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A System of p-Polynomials and its ¢g-Analogue

The thesis entitled “A SYSTEM OF p-POLYNOMIALS AND ITS ¢-ANALOGUE”
carries out the generalization of well known polynomials and their g-versions along
with their inverse series relation in p-deformed sense.

In fact, the p-Gamma function and the Pochhammer p-symbol were introduced by

Diaz and Pariguan [7] as follows.
For z € C, Re(z) > 0 and p > 0,

Iy(2) :/ #le” 7 dt. (1)
0
For 2 € C, p € R and n € N is given by

(2)np = 2(2 +p)(2+2p)--- (24 (n = 1)p). (2)

The following properties follow from (2).

Dz tp) = Ty2), 3)
L) = L ()
(2w = ”ijp) (5)

Diaz at el. [7] also proposed the following generalization of the hypergeometric series

in the form of Pochhammer p-symbol (cf. [17] with p = 1), given by

= (al)n k1 (a2)n ko """ (ar)nk
~Fy(a, kb, l)(x) = : : " 6
B Y (3 MR (YW ©
where a = (al?a27”' 7a7") € CT? k = (k17k27"' 7kT) € (R-ﬁ-)?”’ b= (btha“' 7bs)
€ C*\ (kZ7)* and I = (I3,ly,-- - ,15) € (RT)®. This series converges for all = if r < s,

and diverges if r > s+1, x # 0. If r = s+1, then the series converges for |z| < Dlaels

Eikg-ky
It also satisfies the differential equation [7]:
(D (LD +bi =) (12D +by —13) -+ (I,D+bs — 1)
—z (kD + ar) (k2D + ap) -+ (k,D +a,)ly = 0, (7)

d 1
where D = T For p >0, a € C and |z| < —, Diaz at el. [7] showed that
x p

> Do (15, )

n=0 n!
This may be regarded as the p-deformed binomial series.
In addition to this, Rafael Diaz and Carolina Teruel [8] defined a g-analogues for

p > 0 in the form:

(43 @)oo p(1 — q)' 7277
Typ(2) = (qf' ; 20, (9)
’ ,p

%@y = (1=¢)1—¢™P)(1—g") - (1—¢T"P), 2 e R,n € Z7, (10)

[e.9]

(€% Qoop = [] (1 —¢*™), |q| <1

n=0
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and
1? ’Lf n=>0
(a5 q)nyp = (1—a)(1—agP) - (1—agr™V), if n € Zsg
o [(1—ag?)(1—ag2)---(1—ag™)]", ifneZy
(@; @)oo/ (@G5 @)oo p if neC.
From this, it follows that
Lop(p) = 1, (11)
(a + np)
(@; q)n, —ep L 2 neN, (12)
. Ly pla)
(a; q)oozo
a;q)n, —— nEc C. 13
(@ s (agP™; q)oop 13)

Having motivated by this introduction, certain polynomials systems are provided p-
deformation in this work, in particular, the p-deformed Gould’s generalized Humbert
polynomials class : {P,(m,z,y,p,C);n = 0,1,2,...} [11, Eq.5.11, p.707] is defined
by

[n/m] k .s—n+mk—k

ve n—mk
Pn m,x,v,s,C = E —mx , 14
,p( " ) k=0 (S + p)—n mk_k,p(n — mk:)' k?'( ) ( )

in which the floor function |r| = floor r, represents the greatest integer < r and
v, s, ceC, meN, z€R, ne NU{0} and p > 0.
The p-deformed Wilson polynomials [9] is defined as

Wn7p(:c2; a,b,c,d) = (a+b)pp(a+ c)ppla+d)n,

y z”: (—n)k(a+b+c+d+np —p)ipla+iz)g,(a —iz), (15)
k=0 (CL + b)k,p(a + c);tp(a -+ d)k,pk"
and the p-Racah polynomials [9] in the form:
R, ,(z(x+c+d+p)ab,cd)
_ zn: (—n)(a+b+np+p)ip(x+c+d~+p)p(—2)kp (16)

=0 (P + a)rp(b +d+plip(c+ piph!
These polynomials contain as their special cases, a number of particular polynomi-
als; in fact, the polynomial (14) includes p-deformed Humbert polynomials (cf. [12]
with p = 1), the p-deformed Kinney polynomial, p-deformed Pincherle polynomial,
p-deformed Gegenbauer polynomial and the p-deformed Legendre polynomial (cf. [11]
with p = 1). On the other hand, (15) and (16) provide p-extension to the polynomi-
als of Hahn, continuous Hahn, Dual Hahn, continuous dual Hahn, Meixner-Pollaczek,
Krawtchouk, Jacobi etc.
The work incorporates the inverse series relation of these general classes of poly-
nomials and towards the application of the inverse series relation, the generating

function relations and the summation formulas are derived. Besides this, the differ-
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ential equation, companion matrix representations are also obtained.

Definition 1. If a polynomial f(x) € C[X] and f(z) = 6, + 6,2 + 0,2% + -+ +

5, a1+ 2% then the k x k matriz, called the companion matriz of f(z) is denoted
and defined by [15, p. 39/
- . -
0 0 1 0
C(f(x)) =
0 0 0 1
=0, —0, —4, —0,, |

Lemma 1. If f € K|x] is non constant and A = C(f(z)) then f(A) = 0.

The thesis also deals with the g-analogues of the aforementioned polynomials and
their properties.
Chapter 1 introduces the subject matter and enlists certain definitions, notations, for-
mulae and results. The Riordan’s classification of inverse series relations [18, Chapter-
2] are tabulated including their basic analogues [3, 5].
A g-analogue of the function (6) is defined by taking ky = ke = ... =k, =l =1l =
...=1l,=peRH, as follows:

Definition 2. If (a) stands for the array of r parameters ay, as,---, a, € C", (b)
stands for the array of s parameters by, by,---, by € C*\ (Z7)%, p,a € RT and
lq| < 1 then

r0s((a); (0) 5¢")(xlq, %)
= (015,0)np(92 @np - (ar; Qg e} T
nz::() (by; Q)n,p(b2§ Q)n,p - (bs; Q)mp(qa; q“)n <( D' > ' 17)

From d’ Alembert’s ratio test, it follows that the series converges for all = if r < s,

and it diverges when r > s+ 1 and o # 0. If r = s + 1, then it converges for |z| < 1.

In chapter 2, the general inversion theorems are proved. They are stated below.

Theorem 2. Ifa=n € NU{0} and b=—m, m € N, then n* = |n/m], and there

hold the series relations
* k

S gl
= — mk 18
u(n) ;Z%I“p(p—ira—ar%—mrk—kp)k! v(n —mk) (18)

(=)= ar + mr o —ar

k=0
Theorem 3. If {u(x)} and {v(x)} are bounded sequences, a = n € NU {0} and
b € N, then there hold the series relations

. u(n —mk) (19)

[e'S) k

u(n) = kz:% T,(p+a— a:— bk — )t VTR (20)

3



A System of p-Polynomials and its ¢g-Analogue

2 (=) (e —ar — b;f;r)rpw — A+ ED) b, (21)

Theorem - 2 yields the following inverse of the p-polynomials (14), (15) and (16).

_ n [n/m] _
( m:z:) xn — Z (_,y)kcn—k:—s (8 np+mkp)
n! = (s —np+ kp)T'p(s + p)k!
XFP(S —np + kp + p)P’rL—mk,p(mv x,7,s, C)7
(22)
(a+ix)ppla — 1), B Z”: (—n)g(a +b+c+d+ 2kp —p)
(@4 b)npla+ c)npla+d)n,y = (a+bt+ct+d+kp—pntip
" Wk7p(x2; a,b,c,d) (23)
(a+b)gpla+c)ppla+ d)y, k!
and
(x+c+d+D)np(—T)nyp B Z": (—n)g (a+ b+ 2kp+p)
P+ a)np(b+d~+ p)np(c+Dny = (a4 b+ Ep+p)nsiph!
X Ry.p (x(x 4+ c+d+p);a,b,c,d), (24)

respectively. Theorem - 3 yields the p-Bessel function [20, Eq. (3.1)]

o] (_l)k T n+2k
Jua(®) =2 0 & (2) (25)

p(p+np+kp

and its inverse series as the deformed Neumann’s expansion:

(x)” _ i (np + 2pk)L',(np + kp)

2 k!

Jn+2k7p ($) .
k=0

The usual Neumann’s expansion occurs if p =1 [17, Ex.22, p. 122].

Theorem - 2 and Theorem - 3 on the other hand, provide p-deformation to Riordan’s

classes of inverse series relations.

Among the generating functions derived for these polynomials, the one is stated below.
i P, p(m,x,v,s,e)t" = AP (¢ 4 ypt™ — pmxt)s/p . (26)
n=0

The summation formulas occurring from the inverse series are also derived. For

instance, taking x = 0 in Wilson polynomials one finds the sum:

i’:(a+c)wa+dnpZ kla+b+c+d+2kp—p)
= p" n! a—l—b—l—c—l—d—l—kp D)nt1p k!
><4F3((—k:,a+b—|—c—|—d+k Lya,a),p,(a+b,a+c,a+d),p)(l)
~ Tyla+b)Ty(0b —a)
N [Cp (D)2
The following is the differential equation satisfied by polynomial y = P, ,(m, x,, s, ¢).

Theorem 4. For~y,s,ce C,m e N,z € Ryn e NU{0} and p > 0,

Ty 1N g2y =0, (27)
r=0
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dsy m—1
where ) = D*(y) = . and a, = —
s 7!

A fy.

In chapter 3, the g-analogues of the aforementioned polynomials are defined. the

basic analogue of (14) as

Definition 3. Forn e NU{0},m € N,r,s,c € C,p > 0,

[n/m] (qsfnr+mrkfkp+p; Q) (1 o qc)sfnerkfk

P, pr(m,z,y,s,clq) = ~F 00,p
p ( ’ ) ,I;) (qs—nr+mk7"+p; Q)m,p(q;Q)n—mk
(1 _ q)k_s m n—mk
((¢"™ = 1)z)" . (28)

(g™ =P g™ ),

We shall call this polynomials as the p-deformed generalized ¢g-Humbert polyno-
mials. It extends the p-version of the g-Humbert polynomials, the ¢g-Kinney polyno-
mial, g-Pincherle polynomial, ¢-Gegenbauer polynomial and ¢-Legendre polynomial
together with their inverse series relation. The inverse series of these polynomials

(28) are then obtained from

Theorem 5. If p >0, 0<q¢<1, a, r € C and a € N, then

N . (qp—l—a—ar—brk—kp; q)

Fla) = Y v =P G(a + bk) (29)
k=0 (C]3;Q3)k
=
G(a) i( G T g ) F(a + bk) (30)
a) = — a 7
k=0 K 4 (qafar+kp; Q)oo,p(Q3; Q3)kz

where g3 = ¢~ 7P, br # —p.
For br = —p, the following theorem holds.

Theorem 6. if p >0, 0<qg<1, a, r€C, a €N and then

N N (qp—i-a—ar; q)

F(a) = kz:%)'y @0 =P G(a + bk) (31)
&
Gl = kz:;)(_wqu(k1)/2(qp“‘ﬂzf’jrq;)i),p(q;q)k’ (32)

where N in both theorems, may be a positive integer or infinity; depending on
whether b is a negative integer or a positive integer. For the polynomials’ inverse
series, N must be a positive integer; for that b must be a negative integer and a a
non negative integer.

The inverse series of (28) occurs from this theorem in the form:

m n [n/m] s+k
( (g )‘(1) ) = Z (_,y)k l—q q(mrfp)k(kfl)/Q
1 —¢°)™(q; q)n P L —gq°

(1 _ qs—nr+mrk) (qs—nr+p; q)oo,p

(5" HkP: @) o p (@™ 7P g™ P )y,

Pn—mk,p,r(m7 €T,7, S8, C|Q) (33)
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Besides this, the g-analogues of Wilson polynomials and Racah polynomials are also
obtained from this theorem, along with their inverse series relations as given below.
a" pppr(cost;a,b, c, d|q)
(ab; @)np(ac; @)np(ad; @)np
n (g7 g )ilabedq™ 7 @) iy, (a€”; @) p(ae ™5 @)k

— Z qkr—kp

=0 (ab; Q)rplac; Qrplad; @)rp(q"P;q7P)i
=

(aeiﬂ; q)mp(ae_w; q)ﬂ,P — zn: nkr—nkp (1 — adeq_p—HCT)
(ab; @)nplac; Qnplad; Q)nyp = (abedq™=?; q)nr _ni1p

—n(r—p). ,r—p
y (q 14 )k )i aF Dipr(cost;a, b, c,d|q), (35)

(ab; Q)i p(ac; @ plad; @)rp(q" 5477
and with ¢=% + cdg®*? = p(z),

(34)

Ropr(u(z);a,b,e, Nlg) = > g "

= (aq”; @)rp(0dGP; @)kp(cqP; @)k p
—x. d T+p.
("7 ")
54
(4" Dnp(cdg™ i @)np S q"t (L — abg” ) (g P g )
(0GP O p(0AG”; Q)p (€GP @) iz (abg* ) e (@7 P g P
X Ry pr((x); a,b, ¢, N|q). (37)

The particular polynomials belonging to the above polynomials are the p-deformed ¢-
Hahn polynomial, p-deformed little as well as big g-Jacobi polynomials, p-deformed ¢-
Gegenbauer polynomial, p-deformed g-Legendre polynomial, p-deformed ¢-Chebyshev
polynomial together their inverse series relation.

The above theorem also provides extension to the generalized Bessel function due to
Mansour Mahmoud [14] to p-deformed extended g-Bessel function together with its

¢, p-Neumann’s expansion as its inverse, in the form:

1 oo (_1>(a+1)kzqak(n+k)/2 (J})n+2k
)i \2

Jn,p,r(-r; a, Q) = Z

(@5 Dnp =g (@775 q) 2ok g (¢ P57
=
(“”C) S (kg8 guteie 1= (0% Dy
=0 (g7 @)oo p (2P g2 Py

2
X Jn+2k),p,7’<x; a, Q) .

The inverse series may be used to derive certain summation formulas. For example,

there follows the sum:

00 (1 _ qc)n Ln/mj( )k ( 1 — q >s+k q(mrfp)k(kfl)/Z
R ) L—q) (¢ q)up
(1 _ qs—nr+mrk)(qs nr—l—p7 (])

oQ,p _
X (qmr_p; qmr_p)k; Pn—mk,p,r (ma x,7,s, C|Q) - 611(1')7

n=

and the sum:
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L (g7 Q)np (040”3 ) p (P Qg ipiprn om @O (1 = abgP**T)
3 iyl (axgrioy 3 T
n=0 (C q >Q)np(q Q>np k=0 (a q aq)%fnJrl,p
g (ag™";q),,
(q’” ; q’“ p) (ag”; q)jp
Finally, the companion matrix of the generalized polynomial is obtained by taking

)kRk,p,r(q_m + cdg™P;a,b,¢c, N|q) =

|n/m] = N in (28) and converting it to the monic form:

N
Pmp(m,:}:,% S, c|q) = Z 5k xn—mk’

where
. (qmr—p; qmr—p>n(qs—nr+mrk—kp+p; Q)oo,p(l o qc)mk—k(l o q)k:
(q*=mr+mrhHe: @) oo p (@ Q) nemi (@7 7P; @777 )i

With this dz, C ( p(M, 2,7, 8 c]q)) assumes the form as stated in definition of com-

m_ 1)k

panion matrix. The eigen values of this matrix will be the zeros of ]5n7p(m, x,7, s, ¢lq),
(see [15, p. 39)).

The subject matter of Chapter 4 is to provide extension to the p-deformed Wilson
polynomials (15) and the p-deformed Racah polynomials (16) of chapter 2 by con-
sidering the degree [n/m| in stead of n. For that the following inversion theorem is

proved.

Theorem 7. For A€ C, a € C, ne NU{0}, m € N andp > 0,

- .
Fin) = 1;) (=1) Ip(a+mkX+p—np)(n— mk’)!G(k) (38)

Gn) = %(-Uk (o + kX — k(];r);p(_&k; mn\ — kp)F(k) (39)

and conversely, the series in (39) implies the series (38) if for n # mr, r € N,

Using this theorem, the Wilson polynomial and the Racah polynomial assume

extension in the form along with their inverse series relations, as given below.

Woimp(@?;a,b,¢,d) B L%?J (—n)mr(a +b+c+d+np—pi,
(a + b)n,p(a + C)n,p(a + d)nyp k=0 (a + b)km(a + C)k,p
(a+ix)kpla —ix)k, (41)
(CL + d)hpk'
<~
(a4 ix)pp(a —ix)np(mn)! % (—mn)g(a+b+c+d—p+kp+lkp/m)
(@4 b)npla+ cnpla+ d)nyn! k=0 (a+b+c+d—p+kplniip

Wk,l,m,p<x2; a, b7 C, d) (42>

(a+b)kpla+c)rpla+di, k!
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P ) e (@4 b+ 1D+ Py (—2)kp

Ryimp(x(zr+c+d+p);abec,d) =

k=0 (a+ p)k,p (b+d+ p)k’,p
X(m—l—c—i—d—i—p)k’p (43)
(C + p)k,p k!
=
(—2)np(z+c+d+p)pp(mn)! B % (—mn)i(a+b+p+ kp+ lkp/m)
(@+P)npb+d+p)up(c+Dp)ny n! = (@+b+p~+kp)int1pk!

XRyimp(@(x+c+d+p)abed). (44)
In addition to this, the above theorem is used to define a general class of polynomials

Definition 4. Fora, | € C, m € N;n e NU{0} and p > 0,

ln/m]

Beo@l) = > (—n)mila + np)uwpyma’ (45)
k=0

in which the floor function |r| = floor r, represents the greatest integer < r.

The theorem also yields its inverse series:

L (—=mn)y (a+ kp + lkp/m)

Y™ = Z

k=0 (a4 kp)int1p (mn)! k!

B p(: 1) (46)

along with its particular cases like the p-deformed extended Jacobi polynomial and

its inverse series as stated by

ki N )mk\Q T NP )ik p\ O )kp - (Oc)kp &
Finalla)s(3) 0] = 3 Ml 0k 4t )

&
(@0)np = (@e)ng (M)l I (mnela+kp +1kp/m) @) (o
(B (Ba)np 1! N kz:;) (a+ Ekp)ini1pk! }—klmp[( ); (8) : x], (48)

in which the substitution [ = 0 yields the p-deformed Brafman polynomial and its

inverse series relation. Also, the generalized p-deformed extended Jacobi polynomial

and its inverse series may be deduced in the form:

@), (1), W (—n)la+ B4 n+ 1)y 1\
Pinla) = z o R ( _ ) (49)
=
(= Remnlat B+kp+lkp/m A1) )
(1+a)2mnl kz:%) (04 B+ bp + Dumsrp(mm)lkl* tom (7 (50)

the extended p-deformed Konhauser polynomial and its inverse series relation as

stated by

[n/m]
+a —N)mk
ZW) (x:8) = (p P z*F, 51
(20039 S e 651
<~
sn — (_1>k(p + a)sn, n! «
=y P Z,gn)%p(x; s). (52)

iz (P + a)skp (mn —k)!
In this last inverse pair, taking [ = 1, readily yields the extended p-deformed Laguerre
polynomial(cf. [17, p. 201, 207]) and its inverse series.

8
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Next, we show that, for [ € N, p-polynomial (47) which satisfies differential equa-
tion

m c

D I[wD+8,—p) — = HHH{(mD—n+i—1)(lpD+e+np+jp—p)

g=1 i=1j=1 h=1
X (pD + Oéh)} ]y = 0. (53)

In which [ = 0 yields the differential equation having one solution as the p-deformed
Brafman polynomial. Additionally, the differential equation satisfied by (51) is de-
rived in the form of
l m
[D{H(lpD—i—a—i—jp—lp)} —le(mD—njLi—l)} y = 0.
j=1 i=1
Taking [ = 1, this reduces to the differential equation satisfied by the extended p-
deformed Laguerre polynomial.
Next, the generating function relation(GFR) of the extended p-deformed Wilson
polynomials occurs from (41) which is given by
i (a+b+c+d—ply
(a+b)nplatc)nplat dnyn!
—a—b—c—dip Ip(a+0)y(a+c)ly(a+d)
Iyla+b+c+d—ply(a+iz)l,(a—ix)

anlymyp(x% a,b,c,d) t"

n=0

= (1—1tp)

(=)™

(a+b+c+d—pmp+lp),(a+iz,p),(a—iz,p); 1= tpy

Xg\yg

)

(a+b,p), (a+c,p),(a+d,p);

in which we have used the generalized p-Write function due to K. Gehlot et al. [10].
If I € NU{0}, then this reduces to

o0 (a+b+c+d—Dp)ny )
’ Waima(2% a,b, ¢, d)t"
n=0 (a + b)n»P<a’ + C)n,p(a + d)n,pn! b ,p( )
—a—b—c—dtp
= (I—tp)” 7

><m+l+gF3((Ap(m—l—l,a—l—b—l—c—l—d—p),a+im,a—m),p,

(m + l)mH(—t)m)
(1 —tp)m+t )"

(a—l—b,a—i—c,a—i—d),p)(

wherein m + [ = 1,2 for convergence.
In a similar manner, the GFR of the extended p-deformed Racah polynomials may be

deduced. The following is the generating function relation of (45).

i) (@np Biplwl) 1" = (1—tp)7 i(a)mkﬂk,p% (M) - (54)

nl k=0 — tp)m
This gives the generating function relation of the p-deformed extended Jacobi poly-
nomial, p-deformed Brafman polynomial, extended Konhauser polynomial and that

of the Laguerre polynomial.
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From the inverse series of the main theorem, certain summation formulas involving
the extended p-deformed Wilson polynomials, Racah polynomials etc. are derived.
One such sum is stated below. Taking x = 0 in the extended Racah polynomials, it

is found that Ry, (0(c +d + p);a,b, ¢, d) = 1 hence, the summation formula occurs in

the form:
Z( jp)np(b—Fd‘i‘p)an—Fpnpz Ye(a+b+p+kp+lkp/m) .
= (x+c+d+p)ay v ( = a+b+p+k‘p)ln+1pk'

also, the summation formulas involving (45) and its particular cases may be deduced

with the help of their inverse series relations. This is stated as
= 12 (—mn)ya+ kp + lkp/m)

7; nto, 1;) (a + kp)ing1,p(mn)! E! kmp(31) € (55)
Further, assuming |z| < 1, it can be proved that

i 1 % a+k:p—|—lkp/m)8a (i) — 1

=0T iz (@t kp)ingap(mn)! k! kmp\™2) T

By assigning different values to = from (—1,1), a number of particular summation
formulas can be derived.

The objective of chapter 5 is to provide g-analogue to the general class of polynomial
(45) of Chapter 4 and its inverse series relation (46) by establishing a general ¢-

inversion pair. The g-analogue of (45) [19] is defined as follows.

Definition 5. Fora e C, me Nyn e NU{0},0< g <1 andp > 0,

[n/m]
Be . (xlgl) = Z ¢ (g™ g™, b0 ), Wt (56)

in which | = r—m,r € C\ {m}, and the floor function |u| = floor u, represents the

greatest integer < u.

This general class extends the g-extended Jacobi polynomials [4, Eq. (3.8)] and
hence the g-Brafman polynomials and the little g-Jacobi polynomials [13, Eq.(3.12.1,
p. 92)] (also [9, Ex. 1.32, p. 27]). As a limiting case, this general class also extends the
g-Konhauser polynomials [1, Eq. (3.1), p. 3] and thereby the ¢-Laguerre polynomials
[16].

The g-inversion theorem [19] is proved in the following form.

Theorem 8. 0 <g< 1, A€ C\ {0}, a €C, ne NU{0}, m €N and p > 0,

[n/m] at+mkA n
F(n) — Z (_1>mkqu)\(mk72n+1)/2 (q " P paQ)oop G( ) (57>
k=0 (@%@ )n—mk
=
mn 1 — qa+k)\—kp)
G(n) = -1 qu)\(k—l)/Q ( F(k 58
) l;)( ) (q/\5q)\)mn—k(anrmn)ﬁkp;Q)oop (%) (58)

and conversely, the series in (58) implies the series (57) if for n # mr, r € N,

10
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n (1 o qa—l—k)\—kp)

Z(_l)qu)\(k—l)/2

= (@5 @) n-r(@*FTFP; @) oo p

F(k) = 0. (59)

This theorem besides the aforementioned polynomials, also invert the Askey-
Wilson polynomials [13, Eq.(3.1.1), p. 63] (also [9, Ex. 2.11, p.51]) and the ¢-Racah
polynomials [13, Eq.(3.2.1), p. 66] (also [9, Ex. 2.10, p. 51]).

The inverse series of these polynomials are deduced from this theorem which are
stated below, in the same order.
mn kL (gmmn(/m). gl/my, (1 — gerh(/m)+kp)

Tx"® = Z<

im0 (@5 @)y, (475 6 ) (V5 1)

- Bl (ale ). (60)

pn,l,m,p(cose; a, b7 C, d|q)an o Ln/mj kl (q—n(l/m)’ ql/m)mk
(ab; @Q)nplac; Onplad; @nyp (= (q/™; g™y,
(abcdqnp—p; Q)kl/p,p (aew; Q>k‘,p (ae—zﬁ; Q)k,p

(61)
(ab; @)k plac; @)k plad; q)rp
=
(a€”; Q) plae™; @)nyp _ % M (q=mmtm; gtm),,
(ab; Q)np(ac; Qnp(ad; @)np(d/™ ¢"™)n = (q"/™; ¢/
(1-— abcquLJrkp*p) ak Prsms (cosB;a,b,c,d|q) (62)

(abedgkr—r; q)%Jer(ab; Orp(ac; Orplad; Q)np(@/™; ™)

ln/m] (q—n(l/m) qu)m

Rn,m,p,l(qix + qux+l; a, b> C, d‘Q) = Z qkl : u
k=0

(@™ g™,

(abg™*; q) it (475 Qi p(cdg™ P @iy (63
X P
(aq”; Q)ip(bdgP; @)k p(cqP; @)k p

=
(4 Do (cdq™ P @) _ g (q—™m; gt
(aqP; Qnp(bdqP; @) p(cq?; Qnp(@/™ ™) (= (g™ gtm)y,

(1 — abght+ke+r)
X
(abg*™*P; @)1 jp1,p(@/™5 @) e

These p-deformed g¢-polynomials provide p-extension to a number of particular g¢-

Rk,m,p,l(q_z + qux+1; a, ba ¢, d|q> (64)

polynomials (see [13, p. 61, 62] for complete reducibility chart and [13, Ch. 3]).
They include among several polynomials the ¢g-Hahn, dual ¢g-Hahn, continuous ¢-
Hahn, continuous dual ¢-Hahn, ¢-Meixner-Pollaczek, g-Meixner, ¢g-Krawtchouk and
g-Charlier polynomials together with their inverse series relations.

Now for p > 0, define the difference operator 6,,f(z) = f(z) — f(xq?), such that

Qq,pf(x) _
O—qw Dypf(x), (lgl <1) (65)

would give a p-deformed g¢-derivative of f(z) in which p = 1 yields the #-form ¢-
derivative of f(x)(cf. [9, Ex.1.12, p.22] with p = 1). In this notations, the g, p-

differential equation of the extended ¢, p-Jacobi polynomial is given by

11
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[(1—r>wr{ﬁ<<1—q)xDq,p+qpﬁv of e T I o

v=1 i=1j=1s=1t=1u=1v=1
Xqau—ﬂv+p+(e+p(n+s—1))/le—1Vt—l((1 —r)aD, + pi=1l=n)/m, 1—j 1)

X (z(1— Q)qup + q_(e+p(n+s_1))/lV1_t = 1)((1 - Q)xDq,p +q "= 1)}] y =0, (66)

th lth

where ¢?/™ = r, w is m*" root of unity and v is root of unity. From this, the

differential equations for p-deformed g-Brafman polynomials, p-deformed ¢-Konhauser
polynomial and p-deformed ¢-Laguerre polynomial can be obtained.

Now, using the first series in general inversion theorem, GFR for the general class of
g-polynomials (56) is obtained in the form:

F(n)
In(n—1)/2m n
nz;q (D i gy, ¢

(/) —i
mk: ln (n—1)/2m nomiT P n+mk
Z Z / T G(k) tmHmk, (67)

n=0 k=0
From this, the GFR of B%, (z|g;1) occurs as follows.

n,m,p

Z qlnn 1) /2m( (CL Q)np Be (x|q,l) "

l/m l/m) n,M,p

0,4"™) w ((—t)™z)". (68)

— Z(_l)mk(a; Q)mk—i-%yp 1¢1 (aqup-i-kl; O,p) (t

k=0
This contains the GFR of fnmpl[( a); (B) : z|q], Pampi(z;a,b;q), etc. The GFRs of
the polynomials (61) and (63) from the general GFR (67) are obtained as follows.

X n(n—1)/2m _ Dnimp(cost;a, b, c,d|q)a™

P T i

oo (abedq ;) g 0, (067 )y (a0 0)cy

= (ab; @rplac; Qrplad; Q)rp(ad™; ¢/ )i

x 161 (abedg™ T 0; p) (¢lg, /) (=)™,

n(n— m abq q” T
qu 1)/2 ((l/m l/)m)P anpl( +qu +1. La, b ¢, d’q>

n

i (@7 Orp(edq™ ;@)1 p(aba?; @)y s,

= (aq”; Q)i p(bdgP; @) p(cq?; @)np(a™; ¢4/ )i
X 161 (abg” P 0:p) (tlg, ¢ (—6)™.

Next, the use of the inverse series of the theorem and in particular, the inverse series

(60) of the general class (56), is used to deduce certain summation formulas with the
assumption that v, # 0,Vn =0,1,2,.... Thus, from

1 mn nk:l(qun(l/m); ql/m) (1 _ qa+k(l/m)+k:p)

By ,m <x|Q7 ) = ", (69)
%kzo (@75 q)in (075 6™ )n (675 67 Ry

12
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on multiplying both sides by (a;¢),/(¢; ¢)» and taking the summation from n = 0 to
oo and then using the ¢g-Binomial theorem [9] with |z| < 1, one finds the sum:

i (a;q)n i": " (g Um); glm (1 — ger R/ m)the) B (alg:) (az;q) oo
mplrll) = —=—.
— (q q)n,yn = (qa—‘rkp; q)%‘—l—l,p(ql/m? l/m) ( l/m l/m) k,m,p (ZE, q>oo

Next, in the inverse series (62), using the g-sum

271 ) ) y g — ,
ab (€5 @)oo,p (c/abs Q)oo,p

one arrives at the summation formula:
0 . . l/m. l/m\ mn _nkl( —In. l/m _ kL+kp—p
(a¢; Onp(ad; Q)np(@/™; ¢ )0 S ¢ (g™ ¢"™) (1 — abedyg )

2 D

=0 (973 @) im0 (abedg™ P q)im yy (ab; @) p(aC; @rp
—i0. 0.
% akpk,l,m,il’(cose; a, ba Cy d‘Q) n(b—a—2cosd) _ (be ' q) oo,p (be ' q) 0P
(ad; @)kp(@"™; ™ )in (G5 g1, (@b; @)oo (a2 q) .,

In a similar manner, the summation formula from the inverse series inverse series (64)
can be obtained. We multiply both sides of (62) by
(ac; @)np(ad; @)np(a”™; 4™ )n
(@™ Qnp(@; D
taking the sum from n = 0 to j and then using the sum:

Y

_ cq"p) (¢/b5),,
"P b c; qP = — 71
2¢1 <q y 06,47, b (C, Q)n,p ( )
on the right hand side, we obtain
i ac; q np ad q>np(ql/m’ ql/m) mn anl(q—lnqu/m”ﬂ(l _ abcquL+kp—p)
= (ae™: @) np(0P; O i=o (abedg™®™P; q)in 1y (ab; @)ip(ac; )iy
—if
i 0;a,b,c,d , o be™";q)
x—2P ’“’Z’T’p(wf A Cl lq>[ (¢ q)np(¢Pbe™ )" = 7< )“’.
(ad; Qrp(d™; 6™ )ran (@ ™5 g1 )i (ab; q)jp
In chapter 6, general class of polynomials
Sn(l7m7 Q, 6 : .T) = Z ( ) . Iku (72)

iz T+ 8 —na+lk)(n—mk)
due Dalbhide and Dave [2], is extended in the light of p-Gamma function and p-
Pochhammer symbol and derive its inverse series relation along with particular cases
with the help of general inversion pair. The p-deformation of polynomial (72) [20] is

define as follows

Definition 6. For0 <a<1,5€C, meN, n,l=ma € {0} UN andp > 0,

Sn lym,Oé, r) = :
o 7 gb Lp(p + B — pno+ plk)(n — mk)!

in which the floor function |r| = floor r, represents the greatest integer < r.
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This polynomial contains the p-deformed extended Jacobi polynomial:
L En)mron)iy (ad)
H,(TQQ a);(B):a] = mEAZ L bp c/kp z®. (74
* ’p[< i (B):al Z (B+p—pna)p(B)rp - (Ba)rp k! (74

When [ = 0, then it reduces to the p-deformed Brafman polynomial. Also, the

extended p-deformed Konhauser polynomial: Zﬁﬁ)(x; [) and its evident case | = 1
yields the extended p-deformed Laguerre polynomial.

A general inversion pair is proved as

Theorem 9. Let 0 < a <1, n € NU{0}, m € N such that am is a non negative
integer and 5 € C\ {0}, then

[n/m] 1

Gl = kz::o I,(B8 4+ pmka — pna+ p)(n — mk)! F(k) (75)
=
Finy = 52 CVTE LG pha) 76

(mn — k)!
and conversely, the series in (76) implies the series (75) if for n # mr, r € N,

= (=1 B T,(B + pna — pka)
kz::o (n—k)!

From this, the inverse series of (73) is obtained in the form:

n_ S (21" BT,(8 + pnl — pka)
At =2 (mn — k)!

G(k) = o. (77)

Skp(l,m,a, B x). (78)
k=0

From this, the inverse series of the extended Jacobi polynomial (74), and hence that of
the p-deformed Brafman polynomial, and also, the inverse of the extended p-deformed
Konhauser polynomials (51) and the extended deformed Laguerre polynomial can be

deduced.

The differential equation of (74) is derived as follows.

g

—X

SN

1s=

d
11 (ipb + B — pna + jp — lp)(p9+6s—p)}

B
Il

C

::13

{ (mf —n+i—1)(ph + ar)}] HED Na); (B): 2] =0, (79)

i=1r=1

d
here § = z—
where T

The generating function relation for the polynomial (74) is derived from the first

series of the theorem. It is given as

P L TR CHOEE,
I EIEE

0

=5 " Fa((a),p, (B),p) (x(=t)™). (80)

n=

14
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By defining the p-deformed generalized Bessel function as
> 1
JI (r) = —z)*,
o) kz:%) Lp(p+vp+ kpu)k’!( )

one more GFR is derived for the p-deformed generalized Konhauser polynomial in

the form:

© zZo  (x:l tr

Z nmp( ) n _ € p(p‘|‘ 04) Jlgp (( 1)m+1 ltm) (81)
The particular cases p = 1, m = 1 provides the generating function relation obtained
in [21, Ex. 65, p. 198].

The summation formulas implied by the inverse series are next considered here. The

first sum is corresponding to the inverse series relation of (78):

i% — BF(B—I—pnl pka)

”kO

Skp(l,m,a,B:2) = a", (82)

(mn — k)!
assuming A\, # 0,Vn € N. Now multiplying both sides by 1/n! and taking summation

from n = 0 to oo, this gives for all x,

Z i )\ Z )" 5 F p(8 + pnl = pka) Skp(l,m,a,B:2) = €7, (83)

n = (mn — k)!
and with |z| < 1, A\, 7é 0Vn, the following sum is obtained.

i 1 § BF (B + pnl — pka) Sep(lm, a, B+ 1) = 1

= ”kO

(84)

(mn — k)! l—x

From this the summation formulas involving the particular polynomials can be de-
duced.
Taking |n/m] = N in (73) and converting it to the monic form S, ,(I,m,a, : z),

we get

N
gn,p(l,m,oz,ﬁ LX) = Z 5 ",

where
()N Ty (p 1 5 — pna+ pLN) s (n— mN)! 2
Lp(p + B — pna + plk)An(n — mk)!

5 =

With this 9, C (gn,p(l, m,a, 3 : x)) assumes the form as stated in definition of com-
panion matrix. The eigen values of this matrix will be then precisely the zeros of
Spp(l,m,a, B+ x) (see [15, p. 39]).

Chapter-7 incorporates the g-extension to the polynomial (73) and derive analogous
properties. A p-deformed g¢-extension of the general class of p-polynomial (73) is

defined as follows.

Definition 7. For p € C, r,a € C/{0}, me N, ne NU{0}, |¢g| <1 andp >0,

[n/m] 6 rlk+p—nap.
(e% m METra(mRK—24n q )q o0,
Sn,p,r(l,m,a,ﬁ . x!q ) — Z (_1) kq kro(mk—2 +1)/2( — ) P)\kxk7 (85)
k=0 (q yq )n—mk

15
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where [n/m] = floor n/m, represents the greatest integer < n/m.

When ¢ — 1 and r = p, this coincides with (73). Moreover, this general class of
q, p-polynomials ((85) above) extends the general class of p-deformed ¢-polynomials
(56) of chapter 5 by taking a =1 and r = A.
The special case Ay = (13 @)np(02; O -+ (s Qnp/ (815 Dnp(B2; D -+ - (Bt D
(¢": ¢"*"),,) with r is replaced by r«, yields the tribasic p-deformed extended ¢-Jacobi
polynomial (cf. [6, Eq.(1.2), p. 77] with p = 1):

HED | 1(@); (8) = 24 ¢]

_ L%J (q 2; q”‘Z)mk(Oq; Q)k,p(a2§ Q)k,p N (ac; q)kﬂ, (Iqml)k (86)
) .

iz (Ber P q) e, (81 Dk (B2 Dy -+ (Bas Drp (47547

—nro

When 3 — oo in ¢?, this polynomial reduces to the p-deformed g-Brafman poly-
nomial. Further, replacing = by z'¢™, letting ¢° — 0, taking ra = | € N and
A = ginletD=tmntin(in=1/2 /((pa: ¢),(¢' ¢ )mn) in (85), we obtain the extended p-
deformed g-Konhauser polynomial (cf. [1] with p = 1 and m = 1). The obvious
specialization [ = 1 is the extended p-deformed ¢-Laguerre polynomial. Here, a gen-

eral inversion pair [20] is proved as

Theorem 10. Ifr,a € C\ {0}, € C, ne NU{0}, meN, p>0and0 < q<1,

then
[n/m] (qura+ﬁ+pfnap. qa)
F(n) _ Z (_1)mkqura(mk—2n+1)/2 ) 0,p G(kf) (87)
k=0 (qroc; qra>n—mk
=
mn 1 — qkra+ﬂ+p—(k+1)ap)
G(n) = -1 qu:ra(k—l)/Z ( F(k ’
( ) ];)( ) <qmnra+ﬁ+p7(k+1)ap;qa)ooyp(qra;qra)mnik ( )
(88)

and conversely, the series in (88) implies the series (87) if for n # mv, v € N,
n (1 o qkroc-‘rﬁ-‘rp—(k-i-l)ap)

-1 qura(k—l)/Q F(k) = 0. ]9
192:%)( ) (qm"a+ﬁ+pf(k+1)ap;qa)oojp<qra;qra)nik ( ) ( )
The inverse series relation of (85) is obtained in the form:
A 2 = S (C1)rgirateonyp (L= @) Sy (bms 0B wle”) g
= (qmnra—l—ﬂ—l—p—(k—i—l)ap; qa)m7p<qra; qra)mn_k(qra; qroz)k

From this the inverse series of H,g?‘,;ﬁgw[(a); (B) : 2g"|q"], Z,gvo;)w(m;ﬂq) can be de-
duced.

The p-deformed g¢-differential equations for the particular cases of the polynomial
(85), are derived with the aid of the g-difference operator 0, ,f(x) = f(z)— f(zq?) for
p > 0, and the p-deformed g-derivative (Eq.(65)) of f(z) (cf. [9, Ex.1.12, p.22] with
p = 1). The p-deformed tribasic ¢-differential equation of (86), with r{/p =h € N, w

h

is m'" root of unity and v is h*" root of unity, is derived as follows.
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Corollary 11. The polynomial y = H'*?) [(); (B) : 2q™q?] satisfies the equation:

n,m,l,p,r

h h
[<1 — *)aD, e {H TLTT((L — q*)eDyny + g Grprestpetemtiiy it )

s=1t=1v=

X((1 —=q)xDgy,p + - 1)} — zq"™ ﬁ ﬁ H 1:[

i=1j=1s=1t

c

d
H {qpa—(ﬁ+p—pna+pa(8—1))/h
=1v=1

% qp-i-((i—1)ra2—nra2)/m—5v+auwj—1Vl—t((l — q)zDyp +q —1)((1— qraQ)xqu2

+q—((i—l)ra2—n7‘oc2)/mwl—j . 1)}] y = 0. (91)

From this, the p-deformed ¢-differential equations of the p-deformed ¢-Brafman
polynomial, p-deformed ¢-Konhauser polynomial and the extended p-deformed ¢-
Laguerre polynomial can be deduced.

The generating function relation for the polynomial (85) is derived in the form:

i q’rom(n—l)/Q Sn7p71”(lﬂm7 CY7B : x|qa) m
=0 (Bg"=P" ) oo p

0o 00 (_1)mquom(n—1)/2
= 22

oize (Bgr=mmRars ) (g7 7). (92)

From this, the generating function relation of (74) and other polynomials can be
obtained.

Next, writing the inverse series (90) for all A, # 0, in the form

1 mn (_1)qura(k—1)/2<1 o qkroz+5+p—(k+1)ozp)
3 Sk,,r l,m,a,ﬁ:xqa
An ,;) (gmmretBp=(ktDop; go) (7 " )i (5 ) ( ")

=z" (93)

and multiplying both sides by 1/(¢"*; ¢"%),, and taking summation from n = 0 to oo,

one obtains
oo 1 mn (_1>qura(kfl)/2(1 _ qkroz+6+p7(k+1)o<p>

> >

= A <q7"o¢; qra)n = qmnra-l—ﬂ-l—p—(k—i—l)ap; qa)m7p<qra; qra)mn_k(qra; qroz)k
XSkpr(l,m,a, :x|q") = epa(x), (94)

where |z| < 1. Next, using the summation formula of 1¢; given by [9, Eq.(IL.5),

p.236], one finds the summation formula:

0 q(g) (CL; q)n < C>n mn (_1)kzqkra(k—1)/2<1 o qkra+ﬁ+p—(k+1)ap)
i (

Z Y — qmnraJrﬁerf(kJrl)ap; qa)oo,p(qTa; qra)mnik

MG On(@G)n \ a

1 c qa> _ (e/aig) (95)

XiSk, )T <l7m7057ﬁ -
(@) " a (€ @)oo

The reducibility of summation formulas (94) and (95) corresponding to the particular

cases may be obtained by the suitable substitutions of the parameters involved and
the sequence {\,} as stated above sections.

Taking |n/m] = N in (85) and converting it to the monic form as denoted by
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gn,pm(l,m,a,ﬁ x|q®), we get

N
Snpr(l,m,a, B x)|¢%) = Z J; 2,
=0

§; = (—1)7m gram*e(i+N)/2+ma/2=mna T R P VT R Y
J <6qlN—pnoc+p; qTOC)oo,p (qra; qra)n—mj)\N )

and o = j — N. With this §;, C (gn,w(l, m, o, f3: x\qa)) assumes the form as stated

in Definition of Companion matrix. The eigen values of this matrix will be then

precisely the zeros of S, (I,m, a, B : z|q*) (see [15, p. 39]).

Chapters 8 and 9 incorporate the p-deformation of Riordan’s classified inverse pairs
and their g-analogues. For that the inversion theorems of the preceding chapters
are used. In chapter 8, using the inversion theorems of chapters 2 and 4 and their
alternative forms, the p-deformed extended pairs of Riordan’s six classes are deduced.
In chapter 9, their basic analogues are obtained with the help of the theorems of
chapters 3, 5 and 7. In the following, certain p-deformed extended Gould’s classes,
Simpler Legendre classes and the Legendre-Chebyshev classes are tabulated in Table

1; whereas their basic analogues are tabulated in Table 2.

Table 1 : The p-deformed extension of Riordan’s inverse series

I B [n/m] Ay ) - @ _mn pymnk Boi Pk
(n) - kgo (n—mk)! ( ) ’ (TL) - g( ) (mn—k)! ( )
Ank B, i Riordan’s classes
I'p(a+lmk—mkp+p) (a+lk—kp)
Fpp(a""lmk—np-f-p) (a-‘rlmn—ip) Gould Class
T'p(a+lmn—kp+p)
I'p(a+imn—mnp+p)
(a+ln—np+p) 'y (a+lmn—kp+p)
(a—&—lmk—ﬁp—fp) Fpl()a-l—lmn—mnp—i-p) Gould class

T'p(a+lmk—mkp+p)
'y (a+Imk—np+p)

Tp(atnp+2mk—mkp+p) (a+2k+p) .
T, (a+2mk—+p) (@t2mn—mnp+p+p) Simpler Legendre
I'p(a+2mn+p)

'y (a+2mn—mnp+kp+p)

(a+2n) I'p(a+2mn+p) .
(a+2mk+np—mkp) T'p(a+2mn—mnp+kp+p) Simpler Legendre
x I'p(a+2mk+np—mkp+p)
I'p(a+2mk+p)
(a+cn) I'p(a+cmn+p)
(atemb-tnp—mkp) T, (atomn—mnp+kpTp) Legendre-Chebyshev
« I'p(a+cmk+np—mkp+p)
I'p(a+cmk+p)
'y (a+cmk+p) (a+ck)
T (@t emb—np-tmkpTp) (aFomntmnp—kp) Legendre-Chebyshev
« 'y (a+ecmn+mnp—kp+p)
T'p(a+cmn+p)
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Table 1 : Continue

Ank By i Riordan’s classes
'y (a+cmk+np—mkp+p) (a+ck+p)
T, (atcmk-+p) (@temn—mnp+iptp) Legendre-Chebyshev

T'p(a+cmn+p)
T'p(a+ecmn—mnp+kp+p)

(a+cn+p) 'y (a+cmn+mnp—kp+p)
(atombtmbkp—rpip) T, (atomntp) Legendre-Chebyshev
I'p(a+cmk+p)

X

I'p(a+ecmk—np+mkp+p)

Table 2 : p-Deformed extension of certain ¢-Riordan inverse’s pairs

n/m] Bmk(mk—1)/2 = mn+k Bk(k—2mn+1)/2
F(n) = kZ_IO q Ank G(k); G(n) = kZ_IO(—l) q B F(k)
B Ank By, 1 g-Riordan Classes
p. «@ mRK—m —
-1 (@) e I; 2. (1 — gotth=hp) g-Gold class
(¢";q) ctmbonp (¢7;9) atimnzmnp ,
1 (qp, q) a+lmn—kp—p P
e X :
(q 5 q )nfmk (q yq )mnfk
D.
1— a+In—np+p (q N Q) a+lmn—kp?
—1 ' ) CR— g-Gold class
(qP3 @) atimb—npip (@P; q) attmn—mnp
p P D P
(qp, q) a+t+lmk—mkp P 1
X 2 X—
(75 D neme (5 Dmn—rk
(¢P; Q) atnpromk—mip » (1— qa+2k+p)
p—2 > - . g-Simpler Legendre
(q 3 q) a+imk P (q 5 q) at2mn—mnp+kp+p D
1 (¢7; @) atomn
XD D) XD gD Class
(qP=2;¢P=2) (¢P=2;¢P=2)
1— a+2n (qp, q) o¢+2mm7
p—2 (p‘q—) - p 7 g-Simpler Legendre
(q 5 q) a+z2;mk P (q 3 q) a+2mn—mnp+kp P
p
(qp; Q) atnp-mkpt+2mk—p ., 1
£ ’ X Class
(q(p—Q); q(p_2))n7mk (q(p_g); q(p_Q))mnfk
(1 _ qa+cn) (qp, q) a+cmn P
p—c o — £ g-Legendre-Chebyshev
(qp;q)%j"k,p (QP5Q)wp
p 9.
(qp7 q) at+npt+cecmk—mkp—p P 1
e,
(qP=9); qP=9)) (g ) Class
(4”5 q) atemn 1 _ gotck
—-p—c p P =g g-Legendre -Chebyshev
(qp’ q) at+cmk+mkp—np D (qp’ q) a+¢;mn P
p
1 (qp, q) at+cmn+mnp—kp—p P
14
g ), | (g g ey, Class
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Table 2 : Continue

B Ak By, i g-Riordan Classes
(qu q) a+np+cmk—mkp D (1 _ qoz+ck+p)
p—c = g-Legendre-Chebyshev
(¢%; q) atemk (473 Q) azemn—mnpripip |,
p
1 (6”5 ¢) actemn |, o
g g9, @ g e
(1 _ qa+cn+p) (qp, q) at+cmn+mnp—kp P
-p—c = g-Legendre-Chebyshev
(qp7 q) at+cmk+mkp—np+p P (qp’ q) atcmn P
p 9. p 9.
(73 @) aeme |, 1
X 2 X Class
(q\e+P); q(etP)) (qUtP); q(+P)) i,
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