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7.1 Introduction

In [57, Eq.1.14, p.228], a general class of p-polynomials (or system of p-

deformed polynomials) is introduced in the form:

Sn,p(l,m, α, β : x) =

bn/mc∑

k=0

(−1)mk λk x
k

Γp(p+ β − pnα + plk)(n−mk)!
, (7.1.1)

in which the �oor function brc = floor r, represents the greatest integer ≤ r,

0 ≤ α ≤ 1, β ∈ C, m ∈ N, n, l = mα ∈ {0} ∪ N. to provide an extension to the

extended Jacobi polynomial [41] (also see [43]), the extended Konhauser polyno-

mial and the extended Laguerre polynomial in p-generalized gamma function: Γp

and Pochhammer p-symbol: (x)n,p.
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We de�ne here a q-analogue of the p-polynomial (7.1.1) and obtain its inverse se-

ries relation, q, p-di�erence equation, q, p-di�erential equation, generating function

relations, summation formula and �nally, the Companion matrix.

It may be mentioned here that for a parameter α ∈ C, we shall write α for qα.

We propose a p-deformed q-extension of the general class of p-polynomial (7.1.1)

as follows.

De�nition 7.1.1. For β ∈ C, r, α ∈ C/{0}, m ∈ N, n ∈ N ∪ {0}, |q| < 1 and

p > 0,

Sn,p,r(l,m, α, β : x|qα) =

bn/mc∑

k=0

(−1)mkqmkrα(mk−2n+1)/2 (βqrlk+p−nαp; qα)∞,p
(qrα; qrα)n−mk

λkx
k,

(7.1.2)

where bn/mc = floor n/m, represents the greatest integer ≤ n/m.

When q → 1 and r = p, this coincides with (7.1.1).

Moreover, this general class of q, p-polynomials ((7.1.2) above) extends the general

class of p-deformed q-polynomials (5.1.3) of chapter 5 by taking α = 1 and r = λ.

The special case

λn =
(α1; q)n,p(α2; q)n,p · · · (αc; q)n,p

(β1; q)n,p(β2; q)n,p · · · (βd; q)n,p(qrα2 ; qrα2)n

with r is replaced by rα, together with property (1.5.10), yields the tribasic p-

deformed extended q-Jacobi polynomial (cf. [12, Eq.(1.2), p. 77] with p = 1):

H (α,β)
n,m,l,p,r[(α); (β) : xqrαl|qα]

=

bn/mc∑

k=0

(q−nrα
2
; qrα

2
)mk(α1; q)k,p(α2; q)k,p · · · (αc; q)k,p

(βqp−pnα; qα) rlk
p
,p(β1; q)k,p(β2; q)k,p · · · (βd; q)k,p(qrα2 ; qrα2)k

(xqrαl)k. (7.1.3)

Note 7.1.1. This polynomial approaches to the p-deformed extended Jacobi

polynomial[57, Eq.1.15, p.228] as q → 1 and r = p in which the substitution

p = 1 yields the extended Jacobi polynomial (6.1.1).

When β → ∞ in qβ, this polynomial reduces to the bibasic p-deformed

q-Brafman polynomial:

Bm
n,p,r,α[(α); (β) : xqrα

2m|qα]

=

bn/mc∑

k=0

(q−nrα
2
; qrα

2
)mk(α1; q)k,p(α2; q)k,p · · · (αc; q)k,p

(β1; q)k,p(β2; q)k,p · · · (βd; q)k,p(qrα2 ; qrα2)k
(xqrα

2m)k. (7.1.4)
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Note 7.1.2. This tends to the p-deformed Brafman polynomial[57, Eq.1.16, p.228]

as q → 1 with r = p in which the substitution p = 1 gives the Brafman polynomial

[62, Eq.(1), p.136].

Further, replacing x by xlqnl, letting qβ → 0, taking rα = l ∈ N and

λn =
qln(α+1)−lmn+ln(ln−1)/2

(pα; q)nl,p(ql; ql)mn

in (7.1.2), we obtain the extended p-deformed q-Konhauser polynomial (cf. [3]

with p = 1 and m = 1):

Z(α)
n,m,p(x; l|q) =

(pα; q)nl,p
(ql; ql)n

bn/mc∑

k=0

(q−nl; ql)mkq
lk(α+n+1)+lk(lk−1)/2

(pα; q)kl,p(ql; ql)mk
xkl. (7.1.5)

Note 7.1.3. The limit of this polynomial as q → 1, is the extended p-deformed

Konhauser polynomial[57, Eq.1.17, p.229] wherein the substitutions p = 1 and

m = 1 provide the Konhauser polynomial [3, Eq.(3.1), p.3].

The obvious specialization l = 1 is the extended p-deformed q-Laguerre

polynomial:

L(α)
n,m,p(x|q) =

(pα; q)n,p
(q; q)n

bn/mc∑

k=0

(q−n; q)mkq
k(α+n+1)+k(k−1)/2

(pα; q)k,p(q; q)mk
xk. (7.1.6)

Note 7.1.4. This polynomial approaches to the extended p-deformed Laguerre

polynomial[57] as q → 1 in which the substitution p = 1 yields the extended

Laguerre polynomial [19].

We shall abbreviate the polynomials in (7.1.3) by pEqJP, (7.1.4) by pqBP,

(7.1.5) by pEqKP and (7.1.6) by pEqLP.

In section - 7.2, we obtain general inversion pair. This will be particularized to

get the inverse series relation of (7.1.2) and its further particular cases in section

- 7.3. The q, p-di�erence equation and q, p-di�erential equation of extended q, p-

polynomial are derived in section - 7.4. Certain generating function relations

and summation formulas involving q, p-polynomials are derived in section - 7.5

and section - 7.6, respectively. Finally, the Companion matrix of p-deformed

monic q-polynomial obtained from (7.1.2) is derived in section - 7.7. While deriv-

ing summation formula involving (7.1.2) and its particular cases, the q-Binomial

theorem[19, Eq(1.3.2), page 7] (3.5.1) and two q-exponential functions eq(x)[19,
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Eq(1.3.15), page 9] (3.5.2), Eq(x)[19, Eq(1.3.16), page 9] (3.5.3) of chapter 3 will

be required. They are restated below. For |z| < 1 and |q| < 1 ,

∞∑

n=0

(a; q)n
(q; q)n

zn =
(az; q)∞
(z; q)∞

. (7.1.7)

The q-exponential functions eq(z) and Eq(z) are immediate consequences of this

lemma. In fact, a→∞, that is qa → 0 in (7.1.7) gives

∞∑

k=0

(0; q)k
(q; q)k

zk =
1

(z; q)∞
:= eq(z), (|z| < 1, |q| < 1) (7.1.8)

which we abbreviate here as qeF; whereas replacing z by −z/a and then making

limit a→∞, (7.1.7) leads us to the series

∞∑

k=0

qk(k−1)/2

(q; q)k
zk = (−z; q)∞ := Eq(z), (z ∈ C, |q| < 1) (7.1.9)

which is abbreviated here as qEF. This qEF will be used later in deriving the

generating function relation of (7.1.2) and its particular cases.

7.2 Basic inverse series relation

We shall require a particular inversion pair in deriving the inverse series of

the polynomial (7.1.2) which we �rst prove as

Lemma 7.2.1. For 0 < q < 1, M ∈ N ∪ {0}, m ∈ N, β ∈ C, r, α ∈ C \ {0} and
p > 0,

g(M) =
M∑

k=0

(−1)kqkrα(k−1)/2

[
M

k

]

qrα

(1− q(k+mj)rα+β−(k+mj+1)αp)

(q(M+mj)rα+β−(k+mj+1)αp; qα)∞,p
f(k)

(7.2.1)

⇔

f(M) =
M∑

k=0

(−1)kqkrα(k−2M+1)/2

[
M

k

]

qrα
(qkrα+mjrα+β−(M+mj)αp; qα)∞,pg(k).

(7.2.2)

Proof. We observe that the diagonal elements of the coe�cient matrix of the �rst

series are

(−1)iqirα(i−1)/2 (1− q(i+mj)rα+β−(i+mj+1)αp)

(q(i+mj)rα+β−(i+mj+1)αp; qα)∞,p
,
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and those of the of second series are

(−1)iqirα(1−i)/2(qirα+mjrα+β−(i+mj)αp; qα)∞,p.

They are all non zero; implying that these matrices have the unique inverse. Hence,

it su�ce to prove that one of these series implies the other. We prefer to show

that (7.2.1) implies (7.2.2).

We denote the right hand side of (7.2.2) by Φ(M) and then substitute for g(n)

from (7.2.1) to get

Φ(M) =
M∑

k=0

(−1)kqkrα(k−2M+1)/2

[
M

k

]

qrα
(qkrα+mjrα+β−(M+mj)αp; qα)∞,p

×
k∑

i=0

(−1)iqirα(i−1)/2

[
k

i

]

qrα

(1− q(i+mj)rα+β−(i+mj+1)αp)

(q(k+mj)rα+β−(i+mj+1)αp; qα)∞,p
f(i)

=
M∑

i=0

(1− q(i+mj)rα+β−(i+mj+1)αp)f(i)
M−i∑

k=0

(−1)kq(k+i)rα(k+i−2M+1)/2

[
M

k + i

]

qrα

×
[
k + i

i

]

qrα
qirα(i−1)/2 (q(k+i)rα+mjrα+β−(M+mj)αp; qα)∞,p

(q(k+i+mj)rα+β−(i+mj+1)αp; qα)∞,p

=
M∑

i=0

[
M

i

]

qrα
qirα(i−M)(1− q(i+mj)rα+β−(i+mj+1)αp)f(i)

×
M−i∑

k=0

(−1)kqkrα(k−2M+2i+1)/2

[
M − i
k

]

qrα

(q(k+i)rα+mjrα+β−(M+mj)αp; qα)∞,p
(q(k+i+mj)rα+β−(i+mj+1)αp; qα)∞,p

= f(M) +
M−1∑

i=0

[
M

i

]

qrα
qirα(i−M)(1− q(i+mj)rα+β−(i+mj+1)αp)f(i)

M−i∑

k=0

(−1)k

×qkrα(k−2M+2i+1)/2

[
M − i
k

]

qrα

(q(k+i)rα+mjrα+β−(M+mj)αp; qα)∞,p
(q(k+i+mj)rα+β−(i+mj+1)αp; qα)∞,p

. (7.2.3)

Here, the ratio of two q, p-gamma functions represents a polynomial of degree

M − i− 1 in k, that is,

(q(k+i)rα+mjrα+β−(M+mj)αp; qα)∞,p
(q(k+i+mj)rα+β−(i+mj+1)αp; qα)∞,p

=
M−i−1∑

l=0

Al q
krαl,

say, hence from (7.2.3), we have

Φ(M) = f(M) +
M−1∑

i=0

[
M

i

]

qrα
qirα(i−M)(1− q(i+mj)rα+β−(i+mj+1)αp)f(i)
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×
M−i∑

k=0

(−1)kqkrα(k−2M+2i+1)/2

[
M − i
k

]

qrα

M−i−1∑

l=0

Al q
krαl

= f(M) +
M−1∑

i=0

[
M

i

]

qrα
qirα(i−M)(1− q(i+mj)rα+β−(i+mj+1)αp)f(i)

×
M−i−1∑

l=0

Al

M−i∑

k=0

(−1)kqkrα(k−2M+2i+1)/2

[
M − i
k

]

qrα
qkrαl

= f(M) +
M−1∑

i=0

[
M

i

]

qrα
qirα(i−M)(1− q(i+mj)rα+β−(i+mj+1)αp)f(i)

×
M−i−1∑

l=0

Al

M−i∑

k=0

(−1)kqkrα(k−2M+2i+1)/2

[
M − i
k

]

qrα
qkrα(l+i−M+1).

(7.2.4)

On making use of the q-binomial theorem stated as Lemma - 3.2.1 of chapter 3 at

the inner most series on the right hand side of (7.2.4), we get

Φ(M) = f(M) +
M−1∑

i=0

[
M

i

]

qrα
qirα(i−M)(1− q(i+mj)rα+β−(i+mj+1)αp)f(i)

×
M−i−1∑

l=0

Al (qrα(l+i−M+1); qrα)M−i

= f(M) +
M−1∑

i=0

[
M

i

]

qrα
qirα(i−M)(1− q(i+mj)rα+β−(i+mj+1)αp)f(i)

×
M−i−1∑

l=0

Al

M−i−1∏

j=0

(1− qrα(l+i−M+1+j))

= f(M).

This completes the proof of (7.2.1)⇔(7.2.2).

Using this inverse relation, we prove a general inversion pair as

Theorem 7.2.1. If r, α ∈ C \ {0}, β ∈ C, n ∈ N ∪ {0}, m ∈ N, p > 0 and

0 < q < 1, then

F (n) =

bn/mc∑

k=0

(−1)mkqmkrα(mk−2n+1)/2 (qmkrα+β+p−nαp; qα)∞,p
(qrα; qrα)n−mk

G(k) (7.2.5)

⇒

G(n) =
mn∑

k=0

(−1)kqkrα(k−1)/2 (1− qkrα+β+p−(k+1)αp)

(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k
F (k),

(7.2.6)
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and conversely, the series in (7.2.6) implies the series (7.2.5) if for n 6= mv, v ∈ N,

n∑

k=0

(−1)kqkrα(k−1)/2 (1− qkrα+β+p−(k+1)αp)

(qnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)n−k
F (k) = 0. (7.2.7)

Proof. Let us denote the series (7.2.6) by V (n) and substitute for F (k) from (7.2.5),

then we get

V (n) =
mn∑

k=0

(−1)kqkrα(k−1)/2 (1− qkrα+β+p−(k+1)αp)

(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k
F (k)

=
mn∑

k=0

(−1)kqkrα(k−1)/2 (1− qkrα+β+p−(k+1)αp)

(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k

×
bk/mc∑

j=0

(−1)mjqmjrα(mj−2k+1)/2 (qmjrα+β+p−kαp; qα)∞,p
(qrα; qrα)k−mj

G(j).

In view of the double series relation [62]:

mn∑

k=0

bk/mc∑

j=0

A(k, j) =
n∑

j=0

mn−mj∑

k=0

A(k +mj, j),

this further simpli�es to

V (n) =
n∑

j=0

mn−mj∑

k=0

(−1)k+mjq(k+mj)rα(k+mj−1)/2 (1− q(k+mj)rα+β+p−(k+mj+1)αp)

(qmnrα+β+p−(k+mj+1)αp; qα)∞,p

×(−1)mjqmjrα(mj−2k−2mj+1)/2 (qmjrα+β+p−(k+mj)αp; qα)∞,p
(qrα; qrα)mn−k−mj(qrα; qrα)k+mj−mj

G(j)

=
n∑

j=0

mn−mj∑

k=0

(−1)kq(k+mj)rα(k+mj−1)/2 (1− q(k+mj)rα+β+p−(k+mj+1)αp)

(qmnrα+β+p−(k+mj+1)αp; qα)∞,p

× (qmjrα+β+p−(k+mj)αp; qα)∞,p
(qrα; qrα)mn−mj−k(qrα; qrα)k

qmjrα(mj−2k−2mj+1)/2 G(j)

=
n∑

j=0

G(j)

(qrα; qrα)mn−mj

mn−mj∑

k=0

(−1)kqkrα(k−1)/2

[
mn−mj

k

]

qrα

×(1− q(k+mj)rα+β+p−(k+mj+1)αp)

(qmnrα+β+p−(k+mj+1)αp; qα)∞,p
(qmjrα+β+p−(k+mj)αp; qα)∞,p. (7.2.8)

In order to prove ′ ⇒′ part, it is su�cient to show that inner series of (7.2.8)

vanishes. For hat, we replace (qmjrα+β+p−(k+mj)αp; qα)∞,p by f(k), put mn−mj =
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N and denote the inner series by g(mn−mj) = g(N) to get

g(N) =
N∑

k=0

(−1)kqkrα(k−1)/2

[
N

k

]

qrα

(1− q(k+mj)rα+β+p−(k+mj+1)αp)

(qmnrα+β+p−(k+mj+1)αp; qα)∞,p
f(k), (7.2.9)

whose inverse series follows from (7.2.1) and (7.2.2) with M = mn−mj and β is

replaced by β + p. This is given by

f(mn−mj) =

mn−mj∑

k=0

(−1)kqkrα(k−2mn+2mj+1)/2

[
mn−mj

k

]

qrα

× (qkrα+mjrα+β+p−mnαp; qα)∞,p g(k).

In this last series, setting g(k) =
[

0
k

]
qrα

we �nd f(k) = (qmjrα+β+p−(k+mj)αp; qα)∞,p

and with these f(k) and g(k), (7.2.1) yields the series orthogonality relation:

mn−mj∑

k=0

(−1)kqkrα(k−1)/2

[
mn−mj

k

]

qrα

(1− q(k+mj)rα+β+p−(k+mj+1)αp)

(qmnrα+β+p−(k+mj+1)αp; qα)∞,p

×(qmjrα+β+p−(k+mj)αp; qα)∞,p =

[
0

mn−mj

]

qrα
. (7.2.10)

On making use of (7.2.10) in (7.2.8), we arrive at

V (n) = G(n) +
n−1∑

j=0

G(j)

(qrα; qrα)mn−mj

[
0

mn−mj

]

qrα

= G(n).

Thus, (7.2.5)⇒(7.2.6). Next to show (7.2.5)⇒(7.2.7), denote (7.2.7) by R(n), that

is,

R(n) =
n∑

k=0

(−1)kqkrα(k−1)/2 (1− qkrα+β+p−(k+1)αp)

(qnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)n−k
F (k), (7.2.11)

and then use (7.2.5) for F (k) in it to get

R(n) =
n∑

k=0

(−1)kqkrα(k−1)/2 (1− qkrα+β+p−(k+1)αp)

(qnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)n−k

×
bk/mc∑

j=0

(−1)mjqmjrα(mj−2k+1)/2 (qmjrα+β+p−kαp; qα)∞,p
(qrα; qrα)k−mj

G(j)

=

bn/mc∑

j=0

n−mj∑

k=0

(−1)k+mjq(k+mj)rα(k+mj−1)/2 (1− q(k+mj)rα+β+p−(k+mj+1)αp)

(qnrα+β+p−(k+mj+1)αp; qα)∞,p
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×(−1)mjqmjrα(mj−2k−2mj+1)/2 (qmjrα+β+p−(k+mj)αp; qα)∞,p
(qrα; qrα)n−mj−k(qrα; qrα)k+mj−mj

G(j)

=

bn/mc∑

j=0

G(j)

(qrα; qrα)n−mj

n−mj∑

k=0

(−1)kqkrα(k−1)/2

[
n−mj

k

]

qrα

×(1− q(k+mj)rα+β+p−(k+mj+1)αp)

(qnrα+β+p−(k+mj+1)αp; qα)∞,p
(qmjrα+β+p−(k+mj)αp; qα)∞,p. (7.2.12)

Next, following the method employed in obtaining the orthogonality relation

(7.2.9), it can be shown that

n−mj∑

k=0

(−1)kqkrα(k−1)/2

[
n−mj

k

]

qrα

(1− q(k+mj)rα+β+p−(k+mj+1)αp)

(qnrα+β+p−(k+mj+1)αp; qα)∞,p

×(qmjrα+β+p−(k+mj)αp; qα)∞,p =

[
0

n−mj

]

qrα
,

as a result of which (7.2.12) gets reduced to

R(n) =

bn/mc∑

j=0

G(j)

(qrα; qrα)n−mj

[
0

n−mj

]

qrα
.

If n/m is not an integer i.e. n 6= mr, r ∈ N, then the right hand member of the

last expression given above vanishes and thus (7.2.5)⇒(7.2.7); which completes

the proof of the �rst part.

For the converse part, assume that (7.2.6) and (7.2.7) hold. In view of (7.2.7) and

(7.2.11), one can say that

R(n) = 0, n 6= mr, r ∈ N, (7.2.13)

and also, by comparing (7.2.6) with (7.2.11), one �nds that

R(mn) = G(n). (7.2.14)

Since, the inverse pair (7.2.9) and (7.2.10) with j = 0 and m = 1 reduces to

g(n) = R(n) and f(n) = Fn given by

R(n) =
n∑

k=0

(−1)kqkrα(k−1)/2 (1− qkrα+β+p−(k+1)αp)

(qnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)n−k
Fk

(7.2.15)

⇒
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Fn =
n∑

k=0

(−1)kqkrα(k−2n+1)/2 (qkrα+β+p−nαp; qα)∞,p
(qrα; qrα)n−k

R(k), (7.2.16)

it follows from (7.2.13) and (7.2.14) that

R(mn) =
mn∑

k=0

(−1)kqkrα(k−1)/2 (1− qkrα+β+p−(k+1)αp)

(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k
Fk

⇒

Fn =

bn/mc∑

k=0

(−1)mkqmkrα(mk−2n+1)/2 (qmkrα+β+p−nαp; qα)∞,p
(qrα; qrα)n−mk

R(mk).

We note the relations R(mn) = G(n) and Fn = F (n). Thus, the series (7.2.6),

together with the condition R(n) = 0, n 6= mr for r ∈ N, implies the series (7.2.5).

This proves the converse part and hence the theorem.

7.3 Particular cases

The inverse series relation of (7.1.2) is obtained from (7.2.6) by putting

mα = l, α ∈ C \ {0} and G(n) = λn x
n which is given below.

λn x
n =

mn∑

k=0

(−1)kqkrα(k−1)/2 (1− qkrα+β+p−(k+1)αp) Sk,p,r(l,m, α, β : x|qα)

(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k(qrα; qrα)k
.

(7.3.1)

The inverse series of pEqJP is obtained by making substitution

λn =
(α1; q)n,p(α2; q)n,p · · · (αc; q)n,p

(β1; q)n,p(β2; q)n,p · · · (βd; q)n,p(qrα2 ; qrα2)n

and replacing r by rα in (7.3.1) which is given below.

(α1; q)n,p(α2; q)n,p · · · (αc; q)n,p
(β1; q)n,p(β2; q)n,p · · · (βd; q)n,p(qrα2 ; qrα2)n

xn =
mn∑

k=0

(−1)kqkrα
2(k−1)/2

× (βqp−pnα; qα)∞,p(1− qkrα2+β+p−(k+1)αp)

(qmnrα2+β+p−(k+1)αp; qα)∞,p(qrα
2 ; qrα2)k(qrα

2 ; qrα2)mn−k
H (α,β)

k,m,l,p,r[(α); (β) : xqrαl|qα].

The consequence β ≡ qβ → 0 of this inverse series is the series

(α1; q)n,p(α2; q)n,p · · · (αc; q)n,p
(β1; q)n,p(β2; q)n,p · · · (βd; q)n,p(qrα2 ; qrα2)n

xn

=
mn∑

k=0

(−1)kqkrα
2(k−1)/2

Bm
k,p,r,α[(α); (β) : xqrα

2m|qα]

(qrα2 ; qrα2)mn−k(qrα
2 ; qrα2)k

,
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the inverse series of pqBP. Similarly, with specializations rα = l ∈ N, x is replaced
by (xqn)l, qβ → 0 and

λn =
qln(α+1)−lmn+ln(ln−1)/2

(pα; q)nl,p(ql; ql)mn

in (7.3.1) yield the series

qln(α+1)−lmn+ln(ln−1)/2

(pα; q)nl,p(ql; ql)mn
=

mn∑

k=0

(−1)kqlk(k−1)/2

(pα; q)lk,p(ql; ql)mn−k
Z

(α)
k,m,p(x; l|q),

as the inverse of pEqKP (7.1.5). Here taking l = 1, we get

qn(α+1)−mn+n(n−1)/2

(pα; q)n,p(q; q)mn
=

mn∑

k=0

(−1)kqk(k−1)/2

(pα; q)k,p(q; q)mn−k
L

(α)
k,m,p(x|q),

the inverse series of pEqLP (7.1.6).

It can be seen that general class of q-polynomials (7.1.2) and its particular cases

along with the inverse series relations coincide to the general class of p-polynomials

(7.1.1) and its particular cases together with the inverse series relation as q → 1

(see for instance [57]).

7.4 q, p-Di�erence equations and q, p-Di�erential

equations
In deriving the p-deformed q-di�erence and q-di�erential equations for the

particular cases of the polynomial (7.1.2), we follow the procedure adopted in

chapter 5, section 5.4, wherein we considered the operator θq,pf(x) = f(x)−f(xqp)

for p > 0, (Eq.(5.4.2)) and the p-deformed q-derivative (cf. [19, Ex.1.12, p.22] with

p = 1) related by the identity:

θq,pf(x)

(1− q)x = Dq,pf(x), (|q| < 1). (7.4.1)

We �rst obtain the AφB[x] representation of the polynomial (7.1.2) by choos-

ing λi = 1/(qrα; qrα)i. We denote the particular polynomial thus obtained by

Vn,p,r(l,m, α, β : x|qα), then we have

Vn,p,r(l,m, α, β : x|qα) =

bn/mc∑

k=0

(q−nrα; qrα)mk
(βqp−pnα; qα)lk,p (qrα; qrα)k

(qrlx)k. (7.4.2)

Now by using the properties (1.5.12) and (1.5.13) with p = 1, we get

(q−nrα; qrα)mk = (q−nrα, q−nrα+rα, · · · , q−nrα+rα(m−1); qmrα)k
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=
m∏

i=1

(q(i−1)rα−nrα; qmrα)k

=
m∏

i=1

(
q((i−1)rα−nrα)/m, q((i−1)rα−nrα)/mw, · · · ,

q((i−1)rα−nrα)/mwm−1; qrα
)
k

=
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k
,

and

(βqp−pnα; qα)lk,p = (βqp−pnα, βqp−pnα+pα, βqp−pnα+2α, · · · , βqp−pnα+(l−1)α; qlα)k,p

=
l∏

s=1

(
βqp−pnα+pα(s−1); qlα

)
k,p

=
l∏

s=1

(
q(β+p−pnα+pα(s−1))/l · · · , q(β+p−pnα+pα(s−1))/lνl−1; qα

)
k,p

=
l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p
,

where w is mth root of unity and µ is lth root of unity. Thus the polynomial (7.4.2)

assumes the desired form:

Vn,p,r(l,m, α, β : x|qα) =

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

(qrlx)k

(qrα; qrα)k
. (7.4.3)

We derive the bibasic p-deformed q-di�erence equation for the polynomial (7.4.3)

in

Theorem 7.4.1. The function y = Vn,p,r(l,m, α, β : x|qα) satis�es the equation

[
θqrα

{
l∏

s=1

l∏

t=1

(θqα,p + qpα−(β+p−pnα+pα(s−1))/lν1−t − 1)

}

−xqrl
m∏

i=1

m∏

j=1

l∏

s=1

l∏

t=1

{
qpα−(β+p−pnα+pα(s−1))/l+((i−1)rα−nrα)/mν1−twj−1

×(θqrα + q−((i−1)rα−nrα)/mw1−j − 1)

}]
Vn,p,r(l,m, α, β : x|qα) = 0, (7.4.4)
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where θq,p(f(x)) = f(x)− f(xqp) for any p > 0.

Proof. We begin with

[
θqrα

{
l∏

s=1

l∏

t=1

(θqα,p + qpα−(β+p−pnα+pα(s−1))/lν1−t − 1)

}]
Vn,p,r(l,m, α, β : x|qα)

=

[
θqrα

{
l∏

s=1

l∏

t=1

(θqα,p + qpα−(β+p−pnα+pα(s−1))/lν1−t − 1)

}]

×
bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

(qrlx)k

(qrα; qrα)k

=

bn/mc∑

k=0

qrlk

(qrα; qrα)k

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

}

{
l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

×
[
θqrα

{
l∏

s=1

l∏

t=1

(θqα,p + qpα−(β+p−pnα+pα(s−1))/lν1−t − 1)

}]
xk

=

bn/mc∑

k=0

qrlk

(qrα; qrα)k

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

×
[
θqrα

{
l∏

s=1

l∏

t=1

(θqα,px
k + qpα−(β+p−pnα+pα(s−1))/lν1−txk − xk)

}]

=

bn/mc∑

k=0

qrlk

(qrα; qrα)k

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

×
[
θqrα

{
l∏

s=1

l∏

t=1

(xk − xkqpαk + qpα−(β+p−pnα+pα(s−1))/lν1−txk − xk)
}]

=

bn/mc∑

k=0

qrlk

(qrα; qrα)k

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k
qrlk

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1
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×
[
θqrα(xk)

l∏

s=1

l∏

t=1

(−qpαk + qpα−(β+p−pnα+pα(s−1))/lν1−t)

]

=

bn/mc∑

k=0

qrlk(1− qrαk)
(qrα; qrα)k

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

(xqrl)k

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}

×
[

l∏

s=1

l∏

t=1

qpα−(β+p−pnα+pα(s−1))/lν1−t(1− q(β+p−pnα+pα(s−1))/l+pαk−pα)νt−1

]

=

bn/mc∑

k=1

qrlk

(qrα; qrα)k−1

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

(xqrl)k

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k−1,p

}−1

×
[

l∏

s=1

l∏

t=1

qpα−(β+p−pnα+pα(s−1))/lν1−t

]

= xqrl

{
l∏

s=1

l∏

t=1

qpα−(β+p−pnα+pα(s−1))/lν1−t

}

×
bn/mc∑

k=0

qrlk

(qrα; qrα)k

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k+1

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

xk. (7.4.5)

On the other hand,

[
m∏

i=1

m∏

j=1

(θqrα + q−((i−1)rα−nrα)/mw1−j − 1)

]
Vn,p,r(l,m, α, β : x|qα)

=

[
m∏

i=1

m∏

j=1

(θqrα + q−((i−1)rα−nrα)/mw1−j − 1)

]

×
bn/mc∑

k=0

qrlk

(qrα; qrα)k

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

xk

=

bn/mc∑

k=0

qrlk

(qrα; qrα)k

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

}
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{
l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

×
[
m∏

i=1

m∏

j=1

(θqrα + q−((i−1)rα−nrα)/mw1−j − 1)

]
xk

=

bn/mc∑

k=0

qrlk

(qrα; qrα)k

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

}

{
l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

×
[
m∏

i=1

m∏

j=1

(θqrαx
k + q−((i−1)rα−nrα)/mw1−jxk − xk)

]

=

bn/mc∑

k=0

qrlk

(qrα; qrα)k

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

}

{
l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

×
[
m∏

i=1

m∏

j=1

(xk − xkqrαk + q−((i−1)rα−nrα)/mw1−jxk − xk)
]

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

(xqrl)k

(qrα; qrα)k

×
[
m∏

i=1

m∏

j=1

(−qrαk + q−((i−1)rα−nrα)/mw1−j)

]

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

(xqrl)k

(qrα; qrα)k

×
[
m∏

i=1

m∏

j=1

q−((i−1)rα−nrα)/mw1−j(1− q((i−1)rα−nrα)/m+rαkwj−1)

]
.

From this, we have

[
m∏

i=1

m∏

j=1

(θqrα + q−((i−1)rα−nrα)/mw1−j − 1)

]
Vn,p,r(l,m, α, β : x|qα)
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=

{
m∏

i=1

m∏

j=1

q−((i−1)rα−nrα)/mw1−j

} bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα−nrα)/mwj−1; qrα

)
k+1

}

×
{

l∏

s=1

l∏

t=1

(
q(β+p−pnα+pα(s−1))/lνt−1; qα

)
k,p

}−1

(xqrl)k

(qrα; qrα)k
. (7.4.6)

The bi-basic p-deformed q-di�erence equation (7.4.4) now follows from (7.4.5) and

(7.4.6).

The bibasic p-deformed q-di�erential equation satis�ed by (7.4.3) is obtained

by making use of (7.4.1) for p > 0 (and p = 1 in (7.4.4)). It is stated as

Corollary 7.4.1.

[
(1− qrα)xDqrα

{
l∏

s=1

l∏

t=1

((1− qα)xDqα,p + qpα−(β+p−pnα+pα(s−1))/lν1−t − 1)

}

−xqrl
m∏

i=1

m∏

j=1

l∏

s=1

l∏

t=1

{
qpα−(β+p−pnα+pα(s−1))/l+((i−1)rα−nrα)/mν1−twj−1

×((1− qrα)xDqrα + q−((i−1)rα−nrα)/mw1−j − 1)

}]
Vn,p,r(l,m, α, β : x|qα) = 0.

Next, The p-deformed q-di�erence equation and q-di�erential equation of

pEqJP (7.1.3) are derived with rl/p = h ∈ N. Alternative form of pEqJP with

the help of derived simpli�ed forms is given by

H (α,β)
n,m,l,p,r[(α); (β) : xqrαl|qα]

=

bn/mc∑

k=0

(q−nrα
2
; qrα

2
)mk

(βqp−pnα; qα)hk,p

{
c∏

u=1

(αu; q)k,p

}{
d∏

v=1

(βv; q)k,p

}−1

(xqrαl)k

(qrα2 ; qrα2)k

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}

×
{

d∏

v=1

(βv; q)k,p

}−1{ h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(xqrαl)k

(qrα2 ; qrα2)k
,

(7.4.7)

where w is mth root of unity and ν is hth root of unity. The tribasic p-deformed

q-di�erence equation satis�ed by (7.4.7) is given in
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Corollary 7.4.2. The polynomial y = H (α,β)
n,m,l,p,r[(α); (β) : xqrαl|qα] satis�es the

q, p-di�erence equation with the usual notations and restrictions:

[
θqrα2

{
h∏

s=1

h∏

t=1

d∏

v=1

(θqα,p + qpα−(β+p−pnα+pα(s−1))/hν1−t − 1)(θq,p + qp−βv − 1)

}

−xqrαl
m∏

i=1

m∏

j=1

h∏

s=1

h∏

t=1

c∏

u=1

d∏

v=1

{
qpα−(β+p−pnα+pα(s−1))/h+((i−1)rα2−nrα2)/mwj−1ν1−t

×qp−βv+αu(θqrα2 + q−((i−1)rα2−nrα2)/mw1−j − 1)(θq,p + q−αu − 1)

} ]
y = 0. (7.4.8)

Proof. We have

[
θqrα2

{
h∏

s=1

h∏

t=1

d∏

v=1

(θqα,p + qpα−(β+p−pnα+pα(s−1))/hν1−t − 1)(θq,p + qp−βv − 1)

}]
y

=

[
θqrα2

{
h∏

s=1

h∏

t=1

(θqα,p + qpα−(β+p−pnα+pα(s−1))/hν1−t − 1)

}{
d∏

v=1

(θq,p + qp−βv − 1)

}]

×
bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}{
d∏

v=1

(βv; q)k,p

}−1

×
{

h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(xqrαl)k

(qrα2 ; qrα2)k

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}{
d∏

v=1

(βv; q)k,p

}−1

×
{

h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(qrαl)k

(qrα2 ; qrα2)k

×
[
θqrα2

{
h∏

s=1

h∏

t=1

(θqα,p + qpα−(β+p−pnα+pα(s−1))/hν1−t − 1)

}{
d∏

v=1

(θq,p + qp−βv − 1)

}]
xk

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}{
d∏

v=1

(βv; q)k,p

}−1

×
{

h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(qrαl)k

(qrα2 ; qrα2)k

×
[
θqrα2

{
h∏

s=1

h∏

t=1

(θqα,p + qpα−(β+p−pnα+pα(s−1))/hν1−t − 1)

×
d∏

v=1

(θq,px
k + qp−βvxk − xk)

}]
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=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}{
d∏

v=1

(βv; q)k,p

}−1

×
{

h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(qrαl)k

(qrα2 ; qrα2)k

×
[
θqrα2

{
h∏

s=1

h∏

t=1

(θqα,px
k + qpα−(β+p−pnα+pα(s−1))/hν1−txk − xk)

×
d∏

v=1

qp−βv(1− qβv+pk−p)

}]

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}{
d∏

v=1

(βv; q)k,p

}−1

×
{

h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(qrαl)k

(qrα2 ; qrα2)k

×
[
θqrα2x

k

{
h∏

s=1

h∏

t=1

qpα−(β+p−pnα+pα(s−1))/hν1−t

× (1− q(β+p−pnα+pα(s−1))/h+kpα−pανt−1)
d∏

v=1

qp−βv(1− qβv+pk−p)

}]

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}{
d∏

v=1

(βv; q)k,p

}−1

×
{

h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(qrαl)k

(qrα2 ; qrα2)k

×
[

(1− qrα2k)

{
h∏

s=1

h∏

t=1

qpα−(β+p−pnα+pα(s−1))/hν1−t

× (1− q(β+p−pnα+pα(s−1))/h+kpα−pανt−1)
d∏

v=1

qp−βv(1− qβv+pk−p)

}]
xk

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}{
d∏

v=1

(βv; q)k,p

}−1

×
{

h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(qrαl)k

(qrα2 ; qrα2)k

×
[{

h∏

s=1

h∏

t=1

qpα−(β+p−p6knα+pα(s−1))/hν1−t
d∏

v=1

qp−βv

}]
x
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Thus we get,

[
θqrα2

{
h∏

s=1

h∏

t=1

d∏

v=1

(θqα,p + qpα−(β+p−pnα+pα(s−1))/hν1−t − 1)(θq,p + qp−βv − 1)

}]

×H (α,β)
n,m,l,p,r[α1, α2, . . . , αc; β1, β2, . . . , βd : xqrαl|qα]

= xqrαl

[{
h∏

s=1

h∏

t=1

qpα−(β+p−pnα+pα(s−1))/hν1−t
d∏

v=1

qp−βv

}]

×
bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}

×
{

d∏

v=1

(βv; q)k,p

}−1{ h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(xqrαl)k

(qrα2 ; qrα2)k
.

(7.4.9)

On other side we have,

[
m∏

i=1

m∏

j=1

(θqrα2 + q−((i−1)rα2−nrα2)/mw1−j − 1)
c∏

u=1

(θq,p + q−αu − 1)

]

×H (α,β)
n,m,l,p,r[α1, α2, . . . , αc; β1, β2, . . . , βd : xqrαl|qα]

=

[
m∏

i=1

m∏

j=1

(θqrα2 + q−((i−1)rα2−nrα2)/mw1−j − 1)
c∏

u=1

(θq,p + q−αu − 1)

]

×
bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}

×
{

d∏

v=1

(βv; q)k,p

}−1{ h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(xqrαl)k

(qrα2 ; qrα2)k

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}

×
{

d∏

v=1

(βv; q)k,p

}−1{ h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(xqrαl)k

(qrα2 ; qrα2)k

×
[
m∏

i=1

m∏

j=1

(θqrα2 + q−((i−1)rα2−nrα2)/mw1−j − 1)
c∏

u=1

(θq,p + q−αu − 1)

]
xk

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}

×
{

d∏

v=1

(βv; q)k,p

}−1{ h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(xqrαl)k

(qrα2 ; qrα2)k
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×
[
m∏

i=1

m∏

j=1

(θqrα2 + q−((i−1)rα2−nrα2)/mw1−j − 1)
c∏

u=1

(θq,px
k + q−αuxk − xk)

]

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}

×
{

d∏

v=1

(βv; q)k,p

}−1{ h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(xqrαl)k

(qrα2 ; qrα2)k

×
[
m∏

i=1

m∏

j=1

(θqrα2x
k + q−((i−1)rα2−nrα2)/mw1−jxk − xk)

c∏

u=1

q−αu(1− qαu+pk)

]

=

bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}

×
{

d∏

v=1

(βv; q)k,p

}−1{ h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(xqrαl)k

(qrα2 ; qrα2)k

×
[{

m∏

i=1

m∏

j=1

q−((i−1)rα2−nrα2)/mw1−j(1− q((i−1)rα2−nrα2)/m+rα2kwj−1)

}

×
{

c∏

u=1

q−αu(1− qαu+pk)

}]

Finally we get,

[{
m∏

i=1

m∏

j=1

c∏

u=1

(θqrα2 + q−((i−1)rα2−nrα2)/mw1−j − 1)(θq,p + q−αu − 1)

}]
y

=

{
m∏

i=1

m∏

j=1

c∏

u=1

q−((i−1)rα2−nrα2)/m−αuw1−j

}

×
bn/mc∑

k=0

{
m∏

i=1

m∏

j=1

(
q((i−1)rα2−nrα2)/mwj−1; qrα

2
)
k

}{
c∏

u=1

(αu; q)k,p

}

×
{

d∏

v=1

(βv; q)k,p

}−1{ h∏

s=1

h∏

t=1

(
q(β+p−pnα+pα(s−1))/hνt−1; qα

)
k,p

}−1

(xqrαl)k

(qrα2 ; qrα2)k
.

(7.4.10)

We get bibasic p-deformed q-di�erence equation (7.4.8) satis�ed by (7.4.7)

from (7.4.9) and (7.4.10).

Corollary 7.4.3. There holds the tribasic p-deformed q-di�erential equation sat-

is�ed by the polynomial y = H (α,β)
n,m,l,p,r[(α); (β) : xqrαl|qα] given by (7.4.7) which
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follows from (7.4.8) and (7.4.1), is

[
(1− qrα2

)xDqrα2

{∏

s=1

h∏

t=1

d∏

v=1

((1− qα)xDqα,p + qpα−(β+p−pnα+pα(s−1))/hν1−t − 1)

×((1− q)xDq,p + qp−βv − 1)

}
− xqrαl

m∏

i=1

m∏

j=1

h∏

s=1

h∏

t=1

c∏

u=1

d∏

v=1

{
qpα−(β+p−pnα+pα(s−1))/h

× qp+((i−1)rα2−nrα2)/m−βv+αuwj−1ν1−t((1− q)xDq,p + q−αu − 1)

×((1− qrα2

)xDqrα2 + q−((i−1)rα2−nrα2)/mw1−j − 1)

}]
y = 0. (7.4.11)

Next on making qβ → 0 on (7.4.8) and (7.4.11), we get p-deformed q-

di�erence equation and p-deformed q-di�erential equation for the p-deformed q-

Brafman polynomial given respectively as follows.

Corollary 7.4.4. The polynomial u = Bm
n,p,r,α[(α); (β) : xqrα

2m|qα satis�es the

equation:

[
θqrα2

{
d∏

v=1

(θq,p + qp−βv − 1)

}
− xqrα2m

m∏

i=1

m∏

j=1

c∏

u=1

d∏

v=1

{
qp−βv+αu+((i−1)rα2−nrα2)/m

× wj−1(θqrα2 + q−((i−1)rα2−nrα2)/mw1−j − 1)(θq,p + q−αu − 1)

} ]
u = 0,

and

Corollary 7.4.5. The same polynomial satis�es the equation:

[
(1− qrα2

)xDqrα2

{
d∏

v=1

((1− q)xDq,p + qp−βv − 1)

}
− xqrα2m

m∏

i=1

m∏

j=1

c∏

u=1

d∏

v=1

×
{
qp−βv+αu+((i−1)rα2−nrα2)/mwj−1((1− qrα2

)xDqrα2 + q−((i−1)rα2−nrα2)/mw1−j − 1)

×((1− q)xDq,p + q−αu − 1)

}]
u = 0,

in which w is mth root of unity. The bibasic p-deformed q-di�erence and q-

di�erential equation satisfy by the extended p-deformed q-Konhauser polynomial

and the extended p-deformed q-Laguerre polynomial remain same as derived in

chapter 5.
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7.5 Generating function relations
The generating function relation for the polynomial (7.1.2) is �rst considered

in the following form.

∞∑

n=0

qrαn(n−1)/2 Sn,p,r(l,m, α, β : x|qα)

(βqp−pnα)∞,p
tn

=
∞∑

n=0

qrαn(n−1)/2

bn/mc∑

k=0

(−1)mkqmkrα(mk−2n+1)/2

(βqrlk+p−nαp; qα) rlk
pα
,p(q

rα; qrα)n−mk
λk x

ktn

=
∞∑

n=0

bn/mc∑

k=0

(−1)mkqrαn(n−1)/2+mkrα(mk−2n+1)/2

(βqp−nαp; qα) rlk
pα
,p(q

rα; qrα)n−mk
λk x

ktn.

This together with the double series relation

∞∑

n=0

bn/mc∑

k=0

A(k, n) =
∞∑

n=0

∞∑

k=0

A(k, n+mk),

gives

∞∑

n=0

qrαn(n−1)/2 Sn,p,r(l,m, α, β : x|qα)

(βqp−pnα)∞,p
tn

=
∞∑

n=0

∞∑

k=0

(−1)mkqrα(n+mk)(n+mk−1)/2+mkrα(mk−2n−2mk+1)/2

(βqp−(n+mk)αp; qα) rlk
pα
,p(q

rα; qrα)n+mk−mk
λk x

ktn+mk

=
∞∑

n=0

∞∑

k=0

(−1)mkqrαn(n−1)/2

(βqp−(n+mk)αp; qα) rlk
pα
,p(q

rα; qrα)n
λk x

ktn+mk. (7.5.1)

∗ Generating function relation of pEqJP:

We substitute

λn =
(α1; q)n,p(α2; q)n,p · · · (αc; q)n,p

(β1; q)n,p(β2; q)n,p · · · (βd; q)n,p(qrα2 ; qrα2)n

and replace r by rα in (7.5.1) to obtain the generating function relation of pEqJP

(6.1.3) as given below.

∞∑

n=0

qrα
2n(n−1)/2

H (α,β)
n,m,l,p,r[(α); (β) : xqrαl|qα]

(qrα2 ; qrα2)n
tn

=
∞∑

n=0

∞∑

k=0

(−1)mkqrα
2n(n−1)/2(α1; q)k,p(α2; q)k,p · · · (αc; q)k,p

(βqp−pnα−pmαk; qrα) rlk
p
,p(q

rα2 ; qrα2)n(β1; q)k,p(β2; q)k,p · · · (βd; q)k,p

× xk tn+mk

(qrα2 ; qrα2)k
. (7.5.2)
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∗ Generating function for the pqBP:

The further special case β ≡ qβ → 0 in (7.5.2) leads us to

∞∑

n=0

qrα
2n(n−1)/2

Bm
n,p,r,α[(α); (β) : xqrα

2m|qα]

(qrα2 ; qrα2)n
tn

=
∞∑

n=0

∞∑

k=0

(−1)mkqrα
2n(n−1)/2(α1; q)k,p(α2; q)k,p · · · (αc; q)k,p

(qrα2 ; qrα2)n(β1; q)k,p(β2; q)k,p · · · (βd; q)k,p(qrα2 ; qrα2)k
xk tn+mk

= Eqrα2 (t)
∞∑

k=0

(−1)mk(α1; q)k,p(α2; q)k,p · · · (αc; q)k,p
(β1; q)k,p(β2; q)k,p · · · (βd; q)k,p(qrα; qrα)k

xk tmk,

using the q-exponential function Eq(x) (7.1.9). If c = d + 1, then in view of the

de�nition (1.5.14) of rφs-function, this simpli�es to

∞∑

n=0

qrα
2n(n−1)/2

Bm
n,p,r,α[(α); (β) : xqrα

2m|qα]

(qrα2 ; qrα2)n
tn

= Eqrα2 (t) d+1φd((α), (β) ; p)(x(−t)m|q, qrα2

).

The generating function relations of the extended bibasic p-deformed q-Konhauser

polynomial and the extended p-deformed q-Laguerre polynomial are derived in

chapter 5, hence they are not re-stated here.

7.6 Summation formulas

We now take up the inverse series derived in section - 7.3 and use it to derive

certain summation formulas in this section. In fact, from (7.3.1) we have for all

λn 6= 0,

1

λn

mn∑

k=0

(−1)kqkrα(k−1)/2(1− qkrα+β+p−(k+1)αp)

(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k(qrα; qrα)k
Sk,p,r(l,m, α, β : x|qα)

= xn. (7.6.1)

Now multiplying both sides by 1/(qrα; qrα)n, and taking summation from n = 0

to ∞, we obtain
∞∑

n=0

1

λn (qrα; qrα)n

mn∑

k=0

(−1)kqkrα(k−1)/2(1− qkrα+β+p−(k+1)αp)

(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k(qrα; qrα)k

×Sk,p,r(l,m, α, β : x|qα)

=
∞∑

n=0

xn

(qrα; qrα)n

= eqrα(x),
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in view of (7.1.8) where |x| < 1. In this, if we substitute

λn =
(α1; q)n,p(α2; q)n,p · · · (αc; q)n,p

(β1; q)n,p(β2; q)n,p · · · (βd; q)n,p(qrα2 ; qrα2)n
,

and replace r by rα, then it reduces to the summation formula for pEqJP given

as

∞∑

n=0

(β1; q)n,p(β2; q)n,p · · · (βd; q)n,p
(α1; q)n,p(α2; q)n,p · · · (αc; q)n,p

mn∑

k=0

(−1)kqkrα
2(k−1)/2(1− qkrα2+β+p−(k+1)αp)

(qmnrα2+β+p−(k+1)αp; qα)∞,p(qrα
2 ; qrα2)mn−k

×(βqp−pnα; qα)∞,p
(qrα2 ; qrα2)k

H (α,β)
k,m,l,p,r[(α); (β) : xqrαl|qα] = erα2(x).

We omit the special case corresponding to pqBP for the sake of brevity.

Next, the summation formula for the pEqKP is obtained by taking β → ∞,

rα = l ∈ N,

λn =
qln(α+1)+ln(ln−1)/2−lmn

(pα; q)nl,p(ql; ql)mn
,

and x is replaced by (xqn)l. With these substitutions, it takes the form:

∞∑

n=0

mn∑

k=0

(−1)kqlk(k−1)/2(pα; q)nl,p(q
l; ql)mn

qln(α+1)+ln(ln−1)/2−lmn(pα; q)lk,p(ql; ql)n(ql; ql)mn−k

×Z(α)
k,m,p(x; l|q) = eql(x

l).

Further, for l = 1, this immediately yields the formula involving the pEqLP. Next,

from (7.6.1) with |x| < 1, we have

∞∑

n=0

mn∑

k=0

(−1)kqkrα(k−1)/2(1− qkrα+β+p−(k+1)αp)

λn(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k(qrα; qrα)k

×Sk,p,r(l,m, α, β : x|qα) =
1

1− x. (7.6.2)

By assigning di�erent values to x from (−1, 1), a number of particular summation

formulas can be derived. For example, x = 1/2 in this formula gives the following

one.

∞∑

n=0

mn∑

k=0

(−1)kqkrα(k−1)/2(1− qkrα+β+p−(k+1)αp)

λn(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k(qrα; qrα)k

×Sk,p,r
(
l,m, α, β :

1

2

∣∣∣qα
)

= 2. (7.6.3)
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The sum of 1φ1[∗] in (5.6.3) enables us to obtain one more summation formula by

multiplying

(−1)nq(
n
2)(a; q)n

(c; q)n(q; q)n

to both sides of (7.6.1), replacing x by c/a and then summing-up from n = 0 to

∞. We then �nd

∞∑

n=0

q(
n
2)(a; q)n

λn(c; q)n(q; q)n

(
− c
a

)n mn∑

k=0

(−1)kqkrα(k−1)/2(1− qkrα+β+p−(k+1)αp)

(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k

× 1

(qrα; qrα)k
Sk,p,r

(
l,m, α, β :

c

a

∣∣∣∣qα
)

=
(c/a; q)∞
(c; q)∞

. (7.6.4)

Next, multiply (7.6.1) by (a; q)n/(q; q)n and take the sum n = 0 to ∞ to get

∞∑

n=0

(a; q)n
λn(q; q)n

mn∑

k=0

(−1)kqkrα(k−1)/2(1− qkrα+β+p−(k+1)αp)

(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k(qrα; qrα)k

×Sk,p,r(l,m, α, β : x|qα) =
(ax; q)∞
(x; q)∞

, (7.6.5)

for |x| < 1 in view of (7.1.7). Lastly, multiplying (7.6.1) by q(
n
2)/(q; q)n and taking

sum n = 0 to ∞ yields

∞∑

n=0

q(
n
2)

λn(q; q)n

mn∑

k=0

(−1)kqkrα(k−1)/2(1− qkrα+β+p−(k+1)αp)

(qmnrα+β+p−(k+1)αp; qα)∞,p(qrα; qrα)mn−k(qrα; qrα)k

×Sk,p,r(l,m, α, β : x|qα) = Eq(x). (7.6.6)

The reducibility of summation formulas (7.6.2) to (7.6.6) corresponding to the

particular cases pEqJP and pEqKP may be obtained by the suitable substitutions

of the parameters involved and the sequence {λn} as stated above sections.

7.7 Companion matrix

Taking bn/mc = N in (7.1.2) and converting it to the monic form as denoted

by S̃n,p,r(l,m, α, β : x|qα), we get

S̃n,p,r(l,m, α, β : x|qα) =
N∑

j=0

δj x
j,

where

δj = (−1)σm qrαm
2σ(j+N)/2+mσ/2−mnσ (βqlj−pnα+p; qrα)∞,p (qrα; qrα)n−mNλj

(βqlN−pnα+p; qrα)∞,p (qrα; qrα)n−mjλN
,
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and σ = j − N. With this δj, C
(
S̃n,p,r(l,m, α, β : x|qα)

)
assumes the form as

stated in De�nition 1.3.1. The eigen values of this matrix will be then precisely

the zeros of S̃n,p,r(l,m, α, β : x|qα) (see [48, p. 39]).

BASIC POLYNOMIALS' REDUCIBILITY

A General class of p-deformed
q-polynomials' system III

The p-deformed extended
q-Jacobi polynomial

General class of q, p-polynomials
Ban,m,p(x|q; l) of chapter 5
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