
CHAPTER-III

ALMOST INCREASING SEQUENCES AND THEIR
APPLICATIONS

3.1 INTRODUCTION :

S.M.Mazhar [40] and Hiiseyin Bor [13] studied \c,i\k and N,pn k
summabilities of infinite series by taking a non-decreasing 

sequence. A well known theorem on absolute Cesaro summability 

with order k of an infinite series is given by S.M.Mazhar by taking 

a non-decreasing sequence as under.

THEOREM 10 [40]:

Suppose (xn) is a positive nondecreasing sequence and (x„) is a 

sequence such that

xmxm = o(i) as YYl CO j (3.1.1)

jX|A24| = 0(l) , (3.1.2)
n-1

i;i|<.r=o(JfJas (3.1.3)

Then the series J?aaAn is summable |c,i|4, k>\.
n=0

Later on, Hiiseyin Bor showed that the above result can be 

extended for more general summability n,p} , £>i. In fact, his

result is as follows.
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THEOREM 11 [13]:

Let (p„) be a sequence of positive numbers such that

P*=o(npB) as n -» co. (3.14)

If (x„) is a positive monotonic non-decreasing sequence such that

A„X„=0(l)as »>->•», (3.1.5)

oII

'"f (3.1.6)

and

£[fLW=°was »>-»•“. (3.1.7)

CO

then the series Ya„A„ is summable , k>\.
m 0 1 '*

It may be observed that Theorem 10 can be obtained from
Theorem 11 by putting pn =i for all values of n.

HUseyin Bor also proved the following result on |N,pn k summability.

THEOREM 12 [18] :

Let {pn) be a sequence of positive numbers such that

P„ = O(nPn) as n -» oo . (3.1.8)

Let (xn) be a positive non-decreasing sequence and suppose that 

there exists sequences {xn) and (/?„) such that
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(3.19)

and

If

where

H|

pn —> o as n —^ oo, 

2H»H|<oo ,
n=l

|4|jr„=o(i)as n—>oo.

£ £-W =°(x.)as '«-»» ■
n=l v. " y

1
» + l v3*

I>v I

(3.1.10)

(3.1.11)

(3.1.12)

(3.1.13)

(3.1.14)

3.2 MAIN RESULTS:

In this chapter we intend to study the general summability pv,p„,0n\k

given by W.T.Sulaiman (see chapter-I, definition 8) of an infinite 

series by considering an almost increasing sequence. If we look 

upon the hypothesis of the above stated results, we find that the 

sequence (x„), taken in theorem 10 to Theorem 12, is positive and 

non-decreasing and the summabilities considered were |c,i|tand

Pn\k -
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We will prove here two results similar to Huseyin Bor 

(Theorem 11 and Theorem 12), by weakening the hypothesis from 

nondecreasing to an almost increasing sequence on (xn), and

replacing the summability N,pn by more general summability

N,pn,0„ . In fact we shall prove the following Theorems.

THEOREM I [57]:

Let {pn) be a sequence of positive numbers such that as « -> «

Pn=o{nPn). (3.2.1)

If (x„) be an almost Increasing sequence such that the conditions 

(3.1.5) and (3.1.6) of Theorem 11 are satisfied and

5X
n=l

k-l
f \* 

Pn Id* =0^) as m oo , (3.2.2)

where (<z>„) be a sequence of positive real constants such that
00

is non-increasing, then the series 5X4 is summable
K Pn J n=0

N,PnJn\k , k> 1.

THEOREM J [58]:

Let (pj be a sequence of positive numbers such that as n -» 00

£(^1=0(0 (3.2.3)
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Let (xn) be an almost increasing sequence. Suppose that there 

exist sequences (4) and (pm) such that the conditions (3.1.9) to 

(3.1.12) of Theorem 12 are satisfied and

l'„l‘ = .) as »-*«>.
\rn JB=1

(3.2.4)

where ($„) be a sequence of positive real constants such that 

is nonincreasing with
nPnN

V Pn J

1 JL,t =-------- • V Vtf
* « + ltl

Then the series J^aaA„ is summable \n,\ , k> 1.
*=0 *

Remark:

It can be observed that, if we take <?>„=— and the sequence (xj
Pn

to be positive and nondecreasing in our Theorem I and 

Theorem J, then we get Theorem 11 and Theorem 12 due to 

HUseyin Bor . In this case conditions (3.2.2) and (3.2.4) will be 

reduced to conditions (3.1.7) and (3.1.13), while the condition that

<t>nPn
P\ rn J

is non-increasing sequence becomes redundant.

It has been already remarked earlier in chapter-l that every 

increasing sequence is an almost increasing sequence but 

converse need not be true. Thus almost increasing sequence is a
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weaker condition than the increasing sequence. Moreover, we are 

also replacing the condition (3.1.8) by a weaker condition (3.2.3) in 

Theorem J, at the same time we are also considering the general 

summability method given by W.T.Sulaiman [50]. In view of these 

observations, it could be seen that our Theorem I and Theorem J 

are the generalizations of Theorem 11 and Theorem 12.

3,3 PROOF OF THI THEOREMS:

In order to establish the proof of our Theorems, we need the 

following lemmas proved by S.M.Mazhar [39].

Lemma 1

If the sequences (xn) and (ij satisfy the conditions taken in 

Theorem I, then

nXn\AAn\-0(l) as «-»oo (3.3.1)

fX|M,|<co
71=1

(3.3.2)

-*.KI=°fl) as (3.3.3)

Lemma 2 :

If the Sequences (xn), {pn) and (z„) satisfy the conditions taken in

the Theorem J , then

nfinXn = 0(l) as n—>co (3.3.4)

5XA<». . (3.3.5)
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PROOF OF THEOREM I:

Let (r„) be the sequence of (#,/>„) means of the series .
n==0

Then by definition, we have

T. = j-£p.£aA,
■l„ v=0 2=0

= ££(n -K>)aA,, by (2.3.1). (3.3.6)
r„ v=o

Now, for n > l, we have

Tn~T^ P.P.
ft’ ^ 1 p^A

n-1 v=l

p„ by (2 3 2)
P/iP/t-1 v=l

(3.3.7)

Applying Abie's transformation to the right hand side of (3.3.7) we 

get

T„-Tn^ p- [ ]■
P.P. v=i v v j 2=\ n j-i
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= + PX.A
V V

T
s.Vj

= A+P' - PvA/lv * pA«
V V v(v =P l)

Therefore,

7.-2U =
^ * 

'* g(—w+
v JPnPn-X PJn-l ^U/V1 Uv^v+1

= Ti,i+ Ti,2 + Ti,3 + Tr,4 » say (3.3.8)

Since
|Ti,l * Pn,2 * T,3 * Tr,4 j -4* l^.l | *Ks| +K\ ) >

we see that, to complete the proof of the Theorem I, it is enough to 

show that

±**Kt<co >for z=1»2’3’4- (3.3.9)

First we have,

n~1

2>.w

m=0(1) jy,*-][ i7/! I L 1*11 I*-1

n—I " 1 P_
wurw
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0(1) 2>r
n=l

/_ \k Pn
\Pnj

m-l
0(1) IA|•l.Eri',i~l|, |*

V
( _ \k

v=l \PvJ
+ 0(1) KE^Kf f \k Pv

V=1 yp,j

o(l) Za|4|x„ » o(i) ]Xm\XM , by (3.2.2)
rt=\

/n?l0(1) IHK+ 0(1) \*m\x.
n=l

o(i) as ?w-^oo , by ((3.1.5) and(3.3.2)).

Again applying Holder’s inequality with indices k and k', where
1/k +1/k'=1, and using the fact that

m+1 Pn

P~P~.
= 0

«=v+l -* nl n-\ P\ v ,

we have

m
IX-'fcj
n~l

=
B=1

Pn -1 /
W-itrv v

v+l \pJ*K

o(i) ir
f \k Pn

P P\1 n1 n-1 y

M-l

v V=1

od) i^feTjMlWw'lfT-SU
»=1 \rn J rn-1 l v=l j i xn-\ v=l

i i-1
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= 0(0 i>r
n=l

1 <**
P\rn J

I.pJfM
lv=l

I'W*
V=1 na|

°0) EaKI'KI'I
v+i f j. _ 'N* *

\ J

Pn

p pn n-\

m
0(1) Sf A _ 9vP

p
V=1 \ A y J

^ii.i‘Krz- *p pn=l 1 n1 n-1

0(1) I^KI
r _ \k

V=1 kKj

m—\

0(1) E4«wE^'k.l*
C \k

P,

V=1 i=1
0(1) keo.i1

i-l \P'J

m-l

0(1) EaKK+ 0(1) |^,|x. , by (3.2.2)
V=1

m-1

= o(i) EKK+ °W KK
V=1

= o(i) asm-^oo , by ((3.1.5) and(3.3.2)).

Similary, we have

»i

72=1

5>n* p-v«trl »
m ( „ n-1

o(i) ir1 p*
n=l P P i\ u n-1 y \v=»l
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= 0(1) 2>.‘4-1
f n \k Pn

«-1

i* 1 -i i 4-1

p |a-i i 'vi P^n-i iin 
*-n~\ vv«l * *

I A, , by (3.2.1)
B-l V=1 J

o(i) i>,4-1
B

B=1
P\rn J rn-1 l v=l

'A^;f P.\>,\

=oo) i* I. !* 
v=l »=1

vrt/V./Ow
p\ rn J

Pn
PnPn-X

o(i) Z
f j. n V-1TvPy

PV=1 \ V J

.* i*^ Pnv\AAv\ pjfr\ Y,
P-P-.»=1 n-1

0(1) SA-Wf-V

\“v)V=1

IB-1 ( „ \*
= 0(1) EM^CEO,!' f- + 0(1) HMjmt

V=1 1=1 V. ■* / / '--1

14-1L I*
{ \k Pi

IB-1
0(l) YvAMx* + °0) K\x» - by (3.2.2)

V=1

m-2... - m-1

0(1) %vx,\px,\ + + 0(1) r4u,K
V=1 V»1

o(l) as m —4 oo , by ((3.1.6), (3.3.3) and (3.3.1)).

Finally, by using the fact that pn-o(np„) and as in rn3 , we have

s=i

Zrf
/j=i

k~i Pn
PnPn~\ »=i )

Pjv^v+1
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0(0 2>r
f „ V/'n-l

«=1 ^n^n-l
5>vM*

V v=]
'v+ll

0(1)
v=l

£*. |H*

0(1) asm->oo , by ((3.1.6), (3.3.3) and(3.3.1)).

Therefore, we get

. for z-1,23,4-
n-l

This completes the proof of theorem l.

PROOF OF THEOREM J

Let (tJ be the sequence of (N,pn) means of the series 

Then, by (3.3.6), (3.3.7) and (3.3.8) we have
B=0

r- = .
v=0 z=0

T„-T^ =
Pn 'A Pv-lVavK

PnP^tf V ’

and

T -Tln 1n-1
f—Wa

nPn PnPn-\ V=A V J

/>„ ■vfv + A
PnP/i-l v=I \ v /
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= rM+r^+r^+rM , say.

Since
K, +r,2+r^ +r„,4|‘ s4‘ |tJ +|r„J‘ +|r„/ +|r„.4|‘), 

to complete the proof of the theorem J , it is enough to show that

, for z = 1,2,3,4.
n~l

(3.3.10)

First we have,

m

n=l

2>r71=1

(»+i)pM
nP.'

°o) ie-felwurw
71=1 \PnJ

f \k

°0) L*.1" ^ U.
n~\ \Pn J

-1 n
0(1) L^.ILO/

( _ \k

71=1 v=l

0(1) K|5>ri'/ / \*
V=1

m-1

0(1) L^W*. + 0(1) \im\Xm , by (3.2.4)
71=1

m—i0(1) LlM,K + 0(1)
n=l

iw-1

0(1) La*. + 0(1) 1^.1*. by (3.1.9)
77=1
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= o(i) as »j-+a> , by ((3.1.12) and (3.3.5)).

Again applying Holder's inequality with indices k and k', where 1/k 

+1/k'=1, we have

n~l

2X
n=\

k-l ^v+i\
V V ;

0(1) 2>r
n=l

r VA
P

\rn y n-1 l v=l
SXW'W'll^zJ

J l.-'n-l v=l J

o(i) 2>r
00* , r-

n=l

HIaWW*
< •*»! J ■‘n-1 l *“1

ow tP, if.rKra%
\*-J

»=i «=1 \ J

Pn
P Prnrn-1

m

0(1) I
^vPv

\*-l

. P »=i \ v y

aW‘W*E A
«=1 *n*n-1

0(1) I>rw
V“1

p
vr*y

V*
oo) E4i.E<o.r f + o(i) KErr*

v=l 1=1 \ ‘ I J 1=1

p,

o(i) EaKK + oW KK • bv (3-2-4)
Vs=I

m-1

■ 0(1) EKK + 0(1) pgjr.
y»l
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m-1

0(1) Iaa + 0(1) |4|x„ by (3.1.9)
V=*l

o(i) as m-> oo , by ((3.1.12) and(3.3.5)).

Again, we have

«*1

wZ^1
*n"n-\ v=l V V

o(i) 5>,k-1 
n

/ \* f

n=1

P«

P P
V'1 a-* n-i y

{I^KI Kl}

0(1) 2>.‘
f V fPit

»=1 \^n >̂n-lj

ff-I

|Z'71'I'.I Al by (3.1.9)

o(l) 2>.‘"
/ >1*'P«

n=l

1 fe*/ „ u ,*1 f 1 £/>
V.ri. y rn-\ Lv=l

v) Pvk
J^n-1 v=l ^

o(i) t
v=i w=v+;

f A _ ^
<PnPn

Pn=v+l \ * n J

Pn

o(i) Z Ap, Kk-i
V=l\ P» J

v-fl

(v&)pM z^ Pn
w-1 -^it^t-1

0(1) z
/, „ y->TvPv 

P\ rv J
(^v)p,Kf* 1

0(1) Z^*"!(vA)rPv^
V~“l p

, by (3.3.3)
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0(1) z^a)ZO.'*
»=i /=a

V‘ + 0{1) |»,>‘
1=1

V*
\?i J

m~\ m—l
o(i) XvJT„|AA|+ o(i) E-r.A,,+ o(l)|A.|x„ , by (3.2.4)

V=1 V=1

o(i) as m-> oo , by [(3.1.11), (3.1.12) and(3.3.5)].

Finally, we have

2X%|
n=1

Zrf
«=1

*-!
ir-1Pn 1

KK-x — W
El fc'Afl

0(0 m „ V I »-l P* n

n=l

V fv>
P P I— vn* n-l J v11”! K

E^JM

o(i) E«t'■ -1* i ,i, ,iH i p,p„
««1

, Jfc-l
Pn

) f*n-l Ul V
Z^W^rHir-ZT- >by (3.3.3)

K-i £1 v

o(i) ZAW
B=1

Pn
KPn J

illvww'

0(1) ZaM^z
finPnY’ Pn

v=l PI P P B=y+lV *» y

0(1) Erw
V=1 p 

V v y

o(i) as jw —> oo.
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Therefore, we get

~ tit2>.Wfr,| <oo .for ^ = 1,2,3,4.

This completes the proof of theorem J.

3.4 APPLICATIONS OF OUR THEOREMS:

1. If we take pn= 1 and #„=1 for all values of n in our Theorem I 

and Theorem J , then we get results concerning the |c,i|t 

summability method.

2. If we take <j>„~n for all values of « in our Theorem I and 

Theorem J, then we get results concerning the Absolute 

Ries'z summability method of order k (i.e. ).
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