CHAPTER-IV

ABSOLUTE SUMMABILITY FACTORS OF
AN INFINITE SERIES

4.1 INTRODUCTION :

it is well known that Hiiseyin Bor did the pioneering work in the

study of [V, p, N, P,

and
k

I summability methods of an infinite

series and proved many results in these directions. If we look upon

the definitions of ]F, P,

.and [¥,p,.7| summability due to Hiiseyin

Bor (. see chapter-l, definition 6 & 7), we find that, by introducing
, summability to }”N’, D7

k

the parameter y>0 , he extended [V,p,

summability. Likewise we will extend the definition of ]'1'»7, Dos?

k
summability by introducing parameter «>0 and we denote this

summability by |7v',,,y,aL. Now, before defining the |"1\7,,,y,az|‘E

summability, we first recall the definitions of [N,p,| and [V,p,.7],
summabilites given by Hiiseyin Bor.
The series ia, is said to be summable [ﬁ, Pa,» E211f

n=9

n=1 pn

52 bt <

70



and it is said to be summable [}'\7, Paiv

=(p Hhrk~1
z( } bt <.

n=1 p n

k21,720 if

We now define |'J\7P,;r,a

. summability as under:
Definition 12:

The series Y a,is said to summable W,,,y,alk,km, y=0 and
n=0
alky+k-1)=2k-1, if

°(p al+k-1)- .
Z(;’-’-) Ity =t <. (4.1.1)

It is clear that, if we put

(i) y=0and a=1in(4.1.1), then }"A’f,,,y,a]k summability reduces

fo P\T“—, p,

\ summability , and
(i) ifweput a=1in(4.1.1), then [N,,7,o| summability reduces

tothe |N,p,;y

, summability .

In the year 1976, F.M.Khan proved the following theorem:
THEOREM 13 [32]:

If 3a, is [N, ,| summable, then 34,4, is [N,q,| summable provided
=0 n=0

(p,) and (g,) are positive sequences such that as » —» «
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Pa_ 0[ gl) (4.1.2)

P, 9,
9Fa _ o) (4.1.3)
and
PAL, =0(p,) (4.1.4)
This result of F.M.Khan was generalized by Huseyin Bor as
follows: ’
THEOREM 14 [20]:

Let k>1. If Sa,is V. p,
=0

. summable, then éaﬂ,%,, is [N.q,|

summable provided (p,) and (g,) are bositive sequences which

satisfy the conditions (4.1.2), (4.1.3) and (4.1.4).

Here it is easy to observe that, Theorem 13 can be obtained
from Theorem 14 by putting k = 1.

Later on, in 1986, Hiiseyin Bor extended Theorem 14 for

jﬁ, p,,;yL summability as under:

THEOREM 15 [15]:
Let k21 and 720. f Ya,is [V.p,.r
=0

\ summable, then the series

ia,,,z,, is Iﬁ,q,, _ summable provided that (p,) and (g,) are positive

sequences which satisfy the conditions (4.1.2), (4.1.3) and (4.1.4).
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4.2 MAIN RESULT:

in this chapter we establish the following result on ]F,,,y,a]k

summability defined by us (see definition 12).

THEOREM K [56]:

Suppose
k=1, y20 and alty+k-1)2k-1. (4.2.1)

If the series } a,is I'N:,y,a]k summable, then the series > q,1, is
n=0 n=0
}’iv',q,.}k summable provided (p,) and (g,) are positive sequences

which satisfy the conditions (4.1.2), (4.1.3) and (4.1.4).

REMARK :

It is interesting to observe that, if we put «=1, y=0, and =1 in our
theorem K, then we get theorem 13 due to F.M.Khan. Further if we

R

put a=1, y=0 and a=1 in owur theorem K then we get theorem 14
and theorem 15 respectively. Thus we observe that, our Theorem
generalizes Theorem 13 to Theorem 15.

4.3 PROOF OF THEOREM K :

Since the series ia,, is summable lﬁ,;,y,aik it follows that
=0
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n=l pn

al+k-1)
| P
Z(—-—f‘—} }tn n_,f <0,

Let (;,) be a sequence of (¥, p,) means of the series 3 a,.

n=0
by (2.2.1), we have
l n
n "?ZO
Then for »>1, we have
- I
Atm—l =L, = FZ(P P Z( —_Pv—l)av
n v=l n~l vl
_ 1 n 1 n n~1
= —>Pa,~—>P_a,- Z w18y + 5 Z > a,
,P" v=0 P,, =) ,,.1 v=0 n-l
_ n n-1 n-1
= Ya,- Z VT2t L8502,
v=0 n v=0 n—l =)
= ZPv_la Zn:PMa +a
n—l »=0 n v=0
= ! Zn:Pv—lav ZPv-lav
1);:-1 v=0 n v=0
- [_3__*._1_.} “p g
Pﬁ—l Pn v=l
© YR
Therefore
a, = ~Lop wB2p by (2.2.9)
pn pn-—l
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Then,

(4.3.2)

(4.3.3)

(4.3.4)



Similarly, if (7,) denotes the (—N—,q,,) means of the series ia, . Then,
n=0

by (4.3.2) and (4.3.3), we have

1
n =~5—20 Qv.; vy 3 (4.3.5)
and
T,-T = 14,4, - 4.3.6
= o2 (4.39)
Therefore
2 P P
T,~T,= -3 ) A|-rAr +22Ar L |, by(4.3.4
' QnQn—-l ;Q ' [ pv ! * v-1 :I y ( )
= _ 9 % 49 <P,
- »lﬂ'vAtv—ol —r— v /’l‘vAtv‘
Q Qn~1 gl: v Q" Q Qn--l gpv»l Q l ?
— qnl)n'ln qn < Atv«-l
- mAtv-l P, v—‘q' v—l vﬂ'vi-
20, TGO b RO
But

O id — PO A

= (Qv nqv)Pv (P pv)Qv vl

= Qv‘pv/?'v - qv})v’lv - ‘Pva‘z'v-&I + p vaﬂ'H»l
=— qvpv‘z'v + (A’v - Z‘N-l )+ pva/?'wl

= —q,PA, +POAL, +0O,p, .-

oy

Thus
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a1

_ 4P q ""‘[Pv] g, (PJ
AT, =3ty o D D g+ O.ALAL,,
'O, 0,0, é P ' 0,0, ;

n-1

Q Q,..l ;:Q A

= T,+T,,+T,,+T,, , say.

Since

k
+

k
+

k

(17 ).

it follows that, to complete the proof of Theorem K , it is enough to

Tn,2

Tn,3 Tn,4

show that

Ol

a=1\ 9y

T

n

* <o, for i=1234. (4.3.7)

Firstly, we have

m —Q_n— k~1
52

k-1
P
- Z[ J 9ty At"q

n=1 an n

<Z(q,,) (Q i)

- o(l)z:(

n=1

T k

nl

k

At k

n-1

jHjAr,,_ll" , l?y (4.1.3)

n=}

= O(I)Z(;;:)‘IA [, by (4.1.2)

76



i

alky+k-1) alky+k-1}+1-k
n k
0(1)2( } (f) } lar, .

n=1 n

n=l

0(1)2( )aw—l)w,,_lr, by ((1.2.12) and (1.2.13))

o(1) as m— =, (4.3.1).

Again by applying Holder's inequality, we have

$(2]

m+l V! 1 p £
= Z (_% qﬂ Z( - quﬂvAtv»l
n=2 qn } QnQn—-] v=1 p v

A

52 ot (B poraef
(%) (&) a8 o g
o 3582 ot
Joror (5]

)&

A

H

o) Z(

o() Z(

£
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= o) g(ﬂ e by (4.1.3)

n

P

n

jaz, ||

n=1

alky+k-1) ( Ja(ky+k—1)n-k

- o(l)z(” \

alky+k-1)

=o(1)z[~z. lar, . , by ((1.2.12) and (1.2.13))

= 0(1)( as m-x ,by(4.3.1).

Similarly, we have

k-1
m+l Q 1
2o
é[q,,) "
m+l Q k-1 n~1 k
- $2) 3 eras

A

32" () 18 (2o}

o0 5{gt JEE) et

= 0() Z(i:kq,]Aml {,,;:,[Q‘IQ"M ]}

k-1

o, by (4.1.2)

At

v-1

= o0 53
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m( p alky+k-1) P alky +k-1l-k
- n __n_ k
i) ) e

n

alky+k-1)
"0(1)2( ] lar, |, by (1.2.12)

n=l

= 0l) a8 m—>«» ,by(4.3.1)

Finally, we have

il k-1
)
n=l qn
k-1 k
m+l Q a-1
= )|z 0,A4, AL,
;(qnj Q Qn«l ; : l

A

$(2) (0% 8 (@t}
o0 35555 (2 ot}
0(‘)2\ J oAt {,gl(gg,.-l]}

o) ;(;’

alky+k-1} alky+k~1TH1-k
-5 (%)

n=1 n

)HfAtH‘k by (4.1.2)

T

n-1

At
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m( p alky+k-1)
- 0(1)2(.;) ae )by (1.2.12)

n=1

= 0fl) as m—» ,by(4.3.1)

Hence, we get

© -QE— k-1
52

This completes the proof of theorem K.

T

ni

' <o, for i=1234.
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