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7.1 Introduction
In |57, Eq.1.14, p.228|, a general class of p-polynomials (or system of p-

deformed polynomials) is introduced in the form:

Snpl,m,a, 5 :x) = T,(p+ B — pna + plk)(n — mk)!’

(7.1.1)

k=0

in which the floor function |r| = floor r, represents the greatest integer < r,
0<a<1,eC, meN, n, | =mae {0} UN. to provide an extension to the
extended Jacobi polynomial [41] (also see [43]), the extended Konhauser polyno-
mial and the extended Laguerre polynomial in p-generalized gamma function: I',

and Pochhammer p-symbol: (z),,,.
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We define here a g-analogue of the p-polynomial (7.1.1) and obtain its inverse se-
ries relation, ¢, p-difference equation, ¢, p-differential equation, generating function
relations, summation formula and finally, the Companion matrix.

It may be mentioned here that for a parameter a € C, we shall write « for ¢.
We propose a p-deformed g¢-extension of the general class of p-polynomial (7.1.1)

as follows.

Definition 7.1.1. For § € C, r,a € C/{0}, m € N, n € NU{0}, |¢| <1 and
p>0,

Ln/m] rlk+p—nap. ,a
« E mk _mkra(mk—2n ﬂq P p’ q" ),
SH,PJ"(ZJTTIWO[?B : .73|q ) - (_1) kq g ( b2 +1)/2< T AT ) p)\kxk’
k=0 (q 4 )n—mk

(7.1.2)

where |n/m| = floor n/m, represents the greatest integer < n/m.

When ¢ — 1 and r = p, this coincides with (7.1.1).
Moreover, this general class of ¢, p-polynomials ((7.1.2) above) extends the general
class of p-deformed g-polynomials (5.1.3) of chapter 5 by taking o = 1 and r = A.

The special case

_ (15 Onp (023 Dnp -+ (A5 D
" (ﬁl; Q)n,p(ﬁﬁ Q)n,p e (ﬁd; Q)n,p(qTa2; qraQ)n

with r is replaced by ra, together with property (1.5.10), yields the tribasic p-
deformed extended g-Jacobi polynomial (cf. [12, Eq.(1.2), p. 77] with p = 1):

Aoty (@); (B) = 2]

n,m,l,p,r
[n/m| _ 2 2
(@™ ¢ ) k(1 Qrp(02; Qi - - (s @, ra
=) ( P P L = (zqg" k. (7.1.3)

= (B q®) e (51 Drp (B2 O+~ (B (475 4

Note 7.1.1. This polynomial approaches to the p-deformed extended Jacobi
polynomiall57, Eq.1.15, p.228] as ¢ — 1 and r = p in which the substitution
p =1 yields the extended Jacobi polynomial (6.1.1).

When 3 — oo in ¢% this polynomial reduces to the bibasic p-deformed

g-Brafman polynomial:

B () (B) s 2g™ ™ g

Ln/m] —nra e’
_ Z (q 2;q Q)mk(al;Q)k,p(QQ;Q)k,p'"(ac;Q)k,p

— (B @rp(B2s D+ (Bas Drp(@75 47 )i

2

(g™ ™k, (7.1.4)
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Note 7.1.2. This tends to the p-deformed Brafman polynomiall57, Fq.1.16, p.228]
as ¢ — 1 with r = p in which the substitution p = 1 gives the Brafman polynomial
[62, Eq.(1), p.156].

Further, replacing = by z'¢™, letting ¢° — 0, taking ra = [ € N and

qln(a—l—l)—lmn—i-ln(ln— 1)/2

Ap =
(Pe; )t p(@'; @) mn

in (7.1.2), we obtain the extended p-deformed g-Konhauser polynomial (cf. [3]
with p =1 and m = 1):

ln/m]

(P @t p (a7 ¢")mag”
Znmp(@illa) = =57
7 ,p( ’ ) <ql;ql>n kZ:O (poé;q)kl,p(ql;ql)mk

—nl.

(atnd-1)+Hk(lk—1)/2
M. (7.1.5)

Note 7.1.3. The limit of this polynomial as ¢ — 1, is the extended p-deformed
Konhauser polynomiall57, Eq.1.17, p.229] wherein the substitutions p = 1 and
m = 1 provide the Konhauser polynomial [3, Eq.(3.1), p.3].

The obvious specialization [ = 1 is the extended p-deformed g-Laguerre

polynomial:

n/ml , oin _
I (P @y (¢ Qg™ TRE=D2 16
nimp(£]q) = ———<== ) ) " (7.1.6)
) (Pv; @)@ @)

Note 7.1.4. This polynomial approaches to the extended p-deformed Laguerre
polynomiall57] as ¢ — 1 in which the substitution p = 1 yields the extended
Laguerre polynomial [19].

We shall abbreviate the polynomials in (7.1.3) by pEqJP, (7.1.4) by pqBP,
(7.1.5) by pEqKP and (7.1.6) by pEqLP.
In section - 7.2, we obtain general inversion pair. This will be particularized to
get the inverse series relation of (7.1.2) and its further particular cases in section
- 7.3. The g, p-difference equation and ¢, p-differential equation of extended ¢, p-
polynomial are derived in section - 7.4. Certain generating function relations
and summation formulas involving ¢, p-polynomials are derived in section - 7.5
and section - 7.6, respectively. Finally, the Companion matrix of p-deformed
monic g-polynomial obtained from (7.1.2) is derived in section - 7.7. While deriv-
ing summation formula involving (7.1.2) and its particular cases, the ¢-Binomial

theorem|[19, Eq(1.3.2), page 7| (3.5.1) and two g-exponential functions e,(x)[19,
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Eq(1.3.15), page 9] (3.5.2), E,(x)[19, Eq(1.3.16), page 9] (3.5.3) of chapter 3 will
be required. They are restated below. For |z] <1 and [¢| <1,

= . ez

2 O (7.1.7)

n=0

The g-exponential functions e,(z) and E,(z) are immediate consequences of this

lemma. In fact, a — oo, that is ¢* — 0 in (7.1.7) gives

> O o 1. eq(2), (2] <1, Jg| < 1) (7.1.8)

(G (25 @)oo
which we abbreviate here as qeF; whereas replacing z by —z/a and then making
limit a — oo, (7.1.7) leads us to the series
k(k—1)/2

T = B (s
kX; (@ D (—2:@)00 = Eq(2), (2€C, ¢/ <1) (7.1.9)

which is abbreviated here as qEF. This qEF will be used later in deriving the

generating function relation of (7.1.2) and its particular cases.

7.2 Basic inverse series relation

We shall require a particular inversion pair in deriving the inverse series of

the polynomial (7.1.2) which we first prove as

Lemma 7.2.1. For0<qg<1, M e NU{0}, meN, geC, r,ac C\ {0} and
p>0,

M . .
o M 1 — q(k+m])ra+67(k+m]+1)ap
q’r‘a

k*O k q(M+mj)TOc+,3—(k+mj+1)ap; qa)oo »
(7.2.1)
==
= M
Fr) = Y (gt B (gt ) ()
k=0 qre
(7.2.2)

Proof. We observe that the diagonal elements of the coefficient matrix of the first

series are
(1 — qUtmd)ratf=(i+mjti)ap)

(_1)iqiroc(i—1)/2 : ' : : ’
(q(z+m])ra+,87(z+mj+1)ap; qa)oo,p
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and those of the of second series are

(_1)iqira(1—z‘)/2 (qz‘ra—f—mjra—i-ﬁ—(i-i-mj)ap; qa)oovp‘
They are all non zero; implying that these matrices have the unique inverse. Hence,
it suffice to prove that one of these series implies the other. We prefer to show
that (7.2.1) implies (7.2.2).

We denote the right hand side of (7.2.2) by ®(M) and then substitute for g(n)
from (7.2.1) to get

M
M . .
(I)<M) = Z(—l)qura(k_2M+1)/2 |: . :| <qk7‘a+m]7”0¢+ﬁ_(M+m])ap; qa)oo,p
k=0 qe
S k (1 — q(2+m1)7"a+5—(1+m]+1)047) '
_1)\¢ ira(i—1)/2
X ;( 1) q |:Z:| - (q(k-i-mj)roz—i-ﬁ—(i-i-mj—f—l)ap; qa)oojpf(l)
M M—i M
= Z(l _ q(i+mj)7"a+ﬁ—(i+mj+1)ap)f(i) Z(_1)kq(k+i)ra(k+i—2M+1)/2 |: :|
=0 k=0 k + ? q’!‘&
X k+1 ira(i—1)/2 (q(k—l-z)’/‘a—l—mjroz-‘rﬁ—(M—l—m])ap; qa)oo,p
i qmq (q(k+i+mj)ra+,87(i+mj+1)ap; 4%)oo.p

Mo
= > { - } g (] — glitmirat(itmithor) g (;)
. qra

% M_Z(_1)qum(k—2M+2¢+1)/2 [M - Z] (q(kﬂ?rwwmwf(M%mj)ap; q*) oo
k=0 k gre (q(k+z+m3)roz+5—(%+mj+1)ap;qoc)ooyp
M o o M
= f(M) + { _ :| qzra(z—M)(l _ q(l-i-mj)ra-i-ﬁ—(z-i-m]—i-l)ap)f(i) Z(_l)k
i=0 g qr k—0
k o (q(k+2+m3)ra+ﬁ*(l+mj+1)ap; qa)oo,p

Here, the ratio of two ¢, p-gamma functions represents a polynomial of degree
M — ¢ —1in k, that is,

(qetdratmiratf—(Mtmpap, goy Mil Ay g
(qktitmirotf—(itmjtlap; ga) = 1=0 e

say, hence from (7.2.3), we have

M-1
M ; L — +mj)ra+B—(1+mj e} .
o) = fa0+ X [] g e )
q”‘(!

=0
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M—i—1

M —1
k k:rak 2M+2i+1)/2 kral
X g E A
[ L } - 14

M-1 M
+ |: :| zra i— )(1 . q(i—l-mj)ra—l—ﬁ—(i-l—mj-l—l)ocp)f(i)

q

=0
M—i—1 M—i .
« E Al E k: kra k—2M+2i+1)/2 M —1 qkrozl
k T
0 q

M-1

=0 k=
1 'Lra )(1 . q(i+mj)ra+67(i+mj+1)ap)f(,i)

=0
M—i—1 M—i M .
% A, k kra k—2M+2i+1)/2 [ —? qkm(lﬂeMﬂ)
E i )
1=0 k=0 q

(7.2.4)

On making use of the ¢g-binomial theorem stated as Lemma - 3.2.1 of chapter 3 at

the inner most series on the right hand side of (7.2.4), we get

M-1 M
(I)(M) _ f(M) + |: ' :| qira(i—M)<1 . q(i+mj)ra+,8—(i+mj+1)ap>f(,i)
7
:0 q'r(l

Z ra (I+i—M+1). q )M—i

= f(M)+ |: :| lra(z M)(l q(z+m])ra+,8 (Z-‘rm]-i-l)ozp)f(Z)

|§
T
|

Z H o(l+i— M+1+j))

This completes the proof of (7.2.1)<(7.2.2). O

Using this inverse relation, we prove a general inversion pair as

Theorem 7.2.1. If r, « € C\ {0}, s € C, ne NU{0}, m e N, p > 0 and
0<q<1, then

(qura+ﬁ+p7nap; qa)

=P G(k) (7.2.5)

Ln/m]
F(n) = —1 mkqura(mk72n+1)/2
) 2, (7Y (@ q" ) n—m

k=0
=
mn 1— qkra—i-ﬁ—l—p—(k—‘rl)ap)
G n — -1 qura(kfl)/Q ( F k ’
0 = 2 e T N P B



Chapter 7 The p-deformed q-polynomaials’ system - I11 178

and conversely, the series in (7.2.6) implies the series (7.2.5) if for n # mv, v € N,

n _ kra+B+p—(k+1)x
Z(_l)qura(k—l)ﬂ (1—g¢ P )p)

k=0

F(k) = 0. (7.2.7)

(qrrothp=(k+Dap; go) (g7 ¢" ) nk

Proof. Let us denote the series (7.2.6) by V'(n) and substitute for F'(k) from (7.2.5),
then we get

mn (1 _ kra—l—,@—f—p—(k—‘rl)ap)

_ q
V(n> — (_1>qura(k 1)/2
kZ:O (qmnra—i-ﬁ—i-p—(k:—l-l)ap; qa)oo’p(qra; qra)

mn _ kra+B+p—(k+1)a
_ Z(_l)qura(kz—l)/Q (1—¢ i )

k=0

F(k)

mn—Fk

(qmnra+6+p7(k+1)ap; qa>oo7p(qra; qra)mnfk
\_k/mj mjra —Kap. &
% Z (_1)qumjra(mj72k:+1)/2 (g™ Hotp-kar. g )
= (" ") k—mj

=2 G(j),

In view of the double series relation [62]:

mn |k/m] n mn—mj

SO Ak = A(k +myj,j),

k=0 j=0 j=0 k=0
this further simplifies to

n mn—mj (1 o q(k+mj)ra+,8+pf(k+mj+1)ap)

_ _ 1\k+mj  (k+mj)ra(k+mji—1)/2
V(n) o Z Z ( 1) ]q ! ! <qmnroz+,3+l7—(k+mj+1)ap. qa)
j=0 k=0 )

w?p

mjra+pB+p—(k+mj)ap. ,a
X(_1>qumjra(mj—2k—2mj+1)/2 (q J P 9) p,q )

o0,p .
(qm; qra)mn—k—mj (qra; qra)k-i-mj—mj G(j)
mnz_in](—1)kq(k+mj)m(k+mj—1)/2 (1 — gktmarotftp=(mitlop)
k=0
griratBp=(ktmiap, gay

(qmnroa—i—,B—&-p—(k:-‘rmj—i-l)ap; qa)oo,p

Il
X TM:
—~ O

~~

°0,p  mjra(mj—2k—2mj+1)/2 G(

J
T C) mn—mi—k (T )k )

I
[
—~ o

. mn—mj .
G(j) Z (_1)qura(k—1)/2 {mn - mg}
<qroz; qra)mnimj — k qe

1 — q(k+mj)ra+,3+p*(k+mj+1)ap)

J=

mjra+pB+p—(k+mj)ap. .«
<qmnroz+,3+l7—(k+mj+1)ap;qa>oop (q ! P ! p’q )00,1" (728)

/

In order to prove ' =’ part, it is sufficient to show that inner series of (7.2.8)

vanishes. For hat, we replace (gm/rotAtp=(ktmiap. oy by f(k), put mn —mj =
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N and denote the inner series by g(mn —mj) = g(N) to get

N
N) _ Z(_l)qura(kfl)/Z

|:N:| (1 . q(k:-i—mj)roz—l—ﬁ—l—p—(k—i—mj—i—l)ap)
k=0 q

k N (qmnTa+ﬁ+p—(k+mj+1)ap; qa>oop f(k), (729)

whose inverse series follows from (7.2.1) and (7.2.2) with M = mn —mj and 3 is

replaced by B + p. This is given by

mn—mj '
f(mn — mj) = Z (_1)qura(k—2mn+2mj+1)/2 {mn — mj}
= I .
% (qkra+m]roz+ﬁ+pfmno¢p; qa>oo7p g(k)

k
and with these f(k) and g(k), (7.2.1) yields the series orthogonality relation:

In this last series, setting g(k) = [}] o e find f(k) = (qriretBep=(ktmiep; goy

ngfnj( 1) ghrati-n/2 {mn —m ] (1 — gtrmaro e (Emitlor)
- q mnro —(k+mj+1)ap. H«
2 k o (q +B+p—(k+tmj+l)ap, g )oop
X(qmjm+5+p—(k+mj)ap. ooy = 0 . (7.2.10)
) 7p mn - m] qra

On making use of (7.2.10) in (7.2.8), we arrive at

iy = s 5[ 0]

mn—m
jZO '] q

= G(n).

Thus, (7.2.5)=(7.2.6). Next to show (7.2.5)=(7.2.7), denote (7.2.7) by R(n), that
is,

n (1 i qkroc+5+p—(k+1)ap)

R(n) = > (=1)fgtret=nr F(k), (7.2.11)
kZ:O (grrothap=(ktDap; qo) o (g7 ¢ )k

and then use (7.2.5) for F(k) in it to get

=0 (ana+5+p—(k+l)ap; qa)oo,p(qra; qra)nik
& mjro —ka a
(g™ +htp=kap, o )

=2 G(j)

x E : m] mjra mj—2k+1)/2
(@7 @7 ) k—m;

Ln/m]n mj k+mj)ra — mj+1)a
Hmj (kerj)roz(kerj 1)/2(1 _q( +mj)ro+B+p—(k+mj+1) ?)

= ZO Z (ana+ﬁ+p—(k+mj+1)ap; qa)oop
] :
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(gmiratBp—(ktmiap, ga)

% (_ 1)m] mjra(mj—2k—2mj+1)/2

q =L — G(j)

(qra; qTOL)TL*mj*k (qra; qra)kerjfmj

[n/m| . n—mj .
_ Z G(j) (_l)qura(k:—l)/Q {n - m]}
(q -

rQ. 4TQ . k
y 4 )nfm] k=0

(1 - q(k+mj)7“a+ﬁ+p— (k:-i-mj—f—l)ap)

J=0

mjro+B-+p—(k+mjlap. «
(qrratBp—(ktmj+Dap, go) (™ P D 1V oop (7.2.12)

(X)ip

Next, following the method employed in obtaining the orthogonality relation
(7.2.9), it can be shown that

n—mj . milra ki
D (—1)Fghretir {” - mj} (1 — girmiresfie(mivber)
k=0 k s (anOé+B+p_(k+m]+1)ozp; qa)oo,p
mjra — mi)a a 0
x (g™ +B+p—(k+mj) P q )OO’p _ [ ] 7
n—=mj]

as a result of which (7.2.12) gets reduced to

Ln/m]

R = ) @L[n —Omj]qm‘

T . ATQ .
= (@5 ) nmy

If n/m is not an integer i.e. n # mr,r € N, then the right hand member of the
last expression given above vanishes and thus (7.2.5)=-(7.2.7); which completes
the proof of the first part.
For the converse part, assume that (7.2.6) and (7.2.7) hold. In view of (7.2.7) and
(7.2.11), one can say that

R(n)=0, n#mr, r €N, (7.2.13)
and also, by comparing (7.2.6) with (7.2.11), one finds that
R(mn) = G(n). (7.2.14)

Since, the inverse pair (7.2.9) and (7.2.10) with j = 0 and m = 1 reduces to
g(n) = R(n) and f(n) = F, given by
n (1 _ qkra+ﬁ+p—(k+1)ap)

R(n) = Z(_l)qura(k—l)/Z

k=0

Fy
(ana+5+pf(k+1)ap; qa)oo,p<qra; qra)nik

(7.2.15)
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n

kra+pB+p—nap. ,«
Fy = ) (~1)fgbrat-zsn/2 (4 S, )°°”’R(k), (7.2.16)
k=0 (q 4 )nfk
it follows from (7.2.13) and (7.2.14) that
mn 1 — qkra+6+p—(k+1)ap>
R(mn) = -1 qura(k—l)/2 ( F
( ) kZ:O< ) (qmnra+,8+p7(k+1)ap; qa)oqp(qra; qra)mnfk k
=
[n/m] mkra+p+p—nap. o
mk mkro(mk—2n q 1 qd ) oo,
F, = Z (-1) kq kra(mk—2n+1)/2 ( — )ooyp R(mk).
k=0 (q 4 )nfmk:

We note the relations R(mn) = G(n) and F,, = F(n). Thus, the series (7.2.6),
together with the condition R(n) = 0,n # mr for r € N, implies the series (7.2.5).

This proves the converse part and hence the theorem.

7.3 Particular cases

The inverse series relation of (7.1.2) is obtained from (7.2.6) by putting
ma =1, o € C\ {0} and G(n) = A\, 2™ which is given below.

Ao 2" = in:(—l)’“qkm%—l)m (1 — ghretite-Uber) Spr(lmy o, B2 2lg")
pa (qmnra+5+pf(k+1)ap; q )oo,p(qray qroz)mnik(qra7 qra)k

(7.3.1)

The inverse series of pEqJP is obtained by making substitution

A= (al;q)n,p(az;q)n,p---(ac;q)z,p 2
(B1; Qnp(B2; D -+ (Bas Qnp(@75 67 ),

and replacing r by r« in (7.3.1) which is given below.

(Oél; Q)n,p<052§ Q)n,p T (ac; Q)n,p 2" — %(_Dquroﬂ(k—l)ﬂ
(ﬁl; Q)n,p(ﬁﬁ q)n,p e (ﬁd; Q)n,p(qTQQ; qra2)n 5—0

(Bg" 7" g oo p(1 — gFro”tF (ki tar) a, ral| a
. AL (@) (8) = 2.

(qmnra2+ﬂ+p7(k+1)ap; qa)oo’p(qrcﬂ; qra2>k<qra2; qra2)mn7k
The consequence 3 = ¢® — 0 of this inverse series is the series

(Cl’l; Q)n,p(a?; Q>n,p e (ac; Q)n,p "
(ﬁl; )np(ﬁ% ) e (Bda ) ( ra2; qra2)n
By, ral(@): (B) s 2q"™|g°]
_ k k'ra —1)/2 “kp,ra
Z (qroﬁ7 qrag)mn—k(qTQQ; qroz2)k

)
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the inverse series of pqBP. Similarly, with specializations ra = [ € N, x is replaced

by (z¢")', ¢° — 0 and
qln(a+1)—lmn+ln(ln—1)/2
An =

(P Qntp (@' ¢ Jnn
in (7.3.1) yield the series

qln(a+1)flmn+ln(lnfl)/2 _ g (_l)kqlk(kfl)ﬂ Z](Ca) (xl‘q>
(Pt @t p(q'5 4" — (po; Quep (@5 @)t~ "

as the inverse of pEqKP (7.1.5). Here taking [ = 1, we get

qn(aJrl)fanrn(nfl)/Q (_1)qu(k71)/2

L (xlq),

NE

P Dnp( @ D =2 (005 D1ep(G D

the inverse series of pEqLP (7.1.6).

It can be seen that general class of g-polynomials (7.1.2) and its particular cases
along with the inverse series relations coincide to the general class of p-polynomials
(7.1.1) and its particular cases together with the inverse series relation as ¢ — 1

(see for instance [57]).
7.4 q,p-Difference equations and ¢, p-Differential

equations
In deriving the p-deformed ¢-difference and g¢-differential equations for the
particular cases of the polynomial (7.1.2), we follow the procedure adopted in
chapter 5, section 5.4, wherein we considered the operator 6,,f(z) = f(z)— f(xzq?)
for p > 0, (Eq.(5.4.2)) and the p-deformed g-derivative (cf. [19, Ex.1.12, p.22] with
p = 1) related by the identity:
Ogpf ()
== =] <1). 7.4.1
el D), (dl <) (4.1)
We first obtain the a¢p[z] representation of the polynomial (7.1.2) by choos-
ing \; = 1/(¢"*;¢");. We denote the particular polynomial thus obtained by

Vopr(L,m,a, B2 xz|g"), then we have

[n/m]
Vapr(lm,a, B2 zlg™) = Z(

k=0

(q—nra; qra)mk
BgPP " 4 )ik p (47 ¢k

(¢"x)k. (7.4.2)

Now by using the properties (1.5.12) and (1.5.13) with p = 1, we get

—nro, —nra  —nratro —nra+ra(m—1).

(q aqra)mk = (q y 4 ) 4

mra)k
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(Bg" " q iy = (Bg"7, BgP Pt Pt L ggpmrnet(mha; gl

p—pna+pa(s—1). la
144

l

l
I (8q
s=1
H (q(ﬁ+p—pna+pa(s—1))/l ... 7q(5+p—pna+pa(s—1))/lyl—1; qa)k,p

s=1
l

l
_ H H (q(ﬂ-l—p—pna—f—poc(s—1))/lyt—1; qa)kp’

s=1 t=1

lth

where w is m'™ root of unity and p is I root of unity. Thus the polynomial (7.4.2)

assumes the desired form:

Vopr(l,m,a, 2 x|q®) Z {HH ((i—1)ra—nra /mwjl;qra)k}

k=0 i=1 j=1

-1
% ﬁ ﬁ ( (B+p—pna+pa(s—1))/l, t—1. a) (qum)k (7 4 3)
q v 14 k,p (qroz;qra)k' o

s=1t=1

We derive the bibasic p-deformed g¢-difference equation for the polynomial (7.4.3)

in

Theorem 7.4.1. The function y =V, ,.(I,m,a, B : z|q%) satisfies the equation

l l
leqm {HH s p_|_qpa (B+p—pna+pa(s— 1))/l 1-t 1)}

s=1t=1
l

_xqu ﬁ ﬁ H H {qpa(6+ppna+pa(s1))/l+((i1)ranra)/myltwj1

i=1 j=1s=1 t=1

X (Ogra + g (= ra=nra)/m,,1=j _ 1)} Vapr(lim,ya, B x)|¢*) = 0, (7.4.4)
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where 6,,(f(x)) = f(x) = f(xq") for any p > 0.

Proof. We begin with

l l
eqra {H H(ean) + qpa_(6+p_pnoé+]?04(8—l))/lVl—t _ 1)}

Vopr(lm,a, 2 x|q®)

s=1t=1
! l
= lgqm H H(‘gqa,p 4 gpo (Btp—pnatpa(s—1)/1 1~ _ 1) }]
s=1t=1
[n/m] m. m ' '
g {H H (q((l_l)m‘—nra)/mw]_l; qra)k}
k=0 Li=1j=1
Lot - (q"2)F
" =1 E (g, qa)k,p (@4,
[n/m] quk m m
— (i—1)ra—mra)/m, j—1. ra
kZ:O (g7 4" {1131:[1 oo )k}
11 -1
H H (q(ﬁ+p—pna+pa(s—1))/lVt—l; qa) k’p}
s=1 t=1
l l
X Qq {HH +qpa (B+p—pna+pa(s— 1))/l 1—t 1)}] Ik
s=1 t=1
[n/m] quk m m (G
— i—)ra—nra)/m,, j—1. ra
; (77 47 {H]Hl(q Wi )k}
lol -1
% {H H (q(ﬁ-i-p—pnoc—l—poe(s—1))/lyt—1; qa)k@}
s=1t=1
! !
% qu HH(eqa,pxk + qpa—(,8+p—pna+pa(s—1))/lV1—txk o :Ek)}]
s=1t=1
[n/m] le m m
_ Z {HH (i—)ra—nra /m,wj 1. q )k}
k=0 ( =1 j=1
1ol -1
% {H H (q(,BerfpnoHrpa(sf1))/11/1571; qa)k’p}
s=1t=1
l l
% eqm {H H(xk . xkqpak + qpaf(6+pfpna+pa(sfl))/lVlftwk i :L’k)}]
s=1 t=1
[n/m] ‘
_ Z ( {HH (i—1)ra—nra /mwjfl; qra)qulk}
k=0 i=1 j=1

1o -1
% H H (q(ﬁ-l-p—pna—i-pa(s—1))/lyt—1; qa)k’p}
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l l
X leqm‘ (I’k) H H(_qpozk + qpa—(ﬂ-l-p—pna—i—poc(s—1))/lyl—t)]

s=1 t=1
Ln/m] rlk rak mom
q (1 - q (i—-1)ra—nra)/m r
- 3 T T s o
=0 i=1 j=1
1
X {HH (B+p—pnatpa(s—1))/l,t—1. g )k?p}
s=1 t=1
l l
X q —(B+p—pnat+pa(s— 1))/l 1- t(l _q(,B—f—p—pnoz—l—pa(s—l))/l+pak—po¢)Vt—1]
s=1t=1
= Z — {HH (gl Vra=nra)/myyi=1. gr )k(xqu)k}
k=1 4 i=1 j=1

l l -1
X {HH (B+p—pna+tpa(s—1))/1, t— 1,61 )k Lp}

=1 t=1

|
[l

vl
~+

~

X

q —(B+p—pna+pa(s— 1))/l 1— t]

s=1t=1

l
= zq" Hq —(B+p—pnatpa(s—1))/1,,1- t}

s=1t=1
W n
% Z (q {HH (i—1)ra—nra /mw] 17qa)k+1}
=1 j=1

k
-1
% { H (q(ﬂ-l-p—pnoz—i-pa(s—1))/lyt—1;qa)k’p} 2~ (7.4.5)

H H(eqm‘ + q—((i—l)roz—m"oe)/mwl—j _ 1) Vn,pﬂ”(lv m,a, B . x|qo¢)
i=1 j=1 1
_ ﬁ ﬁ(@un + q—((i—l)ra—nra)/mwl—j . 1)
Li=1 j=1 _
g T (o(G-Dra—nra)/
% — (q i—1)ra—nra mwjfl;qra) }
> e (L] k

l —1
H (q(5+p—pna+pa(s—1))/lyt—1; qa)k7p} ZL‘k

[n/ rlk m m
— q— (i—)ra—nra)/m,, j—1. ra
; (qroz;qra)k {HH(Q w 4 )k}
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s=1t= 1
X [H [[(0ge + g Drammredmeyt=s 1)] o
i=1 j=1
nfml e {ﬁﬁ
= — (q((i—l)roz—nroc)/mwj—l;qra) }
-0 (q 1 q )k i=1 j=1 k

k
l l —1
{H H (q(5+p—pna+pa(s—l))/ll/t—l; qa)k7p}
X [H H(eqrm’ﬂk + qf((ifl)rafnra)/mwlfjwk - .’L'k)]
[n/m] quk m m - -
= Z (—)k {HH (q((z— Jra—nra)/m, j— ;qra)k}
& .
l —1
{ H (q(ﬁ’ﬂ?*pnaﬂoa(sf1))/ll/t71; qa)ng}
s=1
% [ﬁ ﬁ(xk quak +q —((4 1)Ta7nra)/mwlfjxk . l‘k)]
[n/m] (m m 4 A
- {H H (q((l—l)ra—nm)/mw]_l; qm>k}
rl)k

! -1
na—+po(s— xq
X {H (q(ﬁﬂv prockpa(s—1)/L =1, ) ’p} q(mTa)

Il
—
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Il
,_.

ﬁ( qrak+q ((i—1)ra— nra/m 1 j]

[n/m] (m m

= Z {HH (i—-1)ra— nra)/mw] 1 }
l

X H (q(/Ber pna+pa(s—1)) /l t— 1 }

ﬁq(( —Dra-nra)/m, 1- ](1 _q (i-Dra—nra)/mrak, j— 1)] '

From this, we have

[ﬁ ﬁ(eqm + q*((ifl)rafnra)/mwlij B 1)

i=1 j=1

Vn,p,r(l, m, «, ﬁ : :E‘qa)
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{H]i[q (i—-1)ra— nra/m 1— ]} Z {HH ((i—D)ra— m"a/mw] qua)k—H}

=1 j=1

l 1
+p—pnat+pa(s—1))/1. t—1. « (l’q
X{ H (B+p—pnatpa(s—1))/1,, ’q)k‘,p} -
s=1

pale 0 q )

i (7.4.6)

The bi-basic p-deformed ¢-difference equation (7.4.4) now follows from (7.4.5) and
(7.4.6). O

The bibasic p-deformed g¢-differential equation satisfied by (7.4.3) is obtained
by making use of (7.4.1) for p > 0 (and p = 1 in (7.4.4)). It is stated as

Corollary 7.4.1.

l
[(1 . q ZEDq {H H 1— q o p + qpa—(6+p—pnoc+pa(s—1))/lVl—t o 1)}

s=1t=1

_Iquﬁﬁﬁﬁ {qpa— (B+p—pna+pa(s—1))/l+((i—1)ra— nra)/m 1— twj—l

i=1 j=1s=1t=1

X ((1 = ¢"*)xDyra + g~ imDraznra)/my)1=j 1)} Voapr(l,m,a, 52 x)¢*) = 0.

Next, The p-deformed g¢-difference equation and g¢-differential equation of
pEqJP (7.1.3) are derived with rl/p = h € N. Alternative form of pEqJP with
the help of derived simplified forms is given by

A (@) (6) : 2q7 ¢
[n/m] o ror
(g7’ Ly

B ;qraz)mk c . d -1 (.I‘q

- Z (ﬂqp*pna;qa)hkm {}_[1 u’q } {H 5”’ } (qraQ;qraQ)k
Ln/mJ c

Z {HH (q i—1)ro 7nra2)/mw] 1 )k} {H(O&u,q>k7p}

k i=1 j=1 u=1

=0
d L rhn o -1 (zg)*
: H Bv, } {H H (q(6+p_pna+pa(5_1))/hyt—1; qa)k’p} (qroﬁ QToz- 2)k ’

v=1 s=1t=1
(7.4.7)

where w is m** root of unity and v is h*" root of unity. The tribasic p-deformed

g-difference equation satisfied by (7.4.7) is given in
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Corollary 7.4.2. The polynomial y = ") [(a); (B) : xq™|q®] satisfies the

n7m7l7p7,rl

q, p-difference equation with the usual notations and restrictions:

h d
[9«&2 {H 1 e (R 1>}
—zq"™ H ﬁ H H H H {qpa_(5+P—PW+P&<S—1))/h+((z‘—1>m2—nm2>/mwj—1u1—t

X POt en (g 4 gDt et myl=g 1), 4 gon 1)} ]y =0. (7.4.8)

Proof. We have

h h d
{HHH 7p_|_qpoa (B+p—pnatpa(s—1))/h 1—t _ )(9 ’p_|_qp Bv _ 1 }]

s=1t=1v=1
B h h d
= {HH ’p_i_qpa (B+p—pna+tpa(s—1))/h 1-t _ )} {H 9 7p_|_qp Bv __ }]
s=1t=1 v=1

L) H
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im1 1 u=1
1
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x q Vg L S
g g ( Jeo (g% g7 )i
h d
% [9 {HH ap ™ (Btp—pnatpa(s—1))/hy 1=t _ } {H Ogp + " Bv _ 1)}] F
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s=1t=1 —
[n/m] (('m m ‘ . ) | ; 1
= {HH (q((H)m rref)/moyi =1 gre? ) } { (s q) ,p} {H B3 q) }
k=0 Li=1j=1 u=1 V=1
ho B <q7‘al
(B+p—pna+pa(s—1))/h, t—1. o
X q Vg L S
{HH ( )} @7
h h
X [0 2 {H H(Qqa » + qpa—(ﬂ+p—pnoc+pa(s—1))/hV1—t . 1)
qre )
s=1t=1
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n/m) ((m m . ; .
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_ {HH <q((zfl)roz —nra )/mwjfl;qroz >k} {H @u;q } {H 6’07 }
k=0 i=1 j=1 u=1 v=1
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+p—pna+po(s— -1, o
X q v5q a2, ra?\
g g ( )i (a7 " )i
h
% [(1 qra2k) {Hqua (B+p—pna+pa(s—1))/h, 1—t
s=1 t=1
d
x (1— q(ﬂ+p—pna+pa(s—1))/h+kpoc—pocyt—1) H il - qﬁu+pk—p)}] F
v=1
I.Tl/mJ m m ‘ , , . , c d -1
_ {HH <q((zfl)ra —nro )/mwjfl;qra )k} {H 'l ,p} {H 5’07 }
k=0 =1 j=1 u=1 v=1

h h -t <qral)k
% (B+p—pna+pa(s—1))/h t—l; o
{g g (q v q )k, } (qra2; qraQ)k
h d
[{ H H qpa (B+p—pbkna+pa(s— 1))/h 1—t H p— B }] -
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Thus we get,

h h d
o {H [T T (0 + qremCrpmmmetwalem Dot — 1) (G, 4 g7~ — 1) }]

s=1t=1v=1
X%L(?,ﬁ?p,r[al, Qg, ..., 04 517 52’ L ’ﬁd . xqml|qa]
h h d
= xqral {H H qpoz*(ﬁ+p*pna+pa(371))/hy1,t H qP*ﬁv }]
s=1t=1 el
[n/m] ((m m ‘ 2 2 | 2 ]
’ {HH <q((271)m el gre ) } {H(Oéu; Q)k,p}
d -1 h h _1 (xqml)k
{H(ﬁv, kp } {H H (q(5+p*pna+pa(sfl))/hyt71; qa) k’p} W
v=1 s=1 t=1 q : q i
(7.4.9)

On other side we have,

C

TTT10, 2 +q G remmratimyt=i 1) T (0 + ¢~ — 1)

| i=1 j=1
!’ l
X%(fnlpr[aba?u R O[C;Bl’ﬂ27 . 7ﬁd . xqra |qa]

C
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= et gDt my1=i 1) T (0, + 4 — 1)
Li=1 j=1 i |
I_Tl/mj m m .
e i)
—0 Lli=1j=1

ral
r‘a2 ra2
s=1t=1
ral
ra2 Ta2

v=1 s=1t=1

" [ H(quoﬂ + q_((i_l)ro‘Z_"m2)/mw1—j — )H(qu g — ] x
i=1 j=1 e

[n/m] (m m .

k=0 =1 j=1 it

d -1 h h 1 (mqral)k
X H(ﬁv, } {HH(q<6+p—pna+pa(s_1>)/hyt_l;qa)w} _(egt

(50
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—((i—Dra?—nra2)/m —J —Quy
X [H H(quz + ¢ (=D Vimaypt=i 1) H(qupa:k + g gk — xk)]

=1 j=1 u=1

H]:[( ((i— 1)ra2nra2)/mwj1;qm‘2>k} {H(au;Q)k,P}

u=1

d -1 h h 1 (mqral)k
X (B3 q) ¢ B+ppnatpa(s=1)/hy i1, o (zgh)r
g } {Hl g ( )i (@7 47 )
X [ H(Qq’roa2 xk: + q—((i—l)’l‘OCZ—nra )/m H q _ au+pk‘)]
i=1 j=1
[n/m] ((m m ‘ . ) . 2 .
) {HH <q((%1)m et =L gre >k} {H(%; Q)k,p}
k=0 Ui=1 j=1 o
d -1 h h ~1 (mqral)k
x (/81}’ k,p (5+P—pna+pa(s—1))/hljt—1; @ _(xg™)"
{g } {1:[ t[[l i (g% ¢ )
’ HH [ g G nretmmrafiimyt=i(1 — q((i‘1)T°‘2—nm2>/m+m2kw3‘—1)}
=1 j=1

Finally we get,

i=1 j=1u=1

{ﬁ ﬁ ﬁ q—((i—1)ra2—n7”a2)/m—auw1—j}

i=1 j=1 u=1

Ln/m] c
> Z {HH (q((i—l)ra2—nra2)/mwj—1;qroz2)k} {H(aan)k,p}

i=1 j=1 u=1

ral)

d hoh -1
X {H(ﬁva } {HH (5+p pna+pa(s— 1))/h t—1. .q )Iw)} (qgfzq’ qmg)k'

s=1t=1

(7.4.10)

We get bibasic p-deformed g-difference equation (7.4.8) satisfied by (7.4.7)
from (7.4.9) and (7.4.10). O

Corollary 7.4.3. There holds the tribasic p-deformed q-differential equation sat-
isfied by the polynomial y = t%’;(fnlpr[(oc); (B) = xq"|q%] given by (7.4.7) which
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follows from (7.4.8) and (7.4.1), is

Next on making ¢ — 0 on (7.4.8) and (7.4.11), we get p-deformed ¢-
difference equation and p-deformed g¢-differential equation for the p-deformed ¢-

Brafman polynomial given respectively as follows.

Corollary 7.4.4. The polynomial w = B’ . . [(a);(B) : xqmz’”]qa satisfies the

n7p77‘7a

equation:
d m m c d
— ra?m — B+, i—1)ra?—nra?)/m
leqm2 {H(eq,p +grP - 1)} —zq¢ " TTITTIT1 {qp Prteutli=l) )/
v=1 i=1 j=1u=1v=1

X wj_l(Hq

vz + g (= Dra?—nra®)fmq 15 1) (0gp + a7 — 1)} ]u -

and
Corollary 7.4.5. The same polynomial satisfies the equation:

d m m c¢ d
[(1 —q)aD,. {H((l — @)Dy + ¢ — 1)} —z¢ " [TTITI1]

v=1 i=1 j=1u=1v=1

% {qpﬁv+ozu+((i1)ra2nraQ)/mwjl((l . qra2)xDqTa2 + qf((ifl)ra2fm"a2)/mwlfj . 1)
X((1=q)zDep + g~ — 1)}] u =0,

in which w is m* root of unity. The bibasic p-deformed g¢-difference and g-
differential equation satisfy by the extended p-deformed g-Konhauser polynomial
and the extended p-deformed ¢-Laguerre polynomial remain same as derived in

chapter 5.
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7.5 Generating function relations
The generating function relation for the polynomial (7.1.2) is first considered

in the following form.

o0

ran(n—1)/2 SWPW(L m,q, B : $|qa) n
2 - !
(BgP=P") oo p

n=0
> ln/m] mk  mkra(mk—2n
Y
= prd (ﬁquk—i—p—nap; qa)ﬂp(qmz; qra>n_mk
o Ln/m] mk rcm(n 1)/2+mkra(mk—2n+1)/2
- >y & Ao 2t
— qu "R )t (07 67 )

This together with the double series relation

oo [n/m] 0o oo
SO A(kn) =D A(k,n +mk),
n=0 k=0 n=0 k=0

gives

e}

ran(n—1)/2 SnvpyT(Lm?Oé?ﬁ : I’qa) n
2 - t
(BgPP") oo p

n=0
X mk ra(n+mk)(n+mk 1)/24+mkra(mk—2n—2mk+1)/2
- Z Z p—(n+mk)ap. ro. ATO )\k mktn+mk
n=0 k=0 Bq 4 )”k (q 4 )n+mk—mk
X > )mquom(n 1)/2 N .
nZ:O ; (Bgr~ (n+mk ap: g )le 7p(qroc; 7)), ( )

*x Generating function relation of pEqJP:
We substitute

(al; q)n,p(QQ; Q)n,p e (ac; Q)n,p
(B1; Dnp(B2; D - (Bas O (@75 47 )

An =

and replace 7 by ra in (7.5.1) to obtain the generating function relation of pEqJP
(6.1.3) as given below.

o . ro o
ratuinry2 P (0): (B) : 247,
Z ¢ (g% qm*),,

2
Z Z —1)mkgre D2 (s q) (02 Q-+ (s Qi
(Bgp—rne= pmak m)r;k D@50 )n (B iy (B2 Dk - - - (Bt D

(7.5.2)

n=0 k=0
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x Generating function for the pqBP:
The further special case 3 = ¢° — 0 in (7.5.2) leads us to

tTL

© m . . ra?m|
Z ra’n(n—1)/2 Bn,p,?‘,a[(a)7 (5) L xq |q ]
q ra?. jra?
(@5 ™)
ii (=)™ q D2 0 @) (02 Dby (e Diw e st
(@5 q7)n(Br; Drp(Bo; D - -+ (Bas Diep (@775 47 i
)

_ = (-1 mk(ab ),p<052§CI)k,p"'(Oéc;Q)k,p k ymk
Eee ) Graer Bt (o g

using the g-exponential function E,(z) (7.1.9). If ¢ = d + 1, then in view of the
definition (1.5.14) of ,¢¢-function, this simplifies to

i ratnn-1y/2 Brnral(@); (B) - 2q" ™ g
(qroa2; qroz2)n

= qmz< ) andal(@), (8) :p)(a(=1)"]a.q"").

tn

The generating function relations of the extended bibasic p-deformed g-Konhauser
polynomial and the extended p-deformed g¢-Laguerre polynomial are derived in

chapter 5, hence they are not re-stated here.

7.6 Summation formulas

We now take up the inverse series derived in section - 7.3 and use it to derive

certain summation formulas in this section. In fact, from (7.3.1) we have for all

A # 0,

1 o (_1)qura(k71)/2(1 . qkroHrﬁer*(kJrl)ap)
— Skpr(l,m, o, x|q)
/\n p (qmnra+6+p—(k+1)ap; qoz>oo7p(qroz; qroc)mn_k(qra; qroa)k P

=z". (7.6.1)

Now multiplying both sides by 1/(¢"%;¢"*),, and taking summation from n = 0

to 0o, we obtain

mn (_1)qura(k—1)/2(1 o qkToz+B+p—(k+1)ap)

Z )\ roz’ qra) ; (qmnra—l—,é’—i-p—(k—i-l)ap; qa)oo,p(qra; qroz)mn_k(qra; qra)k

xSk’W(l, m,a, B @ x|q%)
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in view of (7.1.8) where |z| < 1. In this, if we substitute

(al; Q>n,p(a2; Q>n,p Tt (ac; Q)n,p

)‘n = 2 N )
(B1; D np(B2; O np -+ (Bas Onp(@7 547 ),

and replace r by ra, then it reduces to the summation formula for pEqJP given

as

0 /81’ 62, ) (ﬁd’ ) np mn (_l)quraQ(kfl)/2(1 o qkTaerﬁerf(kJrl)ap)
Z Z (qmnra2+,3+p7(k+l)ap; qa)oo,p(qraz; qTaQ)mn_k

ne 041 C] O‘Qv‘]) n,p ° (Oéc, Q) P L_g

B ) sop (e, rod| o
<<m2 ; RS [(0): () : 147" = eran(z).

We omit the special case corresponding to pqBP for the sake of brevity.
Next, the summation formula for the pEqKP is obtained by taking f — oo,

ra=1¢eN,

In(a+1)+in(ln—1)/2—Imn
Ay =1

(P Dt p(@'5 6 )imn
and x is replaced by (x¢")!. With these substitutions, it takes the form:

(=1)kg** =12 (pa; q) (0% ¢ )
Z Z ln (a+1)+In( . 1. 1 l.

e o (in—1)/2— lmn(pa7Q)lk,p(Q7q>n(q7ql)mn—k

XZ,S:%p(x; llg) = eq(zh).

Further, for [ = 1, this immediately yields the formula involving the pEqLP. Next,
from (7.6.1) with |z| < 1, we have

oo mn 1)qura(k 1)/2(1 qkroc—i-ﬁ—i-p (k+1)ap)

nz% ; /\ mnra-i—ﬁ-i—p (k+1)ap. i q ) (q’""‘; qm)mn—k(qm§ Qm)k

1
XSkpr(l,m,a, B x|q") = T (7.6.2)

By assigning different values to x from (—1, 1), a number of particular summation

formulas can be derived. For example, x = 1/2 in this formula gives the following

one.
oo mn )qura(k 1)/2(1 _ qkraJrBer (k+1)ap)
nzog )\ mnroc+ﬁ+p (k+1)ap. i q ) ( ras gr )mn—k(qra;qra>k

1
X Sk pr (l,m,a,ﬁ 'y qa) = 2. (7.6.3)
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The sum of ;¢;[*] in (5.6.3) enables us to obtain one more summation formula by
multiplying
(=1)"¢') (a3 )
(¢ @)n(g; @)n
to both sides of (7.6.1), replacing x by ¢/a and then summing-up from n = 0 to
o0o. We then find

1)qura(k 1)/2(1 qkra+ﬂ+p (kJrl)ap)

ZA qq) ( ) Z gmrretBrp=(Ehop; go) (g7 4" ) mn—k

: o) (¢/a;q)s
) T (7.6.4)

Next, multiply (7.6.1) by (a;¢)./(q; q)» and take the sum n = 0 to oo to get

1
XSy (l,m,@,ﬁ t—1q
(qra;qra)k b a

Z Z ( 1)qura(k 1)/2 (1 _qkra+6+p—(k+1)ap)
=A@ @Q)n 2= (qrrrotPrp=EEDar; qo) o (67 @7 ) mn—1 (475 47 )
(a5 q) oo
XSkprl,m,a, B 2|¢") = —=—, (7.6.5
ool ) = 0= (ro

for |z| < 1in view of (7.1.7). Lastly, multiplying (7.6.1) by q(g)/(q; q)» and taking

sum n = 0 to oo yields

i n i ( l)qura(k 1)/2 (1 _qkra+6+p7(k+1)ap)
(@ @O gmrretBp=(kthep; go) (@7 @7 ) mn—k (47 ")k

n= k=
X Skpr(l,m,a, B z]q%) = Eg(x). (7.6.6)

The reducibility of summation formulas (7.6.2) to (7.6.6) corresponding to the
particular cases pEqJP and pEqKP may be obtained by the suitable substitutions

of the parameters involved and the sequence {)\,} as stated above sections.

7.7 Companion matrix

Taking [n/m] = N in (7.1.2) and converting it to the monic form as denoted
by gn,p,r(lama@yﬁ : xlq"‘), we get

N

Supellim B2 alg®) = 3" 85 o

J=0

T

0; = (_1)‘7771 qT’OémQU(j+N)/2+mU/2—mna (Bqu pna+p; qra>007p (q ;qTOC)n*mN)\]'
J (ﬁqlepnaer; qra)oo,p (qra; qTa)nfmj)\N,
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and ¢ = j — N. With this §;, C (gnyp,r(l,m,a,ﬁ : x|q°‘)> assumes the form as
stated in Definition 1.3.1. The eigen values of this matrix will be then precisely

the zeros of S, (I, m, o, 8 : x|q®) (see [48, p. 39)).

BASIC POLYNOMIALS’ REDUCIBILITY

A General class of p-deformed
g-polynomials’ system 111

|
1 l

The p-deformed extended General class of ¢, p-polynomials
g-Jacobi polynomial By, . »(x]q; 1) of chapter 5
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