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2.1 Introduction

The aim of this chapter is to extend the general class {P,(m,z,v,s,c);n =
0,1,2,...} defined explicitly by

Pamnis = 30 (T ety

n —mk
k=0

(2.1.1)

due to H. W. Gould[26, Eq.5.11, p.707] in p-deformed version and obtain its
properties such as the inverse series relation, differential equation, generating
function relations, differential recurrence relations and summation formulas. This
polynomials occur as the coefficients of ¢ in a series expansion of (¢ —mat+~t™)*

as follows
(c —maxt +~4t")° = Z P,(m,x,v,s,c)t". (2.1.2)
n=0

H. W. Gould obtained its inverse series relation given by [26, Eq.5.12, p.707|

(2.1.3)

It appears from the history [51] that as long ago as in 1722, Liouville discussed a
paradox arising from the theories due to Galileo and Huygens related to isochronal
property of the cycloid curve. Liouville obtained the power series expansion of
(1~ 2q2—a?) /2

this expansion are connected with the Legendre polynomial P, (z) by the relation:

in powers of z. Nielsen[51] showed that the coefficients f,,(p, q) of

fulp,q) =i "p " P, (iq/p), i = —1.

Here, taking p = 1, and replacing = by ¢, we get the expression (1 — 2qt — ¢2)~1/2

which occurs in the potential theory corresponding to the Legendre polynomial.

In fact, in potential theory, a Newtonian potential function [33] may be written as

S
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where r = (1 — 2qt — t?)~"/2. It is noteworthy that the potential function U is

associated with Laplace’s equation [66]:

02U N 0*U N 0*U 0
oz Oy?2 022

The Humbert polynomials: II;  (x) occurred in his study(see [30-32]) of more

generalized potential problems associated with the extended Laplace equation [66]

PU  PU U U

Ox? + oy3 + 023 38x8y02 =0.

This polynomial occurs as the coefficient of the power series expansion of the
function (1—mat+t™)~" in powers of ¢ (cf. Liouville’s function (p?—2¢z—22)~1/2).

These coefficients are explicitly represented|2, p.360] by

[n/m] (mx)nfmk
- _ 2.1.4
nm(x) % Il —v—n+mk—k)(n —mk)k! ( )

which is known as the Humbert polynomial due to P. Humbert|30]. This poly-

nomial is seen to be included in the class {P,(m,x,7v,s,¢);n = 0,1,2,...} when

s = —v and ¢ = 1. Its inverse series is given by
Ln/m] k
(—max)" (—D)*(—v—n+mk)I'(—v—n+k+1)
N - E I . (2.1.5
n p (—V —n4+ k?)k?' n—mk,m('r> ( )

The other special cases of the polynomials (2.1.1) are the Kinney polynomial, the
Pincherle polynomial, the Gegenbauer polynomial and the Legendre polynomial
(see [26]). Including the polynomial (2.1.4), we regard all these polynomials to
constitute a family of (2.1.1). They are listed below along with their inverse series

relations [9)].

| /m] .
Puma) = Y . (ma)" " (2.1.6)
— I'(1-2L—n+mk—k)(n—mk)k!
=

ln/m] k(_1 1
(—max)™ (D (=L —n+mk)T (- —n+k+1)
= X (=L —n+ kp) k! Froelim ),

(2.1.7)
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[n/3) (30)-%
Pale) = ,; (L= n+2k) (n— 3k) k! (2.18)
N =
n [n/3] /1 \k _1_, 1,
(—f) _ ]; (—1)*( = _+n3i)]5 (]j e (219
) In/2] (g
CY(z) = kz_o E R —TSTY (2.1.10)
N -
(—2x)™ Ln/2) (-D)*(~v—n+2k)[(~v—n+k+1)
n! - g (—v—n+k)k! ek (),
(2.1.11)
and
[n/2] )
(—2x)n 2k
Fule) = ; T (X —n+k) (n—2k)k (2.1.12)
N -
YY) /2l e (L 1_p
( i! " ,; (—1)*( 2(_% _+n2i)kr) (/j + k) P, (2113)

We propose the extension of the polynomials P, (m,z,7,s,c) as
Definition 2.1.1. For~y, s, ce C, me N, z € R, ne NU{0} and p > 0,

Ln/m]

(s +p)
P, = s
(1, 2,7, 5,¢) ; I'y(s —np+ mkp — kp+ p)(n — mk)! k!
><,ykcs—n—i—mk—k(_7711,)n—mk7 (2_1.14)

in which the floor function |r| = floor r, represents the greatest integer < r.

We call this polynomial as the p-deformed generalized Humbert polynomi-
als. When p = 1, this coincides with the polynomial (2.1.1). The particular
polynomials belonging to this general p-polynomial provide the extension to the
polynomials (2.1.4), (2.1.6), (2.1.8), (2.1.10) and (2.1.12).

Further, one of the inversion theorems also provides us deformed Bessel function
along with its inverse series in the form of deformed Neumann expansion [62]. This

will extend the inverse pair |53]:

- —1)* T\ "2k
nle) = ;_0 k;!r(( +>1 + k) (5) (2.1.15)
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=

(g)n - it 21{33{:1"(71 th) Jntor (), (2.1.16)

k=0

wherein the inverse series is actually the Neumann’s expansion [53].

We derive the general inversion pairs in section - 2.2. On particularizing
the parameters involved suitably in the general inversion pair, we will deduce
inverse series relations of (2.1.14) and its family. Besides these, by means of
the alternative inverse pairs, we shall obtain the p-deformed Wilson polynomials
as well as the p-deformed Racah polynomials together with their inverse series
relations. Thereby, the particular polynomials namely, the polynomials of Hahn,
continuous Hahn, Dual Hahn, Meixner-Pollaczek, Krawtchouk, Jacobi and others
would also assume deformation along with their inverse series. Moreover, We
shall obtain the inversion pair which would provide the p-version of the Bessel
function (2.1.15) and its inverse series (2.1.16). This is done in section - 2.3. Next,
the differential equation of the p-deformed generalized Humbert polynomials and
its particular cases are derived in section - 2.4. The generating function relations,
recurrence relations and differential recurrence relations are derived in section - 2.5
and section - 2.6. As an application of the inverse series, the summation formulas
involving p-polynomials are derived in section - 2.7. The Companion matrix of
p-deformed monic polynomial obtained from the p-deformed generalized Humbert

polynomials(2.1.14) is derived in section - 2.8.

2.2 Inverse series relations

Let {f(n);n=0,1,2,...} and {g(n);n =0,1,2,...} be two sequences such
that

F) = ani g(k); g(n)=>>_ Bux f(k). (2.2.1)

If ., and 3., are non zero for all » = 0,1,2,...,n, then these two series are said
to form a pair of inverse series relations. In fact, the coefficient «,, and 3, , are
the diagonal elements of the matrices corresponding to these series; and if they are
all non zero then their inverses do exist (which are unique !); thus providing the

inverse series of those stated in (2.2.1). This eventually leads us to the identity:

n
E Qn k Bk,j = 571’
k=j
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involving the Kronecker ¢,;. A number of particular and general inverse series
pairs of this form occur in the literature [4, 37, 60, 65]. Now replace ay,; by
A(n, k; —b) and B, by B(n,k;—b) and consider the series

N N
fla) =) Ala,bik) gla+bk); g(a)=> Blab;k) f(a+ k).

k=0 k=0
Here, if a is a non negative integer n and b is a negative integer —m, then a+ bk =
n —mk. In order that n —mk > 0,k will not exceed (the floor function) |[n/m],
representing the greatest integer part of n/m. Hence N = |n/m].
If a is a non negative integer n and b is a positive integer m, then a+bk = n+mk >
0 always and in this case, N = oo.
We prove here a general inversion pair (GIP) involving the p-generalized gamma
function: I',(2) and the Pochhammer p-symbol (z),, due to Diaz at el. [17]. The
GIP will now onward be referred to as p-deformed GIP or simply GIP.
As main results, the p-deformed GIP:

,.)/k

Tt a—ar—brk—kpyi @0k (2.2.2)

(=) (o — ar — brk)l, (o — ar + kp)
k!

M= 1M

u(a+bk),  (2.2.3)

b
Il

0

will be proved here by choosing a to be a non negative integer n, b to be (i) negative
integer —m in Theorem - 2.2.1 and (ii) positive integer in Theorem - 2.2.2. In case
(i), N = [n/m] whereas in (ii) NV = oco. These theorems will be proved with the

aid of series orthogonality relation of the form

2 () =)

for appropriate ((r, s). For that we need the following particular inverse pair which

we prove as

Lemma 2.2.1. For p > 0, and o, r arbitrary,

fG) = Z(—l)k (‘Z}) I'y(a —nr+mrk — kp+ jp) g(k) (2.2.4)
PN k='0
NS B J (a —nr 4+ mrk)
900) = (=1 (k) Lp(p+a—nr+ j(mr—p)+ kp) fk). (2.2.5)

k=0
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Proof. We observe that the diagonal elements of the coefficient matrix of first series
are (—1)" I'y(a — nr + mri) and the diagonal elements of the coefficient matrix of
second series are (—1)"/T',(av — nr + mri) which are all non zero, implying that
these matrices have unique inverse. Hence, it suffice to prove that one of these
series implies the other. We shall show that (2.2.5) implies (2.2.4).

We denote the right hand side of (2.2.4) by ®(j) and then substitute for g(k) from
(2.2.5) to get

d(j) = Z(—l)k <i) Ip(a—nr+mrk — kp+ jp)

i (K (v — nr + mri) ,
XZ(_l) (z) Lp(p+ a—nr+ k(mr — p) +ip) 7).

3 '_ Alk,j) = Z > Ak, j— k), (2.2.6)
we further have
. J j"'_ N k+i
o) = 2w (1) ()
y (a —nr+mri) Ty(a —nr +mr(k +1i) — (k+14)p+ jp) £0)
| FAp—i—a—nr—l—(/ﬁﬂ-i)(mr—p)—i—ip)
=X Z)f(z’)(a—nr+mri)2(—l)k<j;i)
XFp(a—nr—i-mr(k:—i-i)—(k’+i)p+jp)
Fp(p+a—nr+(k+i)(mr—p).—F‘ip)
= | (o —nr +mri 5" _pr(
= +Z(> + );( 1)(k)
><Fp( a—nr+mr(k+1i) — (k+1i)p+ jp) (2.2.7)

Lp(p+a—nr+ (k+i)(mr —p)+ip)

Here, the ratio of two p-gamma functions represents a polynomial of degree j—i—1
in k, that is
Ip(a—nr+mr(k+1i) — (k+149)p+ jp) JilC/{l
I'y(p+a—nr+ (k+1i)(mr —p)+ip) :
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say, hence from (2.2.7), we have

1

(—1)’“(j R Z) 32 C K.

j=1 . J—i
. . J . .
o) = £6)+ X (1) e = ar -+ mri

i=0 k=0

Since the inner summations on the right hand side are nothing but the (j — )%

difference of polynomial of degree j—i—1, it follows from (1.3.14) that ®(j) = f(5).

This completes the proof of (2.2.4)<(2.2.5). O

Next, we proceed to prove theorems as follow

Theorem 2.2.1. Ifa=n € NU{0} and b= —m, m € N, then n* = |[n/m|, and
there hold the series relations

n* k
Y

un) = —~ Ty(p+a—nr+mrk —kp)k! v(n —mk) (2.2.8)
@ *
o(n) = (=) — nr + mrk)y(a — nr + kp) w(n —mk). (2.2.9)

k!

k=0

Proof. We first show that (2.2.8)=-(2.2.9). For that we denote the right hand side
of (2.2.9) by ¥(n), that is

w(w = Yo sl 2 D) g, g,

k=0
and then substitute for u(n — mk) from (2.2.8) and use the double series relation

(2.2.6) to get

(o = nr +mrk)Ly(a — nr + kp)
k!

¥(n) = ) (="

n*—k

XZ v v(n —mk + mj)
prt J Tp(p+ a —nr+mrk +mrj — jp)

n*

j .

. Z —nr +mrk)ly(a — nr + kp)

— - -1 k(J (O[ nr p )
j!v<n mj) (=1) (k) Lp(p+a—nr+mrj—jp+ kp)

j=0 k=0
(2.2.10)

Now in Lemma - 2.2.1, put g(k) = (2), then we find that f(j) = IT')(a — nr+ jp)

from the first series (2.2.4); whereas the second series (2.2.5) yields the series
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orthogonality relation:

Ej:(—l)k(j) (o —nr + mrk)Ty(a — nr + kp) _ (0)
P k)Ty,(p+a—nr+mrj— jp+kp) i)

Thus we obtain from (2.2.10)

as desired.
Now for the converse part, denoting the right hand side of (2.2.8) by Q(n) and
substituting the series for v(n —mk) from (2.2.9), we get

n* n*—k

On) - ZP( y* Z )(a—nr.—l—mrk—i—mrj)

P p+a—nr+mrk — kp) k! !
xI'p(ov — nr +mrk + jp) (n—mk—mj).

Again using the double series relation (2.2.6), this gives

Qn) — Z(_,y)j (oz—n;!+mj) u(n — mj)

xig (> e
- +Z POt ) o= Y- ()

Fp(a —nr +mrk + jp — kp)
Lpy(p+a—nr+mrk —kp)

But

Iy(a —nr +mrk + jp — kp) ZA ki
I'y(p+ a—nr+mrk — kp)

for appropriate coefficients A;, hence

k=0 i

Here the inner most two summations represent the j** difference of the polynomial
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of degree j — 1 which in view of (1.3.14), leads us to Q(n) = u(n).
Thus, (2.2.8)<(2.2.9). O

Theorem 2.2.2. If {u(x)} and {v(x)} are bounded sequences, a =n € NU {0}
and b € N, then N = oo and there hold the series relations

k

g
bk 2.2.11
Iy(p+a—nr—brk — kp)k! v(n + k) ( )

(=) k(e — nr — brk)Tp(a — nr + kp)

k! u(n + bk). (2.2.12)

Me 1M

=
Il

0

Proof. We first show that (2.2.11)=-(2.2.12). Following the method of proof of
Theorem - 2.2.1, we begin with

(—y)*(a — nr — brk)l, (o — nr + kp)
k!

(—=y)¥(a — nr — brk)l, (o — nr + kp)
k!

[1]

NE

(a) = u(n + bk)

B
I
o

I
WE

B
Il
o

= v v(n + bk + by)
XZj'F (p+a—nr—>brk—0brj—jp)

Here, applying the double series relation

[e’e} 0 oo J
k=0 j=0 j=0 k=0

this becomes

[I]

(2.2.13)

va n + bj) J( 1)k<j> (a —nr —brk)Ty(a — nr + kp)

p- k)T,(p+a—nr—>brj—jp+kp)

We now put g(k) = (}) in (2.2.4), to get f(j) = I,(e — nr + jp) back and the

same substitutions in (2.2.5) yields

zj:(—l)’“ (2) (o —nr — brk)l“p(a.— nr+ kp) (O) (2.2.14)

P Iy(p+a—nr—brj—jp+ kp) J

On applying (2.2.14) in (2.2.13), we find
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For the converse part, we begin with

% k
v
O(n) = v(n + bk
(n) ;Fp@—i-a—nr—brk—kp)k! ( )
B f: o Z v (o — nr — brk — bjr)
N “ Fp(p+0z—nr—brk: kpk:' j!

X

Fp(a—nr—brk—l—]p) (n~|—bk‘+b])
_ i( 1)y (a — nr — bjr)

4!

. zj:(—l)k (]) (o —nr — brk + jp — kp)

Ly(p+ o —nr—brk — kp)

u(n + bj)

VIS S e

J!

4 N\ [p(a —nr — brk + jp — kp)
k()22 .
XZ( ) (k‘) Ly(p+ o —nr —brk — kp)

u(n + b7)

As in the earlier proof, here also the ratio of two p-gamma functions in the last

expression represents a polynomial of degree j — 1 in £, that is

T (v —nr —
p(a —nr —brk + jp — kp) ZB K
Ipy(p+a—nr—brk—kp)
say, then
o B i Vja—nr—bjr bi / 1) 7 jilBki
(n) = +Z u(n+bj) p_(=1)" () 2_B:
Jj= k=0 =0
= u(n)+0
= u(n)
in view of (1.3.14). Thus (2.2.11)<(2.2.12). O

2.3 Particular cases

Here, we derived inverse series relation of a general class of polynomial
(2.1.14) with its particular cases, the p-deformed version of the Wilson polyno-
mials and the p-deformed version of the Racah polynomials along their inverse
series with the help of Theorem - 2.2.1 and the p-deformed version of the Bessel

function along with its inverse series with the help of Theorem - 2.2.2. Further,
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we obtained the p-deformed Continuous dual Hahn polynomial, the p-deformed
continuous Hahn polynomial, the p-deformed Jacobi polynomial, the p-deformed
Laguerre polynomial and the p-deformed Hahn polynomial as a particular cases
of the p-deformed Wilson polynomials and the p-deformed Racah polynomial with
their inverse series relation. Now, the replacement of v(n) by v(n)I',(a — nr + p)

in Theorem - 2.2.1 produces the inverse pair

[n/m]|

I'p(o — nr +mrk + p)
_ — mk

u(n) Z 7 p+a—m‘+m7‘k kp)k! v(n = mk)
=

[n/m]

a—nr+mrk)l,(a—nr+ kp
Lyl —nr+pu(n) = Z(‘W)M )/€|p< )u(n—mk)
k=0 '

ln/m]
(o —nr+mrk +p)
= g — mk 2.3.1
u(n) g K Ip(p+a—nr+mrk — k’p)k:' v — mk) (2:3.1)
=
ln/m]
(o —nr +mrk)Cy(a — nr + kp + p)
= — —mk).(2.3.2
v(n) ; (=7) (o —nr + kp)L'y(o — nr + p)k! u(n —mk).( )

Next, the substitution v(n) = (—m)"I',(s + p)/((c)"*T'y(s — np + p)nl)z", o =
s, r = p and replacing v by /¢ in (2.3.1) and (2.3.2) provide us the p-deformed

generalized Humbert polynomials (2.1.14) and its inverse series:

n Ln/m]

(mma)" o _ S (e ks (s — np + mkp)Uy(s —np + kp + p)
n! P (s —np+ kp)L'y(s + p)k!
X Pk p(m, 2,7, 8, €). (2.3.3)

The substitutions v = 1, ¢ = 1 and s = —v in (2.1.14) and (2.3.3) yield the

inverse pair of the p-deformed Humbert polynomials:

ln/m]

mp(@) = Z (Emep ™ (2.3.4)
nm,p N —~ Tp(p—v —np+ (m—1)kp)(n — mk)k! 3.
&
[n/m]
(zma)" g (—v —np + mkp)

(2.3.5)
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For p = 1, this coincides with (2.1.4) and its inverse series (2.1.5). In fact, this
polynomial constitutes the class {II; . (z);n =0,1,2,...} of polynomials which
include several well known polynomials as well as not so well known polynomials.
Some worth mentioning particular polynomials are deduced below. If we substitute
v = 1/m in (2.3.4) and (2.3.5), then we get the inverse pair of the p-deformed

Kinney polynomial as follows.

[n/m| (_mx)nfmk
P -
(11, ) ’; T(p — 1jm —np + mkp — kp)(n — mk)k]
=

[n/m]

(—ma)" w (—1/m —np + mkp)

_ -1 Iyp—1/m — k
n! kz:% (=1) (=1/m — np + kp)k! op = 1/m = np -+ hp)

X Pk p(m, x).

For m = 3 and v = 1/2, the series (2.3.4) and (2.3.5) would reduce to the p-

deformed Pincherle polynomial along with its inverse series relation in the form:

(/3] (—30)n-
Pup(z) = g T, (p— 1/2 — np + 2kp)(n — 3k)1k! (235)
=
(/3]
(=3z)" ok (—1/2 —np + 3kp) B B
T R e T2 R P ()

(2.3.7)

The p-deformed Gegenbauer polynomial and its inverse are the special cases m = 2
of (2.3.4) and (2.3.5) which occur in the form:

[n/2] (_2x)n—2k
o _ 2.3.8
ns(2) ch:O Lp(p — v —np+ kp)(n — 2k)k! ( )
~
[n/2]
(—2x)" k (= —np + 2kp) v

(2.3.9)

Further, if v = 1/2 then (2.3.8) and (2.3.9) get reduced to the p-deformed Legendre

polynomial and its inverse series relation occur in the form:

ln/2] (_Qx)n—%
P, = 2.3.10
»() kz:; Lp(p—1/2 —np+ kp)(n — 2k)k! ( )

=
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W o2
(<22)" S (1 CLZZmp 260 p 179 i 4 k) Py ().

p (=1/2 —np + kp)k!"*

(2.3.11)

All these polynomials reduce to their classical forms together with their inverse
series for p = 1 |26, p.697|. Recently, the p-Bessel function was introduced [57,
Eq. (3.1)]:

> (—1)k x\ n+2k
Fual@) =3 T,(p+ np + kp)k! (5) ' (2.3.12)

[t is interesting to note that the set of substitutions v(n) = (z/2)", a = n, b =
2, v=—1, r=—pand a = 0 in series (2.2.11) of Theorem - 2.2.2 leads us to the
deformed Bessel function (2.3.12) with u(n) = J,,(z). The series (2.2.12) then

yields the p-deformed Neumann’s expansion:

({)" N i (np + 2pk)T,(np + kp)

5) = I ok p(Z) (2.3.13)

k=0

as its inverse series. The usual Neumann’s expansion occurs if p = 1 [53, Ex.22,
p. 122].

The classical orthogonal polynomials such as the Laguerre polynomial, Her-
mite polynomial, Legendre polynomial, Jacobi polynomial etc. are possessing
the hypergeometric function forms ,F,[+] in which p = 1,2 and ¢ = 0,1. The
Hahn polynomial possesses 3Fb[1] form. We consider the ,Fj5[%| function forms
polynomials; they are the Wilson polynomials [34, Eq.(1.1.1), p.23] (also [5], [69])

W(a:Q'abcd) = (a+b)n(a+c)pla+d),
a+b+c+d+n—1) (a+ix)(a —iz)g
8 Z (a+ )@+ o)ula+ d)pk!

(2.3.14)

and the Racah polynomials (also referred to as Racah coefficients or 6-j symbols)
[34, Eq.(1.2.1), p.25] (also [5], [19, Eq.(7.2.16), p.165])

Rn( (x+c+d+1) a,b,c,d)

n

Z k(a+b+n+1)k(z+c+d+ 1)p(—2)
= (1+a)p(b+d+ 1)k(c+ 1),k!

(2.3.15)

These polynomials encompass besides the Hermite, Laguerre and Jacobi poly-

nomials, several other polynomials such as the polynomials of Hahn, dual Hahn,
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continuous Hahn, continuous dual Hahn, Meixner-Pollaczek, Meixner, Krawtchouk

and Charlier. The inverse series of these polynomials are given by [9]

(a+iz),(a —ix), B Z": (—n)p(a+b+c+d+2k—1)
(@+dulat+clat+d, = (atbtctd+k—1)nn
Wi(2?;a,b,c,d)
“a+ 0)la+ Oula+ )y k! (2:3.16)
and
(xt+etdt Da(-2)n  _ i(—n)k (a+b+2k+1)

(a+1),(b+d+1)(c+ 1), (a+b+k+1),1k!

XRy (x(x+c+d+1);a,b,e,d). (2.3.17)
Here, we extend (2.3.14) and (2.3.15) in the forms:
Wnp(xz' a,b,c,d) = (a+b)yp(a+c)ppla+d)n,

XZ a+b+c+d~|—np P)epla+ix),(a —
(@+b)kpla+ c)ppla+ d)g k!

)iy (2.3.18)

and

Rnp( (x+c—i—d+p) a,b,c,d)

" a+b+np—|—p)kp(x+c+d+p)kp( L)

2.3.19
(P + a)kp(d+d+p)ep(c+ prpk! ( )

k=0

where p > 0, € R and a, b, ¢, d € C in general. We call (2.3.18) as the
p-deformed Wilson polynomials and (2.3.19) as the p-deformed Racah polynomi-
als. It is readily seen that (2.3.18) and (2.3.19) reduce to (2.3.14) and (2.3.15)
respectively, if p = 1. For obtaining inverse series relation of these polynomials,
we proceed as follows. First replacing ataking r = 2p, v =1, a = n € N and
b= —1, then N =n in Theorem - 2.2.1 and then reversing the series, we find the
pair:

u(n) = ! o(k)

—~Ty(p+a—np—kp)(n—k)

3

_ N (D" = 2kp)Uy(p+a —np—kp)
vin) = (a —np — kp)(n — k)! ().

£
Il
o
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Replacing u(n) by w(n)/I'y(p+ «) and v(n) by (—1)"v(n) and using Pochhammer
p-symbol, we find

¢ o
uln) = — (p+ &) (nnyp(n — k)! (k)
<~
n n—k
(-1)”’0(71) (_1) (Oé - 2kp> (p + a)—(n+k),l7 U(k’)

— (o —nmp —kp)(n — k)!

Here we employ the formula (1.3.6) with z = p+ a, n = 0 and replace k by n+ k

to get
_ - (_1) (_a)n—l—k,p
U(TL) - prd (n . k))' (k>
o =
v(n) _ (_1) (a - ka) u(k)

(@ =np = kp)(=)nirp(n — k)!

Now, replacing w(n) by (—1)"u(n) and rewriting the second series in slightly

different, form, it becomes

£
—~
S
~—
|
0N
S
~—
3
+
>
3
—~
5
~—

N (D) kp — o)
v(n) = Bl u(k).

b

Finally, using the formula (1.3.8) with z = —«, m = n and then replacing n by

k, this pair get transformed to the form:

u(n) = (=ny Z(—n)k(—a +np)i,p v(k) (2.3.20)

n!
k=0

_ 1 — (—n)x(2kp — @) "
) = e Car s M) (2.3.21)

The inverse series of (2.3.18) and (2.3.19) are now obtainable by comparing them
with the series (2.3.20). In fact, the substitutions &« = —a — b — ¢ — d + p and

v(n) = (=1)"(a + ix)np(a = ix)np/((@ + b)np(a + C)npla+ d)nyp nl),
implies

u(n) = Wn,p(xz; a,b,c,d)(a+b+c+d—p)ny/((a+b)npla+ c)npla+d),, nl),
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consequently, from the inverse series (2.3.21), we find

(a4 ix)pp(a —ix)n, _ i (—n)k(a+ b+ c+d+2kp — p)
(a4 b)npla+c)ppla+d)n, (a+b+c+d+kp—phtip
y Wi.p(2% a,b, ¢, d)
(@a+b)pla+c)ppla+d)y, k!

k=0

(2.3.22)

Likewise, the inverse series of (2.3.19) occurs by putting « = —a — b — p,
v(n) = (=1)"(@+c+d+pap(—=)np/(p+ @)npb+ d + p)uplc+ p)up nh),

and
u(n) = Ryp(x(zr+c+d+p);a,bed)(a+b+p),/ nl

in (2.3.21). It is given by

n

(I+C+d+p)n,p(_x)n,p _ Z (_”)k (a—i—b—i—?k‘p—i—p)
(@+D)npb+d+Dp)nplc+ Py =0 (a+b+kp+p)usiph!

X Ryp (z(x + c+d+p);a,bc.d).
(2.3.23)

Next, p-Deformed Continuous dual Hahn polynomial defined by S, ,(2?;a,b,c) is
obtained from (2.3.18) by dividing by (a + d),, and then taking d — co. That is,

2.
Snp(:}jQ; a, ba C) = lim Wn,p(.ﬂC 1 4, b7 ¢, d)
B d—o00 (G —+ d)mp

= (a + b)n,p(a + C)n,p Zn: (_n>k(a i Z'x)k’p(a - ix)k’p

— (a+D)iplat c)rph!
« lim (a+b+c+d+np—pyp
d=o0 (a+d)k,
= (@t Buplat ey 3 T D0~ i)y
- n,p n,p

~ (a+D)rplat c)rph!

(2.3.24)

Now, returning to the pair (2.2.2) and (2.2.3) and substituting br = —p and a = n,

then we get
v
u(n) = ’;k! Fla D) v(n + bk)
=
N =)k (a @
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Here replacing u(n) by u(n)/I',(a+p) and putting v = 1, b = —1 then it becomes

= Z% v(in—k) < v(n) = Z (_kl') u(n — k).

k=0

If we reverse these series, then we get

um) =Y (; o) & vim) = S E . (2.3.25)

From this inverse pair we get the inverse series of the polynomial (2.3.24) by

choosing

v(n) = (=1)"(a+ix)np(a = i2)n,/((@ + b)npla + c)npnt)
then
u(n) = Sn,p(x2§ a,b,c)/((a+b)npla+ c)npnt),

and consequently, we find the inverse series:

(@t ithpla= D)y _ <~ (=nh )
(a+b)ppla+c)ny ; (a+b)kﬁp<a+0)k,pk!5k’p<x ;a,b,c) u(k).

The p-deformed continuous Hahn polynomials is obtained from (2.3.18) by dividing
(—2t)™n! and replacing a by a —it, b by b — it, ¢ by ¢ +it, d by d+it, x by x +t
and then taking the limit £ — oo, we have

pn7p($; a, ba ¢, d)
Wop((z +1)% a —it,b—it,c+it,d + it)

= (—2t)mn!
_ lim (@a+b—2it),,(a+ c)npla+d)ny
t—o00 (—2t)"n!
XZ a—l—b—l—c—l—d—l—np Pepla+ix),p(a — iz — 2it)g,
(l +b— 2zt)k,p(a + c)km(a + d)kypk"
= (a + C)n,p(a + d)np

n o k o .
y Z (—D)*(a+b+c+d+np—ppla+iz)g, (2.3.26)
k=0

((1, + c)k,p(a + d)km(n — k)'k"

Next, the choice u(n) = p,p(z;a,b,¢,d)(a+b+c+d—p)ny/((a+C)npla+d)ny),
corresponding to the substitutions v(n) = (a + i),/ ((a + ¢)np(a + d)npn!) and
—a =a+b+c+d—pin (2.3.20) and (2.3.21) respectively, leads us to the
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polynomial (2.3.26) and its inverse series:

(@4 1i%)ny B
(a+c)ppla+d)n, n!
a (=1)*(a+b+c+d+2kp—p)

: xr;a,b,c d).
“(a+b+ctdtkp—priiplat rplat dry(n—Fk)! Prep( )

The p-deformed Jacobi polynomials can be found from (2.3.18) by multiplying
1/t2”n! the substituting a = b = 3(a+1), ¢ = 3(B+1)+it, d = 3(+1)—it, = —
ty/3(1 — z) and taking ¢ — oo. That is,

Wop(3(1—2)t% 2 (a+ 1), 3(a+1),2(B+1) +it, 2(B+1) —it)

.3 _ .
Pn,p (:C) - tligl; (t)Q”n'
(@+Dnp (3(a+B8+2)+it) (3(a+p+2)—it)
= lim P P
t—00 t2npl
n (= (Mot )+t /31 -0)  (Ha+)-ity/30-0)
X : k.p : ' k.p
0 (Oé + 1)k,p (5(0& + 6 + 2) + Zt)k,p (5(0& + 6 + 2) — Zt)k,pk!
x(a+5+2+np—p)k7p}
(@ + Dy = (—n)i(@+ B+2+np—pliy (1 -2\
— , : . 2.3.27

k=0

This reduces to the classical Jacobi polynomial [53, eq(1), page 254], when p = 1.
The inverse series is subject to the choice v(n) = (1 —x)"/(2"(1 4+ ), pn!) and «
is replaced by —a— 8 — 2 + p in (2.3.20) and (2.3.21). With these changes, we

find the polynomial (2.3.27) and its inverse series

1—az\" ~  (—n)i(a+B+2+2kp—p) o
— (14+a), P8 ().
( 2 ) (14 enp ,; (+B+2+kp = plasipla+ i, ™ )

The p-deformed Laguerre polynomial, defined in [57] can be obtained from the
p-deformed Jacobi polynomial (2.3.27) by letting © — 1 — 2z//3 and then making
B — oo. That is,

o o 2z
) = gy (1-%)
~ lim (a4 1)y zn: (=)l +B+2+np—plyp (= ¥
B—o0 n! (Oé + 1)]%0/4)' ﬂ

k=0
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_ - (=1)* K
- (0‘“)”’?; (a+ Dipln —R)R "

Its inverse series

(a—l—l ; oz—i—lk ’(C ()

follows from the second series in (2.3.25) with v(n) = (=1)"2"/((a + 1), ,n!).
The p-deformed Hahn polynomial is obtained from the p-deformed Racah

polynomials (2.3.19) by substituting ¢+ p = —N and taking d — co. Thus,

Qnp(z;a,b,N) = lim R,, (z(x+d— N);a,b,—N —p,d)

d—o0
_ o S @t b+ mp 4 plegp(@ +d = Nip(—2)y
= 1um

d—o0 — (p—}-a)k’p(b—i—d—i—p)k7p(—N)k7pk!

n

- (=)x(@+b+np+plp(—2)ryp
= 2 (P + @)p(—N)kpk! 7

k=0

where n = 0,1,2,...,N. When —a = a+b+p, v(n) = (—2)k,/((p +
a)gp(—N)ipk!) then u(n) = Q,p(x;a,b, N)(a+ b+ p),,/n! in (2.3.20) and hence
from (2.3.21), we obtain

(=%)na _ N~ (ne(a+0+ 2kp +p)
P+ a)np(—N)pp ~ (a+b+kp+p)asipk!

Qrp(z;a,b,N).

Similarly one can obtained p-deformed Hermite polynomial, p-deformed Meixner
- Pollaczek polynomial, p-deformed Meixner polynomial, p-deformed Krawtchouk
polynomial and p-deformed Charlier polynomial with their inverse series relation

from (2.3.14) and (2.3.18) by assigning suitable value of parameters.

2.4 Differential equation of certain p-polynomials
In this section, we derive the differential equation of the p-deformed gen-

eralized Humbert polynomial. It was shown by Costa and Levine [7] that the

homogeneous differential equation:

(1 —2My™ + Ay 2V Ty 4 Ay 2N 2y N g Ay + Agy = 0,
(2.4.1)

has a finite polynomial solutions if and only if 0 < r < N, Vr, and 9 n > 0 such
that n mod N = r, where n is a root of the recurrence relation and y¥) is a j*

derivative of y with respect to x for 1 < 7 < N.
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Let the sequence (f.)"_, be given by f. = f(r), where

0~ e (_s+rp+(n;br)p)mlyp.

We shall use the forward difference operator: A and the shift operator: E which

are defined by

Aft = ft-‘rl - ft7 Ekft = ft—l—k'

The relation between A and E is given by A = E — 1, where 1 is the identity
operator defined by 1f = f. Now, the explicit representation of (2.1.14) is given
by

Ln/m| k .s—n+mk—k(__ n—mk
P,y,(m,z,v,s8,¢) = e (=mz) ) (2.4.2)
—0 (p + S)_n+mk_k7p(n — mk:)' k!
In view of the formula:
(_1)n—mk+k
(p + S)—n mk—k,p — (p + S), n—mk+k),p — 5
N P ( I (p —pP— S)n—mk-i-k,p
the polynomial (2.4.2) changes to
s—n+mk—k\__°2)n—mk+k, n—m
Poy(m,z,7,5,¢) = Y (=1)fyFesmmimh k(nTk)!/;; (ma)"™"*. (2.4.3)
k=0

We obtain the differential equation for this polynomial in

Theorem 2.4.1. Let s € C, p > 0 and m € N. Then the polynomials y =
P, (m,z,v,s,c) are a particular solution of the m!" order differential equation in
the form

ey 13 gty = o, (2.4.4)
r=0

mm—l Ar fO

where a, =
r!

Proof. Let n = ml + g, where [n/m] =1 and 0 < ¢ <m — 1. Now, r'" derivative
of (2.4.3) is given by
L(n—r)/m|

Z (_1)kfykcs—n—&-mk—k(_8)nimk+k’pmn—mkxn—mk—r
(n—mk—r)! k! '

DTP?%p(ma ZB, 7a 87 C) =
k=0
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Hence,

L(n—=r)/m|

2" D" P, ,(m,x,7,s,c) = Z
k=0

(_1)k,ykcs—n+mk—k(_S)n_mk+k7p(mx)n—mk
(n—mk—r)! k!

(2.4.5)

If r is replaced by m then the from the first expression of 7" derivative, we

immediately get

L(n—m)/m] kk s—ntmk—k n—mk ,.n—mk—m
(—1)yke (= S)amessgm™ "
DmPTL ) ) ) ) = ,
2(m, 2,7, 8, ¢) kZ:O (n —mk —m)! k!
-1 —n+mk— m n—mk—m
_ Z (_1)k,ykcs +mk k(_s)n—mk—i-k,pm (m:r) k
P (n —mk —m)! k! 7
(2.4.6)
where
Ln — TJ l, if r S q
m I-1, ifr>q

Now substituting the expression (2.4.5) and (2.4.6) on the left hand side of the
differential equation (2.4.4) and comparing the corresponding coefficients, we find
that

m
<n — mk:) | M k(=) n—mktktm—1p
E rla, =
-

—0 (_S)n—mk—l-k,p
= m"k(—s+np—mkp+kp)m-_1p, (2.4.7)

where £ =0,1,2,...,l— 1, and
I n—mi
Z ( )r!ar = m"l(=s+np—mip+1p)m—_1,.
r
r=0
Since n = ml + ¢ = n — ml = ¢, we have
~ (g n—gq
Z < >r!ar = m™ n—q) <—s +qp + (—) p) . (24.8)
r=0 r m m_l?p

mflAr
Now substituting a, = m—lfo in (2.4.8), we get
7l

g (g) A'fo = (n—gq) (—8 +qp + (%) p> I
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that is,
q n—4q
(L+2)"o = (n—q)(—s+ap+|—)p . (2.4.9)
m_lyp
But 14+ A = E, the shift operator, hence (2.4.9) becomes

Elfo = [l = (n—q <_S v (%) p) mlp

For k=0,1,2,...,1—1, (2.4.7) can be written in the form

= — mk
Z <n m )Arfo = fo-mk = mk(—s+np—mkp+kp)m-1,. (2.4.10)

r
r=0

Since t — f(t) is a polynomial of degree m, the equality (2.4.10) is a forward

difference formula for f at the point ¢t = n — mk. Thus, the proof is completed for

mm™ AT fy om™mt np — ms
a, = ' = A"ln|—— :
r! 7! m m—lp

the choice

]

We now illustrate the special instances of the differential equation (2.4.4).
In particular, the equation of the Pincherle polynomial, Gegenbauer polynomial

and thereby the Legendre polynomial. We choose r = 0,1,2 and 3, to get

ag = m™ A fo=m"n <M) , (2.4.11)
m m—1,p

a = m" T Afy=m"HE - 1)f(0) =m™ 7 (f(1) - f(0))

-1 _
— mm—l (n—l) ((n )p+m( 8+p))
m m—1,p
“n (M> (2.4.12)
m m—1,p
m—lAQ m—1 m—1
a = M Ao Mg e ™ p2 9B 1) £(0)
2! 2l 9]
mm—l

m

_omm! [(n _y) ((n — 2)p +m(=s + QP))W_M,
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(2.4.13)
and s »
o = TP ST [3) - 3(7(2) + 37(01) — £(0)]
mm1 (n—3)p+m(—s+ 3p)
T (n—3) ( L - P )mm
_3(n_2> ((n_Q)p+WTZL(_S+2p)> ) _|_3<n_1)

(s tmny (e ] 210

Now choosing m = 3 in (2.4.11), (2.4.12), (2.4.13) and (2.4.14), we obtain

-3
ap = 3’n (np 3 5) =n(np — 3s)(np — 3(s — p)), (2.4.15)
2,p
-1 3(— -3
3 2p 3 2,p

= 3np(np — 2s +p) — (3s — 2p)(3s — 5p), (2.4.16)
as = 12ps — 18p?, (2.4.17)
az = —4p°. (2.4.18)
Further putting m = 3, vy =1, ¢ = 1 and s = —\ in the differential equation

(2.4.4), then from the particular values (2.4.15), (2.4.16), (2.4.17) and (2.4.18),
we arrive at the differential equation of p-deformed Pincherle polynomial. In fact,

from the general form:
3
y(g) + Z arxry(r) et 07
r=0

that is,
(14 as2®)y® + agy + arzy™ + a2’y = 0,

we obtain the equation:

(1 —4p*2®) y® — 6 (2pA + 3p*) 22y® + [Bnp(np + 2A + p) — (3 + 2p)(3X + 5p)] ay™
+ [n(np + 3X)(np+ 3(A +p))]y = 0.

Here the choice p = 1 yields the differential equation of the Pincherle polynomial
due to Pierre Humbert 30, p.23].
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Next, for obtaining the equation for the p-deformed Gegenbauer polynomial, we

put m=2~v=1,c=1and s = —v in (2.4.4) to get

2
2+ Z a,x"y") =
r=0

or equivalently,

(14 apz®)y" + arxy’ + agy = 0.

Now from (2.4.11), (2.4.12) and (2.4.13), we have

ag = n(np—Qs

(11:2

o =
With these ag, a; and as, the above equation takes the precise form given by
(1 —pa®)y" +n(np +2v)y — (2v + p)ay’ =0,

where y = Cy () given by (2.3.8). When p = 1, this reduces to the differential
equation of the Gegenbauer polynomial [53, Eq.(1.4), p.279]. The well known

special case v = 1/2 of this equation corresponds to the differential equation:
(1 —pa®)P) (z) — (1 + p)aP, (z) +n(np + 1)P, () =0

of p-deformed Legendre polynomial (2.3.10). Here also, for p = 1, this reduces to
the differential equation of Legendre polynomial P,(z) (cf. [53, Eq.(5), p.161]).

2.5 Generating function relations

Objective of this section is to derive generating function relation or GFRs
of the p-deformed generalized Humbert polynomials(2.1.14). This will be accom-
plished with the help of the p-deformed version of the identity:

(I+2)2 KN fa+bn+n) ,
1—2b nZ:% n e

where a, b € C and w = z(1 + 2)7°! due to G. Pélya at el [52, Ex. 212 and Ex.
216, p. 146],
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Theorem 2.5.1. Forp >0, a,b € C and w = ﬁ
(1 + z)/r+l if(a—i—bnp—i—np—l—p) o (2.5.1)
1—2b = I'y(a+ bnp + p)n! s

Proof. Here we use a technique of Lagrange’s series|62, Eq.(3), p.354] due to

Lagrange.
f = w" d
Y pr n D=2
] _wg -2 (9() ey D=
where w = —— 0,
9(2)
In order to derive (2.5.1), take 2o = 0, f(2) = (1 + 2)%? and g(z) = (1 + 2)"*! =
2
(14 2)bH!
fle) (1+2)"”
1—wg'(z)  1—wb+1)(1+z)P
B (1+ z)/P
= Z
l— ——— 1)(1 b
a +z)b+1(b+ Y1+ 2)
B (1+ z)a/P
= 3
11— b+1
(1+ z)( )
1+ z)e/pHl
B 1—2b
- w" n n - C w" n L +bn+n
> DRI ey = 3T DY [ 25

= Zw a—i—bn—l—n g—i—bn—l—n—l
— nl \p p
a
( —i—bn—l—n—n—l—l)
w"

o 7 (a+ bnp +np) (a+ bnp + np — p)

- (a+bnp +np —np+p)

X -
= 3= Wi )( a —bnp —np)yp

p" n!

> w(=1)"
= Zi—')(p—a—bnp—p—np)n,p
— p"nl
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,wn

(a +bnp + D)nyp

M8 HME%

p
Lplatbap+np+p) _,
I'y(a+ bnp + p)n!

Il
o

n

This completes the proof. (2.5.1) provides p-version of a result given by G. Pélya
at el [52, p. 146, Ex. 216 and Ex. 212|(cf. with p = 1). O

We define a function

[n/m]
Lp(—a+ mrk + p) _
R(A, = § P ok Ak (2.5.2
( ,a,%r,m,p) e Fp(—a+mrk — k’p+p)k"7 D k ( )

which will be required to derive the following GFR.

Theorem 2.5.2. For m € N, G(z) = > A,2", A # 0, p > 0, w = t(1 +

n=0
fywm)_ﬁ/p’
o 1 m)(p—a)/p
Z R(A,,a+ Bn,~,r,m,p)t" = (1 +~yw™) G [ w _ T/p} (2.5.3)

where { Ay} is an arbitrary sequence such that Y |A;| < oo and other parameters
i=0

unrestricted in general.

Proof. In (2.5.2) replacing o by a+ Sn and then making both sides as coefficients

of infinite series in t", we get

ZR(An’a + /8n7 77 T’ m7p)tn

n=0

B ZZ Ly(p—a— pfn—nr+mrk)
B — I'y(p —a— Bn —nr +mrk — kp)k!

7kp_kAn—mktn

. - Iy(p— o — pn— Bmk —nr) bk A
— Antn—l-m
ZZFp(p—oz—ﬁn—ﬁmk—nr—k]o)k!7 b

= = Iy(p—a— pn — Bmk —nr) i
= A" p ke —kpmk
Z ZFp(p—oz—ﬁn—Bmk:—nr—k:p)k!fyp

The inner series on the right hand side here, in view of the p-deformed Polya’s
sum (2.5.1) yields

Z R(Ana o+ ﬁn7 7T m7p)tn

n=0
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(p —a— pn— Bmk —nr) k, —kymk
= Atn tm
Z ZF( —a—ﬁn—ﬁmk—nr—kp)kﬁyp

(

> —a—pBn—nr)/p+1

B a(14+v)
- ZAt +< —|—1>v

1 Y=/ o t(1 4+ B/p\"
( +U ZA U)n'r/)
1+< )’U n—=0 1+U p

Y

wherein v = yt™(1 4 v)7#™/?_ If we replace v by yw™ then w = t(1 4+ yw™)~5/»

and we have

s 1 m\(p—a)/p 2 tH(1 + ~w™)=B/P)"
ZR(An,a+Bn,’y,r,m,p)t” = ( +’Yw ) ZAH( <1 . m>m’/17)
n=0 1+ (ﬂTm + 1) W™ n=o (1 +yw™)

_ (A em) e o [ w r
1+ (%m + 1) ywm azg L ywm)e
This completes the proof of GFR (2.5.3). O
The substitutions o = —s, r = p, A, = (—m)"(c)“”%x" and

replacement of v by vp/c in (2.5.3) yields the GFR of the p-deformed generalized
Humbert polynomials (or briefly pGHP) as

_ (typu™ /)t

ZPﬂ,p(m7$77>3+ﬂn,C)tn = — w
n=0 14+ (%ﬂ + 1) Wplcv

(125

] . (2.5.4)

Oo —
Where G(u) = 3% (o) (o) and w = 1 (142 e

note that § = 0 < w =t and hence the p-binomial series (1.3.12) yields

Z P, (m,z,v,s,c)t"

n=0
= (1+ tm/C)S/pG ot
- w (1+ 20)
— (1-1/p)s m\s/p ( ) (p + S) ( xt )n
= c ¢+ ypt
(e+1w") ;) Iy(p+s—np)n! \ ¢+ yptm

— DS (o P

(—m)" ( at )n
(p+ 8)—npn! \ ¢+ ypt™

(_m)n(_w_%( ot )

n! ¢+ yptm

e 10

Il
o

n
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(1-1/p)s 1 s/p (m>n(_5)n7p xt "
(1-1/p)s Fm s/p (_S)nap maxt !
s/p
(1-1/p)s m\s/p pmzt
c c+ ypt l———
(c+9pt™) ( prp—
YRS (¢4 ypt™ — pmat)P (2.5.5)

This generalizes the generating function relation (2.1.2).

We now give a computation formula of Fibonacci-type polynomials of order n in

the following statement with the help of (2.5.5) as follow

S.

Theorem 2.5.3. For the pGHP P, ,(m,x,v,s,c) defined by (2.1.14),

Pn,p(ma €,7, 51 + S92, C) = Z Pn—k,p(ma x,7, S1, C) Pk’,p(m7 Z,7, 82, C)~ (256)

k=0

Proof. With s is replaced by s; + so in the generating

gives

Z P, ,(m,z,v,s1 + s2,0)t"
=0

c (1-1/p)(s1+s2) (C + ’}/ptm . pmmt)s1+52/p
(C)(l—l/p)sl (c+ ypt™ — pmflft)sl/p (C)(l—l/p)sz (c

oo [o.¢]
Z P, ,(m,x,v,s1,c)t" Z Py p(m,x, 7, sq, o)t”
k=0

n=0

oo D

n+k
g E P, ,(m,z,v,s1,¢)Pyp(m,x,7, s2,c)t
n=0 k=0

3

—~

n=0 k=0

On comparing coefficient of ", this yields (2.5.6).

function relation (2.5.5)

+ ypt™ — pmxt)”/ P

Z Z Py p(m,x,7,s1,¢) Py p(m, x,7, s, c)t".

[]

The GFR of p-deformed Humbert polynomial occurs as a special case of

(2.5.4) with the substitutions v =1, ¢ =1, s = —p which is given by

J+Bn (1 —+ pwm)(p_.u)/p

(z)t"

w

S ‘|
n=0 o (

1+ (Bm + p)w™

1+ pwm™)

(2.5.7)

|
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[e.e]

where G(2) = 3. (—m)"%wnw and w =t (1 + pw™) /7.
n=0 P ’

The case § = 0 and p-binomial series (1.3.12) yields the GFR
Z e (@) = (14 pt™ — pmat) 7. (2.5.8)

This extends the generating function relation given by Humbert [30, p.24]. The
GFR (2.5.8) readily leads us to the computation formula of Fibonacci-type poly-

nomials of order n stated as

Theorem 2.5.4. In the usual notations and meaning,
Hﬁlerl}L?Q Z Hn k,m p HZQm p( )

Now, the GFR of the p-deformed Kinney polynomial is the special case
v=1, ¢=1, s=—1/m of (2.5.4) which is given by

1 m\(p—1/m)/p
ZP"P , B, o)t" = (1 + pw™) a w 7
L+ (fm + p)w™ (14 pw™)
where G(z) — z (_m)nF (pr(ll‘iﬁl) 'LL’nZn and w =t (1 +pwm)—ﬂ/P_
=0 p = —np)n!

The GFR of the p-deformed Pincherle polynomial is obtained by taking m =
3, y=1, ¢c=1, and s = =X in (2.5.4) and it is given by

- 1 4 pw?)E-N/p
S - AL Gl v ],
n=0 1+<%+1>pw3 (1+ pw?)

where Gi(2) = 3 (=3)" 24t e and w =t (1+ pu) .

Similarly,
S 1+ puw?)E—2)/p
Scnree - LRG|t es)
n=0 1+(%+1>pw2 (14 pw?)

where G(z) = > (—2)”%9&"2” and w = ¢ (1 + pw?) "/ is the GFR of the
n=0 P )

p-deformed Gegenbauer polynomial obtained from (2.5.4) by putting m =2, v =
1, ¢ =1 and s = —v. Further taking v = 1/2 in (2.5.9), we get the GFR of the
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p-deformed Legendre polynomial or briefly pLP given by

= 1+ pw?)@0—1)/2p
§ Pn,p(‘r)tn - ( +pw ) G |: - 2 :| )
n=0 1+ (%—I—l)puﬂ (1+pw )

oo 1 B
where G(2) = 3 (=2)" 2022 and w = ¢ (1 + pu?) /7,
n=0

Ty (p—5—np)n!
2.6 Recurrence relations and Differential recur-

rence relations
In this section the differential recurrence relations and the mixed recurrence
relations of the p-deformed generalized Humbert polynomials are derived.
First we denote (¢ + ypt™ — pmxt)s/p by A(t;m,x,7,s,c,p) and rewrite (2.5.5) in

the form:

A(t;m,x,7y,s,¢,p) = c(l/p’l)sZPn,p(m,x,’y,s,c)t”, (2.6.1)

n=0

then with D, = d/dx, we have

Dy (A(t;m, x,7v,5,¢,p)) = D, ((c +pt™ — pmwt)s/p)

= —mts (c+ypt™ — pmat)*PL

Taking sq = —p, q € N, this gives

mtp m S S
Dy (A(t;m, z, v, —p/q,c,p)) = Y (c+ ypt™ — pmat)*/PHoa/?
mtp Itg

- TA(z&; m, v, —p/q, ¢, p)

The successive differentiation yields

mitp
DZ(A(t;m,x,v,—p/q,¢,p)) = D, (TA(t;m,x,%—p/q,c,p)”q>

mitp
= TDx ((Alt;m,z,7v,—p/q, c,p)) )

mt
= Tp(l +q) (A(t;m, z,v,—p/q,c,p))?

x D, (A(t;m,x,7v, —p/q,c,p))

mip 2
- (T) (1+q) (A(t;m, z,7, —p/q, ¢,p)) ™,

D2(A(t;m, x,v,—p/q,c.p)) = (mTtp> (1+¢)(1+29)
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x (A(t;m, x,7y, —p/q, ¢, p)) 9,

and in general,

DI(A(t;m,x,v,—p/q,c,p)) = (mtp) {H(lHQ)}

q
x (A(t;m, z,y,—p/q,c,p) 7. (2.6.2)

Next taking j derivative with respect to x in (2.6.1) yields

D;A<t; m7 x? 7’ 87 C7 p)

S D 7,50

n=0
_ 1/p 1)s mn k: k s—n+mk—k n—mk+k,p n—mij n—mk
Z kzo ¢ k'(n—mk)! " +()
_ l/p 1)s - n o k k s—n+mk—k (_S)”—mk“‘k#’ n—mk_n—mk—j
n=j k=0
_ l/p 1)s tn+] k k ST j+mk—k n+j—mk+kp n—mk.
Z kz% yre k:'(n —mk)! m! (ma)
(2.6.3)
But since,
Dipn-i-j,p(m? x,7,s, C)
= (~s)
_ 1 k. k_s—n—j+mk—k 8)n+j—mk+k,p n+j—mij n+j—mk
> (e e i D)
S (=8)ntj—mh+k
— -1 k. k s—n—j+mk—k nrj—m P n+j—mk, n—mk 2.6.4

we have from (2.6.3),
DiA(t;m,x,7,s,¢,p) = /P Zt”“DiPnH’p(m,x,’y,s, c) (2.6.5)
n=0

Taking s = —p/q in (2.6.5) and using (2.6.2), we get

oo

(C>(1/P—1)3 Z tnDi‘Pn-‘rj,P(m? x,7, _p/q7 C)
n=0
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= (@y { 1:[(1 +iQ)} (A(t;m, z,7,—p/q,¢,p)) 7.

q i=0
Now replacing A(t;m,x,~y,—p/q,c,p) by its series expansion from (2.6.1), this

becomes

oo

DN DIR, G (m, 2y, —p/g, )

n=0

= o 1+3q
m
- (7]9) { (1+ Zq)} (C(l/pl)s > Puy(m,z,v,—p/q, C)t”> ,
=0 n=0

)

that is,

e}

> DI Poyjp(m,x, 7, —p/q,c)

n=0

o i - 1+i7q
_ (7]7) c(l/p—l)sjq{H 1_|_Zq } (ZP np\M, T, 7, p/Q> ) >

=0 n

j izl

mp —1)sj l I 2 : 2 : n

N <7) =) 3"{ 1+1q) } PPy Py jept”
i=0

n=0 i1 +ig+-+i14jq=n

where ¢ € N. On comparing coefficients of ¢ yields

D;’PH+]’,P(m7 z,7, _p/q7 C)

j i
mp —1)sj 1
= () ””{H<1+zq>} 2. PusPapPus

=0 i1+i2+ i1 jg=n

This provides p-deformed version of the result due to Gould[26, Eq.(3.4), p.702|(cf.
with p = 1). Further, multiplying (2.6.4) by " and taking sum from n = 0 to oo,

produces

Z DIP, i, (m,z,v, s c)t"

n=0

oo [n/m] (—s) .
_ k: S j+mk—k_k n+j—mk+k,p n+j—mk nfmktn

Z Z i kl(n — mk)! m *

n=0 k=0

N ! (=8 + JP)n—mb+k
— iP—J(_c). J k_ k _s—jp—n+mk—k n—mk+k,p n—mk.n
= 2 s D (1) Ay (ma)™

= c(p_l)j(—s)j,p ijnvp(m,x,% s —jp,c) t"

3
Il
=)
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Z PVI(—g);, mI P, ,(m,x,v,s — jp,c) t".
n=0
On comparing the coefficient of ", gives
DiPn—i-j,p(mv x,7,s, C) - C(p_l)j(_s)j,p ijn,p(mJ T,7,S8 — jp7 C). (266)

This generalizes the formula given by Gould|26, Eq.(3.5), p.702|(cf. with p = 1).
Also, taking j = 1,m = 2,7 =1,¢=1,s = —v and replacing n by n — 1 in (2.6.6)
yields

Da:CZ,p(x) = 21/07]; 1p( )

This generalizes the familiar formula by E. T. Whittaker and G. N. Watson|66,
(II), p.330|(cf. with p = 1) involving the p-Gegenbauer polynomial which for

v = 1/2 reduces to
DuPoyla) = Poyla)
involving the p-Legendre polynomial. Next,

c+ypt™ — pmat) tDA(t;m, z, 7, 8, ¢, p)
)S/p

(c +ypt™ — pmat)”? "t (ypmt™ ! — pma)

( )
= (c+ypt™ — pmxt)t ¢ (¢ 4+ ypt™ — pmat
(c+ypt™ — pmat) t—

(=m

s)(zt — ytm)A(t7 m,T,7,$,¢D).

Here substituting for A(t;m,x,~, s, ¢, p) from (2.6.1), we get

[e.e]

(c+ypt™ — pmat)t Dy (c(l/pl)s P, ,(m,z,7,s, c)t")

n=0

= (—ms)(xt —yt™) /P=Ds Z P, ,(m,z,v,s,c)t"
n=0

Simplifying this and abbreviating P, ,(m,z,7,s,c) by P, ,(x), we have

(¢ + ypt™ — pmat) Z r)nt" = —ms(axt —yt™) Z P
n=0 =

= Z enP, p(x)t" + ypt™ Z P, ,(x)nt"™ — pmat Z P, ,(x)nt"
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= —msxt Z Pn7p(x)tn + mS’ytm Z Pn,p(aj)t

n=0 n=0
= Z enP, ,(x)t" +yp Z P p(x)nt™™ — pma Z P, )"t
n=0 n=0 n=0
= —msx Z P, ()" + msy Z P, p(x)t"
n=0
= Z enP ,(2)t" +p Z P, p(x)(n —m)t"
n=0 n=m
—pmr Z Pn—l,p(ma T, 8, C) (TL - 1)tn

n=1

= —msx Z P p(2)t" + msy Z P p(2)t"

n=0 n=0

= Z (enP, p(x) + mx(s —np + p)Po_1,(x) + v(np — mp — ms) Py, p(x)) t" = 0.

This yields for n > m > 1, the recurrence relation:
enPy p(z) + ma(s —np + p)Po_1 p(x) + y(np — mp — ms) Py p(z) = 0.(2.6.7)
This identity provides p-deformed version of a recurrence relation derived by

Gould|26, Eq.(2.3), p.700|(cf. with p = 1). On differentiating (2.5.5) with respect

to x, we get
N DuPuy(m,x, v, 5,0t = —smit(e) VP (e pt™ — pmat) "t (2.6.8)
n=0

whereas differentiating (2.5.5) with respect to ¢ and making use of (2.6.8), we find

P, ,(m,x,7,s, c)mf”’1

K

o

VP (ypmt™t — pma) (¢ + ypt™ — prmct)‘(”/p_1

’Elfnﬁ

m—1 [e%e]
- (1-1/p)s (f}/mt — mx) .
°e smit(c)(1=1/p)s Z Dy Py p(m,x,7,s,c)t

_ tmfl o0
= %ZDmPnﬁp(m,x,%s,c)t"
n=0
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Thus, we have

Z nP,,(m,x,v,s,c)t"
n=0

= =z Z D, P, ,(m,x,7,s,c)t" — ™! Z D.P,,(m,x,~,s,c)t"

n=0 n=0
= a:ZD P, ,(m,z,v,s,c)t _72D P, ,(m,x,7,s,c)t" 1
n=0 n=0

= :L‘ZD P, p,(m,xz,v,s,c)t" —~ Z D.P,_mi1p(m,x,7v, s, c)t".

n=0 n=m-—1

Equating the coefficients of ¢ in this identity, we obtain for n > m — 1,
nP,,(m,z,v,s,¢) = xD,P,,(m,x,7,s,¢) — YDy Pypmi1p(m, x,7,s,c).

This provides a p-deformed version of the recurrence relation due to Gould|26,
Eq.(2.5), p.700]. Similarly, one can obtain other recurrence relations of the p-

deformed generalized Humbert polynomial.

2.7 Summation formulas

In this section, we use the inverse series (2.3.3), (2.3.22), (2.3.23) in obtaining
certain summation formulas. While deducing the summation formulas involving
the p-Wilson polynomials and the p-Racah polynomials, we shall need the p-

deformation of Gauss’s summation formula which we state and prove here as
Lemma 2.7.1. If p >0, ¢ # —p,—2p, ... and R(c —a — b) > 0 then

@D (0n)(fn) = PO (2.71)

Proof. The p-Beta function (1.3.13)[17] is given by

L ey o D@0
Bp(a,b):]—)/otp (1—t)r'dt = SRR

where p > 0, a, b€ C, R(a,b) #0,—p,—2p,....
1

Also for |x| < —, they showed that [17]
p

(1—pz)» i (D z"

n!

n=0
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If we replace x by xt/p then it becomes

(1—at)s = Z@”’p(xt)n. (2.7.2)

Now, multiplying both sides of (2.7.2) by t%_l(l — t)cjzip and then integrating
fromt=0tot =1, we get

1 o . o 1 o
/ 1) T (L —at) e = Z<a)"%n/ g1 — )
0 0

((I)m n
— pZTpnpx B,(b+np,c—b)

_ P n D
pz nlpn Iy(c+ np) '

Thus we obtain the integral representation for deformed hypergeometric function

o F1[*] as follows.

I'y(c) ! L ) de
) /0 £ (1= )T (1 — at)hd
E: a7”‘ et = o Fi((a,0),p, (o), p)(x/p). (2.7.3)

This may be regarded as p-deformed Euler integral formula.
When p = 1, this reduces to the Euler integral representation of o F}[*] [53].
In order to obtain the deformation of Gauss summation formula [53, Theorem 18,

p. 49|, we allow = — 1 in (2.7.3), to get

S ((a,0),p, (0),p)(1/p) = ppp(bglfgic(l_b)/o B 1= ) (1 — 1) S da
_ I'y(c) ! I ey maP
“mwmm@—wA S

»(c L,(0)p(c—b—a)
Fp(b)rp<c —b) Pp(c —a) .

thus the lemma. OJ
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The substitution p = 1 yields the classical Gauss sum.

An immediate consequence of this lemma is the p-Chu-Vandermonde identity

Ip(e)Tp(c — b+ np) _ (c=D)nyp
Ip(e+np)Ly(c—0b) ()np

QFI((_np7 b)vP? ( )’ )(1/]7) (274)

which occurs for @ = —np in (2.7.1) (cf. [53, Ex. 4, p.69] for p = 1). We now
obtain certain summation formulas. For that we multiply the inverse series (2.3.3)
by (a)n,; and transform the factor (—m)" to the left hand side and then take the
summation from n = 0 to co both sides, then for [ > 0, |z| < 1/l and p # v, we

have

>

m)"
n=0 k=0

%ﬂj )Rk s(s —np +mkp)L'y(s — np + kp + p)

(s —np+ kp)T'p(s + p)k!

X Py mip(m,x,7y,5,¢) = (1 — 1)~
The substitutions y =1, ¢ =1 and s = —v in this summation formula yields
N - 1)ka(29—V—np+kp)(—v—np+mk‘p)
- |
— ( n e (—v —np+ kp)k!
XHZ mk mp(m) = (1 - lx)_a/l'

Again in (2.3.3), taking the summation from n = 0 to oo we get

n ko ks (8 = np+mkp)Ty(s —np+ kp + p)
Z(—m) Z (=7)%e (s —np+kp)Tp(s + p)k!

n=0 k=0
XPy_mpp(m,x,7v,s,¢) = €.
The substitutions y =1, ¢ =1 and s = —v in this summation formula yields

n k(P — v —np + kp)(—v — np + mkp)
Z(—m) Z (=1) (—v —np+ kp) k!

x 1Y

n— mkmp($) = e"

We now derive certain summation formulas involving the p-deformed Wilson poly-
nomials and the p-deformed Racah polynomials. We first multiply both sides of
(2.3.22) by p~"/n! and then take the summation from n = 0 to oo, to get

ia+cnpa+d)npz (=n)i (a+b+c+d+2kp—p)
p" n! — (a+b+c+d+kp—Dp)nt1p (@+ by

n=0
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y Wi.p(2% a,b, c,d) B i (a+ix)ppla —iz)n,
(a4 c)ppla+d)y,p k! N (@+b)pyprn!

This with the aid of p-Gauss sum (2.7.1), gets simplified to the sum:

i a+Cnpa+d)an (—=n)k (a+b+c+d+2kp —p)
p* n! “~(at+b+tctd+kp—piip (@+ by
« Wip(2%a,b, ¢, d) _ Ty(a+0)Ty(b—a)
(a+c)rpla+dy, k! Tpb—ix)Ty(b+ix)

n=0

Here, the case x = 0 is worth mentioning; since

W, (0;a,b,c,d)

k,p

( b)kpla+ )rpla+ d)gy
= Fs((=k,a+b+c+d+k—1,aa),p, (a+ba+ca+d),p)l),

we find the summation formula:

 (a+ )npla+ d)np s~ (—n)u(a+ b+ c+d+ 2kp — p)
> >
e p" n! —~ (a+b+ctd+kp—piip k!

X4F3((=k,a+b+c+d+k—1,a,a),p,(a+ba+c,a+d),p)(l)
~ Tpla+d)T,(b — a)
[Tp(b))?

Now, if both sides of (2.3.22) are multiplied by (—jp),, p~"/n! and then the

summation from n = 0 to j is taken, then we find

EJ’: (—iP)np(@+ npla + d)ny Z (—n)i(a+b+c+d+ 2kp — p)
(a — i) ppn! (a+b+c+d+kp— D)nt1pk!

n=0 k=0

" Wi.p(2% a,b, c,d) i —JP)np(@ +0T)n
(a4 b)kpla+c)ppla+ d)iy c~ (a+Db)nypn!

Here the left hand series when summed up by using p-Chu-Vandermonde’s sum
(2.7.4), we obtain

i( Jp)np(a+cnpa+dnpi wa+b+c+d+2kp —p)
— (@ —ix)pppn! —~ a+b+c+d+kp D)nt1pk!
Wip(2%a,b, ¢, d) _(b—ix)j,

X = .
(a+b)rpla+crpla+dy (a+b)jp
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Once again the choice x = 0 gives rise to the sum

Zj: (—iP)np(a + npla+ d)nyp z": (—n)ula+b+c+d+ 2kp — p)
(a — ix)mpp"n! (a+b+c+d+kp— p)n“,p k!

n=0 k=0

(b>j,p

X4F3((=k,a+b+c+d+k—1,a,a),p,(a+ba+c,a+d),p)(l) = —"—.
(a"‘b)j,p

Similarly, From the inverse series (2.3.23) of the p-deformed Racah polynomials,
we obtain the following formula when its both sides are multiplied by p~"/n! and

then the summation from n = 0 to oo is taken.

(b4 d+p)ap(c+ Py Z (—n)x(a + b+ 2kp + p)
prn! —~ (a+0+kp+plasrp K

NE

I
o

(Tt et d+p)np(—2)ny

XRi, (x(x +c+d+p)a,bc,d) =
k,p( ( ) ) ; (p+a)n,p pn n

This in view of p-Gauss sum (2.7.1), simplifies to

i (b+d+plap(c+D)np = (—n)rla+ b+ 2kp +p)

gt pn! — (@+b+kp+Dp)nt1p k!

L, + )Ty — c— d)
Fpa—z—c—d)T,(p+a+z)

XRpp(x(x+c+d+p)abcd) =

If we multiply both sides of (2.3.23) by (—jp)n, p~"/n! and then take the sum-

mation from n =0 to j, then we have

—Jp npb+d+p)np(c+p)np S (—n)r(a+ b+ 2kp + p)
(x+c+d+Dp)ny p" nl (@4 b+ kp+p)pi1pk!

Mb

k=0
J

—JP)np(=T)np
XRi, (z(x +c+d+Dp)a,b,cd) .
p( ( g p+anpp n'

n=0

Applying p-Chu-Vandermonde’s sum (2.7.4) on the right hand side, gives

—jP)np(b 4+ d+ P)np(c +D)np 3 (=n)k(a + b+ 2kp +p)
(z+ctd+phypnl = (a+b+kp+p)arph!
(z+a+p)p
(a+p)ip

sz

XRpp(x(x+c+d+p);a,bc,d) =
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2.8 Companion matrix

We first make the leading coefficient of the polynomial (2.4.3); unity thereby

obtain the monic form ﬁn,p(m, x,7,$,¢) to get

where

(_ 1)k+mk<_n>mk7kcmk_k <_S + np)fkark,p

O = mme]

With this d;,, C (ﬁn,p(m,m,%s,c» assumes the form as stated in Definition
1.3.1.  The eigen values of this matrix will be then precisely the zeros of
P,,(m,x,7,s,¢) (see |48, p. 39]).

We shall revisit some alternative forms of the general inversion pair of GIP for
the purpose of deducing the p-versions of Riordan’s inverse pairs belonging to the

table 1.1 to table 1.6 (which are listed in chapter 1) in chapter 8.

POLYNOMIALS’ REDUCIBILITY

The p-deformed generalized
Humbert polynomials

The p-deformed
Humbert polynomials

i l

The p-deformed The p-deformed The p-deformed
Pincherle Gegenbauer Kenny
polynomial polynomial polynomial

The p-deformed
Legendre polynomial
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