function relation appearing in |62,
Ex. 66, p. 198] with p =1 and m = 1.

As noted in Section -6.1, the case | = 1 of (6.1.5) is the extended p-deformed
Laguerre polynomial LS{")np(x) Hence the GFRs (6.5.7) and (6.5.8) when [ = 1,
will reduce to those corresponding to the EpLP. They are however also directly
deducible from (6.5.4) with o« =0, § =1, and F(n) = (—=1)™"2"/((p + a)n,p n!)
and thereby G(n) = Lgf,)n,p(:c)/(p + @), p- In either case, we have

o'} leam 00 1 o'} 1 mk .k
Z ) ap(l.) tn — Z tn Z ( ) T tmk ,
e0 (P + a)nplp(p+ a) "m0 Ip(1+ p)n! —0 Iy(p+ a+ kp)k!
that is,
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Here the cases m = 2r and m = 2r + 1,7 € NU {0}, are worth mentioning. If we
take m = 2r + 1, then we have the following GFR involving (6.5.1).

t

) (o) 00 2r+1)k
Ln,2r+1,p(m) no etFp(p—i—a) < (_1)( ) ( x(t)2r+1)2k)
k

~ (pt+a),  T(l+p) \&Tp+a+kpk!
B e'Ty(p + a)( a:(t)zHl)_%
B Fp(l +P)
" <i - x<t>2r+1>>3+2k>
—~Tp(p+a+kpk!

On making use of (6.5.1), this becomes

< L) (@ ‘T t\/xt) =P
n,?r—l—l,p( )tn _ € p(p + Oé) ( \/l’_> Jg,p(ZtT\/R).
0 P+ W)y Ip(1+p)

n=

When p = 1 and r = 0, this further reduces to the GFR as obtained in [53, Eq.(2),
p.201]. On the other hand, for m = 2r, the following GFR occurs which involves
p-deformed Bessel function (6.5.1) and p-deformed modified Bessel function(6.5.3)

respectively.

0 L() r 0 -1 (2r+1)k
n2ro(®) p(PJFCY)Z (1) (Vo) *
! P+ )nyp Ip(1+p) =0 Iy(p + a+ kp)k!
Ipyp+o) e o (=1)" : 1ok
— t—p tT’ D tr P
‘ I'y(1+p) (i) —~Ty(p+a+kpk! (it V)
Lpt+a) o —-2 .
= 2= (it v Ja, (2it"/x).
LD (i) g (i
In the notation of (6.5.3), this becomes
- Lgf?)np(x) o ot Fp<p+ O‘) (tr\/a*a/p I (2251”\/5)
P+ )nyp Ip(1+p) »? .

Similarly, if « =0, § =1, and F(n) = (=1)™z"/(T,(p + a + np) n!), then with
G(n) = L%a,)np(x)/((p + a)nplp(p+ @) and (6.5.5) we find the relation:

i O (®) 5~ ey (1)t
= (p+ @)nplp(p + @) ~ Tp(L+p)p(p+ o+ kp)k!

« (i v+ mkp npt")

n=
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mkp
;FP 1+p »(p+ o+ kp)k!

mkp

x(L—pt) " 7 (=t)™z".
Thus we get,
(VT Jp—p
> () —/p X2 H m
Z (Vnp Lm,p () moo— (1—pt) Z =1 k) Lk
e P+ W)y Ip(L+p) Pt (p+ Q)yp k!

—mt mk
X .
1—pt

Here the series on the right hand side converges for m = 1,2. These cases are

illustrated below. For m = 1, we have

= (z — pt)/P —r
S Ol o 008 ) s (725

n=0

whereas for m = 2, we find

as LY (¢ — pt)/P —Axt?
> Dpetosalyn CoI0 2 (2 2i0). )l 00 (s )

n=0 p+a”P I'p(1+p) 1 —pt)?
(6.5.10)
_ 4t? L
with =i < 1.If p = 1, then (6.5.9) reduces to the GFR given in [53, Eq.(3),

p.202|. Further, for v = p + «a, (6.5.9) reduces to the GFR:

- 1—pt) ' —at
lea) 2" = (— egjp( )7
2 Lasle) R+ “P\imp

n=0

whose particular case p = 1 appears in [53, Eq.(4), p.202].
In (6.5.10), the substitution v = 2« + p gives an elegant form:

$- (20 +P)upladp (1), (L=p) (1 __dpat? )
— (Pt W)y Ip(1+p) (pt —1)?

6.6 Summation formulas
It is interesting to observe that the inverse series relation obtained from

Theorem - 6.2.1 of section - 6.2 leads us to derive certain summation formulas. In
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fact, From (6.3.1) we have

n

3

1
An

(=1)* B Ty(8 + pul — pha)
(mn — k)!

Skp(l,m,a,B:x) = 2",  (6.6.1)

B
Il

0

assuming A, # 0,Vn € N.

Now multiplying both sides by 1/n! and taking summation from n = 0 to oo, we

obtain
21 = )& B T,(B + pnl — pka) _ B = 2" .
;;n!)\n; (mn — k)! Sepllym, . f:2) = ;;F -

(6.6.2)

for all . The choice A\, = (@1)np - (@)np/((B1)nyp - - (Ba)npn!) here, provides

the summation formula of pEJP as follows.

— )k B8 T,(8 + pnl — pka)
(mn — k)!

1D T(@); (B) 2] = €.

k,l,m,p

:MS
M

P k=0

(6.6.3)

Further, [ = ma = 0 in (6.6.3) simplifies to the summation formula of pBP(6.1.4)

in the form:
= )np — (_]‘)k 6 FP(B) LUNTONY sl = e*
nZ:O Oé )np p (mn . k)' Bk,p[( )7 (6) . ] - :

Next taking 8 = 1, @ = 0, A\, = 1/(nl(p + @)iyp) and z is replaced by z'; in
(6.6.2), we get

oo nm

E E p+a)lnp () i
Z 1) =
p+04 kip(mn —k)! k,m,p(ﬂf; ) =¢€",

n=0 k=0

the summation formula of EpKP. The immediate consequence of this, is the sum-

mation formula involving EpLP:

oo nm

p+ahp ()
g E Ly (z)=¢€"
_ ] k,m,p )
= p+a »(mn —k)!

when [ = 1.

The number e is the value if x = 1 in above formulas.
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Further on taking sum from n = 0 to oo (6.6.1) with |z| < 1, A, # 0, Vn, we get

Sy [ ¥ B T,(8 + pnl — pka) ‘ = 1
Z)\_; Skp(l,m, o, B :x) = ;x =1

— (mn — k)!

By assigning different values to x from (—1, 1), a number of particular summation
formulas can be derived. For example, x = 1/2 in this formula gives the following

one:

1 2% (_1)k Ié] Fp(ﬁ + pnl — pka) 1 B
ZA_ (mn — k) Sk (lamwx,ﬂ : 5) = 2.

The reducibility of this summation formula corresponding to the particular cases
of S, ,(I,m,a, 5 : x) may be obtained by the substitutions as stated above. We

consider the sum

i 61 np . (ﬁd)np n' (_1)k /6 Fp(ﬁ +pnl —pkO&)

= (g (Ae)np = (mn —k)!

a 1
<HGD, (@) 5] = 2
S Bl np"" Bd)n n! < (_1)kﬁr (6) m 1
Z (o p - (a )p (mn—kp)‘ Biy () (B):5) = 2
n=0 1 n,p " cJnp g .
co nm ’I’L' erOé)lnp (@) 2l
ZZ —I—a (mn — k Zian.p _’l - o _ 1
n=0 k=0 (p :
Similarly one can derive other summation formulas from (6.6.1).
6.7 Companion matrix
Taking |n/m| = N in (6.1.2) and converting it to the monic form

§n,p(l,m,04,ﬂ L x), we get

N
§n,p(l,m,oz,ﬁ tx) = Z(Sk z*,
k=0

where

(=1)*=Nm T (p+ 8 — pna + pIN) Ay, (n — mN)! 2
Iy(p+ B — pna + plk)An(n — mk)!

O

With this d, C <§n7p(l, m,a, 3 : a:)) assumes the form as stated in Definition 1.3.1.

The eigen values of this matrix will be then precisely the zeros of gmp(l, m,a, [ x)
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(see [48, p. 39]).
Next chapter, Chapter-7, provides g-extension to the polynomial (6.1.2) and derive

analogous properties.

POLYNOMIALS’ REDUCIBILITY

A General class of p-deformed
polynomials’ system III

|
1 l

The p-deformed ex- General class of p-polynomials
tended Jacobi polynomial By . p(z;1) of chapter 4
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