Chapter 9

The p-Deformed classes of Basic Riordan’s

inverse pairs

9.1 Introduction

This chapter incorporates the g-analogues of the inverse pairs obtained in
chapter 8. We make use of the general inversion pairs of chapters 3, 5 and 7.
For carrying out the g-extension to these pairs, we use Theorems - 3.2.1, 3.2.3,
5.2.1 and 7.2.1; also, the inverse pair (5.3.1) and (5.3.2). These theorems are re

considered here in different order. The following is Theorem - 7.2.1 of chapter 7.

Theorem 9.1.1. For r,a € C\ {0}, 5 € C, n € NU{0}, m,r € N, p >0 and
0<q<1, then

[n/m] mkra+pB+p—nap.

Py = 3 (g s Gy (o1
k=0 qa;q )n—mk

=

mn (1 _ qkra+5+pf(k+1)ap)

G(n) = (—1)FgFrat=1r/ F(k)
% (qrrretfp=to; go) o o (@7 ¢ )mn—k

(9.1.2)

and G(n/m) =0, n# mr.

Next, we re-state the theorems of chapter 3 with a =n € N as

Theorem 9.1.2. Let 0<qg<1, a, 7, YEC, o =q P, br # —p and p > 0,
then

p+a nr—brk—kp.
el Vo0 (3, 1 k) (9.1.3)

Fn) = > v

‘ (925 42

afnrerrk)

G(n) = ﬁ: Jrgptenve__ (=4

F(n+ bk), 9.1.4
- (qa—nr—i—kp; Q)oo,p(q2; q2)k ( ) ( )

o

where b is (i) a negative integer —m in Theorems - 3.2.1 and, (ii) is a positive
integer in Theorems - 3.2.2. In case (i), N = [n/m| whereas in case (ii), N = oo.

The following are the theorems of chapter 3 with a =n € N and br = —p.
207
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Theorem 9.1.3. Let p >0, 0<q<1, a, 7, and v € C , then

Fin) = Y 4 (qp“(”q;”;; kq)mvp G(n + bk) (9.1.5)
N k=0
G(n) = ) (—y)rg"t172 Fin 1 bk) (9.1.6)

(qrro=mrthes ) oo o (45 Q)1

i
o

where b is (i) a negative integer —m in Theorems - 3.2.3 and, (ii) is a positive
integer in Theorems - 3.2.4. In case (i), N = [n/m| whereas in case (ii), N = oo.

From chapter 5, we consider Theorem - 5.2.1.

Theorem 9.1.4. For 0 <g<1, A€ C\ {0}, a € C, ne NU{0}, m,r e N
and p > 0,

o kA (mb—2nt1y/2 (@ TP q) o
F(n) = ) (=1)mhgritmk=2nsn/ T G (OLT)
k::o ) n—m
=
mn (1 _ qa+k)\fkp)

G(n) _ Z(_l)quA(k—l)/2

— (@3 @) mn—k (@5 @)oo

and G(n/m) =0, n# mr.

F(k) (9.1.8)

Its alternative form is given by the inverse pair ((5.3.1) and (5.3.2)):

ln/m]

0 Amk—n(e1))y2) @O )0
Fin) = ) (-1)q E— 2 G(k) (9.1.9)
k=0 (q 14 )nfmk
=
— mn mn—mn(mn (1 — qu_k)\_kp)
Gln) = D (Lymg e
k=0 q 7Q)oo,p
1
X F(k). 9.1.10
(qi)\;qi)\)mnfk ( ) ( )

and G(n/m) =0, n # mr.

9.2 The p-Deformed extended Basic simplest in-

verse pairs
In order to obtain the simplest inverse pair, we take in (9.1.1) and (9.1.2) of
Theorem - 9.1.1, 3 — oo, that is ¢° — 0, and ra = 1, then choosing F(n), G(n)
appropriately, we obtain the p-deformed extended g¢-simplest inverse pairs corre-
sponding to the choice z = ¢* = ¢ in (1.5.3) which are tabulated below. (cf. [55,
Ch.2, Table 2.1, p.49| with m =p=1and ¢ — 17).
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TABLE 9.1: The p-Deformed extended Basic simplest inverse pairs-I

Z(_l)mn+qu(kfl)/2An,k F(k)

F(?’L) _ quk(mk+1)/2fmnan7k G(k) : G(n)

No. F(Il) G(Il) An,k Bn,k
] an, b, 1 1
' (49),, (49, (@ Dn-mk | (& Dmn—r
9 an by, 1 1
' (49,11 (49,10, (@ Dn-mr | (@& Dmn—r
3 an n 1 1
(6D, (G D0y | (G Dy (G D0, | (G Dn-mb | (G Dmn—k

Next, putting z = ¢? in (1.5.3), and substituting ra = 1 and taking f — oo
in (9.1.1) and (9.1.2), we find yet another set of p-deformed extended g-simplest
inverse pairs which are tabulated below (cf. [55, Ch.2, Table 2.1, p.49| with m =

p=1land ¢g— 17).

TABLE 9.2: The p-Deformed extended Basic simplest inverse pairs-11
F(n) = gm0k g L Gk § Gn) = S 1) RG24, (R

No. G(n) F(n) A,k By
1 Qn by, 1 1
' (¢%:9),,, (¢%:0),,, (@ Dn-mi | (@& Domn—s
5 an b, 1 1
(50,0 (@50, (@ Dn-mk | (& Dmn—r
5 an, by, 1 1
(@D (@ D1y | (@500 (@D 1y | (G Dnmk | (G Dmn—

9.3 Basic analogues of p-deformed Riordan’s in-

verse pairs
Theorem - 9.1.2 and Theorem - 9.1.3 provide ¢-analogue of the p-deformed
Riordan inverse pairs of Table 8.1 to Table 8.6 with the help of the following
alternative inverse pairs of these two theorems. We begin with Theorem - 9.1.3
with the substitution v = 1, replacement of F'(n)/(¢**™* ™ q)sp by F(n) and
G(n) by G(n) to obtain
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x Inverse pair 9.3.a

F(n) = ; G((Z’—Z)Zk) & G(n) = ;(_1)16(]]6(161)/2%-

Next, in Theorem - 9.1.2, we replace r by —r and take ¢ P = ¢, br # p, to

obtain

pHoa+nr+brk—kp.

F(n) = > 7

G(n) = Z<_7)kq§(k_l)/2( (1—¢q

k=0 QTR ) oo (63 06 )

(¢63 G6)k

a+nr+brk)

F(n+bk). (9.3.2)

Here replacing G(n) by G(n)/(¢**""™; @) s p, We get

Pln) — i’yk (qrrotnrtbrk—kp. gy Cln+58) 933)
P (qp+a+rn+brk; q)oo,p(QGQ Q6)lc
=
G(n) M b k(ko1)/2 (1 — gotnr+briy
(@ @)oo = kzzo(_’Y) 96 (G q) o (d6: 4o F(n + bk).
(9.3.4)

This may be simplified to the form:

M (qrroctnrtbrk—kp
k. \4

1 Q) oo,p G(n + bk)

F(n = y
( ) ; (qp-i—oc-‘rrn-i-brk; Q)oo,p(QGj; QG>k
=
M
_ (1 _ qa+nr+brk)(qp+a+rn; Q)oo
G n = —ry qu(k 1)/2 P F n+ bk '
( ) ;( ) 6 (1 _ qa—i—nr-‘rk’p) (qp—i-a-l-nr-i-kp; Q)oo,p(QG; QG)k; ( )
Alternatively,
- 1
Fn) = > " G(n + bk 9.3.5
( ) kZ:O (qp+a+m'+brk; Q)fk,p(q& Q6)k ( ) ( )
<~
M
-~ 1— qa-i-nr—&-brk)(qp-y-a-y-rn‘ q>k
Gln) = 3 (gt Dkp iy 1 pk).
( ) kz_o( ) 6 (1 _ qa+nr+kp)<q6; Q(S)k ( )

(9.3.6)
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From this, we obtain

x Inverse pair 9.3.b

(qp, q) a+nr+brk P
p

F(n) = Y 4 ( G(n + k)

G473 q) atnrrori—tp (465 46)
p

M 1— a+nr+brk\(,p. .
G(n) = Z(_V)qu(k_lm (1—-q )(q ’Q)%ﬂwm
k=0 ' (1= gotmrke) (g Q)%,p(%; 6 )k

F(n + bk).

Now in (9.3.5) and (9.3.6), replacing F(n) by F(n)/(1 — ¢*™™) and G(n) by
G(n)/(1—q*™™), we get

Fn) i y 1 G(n + bk)
(1 _ qa+rn) — <qp+a+m"+brk; Q)fk,p(q& QG)k (1 _ qa+rn+rbk)
=
M
G _ S () gk (1 — gty (Pt q)y,,  F(n + bk)
(1 _ qa-H"n) — (1 _ qa—l—nr—l—kp)(qG; qti)k (1 _ qa—l-rn—l-rbk)’
that is,
M aTrn
Finy = 34 (1—qg*™) G(n + bk)
prd v (qp-i-oz-i-nr-‘rbrk; Q)—k‘,p(QG; QG)k (1 _ qa-i-rn—i-rbk)
=
G(n) _ i(_,}/)qu(k—l)/z (1 - qa—l-'rn)(qp—l-a—l-'rn; Q)k,p F(TL + bk?)
k=0 ’ (1 — gt +2) (ge; g6 7
that is,
M
(1 _ qa+rn>
F(n) = o G(n + bk
") ; (0% q) 1,565 o)k ( )
=
M aTTrn.
G(n) — Z(_/y)kqé:(k—l)/Q (q + 7(:Z)ki+1,p F(n + bk)
— (1= g +52) (gg; 4o )k
This pair may be written as
M
1 — qa—l—rn)
( ) ;0 v (1 _ qa+nr+brkfkp>(qa+nr+brk; q>fk,p<QG; QG)k ( )

(9.3.7)
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M

a+t+rn.
G(n) = Z(—v)kq’é(’“‘””w F(n + bk). (9.3.8)
=0 (965 g6 )
And further,

(1 - ch-f—?‘TL)(qp; q) a+nr+brk—p7p
p

F(n) = k
) ;07 (1—qO‘Jr"”brk*kp)(qp;Q)w,p(%;%)k

G(n + bk)

. (9.3.9)

M (qp; Q) at+rn—p+kp
Gn) = > (=g e P(n+ bk). (9.3.10)

k (qp7 Q)WW

=]

In this last pair, replacing a by a + p, gives

x Inverse pair 9.3.c

M (1= g™ P)(qP; q) tnrsor
F(n) = b C— G(n + bk
(n) kZ:O’Y (1= PR A0) (q7; ) smrssricsa, (001 o) ( )
=
M (673 q) actrnten
G(n) = > (=g " > P P(n+bk).
) ,;( ) (71 @) ot (06 06 ) ( )
In Theorem - 9.1.2, inverting the base ¢, we get
M —p—o+nr+brk+kp. ,—1
F(n) = > 4" @ 0 oo G(n + bk) (9.3.11)
k=0 (Q7; Q7)k
=
M K k(k—1)/2 (1 _ q—a+nr+brk) )
G(n) = —) " F(n + bk),
) kzzo< ) (gt = s g 1) o p (G2 47 )k (
(9.3.12)

where ¢, = ¢?*" and —br # p. In this inverse pair, replacing G(n) by
G(n)/(g "™ ¢ op and F(n) by F(n)/(1 — g~ *T™), we get

M
F(n q—p—cx—l—nr—&-brk—i-kp; q—l -
(7a)+rn - ,yk (7a+rn+rbk- —1 ) = G(’I’L + bk:)
(1—gq ) =0 (q 30 oo p(a73 47)k
=
G(n) _ i(—’y)qu(k_lm (1 — gt +rky F(n + bk)

(gt g ooy oy ' (1 — godtrmtrdk)(grotnr=kp; g=1) o (73 @7)k
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Its simplified form is given by

a+rn)(q p— a+nr+brk+kp’q 1)

P = o L

2P Q(n + bk
T ) gy, G bR
=
a k k(k—1)/2 (q et g )
G(n) = —y) g : F(n+ bk).
") ;( S (gotnr=he; g~ )oo,p(Q77Q7)k ( )
Further
M i (1 _q—a-l—rn)(q—oz—‘rnr-l—brk—i—kp q 1) »
F(n) = d = G(n + bk
( ) kZ:OPY (1_qfa+nr+brk+kp)< a+rn+rbk’q )oo,p(q7;q7>k ( )
(9.3.13)
=
! (gt ’““*’“p;q )oo,p((ﬁaq?)k

k=0

Now, for £ € NU {0}, we have

(q—oa—i—nr—&-brk:—i-kp’q 1)oop — ot nr-tbrk
(q_a—i-rn—i-rbk q- ) ’ - <qp e 3q)k,p> (9315)
? o,p
and
—a+rn.
((] 4 ) _ (1 o q—oz—i-rn)(l . q—a—i-rn—p) .. (1 _ q—a—i-rn—(k—l)P)

(q—a+nr kp’ q_l)oo,p

_ (_1)kq—pk(k+1)/2+(—oc+nr)k (qp+oc—nr—p; Q)k,p
1

- . 9.3.16
(@7~ @) —kp (6:3.16)

In view of (9.3.15) and (9.3.16), the inverse pair (9.3.13) and (9.3.14) takes the

form:

M
1 o qfaJrrn)(qp a+nr+brk’ q)

F(n) = P G(n + bk 9.3.17
( ) kz 1 —q a+nr+brk+kp)(q7 q7) ( ) ( )
4

-l 1
Gn) = Y (—)fa*V F(n+bk). (9.3.18)

— (qf’)“’+ " q) ke (q7; G7)k
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Thus, we obtain

x Inverse pair 9.3.d

M (1 - qia+rn)(qp, q) —a+nr+brk+kp
771)
F(n) = o b G(n + bk)
kz_% (1 — qrotnr bkt he) (qP; q) camesmi (473 47)
=
M (475 q) zatnr
G — o k _k(k—1)/2 » P F bk )
) ,;)( W (¢750) zanrmtn (73 47 (n+ k)

Next, in the pair (9.3.17) and (9.3.18), replacing F(n) by (1 — ¢~ *"")F(n) and
G(n) by (1 — ¢ *"™)G(n), we find

= k (gt Ve p
F(n) = ’ : G(n + bk
(n) ;7 (1 — g+ bk ko) (gr: gr ) ( )
<~
M
B (1 _ qfaJrrnJrrbk)
G(n) = —yqu(k /2 F(n+bk),
() §( Sl (a5 q) ky1.(q7; 7 ( )
that is,
M
(q—oz—l—m"-l—brk; Q)k:p
F(n) = vF = G(n+ bk 9.3.19
) kZ:O (g7; a7)r ( ) ( )
~
M
~ 1— q—a—i-rn—i-rbk)
G(n) = —fyqu(k /2 ( F(n 4+ bk).
" kZ:O( S (1 = gmotrm=kp)(g=etnr: q) 1 p(q7; @7)k ( )
(9.3.20)
This may be put in the following form.
x Inverse pair 9.3.e
M (qp, q) —a+4nr4+brk—p+kp P
F(n) = o P —— G(n+ bk
() kZ:; (qp;Q)%%rk—p,p(Ch;%)k ( )
=4
M (1 _ q—a—i-rn—i—rbk)(qp; Q)m
G(n) = — qu(k_l)/Q R F(n+ bk).
() g( ) ! (1 — gotrm=kp)(gp; Q)%ﬂw(%? qr)k ( )

The inverse pairs in 9.3.a to 9.3.e with F'(n) = A,, and G(n) = B,, when special-
ized suitably, yield the p-deformed basic analogues of the inverse series relations

tabulated in chapter 8. as shown in following table 9.3 to table 9.9.
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TABLE 9.3: p-Deformation of the Basic simplest inverse pairs

An = Z qk(k_l)/Qan,k Bk; Bn = Z (71

Yoghlk=2n—1)/2p A,

k=0 k=0
Inv. pair No. b A g bn
9.3.a 4 (4 Dnp (4 Dnp
(@ Dn—k(T Ok (@5 Dnie(@5 Qe
03.n . 0" (¢ D p (45 Q)i p
(@ Dk @ Dnp (@ Dk—n(T D p
0.8 4 (4 @a—tp (45 9)a-
(q,Q)nfk(q; Q)afn,p (Q7 Q)n k<‘17Q>a n,p
9.3.a 1 <QQQ>a+nJJ (Q7Q)a+n4)
(@ Qi@ Datkp (@ Dni(@ Datp
9.3.a 1 qk(% Q)a+k,p qk QJq)CH-k:,p
(4 D12 Qatnp (% D12 Dasnp
934 . (4 Dnp(€5 D1 (4 Dnp(@5 D1,
(@ DG Dr-10(G Drp | (G Dn—(G Dr15(C Dip

TABLE 9.4: p-Deformation of the Basic Gould Classes

An — Z qﬂk(kfl)/2 an i Bk; Bn — Z(_l)k+nqﬁk(k72nfl)/2 bn,k Bk

k=0 k=0
Inv. pair
No. with b « 6 Qp & bn,k
v=1and
r=I0—p
(qp§q)o¢+lk7kp P q(;lk(lfqa-‘rlk_kp)(qp:q)a+nl kp— 2,
9.3.b -1 « -1 L___
(4P39) atik—np p(qﬂ;qﬁ)nfk (g73q) actninp (qﬁ qﬂ)n %
atik-np, atnl-np
(1—qa+”+’”‘"”)(q”,q)a+zk kp a5 " (a"39) actinzkp ,
9.3.c -1 o —
(qp§‘I)a+lkfnp+P (qB,qB)n k (4739) actni—np (q" ) n—k
p
q (qp7Q)a+nl np , (1_qa+nlfnp)(qp )a-Hk np P,
9.3.d 1 — [
(qp7Q)a+nl kp. (q57qﬁ) (a73) atih—kp_ (qﬁ,qﬁ)k n
)
q’l7 (17qa+p+lk kp)(qp q) a+ln np p (qp;q) a+lk—np P
9.3.e 1 |—a— { L
p (4734) atni—kptp. (‘I’quﬁ)k n (9%39) astik—kp p(q";qﬂ)kfn
D p ’
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TABLE 9.5: p-Deformation of the Basic simpler Chebyshev Classes
An = Z'}/kan,k Bn—l—bk; B, = Z(_'Y)kqﬂk(k_l)ﬂ bn,k An+bk

Inv. pair No.
with r =1 b o 15} ~y o bk
(@)n (1=4")(¢"30) n—2ktkp—p ,
9.3.d -2 0 p—=2 -1 (qp§Q)n—Tf€p,:(qB;qB)k (qp;q)n—Tgk’p(q;;qB)k
(4%39) n—2k+kp 1—qPtn=2k)(qPiq) n
93¢ | 2| —p| p=2 |-l G ey, <(qp;q)mp+:p<qﬂ?qpﬂ’;k
P P >
(@"30) niok (1=a"*28)(a%50) mikp—p |
9.3.b 2 0 2-p |1 (qp;q)n+2§_kpp7p(q3;q5)k (qP;Q)%,p(qB;qB§k
(@"30) ntp (1=¢"*P)(¢"5q) nsak
93¢ 2 0 2-p | 1 (qP;Q)%,p(gﬂ;qﬁ)k (aP3q) nt 2k kptp ’p(gﬁﬂlﬁ)k
(@30 n—k , (=" (@30 ntrpp
9.3.b —1p 0 p-p-111 (QPZQ)#Z}(QB?QBM (qP;Q)%,p(qﬁ;qﬁp)k
(@"30) ntp (1=¢"*")(@"5q) n—k
9.3.c —1 0 j-p=-1)1 (qP;Q)%,p(gﬂ;qﬁ)k (qP;Q)nfk;kwp,p(;ﬁ;qﬂ)k

TABLE 9.6: p-Deformation of the Basic Chebyshev Classes
Ap = Zan,k By tbk; Bn = Z(_l)kqﬁk(kil)ﬂ bn,k Apyok

Inv. pair No.
with r =1 o 15} o bk
and b=—c
P (1_qn)(qp§Q) n+ck+kp—p
034 | 0 |ctp i} s
(2P0 n—tp _(3%:0° ) (@%9) ntet  (4P50P)k
D sP D P
030 I (1fqp+n+ck)(qp;q)%yp (¢%39) nickikp
e p p (@730) n—kptp (47307 (4739) nter ,(a7307)k
P ’ P
(@"30) mock (1=q"+)(a%30) nyrp—p ,
.3.b 0 |c— L R
9.3 P @) mrer s Neror (qP;q)%,p(qB;q")k
kkp,
(1—=gPT)(¢";q) ntck (9%39) ntkp
9.3.c 0 |c—p p_" SE— A
- (@730) nteh—kpip (4750 )k (qP;q)%,p(qB;qﬁ)k
= ,
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TABLE 9.7: p-Deformation of the Basic simpler Legendre classes |
A, = Zqﬁk(k—l)/Z ank Bi; Bn = Z(_l)k+nqﬂk(k—2n+1)/2 by A

Inv. pair No.
withr=2 | b o 16 A Jo by i
and v =1
(4"34) at2b+np—kp , (1=g*FP25) (qP;0) aton ,
9.3.e —1|—a—- -2 P : -
p p (qp;q) a+2k p(qﬁ§q/8)n7k (qp;q) a+2n—np+kp+p p(qﬁ;qﬂ)nfk
P B D >
d (47:9) as2n |, (1=q*2")(¢"30) at2h+np—kp—p »
9.3. -1 -« -2 R z .
p (9P3q) at2n—np+kp p(qﬂ;qﬁ)nfk (4P;9) ar2k p(qﬂ;qﬁ)nfk
P ’ p ’
(439) atanthkp-np (1=q**PF27)(gP3q) ason |
9.3.c 1 o 2 — P : T
p (@79 a2n (a7:07)k—n (4P39) a+2k—kptnp+p p(qﬁ;qﬁ)kfn
P ’ D >
b (qp;Q) at2k p (l_qa+2k)(qp;q) at+2n+kp—np—p »
9.3. 1 a 2 — P z .
P @9 at2k—kptnp p(qﬁ;qﬁ)zﬁn (4P;9) a+2n p(qﬁ;qﬁ)kfn
P ’ p ’

TABLE 9.8: p-Deformation of the Basic simpler Legendre classes 11

[n/2]
A, = Z Qn k B, _o; Bp = Z (_1)k+nq6k(k71)/2 bn,k B ok

[n/2]

k=0 k=0
Inv. pair No.
withr=2 | b a I&; Ak bk
and v =1
(q”;q)%gn’p (1_qa+2n)(qp§Q)a+2n—4;k+kp—p,p
9.3.d -2 —a |p—d (qp;q)a+2g-kp7p(qﬁ;q3)k (qp;Q)a+22—4k7p(qﬁ§qB)k
03 ) (1—qa+p+2”’4’“)(qp;Q)#,p (4%;q) actan—tkikp ,
0-€ —2|—a-1p—-4 (g7;9) Oc+2n;kp+1?’p(qﬁ§qﬂ)k (gP;9) act2n—dk J)(q'@;qﬁ)k




TABLE 9.9: p-Deformation of the Basic Legendre-Chebyshev classes

A, = Z(,y)kqﬁk(k—l)ﬂ ang By; Bn = Z(_,Y)kq/o’k(kf2n+l)/2 bk B

Inv. pair No.

with r = ¢ b o 15} v Ak B,k
d (4739) aten (1=g*F¢")(q%30) a+ck+np—kp—p »
9.3. -1 —o —c -1 P z ’
p (9P39) aten—np+kp p(qﬂ;qﬂ)nfk (47;9) atek p(qﬂ;qﬂ)nfk
'4 ? P ?
9 3 d 1 1 (qp§q) a+tcn P (l_qa+cn)(qp;q) a+ck+kp—np—p »
3. — & — P R
p + (qp;q) atcn—kp+np p(qﬁ;qﬁ)k—n (qp§Q) a+ck p(qﬁ;qﬁ)k—n
P ? P ’
b 1 1 (qp§Q) a+ck P (17qa+6k)(qp;Q) atcnt+np—kp—p »
9.3. — (0% —n —C p P ’
p (4P39) atck—np+kp p(qﬂ;qﬂ)nfk (@%39) aten (9797 )n—k
P ’ P’
(@"30) atek , (1—g°+°*)(qP3q) atenthp—np—p )
9.3.b 1 o c— 1 L L :
p (4739) at-ck—kp+np p(qﬁ;qﬁ)k_n (@739 aten (9%07)k—n
P ’ P’
(1=g*FPF%)(a%30) aten (¢%39) atketnp—kp ,
9.3.e -1 —a—p p—c -1 2— R
(4739) aten—np+iptp (47507 n—r (@739) atke (47307 )n—k
'4 > 14 ’
(1iqa+p+ck)(qp;q) a+tcn » (qp;Q) a+kct+kp—np »
9.3.e 1 —a—p p+c -1 — P
(qp;Q) at+cn—kp+np+p p(q 5q )k—n (qp§Q) a-‘l—)kc p(q q )k—n
oton—Ppinptp, athe,
(1=g*FPTe)(aP3) agek (4"39) atentnp—kp ,
9.3.c —1 «Q —-p—c 1 L P :
p (qp;q) a+ck—np+kp+p p(q5§q5)nfk (qp;Q) a-‘z—)cn p(q5§q5)nfk
P ’ ’
(1_qa+p+cn)(qp;q) a+ck » (qp;Q) a+cn+kp—np P
9.3.c 1 o} c+p —1 r L '

(qP;q) a+ck—kp+np+p p(qﬁ ;qﬁ)k—n
- p

(@739) aten (0707 )k—n
oo
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When p = 1, these inverse pairs get reduced to those deduced in [11, Table 1 - 7].

9.4 Extension of certain ¢,p-deformed Riordan’s

inverse pairs

In this section, certain p-deformed ¢-Riordan inverse pair are extended with
the help of alternative form stated as series (9.1.9) and (9.1.10). In these series,
replacing G(n) and F(n) by ¢~ *™"*V/2(g%; q) o /s xmn—mnpG (1) /(75 @)oo p and
g FD/2(—1)"F(n) yield the
x Inverse pair 9.4.a

Ln/m] (q7; @) asrmb—mhp
") kz; (475 @) atmir=np (7% q)n—mi (k)
- g
<~
- (1 — gAY (¢P; q) atmna—ip—sp
G(n) = ~1 mn+kqf)\k(k72mn+1)/2 » 7PF L),
( ) kz;< ) (qp;Q)w@(q_)\;q_)‘)mn—k ( )

This inverse pair, with F(n), G(n) and a replaced by F(n)/(1—¢*"A=P+P) G(n)/(1—
gAY and o + p, yields

x Inverse pair 9.4.b

[n/m]| (1 _ qa—i-)\n—np—i-p)(qp, Q) S
w) = Z ! A (GP; @) atmir—np+ (qi)\‘qi)\; ck)
k=0 ) w,p ) n—mk
=
— (6% q) atmnr—tp
G(n) = mn+k 7)\]€(k 2mn+1)/2 P Y F(k .
" kzz(] <qp;q)w7p(q_)\;q_>\)mnfk )

Here, if the base ¢ is inverted, and then G(n) is replaced by G(n)/ (g~ Amntmn=1. ¢=1) .
then it transforms to the form:

x Inverse pair 9.4.c

[n/m] (qp§ Q)w
F(n) — Amk(mk—1)/2) b P Gl
) kz_% ! (475 @) —ammirtmip—p p(q)‘Q ) n—mk (%)
= p I,
<~
il (1- q_a_)\k+kp)(qp§ Q)w »
G(n) — Z(_:Umn—&—k‘ q)\k(k—an+1)/2 P F(kﬁ)

— (675 q) zazamnsro (4% ¢ )t
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Finally, replacing F(n) by F(n)/(1 — ¢~ *"P*"P) in this last pair, gives

x Inverse pair 9.4.d

—

3

d (1 —q 2" ) (75 q) —atnp-ami—p p
2 p ).

qkmk(mk—l))/ G(k?)

(973 @) —amirimep (G*5 G*)n—mi
P

=

2

I
RNy

(QPSQ):g:mﬂAtmﬂg
G(n) = -1 mn+k q/\k:(k‘—an—i-l)/Q » P F(k).
" - (QPSQ)WW(Q’\;Q’\)mmk *)

=
Il

0

Inverse pairs - 9.4.a to 9.4.d with F(n) = A, and G(n) = B, lead us to the
extension of certain inverse pairs of the p-deformed g-Riordan classes as shown in

the following table.



TABLE 9.10: p-Deformed extension of certain ¢, p-Riordan inverse pairs

[n/m] mn
An — Z qﬁmk(mkfl)/2 n Bk; Bn — Z(_l)mn+kqﬁk(k72mn+l)/2 bn,k Bk
k=0 k=0
Inv. p-Deformed
pair extension of g, p-class
No. I5; Ak bk (inverse pair no.)
as in Tables 9.4,
9.7 and 9.9
(qP; q) atimb—mip 1 _ gotlk—kp
9.4.a —1 R (1—q ) q, p-Gold class(1)
(qp; q) atimk—np (qp; q) atlmn—mnp ,
D ? p ?
1 (qp, q) at+lmn—kp—p P
X X T Table 9.4
(@5 nmk (@50 ) mnk
1— a+ln—np+p (qp, q) c«-Hmn—kp7
9.4.b —1 (1-¢ ) - q, p-Gold class(2)

(qp7 q) a+lmkp—np+p P

(qp, q) a+lmk—mkp P
P

(5 ¢ D) nmk

(qp’ q) a+lmr;—mnp P

1

X -
(q_l; q_l)mn—k

Table 9.4

sund asap0ul 215D Jo sassD)I pawLofoT-d ¢ 11deyn)

12¢



Table 9.10: — Continue

Inv. p-Deformed
pair extension of ¢, p-class
No. 5 o A Ak bk (inverse pair no.)
as in Tables 9.4,
9.7 and 9.9
(qp; Q)MW (1 _ qa+2k+p>
94c¢c| p—2 | —a—p|p—2 : = : q, p-Simpler Legendre
(475 q) at2me P (@73 q) at2mn—mnpthptp »
p > P )
! s Class(1) Table 9.7
D g D), | (D D), ass(1) Table 9.
(1 — got2m) (¢"; q) ectomn |, ‘
94d | p—2 —« p—2 — . = q, p-Simpler Legendre
(qp,q)wp (qﬂq)wp
P > P .
(¢”; q) asnp-mipromi—p , 1
p ).
@07 D) | (@D gD Class(2) Table 9.7
(1 — g>ten) (@5 @) azemn
94d | p—c -« p—c — . q, p-Legendre-Chebyshev
(¢%;q) actembk (¥ Q)va

(qp, q) a+np+cmk—mkp—p
P k)

P

(q(p—c) ; q(p_c) )n—mk

P

1
(q(p—c); q(p_c))mn—k

X

Class(1) Table 9.9
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Table 9.10: — Continue

Inv. p-Deformed
pair extension of ¢, p-class
No. 5 o A Ak bk (inverse pair no.)
as in Tables 9.4,
9.7 and 9.9
(qp§ Q)Myp (1 _ qa+ck)
94a | —-p—c « p+c = —_— q, p-Legendre -Chebyshev
(qp7 q) a+cmk-;mkp—np P (qp, q) a+;mn P
1 (qp’ q) a+cmn+mnp7kp7p’p
p
X TECaI=C - X TG = — Class(3) Table 9.9
(qP; q) atnptemb—mip » (1-— qa-l-ck-i-p)
94c | p—c | —a—p|p—c = q, p-Legendre-Chebyshev
(qp, q) a+cmk7p (qp, q) at+cmn—mnp+kp+p P
P p
1 (¢"; q) axemn |,
X X . Class(5) Table 9.9
(q(P—C); q(P—C))nimk (q(P—C); q(P—C))mnik
(1 _ qa—i-cn—i-p) (qp7 q) atcemnt+mnp—kp P
94b | —p—c o p+c = q, p-Legendre-Chebyshev

(qp; Q)w
9.

P
(0} @) acteme ,

" (g glern)

p

n—mk

(qP; q) a+;:)mn P

1
" ), glern)

mn—k

Class(7) Table 9.9
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