CHAPTERH-II

ALMOST INCREASING SEQUENCES AND THEIR
APPLICATIONS

3.1 INTRODUCTION :

S.M.Mazhar [40] and Hiiseyin Bor [13] studied |c,], and [N,p,

!
summabilities of infinite series by taking a non-decreasing
sequence. A well known theorem on absolute Cesaro summability
with order k of an infinite series is given by S.M.Mazhar by taking
a non-decreasing sequence as under.

THEOREM 10 [40] :

Suppose (x,) is a positive nondecreasing sequence and (»,,) is a

sequence such that
A, X,=0(yas m—wo, (3.1.1)
S, |02, = 00) (3.1.2)
n=1
i%lt,,r ~0(X,) as m—>. (3.1.3)

Then the series }.a,4,is summable |C)| , £>1.
n=0

Later on, Hiiseyin Bor showed that the above result can be

extended for more general summability [ﬁ, .l » k=1. In fact, his

P 3
result is as follows.
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THEOREM 11 [13] :

Let (p,) be a sequence of positive numbers such that
P, =0(np,) as n—>w. (3.1.4)

if (x,) is a positive monotonic non-decreasing sequence such that

A,X,=001)as m—>w, (3.1.5)

3, |04, =0() |, (3.1.6)
and )

g(%)ynr _o(x,) as mow 3.1.7)

then the series 3 a,4,is summable [V,p,
n=0

y k21,
k

It may be observed that Theorem 10 can be obtained from
Theorem 11 by putting p, =1 for all values of ».

Hiiseyin Bor also proved the following result on [V, p,

\ summability.

THEOREM 12 [18] :

Let (p,) be a sequence of positive numbers such that

P,=0O(np,) @s n—»>ow . (3.1.8)

Let (x,) be a positive non-decreasing sequence and suppose that

there exists sequences (1,) and (g,) such that
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|A%,]< B, (3.1.9)

B,—0as n—w, (3.1.10)

S X, |A8,| <o (3.1.11)

n=3
and

41X, =0@) as n->w. (3.1.12)
If

fl(%)lt,ik =0(X,)as m-w , (3.1.13)
where :

1 n
t = n+1§vav , (3.1.14)

then the series 3 4,1, is summable [V,p,| , k=1.
=0

3.2 MAIN RESULTS:

in this chapter we intend to study the general summability }N, D9,

X
given by W.T.Sulaiman (see chapter-l, definition 8) of an infinite
series by considering an almost increasing sequence. If we look
upon the hypothesis of the above stated results, we find that the
sequence (X,), taken in theorem 10 to Theorem 12, is positive and

non-decreasing and the summabilities considered were |C,] and

F.p,

k=21.

1 )
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We will prove here two results similar to Huseyin Bor
(Theorem 11 and Theorem 12), by weakening the hypothesis from
nondecreasing to an almost increasing sequence on (x,), and

replacing the summability |, p,

\ by more general summability

[N, p..9,

- In fact we shall prove the following Theorems.

THEOREM I [57] :
Let (p,) be a sequence of positive numbers such thatas »— «
P, =0(np,). (3.2.1)

If (x,) be an almost increasing sequence such that the conditions
(3.1.5) and (3.1.6) of Theorem 11 are satisfied and

K
Z¢:‘{%’—] k" =o(x,)as m-w, (3.2.2)
n=1 n

where (¢,,) be a sequence of positive real constants such that

(—¢"p"] is non-increasing , then the series 4,4, is summable

n n=0

¥, 7.9,

, k=1,
k

THEOREM J [58] :

Let (p,) be a sequence of positive numbers such that as n— «

5:’(5}0(&.1) . (3.2.3)

=1\ V
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Let (x,) be an almost increasing sequence. Suppose that there
exist sequences (1,) and (8,) such that the conditions (3.1.9) to
(3.1.12) of Theorem 12 are satisfied and

f:ﬁ"(%—) k| =0(x,) as m—>w, (3.2.4)

n

where (3,) be a sequence of positive real constants such that

[ﬁ'}—f?-"—) is nonincreasing with

1 n
___IZ

Then the series Y a,1,is summable |V, p, .4, k21
=0

Remark :
It can be observed that, if we take g, A

n

to be positive and nondecreasing in our Theorem | and
Theorem J, then we get Theorem 11 and Theorem 12 due to
Huseyin Bor . In this case conditions (3.2.2) and (3.2.4) will be
reduced to conditions (3.1.7) and (3.1.13), while the condition that

and the sequence (x,)

L-——‘”}f’ ] is non-increasing sequence becomes redundant.

n

it has been already remarked earlier in chapter-l that every
increasing sequence is an almost increasing sequence but
converse need not be true. Thus almost increasing sequence is a
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weaker condition than the increasing sequence. Moreover, we are
also replacing the condition (3.1.8) by a weaker condition (3.2.3) in
Theorem J, at the same time we are also considering the general
summability method given by W.T.Sulaiman [50]. In view of these
observations, it could be seen that our Theorem | and Theorem J
are the generalizations of Theorem 11 and Theorem 12.

3.3 PROOF OF THE THEOREMS:
In order to establish the proof of our Theorems, we need the
following lemmas proved by S.M.Mazhar [39].

Lemma 1

If the sequences (x,) and (1,) satisfy the conditions taken in

Theorem |, then

nX,|Al,|=0(1) as n—>w (3.3.1)
3. x,|a4,|<éo (3.3.2)
X, |4|=00) as n>w (3.3.3)

Lemma 2 :
If thé sequences (x,) , (8,) and (1,) satisfy the conditions taken in
the Theorem J , then

nB,X,=0Q1) as n—-w (3.3.4)

3X,8, <co. . (3.3.5)

n=l
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PROOF OF THEOREM I:

Let (1) be the sequence of ('A?, p,,) means of the series ian}tn
’ n=0

Then by definition, we have

—ZPvZa

n v=0 z=0

z”; _P_)a,A,, by (2.3.1). (3.3.6)

"ol»—-

Now, for n>1, we have

T,-T., =

n l

PPlv-l

= 3 v-l‘;“ v by (2.3.2) (3.3.7)

# nPn-l v=l

Applying Able's transformation to the right hand side of (3.3.7) we
get

S })n-—lz'n C
LT, = g ZA( )z - LS, ]

n
z=1

———A( > ) - PA[Z)

>
~—
|
Z’"U
—’
il

1

-’%-A(}:,—PM) - P{mM AMA(ID
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hp) - B+ paal)
v v 14

_ Ap, _ PAA, . BA

- v F v+l )
v v v(v:Fl)

Therefore,

=l )
.7 = (n+DptA, b, Z(VHJPJJ» +

n n-1 n})u P”Pn_l -
n-i _ n-i R
P, Z(V + l)Pvtva o+ —p"—'Z[l)Pvtvlvﬂ
})nPn—l v=1 v 'PnPn—} v=1 \V
= Tn,] +Tn.2 +Tu,3 +T;t,4 ’ say - (3-38)
Since .
lTn,I FL,#T,,%T,, fsat an,l 3 n2 fx T3 fx T, k) )

we see that, to complete the proof of the Theorem |, it is enough to
show that

*<w ,for z=1234. (3.3.9)

3 g

n=l

T..

First we have,

Tn,l Ik

3 g

n=1

(n * l)p,,t,,/?,,, *
nP

n

= Sigr

n=1

=o0) S (2 kil

n=l
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of) 3ot [-f,:—]ku,,nr,,r

k

= o) San Sk (2] + o0 wiSerif(%)
= o) mfiAlﬂ,,]X,, F 0() |4,.)x, ,by(3.2.2)
= o) Siarlr, + of) |ax,

= 0f) as m—>«o , by ((3.1.5) and(3.3.2)).

Again applying Hélder's inequality with indices k and k', where
1/k +1/k'=1, and using the fact that

m+l
Z ...!i’L...:O ._1_. .
"=V+l})nPrr-l P,

v

we have

L k

Z¢: lTn,2

n=1
u p, Zv+1 *

— k-1

- n - . vtvﬂ‘v
§¢ PP é[ v J I

o(1) Z¢""‘[p J E{gm }{ HZ_:,pv} ’

n=l n-1

o) zw—*[ i ] boran

k1]

n=l
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=00 $er(Z) {8 nnri]

n=1 n

= of) gpvlfvi"lﬂvlk;ﬁ}ﬂ A

n n-1

=o0) 5(42] prir3E

=} n-1

o) $aa 2l

k

= o0 Snsawi(5) + o0 niZen(3)

of) Saslx, + of) |4./x. ,by(3.2.2)

o) Slarjx, + o) frx.

o(f) as m—o , by ((3.1.5) and(3.3.2)).

Similary , we have

L4
k—-l r

n3
n=1

- zm:¢k—1‘PI;; i(v:-ljﬁtva

n=l nt p-1 v=1

k

- o) S22 (Snien])
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= of) (2] otaaf o }{ gp} by (32.1)

n=1 \*n/ n~l

= o) (2] - LSt

n=l \*n ) n—l

=l n n-1

= o) Siaal'pb 2(%) o

= o) 342 ] aafrif Bl

v=} v =l

- o() §¢f“v|Mv[(—%—’—Jk{t,lk

v

o) SeanlEe (2 ) o) mas k(2 ]

=1 1]

o(1) mfmmv[xv + of) |4,lx, ,by(3.2.2)

m—2
o(1)
V==l

;Lvl + mz-:lA]‘lleXv + 0(1) mIMm’Xm

o) as m—» , by ((3.1.6), (3.3.3) and (3.3.1)).

i

Finally, by using the fact that P, =0(np,) and as in 7,, , we have

n3 1

o

n=1

n-1 k

— m 1] Pn
Z¢ P‘Pn“1 ;( )Pt Z"N-l

n=l
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Jou)

= of) zw—*[ : ) (Sr

n=l n—~1

= o(1) ga-*]zml(%)k!aik

= 0fl) as m—»>» , by ((3.1.6), (3.3.3) and(3.3.1)).

Therefore, we get

Z ¢k—l

n=l

This completes the proof of theorem |.

PROOF OF THEOREM J :

Let () be the sequence of (¥,p,) means of the series >a,4,
Then, by (3.3.6), (3.3.7) and (3.3.8) we have

szvzaz z 3

n v=0 z=0
T::_I:z—l = Z v‘lv

n-1 v=l
and

(n+p,t A4 p "“‘(V+1J

T -T - n'a’n n tA +
n n-1 nP,, P,,P,,,] ; v pv vy

ni n-1
D, Z(v’}‘l}‘lvthﬂv + '—&_"Z(l)’)vtvﬂ'vﬂ
FP %\ v BP. w3\



= ’I;,,x +T,,,2 -!»T,,’3 + T,,‘4 , say.

Since
* +

£
+

k

T2 +T,s Ta

k)’

to complete the proof of the theorem J , it is enough to show that

F <4t (IT,,’,

Tn,l +T;:,2 + T;:,‘.! +7, n4

<o | for z=1234. (3.3.10)

3

n=l

T,.

First we have,

4

c k-1
2
n=t g

k
— & k-1 (n+l)pntn;‘n
,,2._;¢” l—————~}n P

m \*
o) S Ze) bfia

n=l

Tn,l

m A\
o0) zes:-{& Ll

poe P, )

m-3 n * m k
= o) SaaBarkl(2] + o) wSan (2]

o(1) SjAl/l,,]X,, + o) |4,lx, by (3.2.4)

m-1

o) Ylazlx, + of) |2.lx,

=g

it

= o) :Vj B.X, + o@) |4,)x, by (3.1.9)
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= 0{) as m—w , by ((3.1.12) and (3.3.5)).

Again applying Holder's inequality with indices k and k', where 1/k
+1/k'=1, we have

i¢:~l Tn;Z!k

n=1

= i¢k—1_‘ Pr ”Z_I(V'*}'l)pt’?l ’
- n P,,P,-,_x - v vy

<o) Sor(2] S nnrnr L Snl
n P P v i 4 P v

n=l \

Y -1
= v gif 2| 1R kgt
o) $ar( 2] LS nnlinl}

k v+1 ¢npn k_l .pn
A Zl[ 2 ] PP

=ol) Srhl

m ¢p N P P

=l ‘PnPn-l

b4

o) v}_?ﬁ"‘lzvl[%)k}tvl*

v

o) Sarlr, + of) Jalx, ,by(3.2.4)

m~31

o@) Xjaxlx, + of) |,lx,

y=1
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= 0f) "f Bg.x,+ o) |1,|x, by (3.1.9)

i

o) as m—« , by ((3.1.12) and(3.3.5)).

Again, we have

i ¢lc-—1 k

n=l

Tn,S

k

r=l

n ) -1 1
= S o ;(V: )P,nMv

n=1 ntn

= oi) >;":¢:-*[;%_—l)k{§alai a4, }

= ofi) iqﬂf{-—g—"——)k{i%vltvl ﬂv}»k by (3.1.9)

n=l })"P n-1 v=l

=o0) Sur(2] L Bomrahr 35 by sy

n 1 Lv=l n-1 v=l

= 0()) g("ﬂv)" e8I ,;,V}p"] —i PI;A

n

= o) $[%2) badnkr S

L R e

= o) 5[%2) banr L

= o) S0 ) 2 b
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o() ZA(vﬂ )Zfﬁ""l’l( '}k + o) mp, ZWM( j

=] 1=}

o) Svxjap|+ o@) $ x,8,.+ 0f) |4,|X, ,by(3.24)

o) as m—» , by [(3.1.11), (3.1.12) and(3.3.5)].

Finally, we have

S

n=1

= SarbeS (e

n=1 v=l

= o) S22 )k{ﬁﬁﬂmltvl}k
n=l \I)n'Pn—l v=1 ¥V

=of) 3o

n=1 \,

| SRkt 35 by 033)

n1 L=t ¥V n-1 v=l

\
s
~

|_.

<o Sur{2) 82 i)

=

o

= o) Srbf 5[00)

n* n-1
2]
P,

=0() as m—ow.

| ——
[
<

= o(1) §¢
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Therefore, we get

Ycw | for z=1234.

T,.

- k-1
Z;%
This completes the proof of theorem J.

3.4 APPLICATIONS OF OUR THEOREMS:

1. W we take p,=1 and ¢,=1 for all values of » in our Theorem |
and Theorem J , then we get results concerning the |CJ],

summability method.
2. If we take g,=n for all values of » in our Theorem | and

Theorem J, then we get results concerning the Absolute
Ries'z summability method of order k (i.e. |8, p,],) -
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