
CHAPTER-IV

ABSOLUTE SUMMABILITY FACTORS OF 

AN INFINITE SERIES

4.1 INTRODUCTION :

It Is well known that H'useyin Bor did the pioneering work in the 

study of and py,p„;y| summability methods of an infinite

series and proved many results in these directions. If we look upon 

the definitions of |#Sjpn|tand summability due to Hliseyin

Bor ( see chapter-l, definition 6 & 7), we find that, by introducing 

the parameter y>o , he extended \N,pn summability to N,p„,y

summability. Likewise we will extend the definition of N,pn>y

summability by introducing parameter a>o and we denote this 

summability by \pp,y,a\k* Now, before defining the pfP,y,a\

summability, we first recall the definitions of and |N,pn,y\k

summabilites given by Hliseyin Bor.
CO

The series ]Tan is said to be summable
n=Q

kzl if

s
r \*-i' P '■* *i

KPn <00,
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and it is said to be summable N,pn;y t, k > 1, y > o if

CO

z
y p

#1=1
<co'

Xi'nJ

We now define NP,y,a summability as under:
k

Definition 12:

The series £a„is said t° summable NP,y,a ,k>\, y>o and
n=0 *

a(ify+£-l)2:ifc-l, if

/p

#1=1

_n_
\PnJ

K-^i| <00, (4.1.1)

It is clear that, if we put

(i) y=o and a=i in (4.1.1), then Wp,y,a\ summability reduces

to p,pB\t summability, and 

if we put a=i in (4.1.1), then 

to the pv,p„;^ summability.

NP,y,a t summability reduces

In the year 1976, F.M.Khan proved the following theorem: 

THEOREM 13 [32]:

If £a„ is \N,p\summable, then J^anzn is N,g J summable provided
#r=0 n=G

ipn) and {qn) are positive sequences such that as
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(4.1.2)

and

Pn
o\QnJ

0(1)VnPnK
PnQn

pnian=o{pa).

(4.1.3)

(4.1.4)

This result of F.M.Khan was generalized by Huseyin Bor as 

follows:

THEOREM 14 [20]:

Let **i. If is kp.|
B=0 '*

00

summable, then ls
n*Q k

summable provided (p„) and (q„) are positive sequences which 

satisfy the conditions (4.12), (4.1.3) and (4.1.4).

Here it is easy to observe that, Theorem 13 can be obtained 

from Theorem 14 by putting k = 1.

Later on, in 1986, Hiiseyin Bor extended Theorem 14 for 

N,p„-,y\ summability as under:

THEOREM 15 [15]:
Let k>l and ^>o. If |X is \N,pn,r

n=0
summable, then the series

« ._ .Yja*K is \N,qn\ summable provided that X) and (q„) are positive
n=0 *

sequences which satisfy the conditions (4.1.2), (4.1.3) and (4.1.4).
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4.2 MAIN RESULT:

In this chapter we establish the following result on 

summability defined by us (see definition 12).

NP,r,a
k

THEOREM K [56]:

Suppose

£2:1, y ^0 and a(fty+£-l)^£-l . (4.2.1)

If the series JX is Np,y,a\ summable, then the series £aJ„ is

N,q„| summable provided (pM) and (qj are positive sequences 

which satisfy the conditions (4.1.2), (4.1.3) and (4.1.4).

REMARK:

It is interesting to observe that, if we put a=i, y = o, and k=l in our 

theorem K, then we get theorem 13 due to F.M.Khan. Further if we
«s>

put a=i , 7 = 0 and a=i in our theorem K then we get theorem 14 

and theorem 15 respectively. Thus we observe that, our Theorem 

generalizes Theorem 13 to Theorem 15.

4.3 PROOF OF THEOREM K:

Since the series
11=0

is summable |N?,y,a\k it follows that
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f _ ^«6*+*-i)
* nX. ,

fl=l \Pn )
1 <°°- (4.3.1)

Let {t„) be a sequence of (n,p.) means of the series f>„. Then, 

by (2.2.1), we have
n=0

■*» »=o
(4.3.2)

Then for n > l, we have

1 n v=l rn-l v=J

in 1 n 1 n-1 i n-1

—^Kav —yiK iav —Ilk a+—yx,^i—k » v D i-d V_1 v 1} n-1 » n v 1 v

v=0 v=0 rn-l v=0 ! n-1 v=0

n i n n-1 1 n-1
IX -2>v +y-2X«v

V=0 •* rj V=0 v=0 -*t|-l v=0

V~ZPV-1«V +«.
Xi-1 v=0 v=0

7-2:^-,“. -7-1^,“.
•'n-1 v=0 *n v=0

' 1 X
* P P y/v=l

1^.v-l *v

^n^n-1 »=1

ZPv-l«v ■

Therefore

(4.3.3)

O. = -—A'.-, + , by (2.2.9)
Pn Pn-1

(4.3.4)
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Similarly, if (r„) denotes the (N,qn) means of the series . Then,
n*sQ

by (4.3.2) and (4.3.3), we have

T. =7rXte.-2-)°

Qn V=0 V >

and
= <in

QnQn-l

n

v=i

(4.3.5)

(4.3.6)

Therefore

r.-r^ = <i«
QnQ,

n-1 v=l Pv Pv-1
-A/„ , by (4.3.4)

a n P a n P—E—v ’
QnQn~1 v=l />v QnQn~\ V=1 Pv-1 v-2

+7^75-1—ke^A 

pnsn 0nen-i vT pv

But

V+i

= (Qv-qv)PA -(pv -pv)0A+)

= QVPVK - qXK - pvQvK+i + pMA^i

~~ ~ q^P^V + (^V _ ^V+l ) + PvQv^V+l

~ -qJPyK +P.QM* +QvpAv+i ■

Thus
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A7L, = ■?»%-&, In
”~l QnPn 0,0,-, 6*

^ MvA/v-, +

Pv ) QrQn-X v=l \ Pv .

■irP\ a Wp^
0,A^vAfv-l

iA,!<a-l v=l

“ T,,I +Tn,2 +Tn,l + Tn,4 > SaY-

Since

K, +r«+3^ +r,.4|* S4*(|r„/+1^1* +\T^\k +|rM|)

it follows that, to complete the proof of Theorem K , It is enough to 

show that

'a
a=l UJ

|r I <00, for/ = i,2,3,4. (4.3.7)

Firstly, we have

z(-

AfQ, Y '
£ —a=l \9a y 0,/>„

A/ !»-I

^Z
^arr^a^

QnPn
K,l

= 0(1) z
n=l

—T'K,r.by(4.1.3)
UaJ

f p \k~

= o(i)z^ K.I . by (4.1.2)»=1 V Pn /
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0(1) rp-
n=l

£■

\Pn J
I **-

m f p
o» r ■

n=l

f n \a(*r+*-l)

J

0(1) asm-^oo, (4.3.1)

K-.I*. by ((1.2.12) and (1.2.13))

Again by applying Holder's inequality, we have

m-t l ( r\ * 

V ’ a/it

»i+i^ft 1

Z —
n=2 V >

qn
1 v=l

KPJ
q,K&-

v-1

m+1 f \( „ fn-1 ( p

z
n=2

q nQ.

\ ?n / \6nl8n-l J I -r J.KIK-,11 v=l v PvJ

mfn V~Y^

\Qn J

On.

n=2 V 9n

1 n-1 ( p V
Qn-1 v=l V 7>v >

c?<- i

ro+1 {
0(1) x

tt~2 V QnQn-1

n-lf p V

x — ?,K
v=l \/*v

v-li

f p "N*
■* Vo(Dxi^j?.K,rlif^'

v=l V>7v J [n=v+l ViCnxin-l

0(1) £
f -P) * r?.i

<Qv ;
A/,V—11
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fp^x V

V=1 \Pv J
0(1)2— M , by (4.1.3)

o(i)I
C n \a(*?'+*-1)/

Pn

»=1 \ Pn \PnJ
K.r

0(1) E
n=l

f n \a(iJ'+*“I)

\Pn )
K-.r » by ((1.2.12) and (1.2.13))

o(i) as m —>oo , by (4.3.1).

Similarly, we have

m+\fn \k~x
n=1

On.
°ln )

m+lf n \k~x
\r*
n=2 ^ Qn

q«
n-i (p ^

QnQn-l v=l \ Pv y
QMAh-i

m+\fn '\*-V „ Vfn-1
s ,

n=2\’n

Qn 9n
(,QnQn-l j

|S f^VK.1
l»=l \9v J

m+\( „

o(i) I1
11=2 AQ,«“1 / v=1 j

od) eNW,i‘| i
v=l \HV J

(m¥lf qn ' 
l_J7=V+l ^ QnQn-l J

o(DI
*=* \Py)

far by (4.1.2)
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0(1)1
tj=1

* »

KPnJ

Pn

\Pn J
K-.

0(1)1
w-1

m ( p Yikr+i-l)
* r

Pn)
K_r , by (1.2.12)

o(i) as , by (4.3.1)

Finally, we have

n=l kVn)

m+l f *

z-n=7 V Qn j

(In fl-1

fi.fi

-Za^„,Ac,

71-1 V=1

m+\rn \k~x( n f «-iQn

n=2 \ I*

(In,ee,, ,Elfk-K.1
\*£n*zn~l / [v=l V “v /

0(1)1
a=2^fi.fi.

1/

n-1 f/1 V

s a
*=ll?V7

v—1 {

'O'* f 771+1

o(»if *.k-.r i,Ge ,
v=l \ "v J 1^7I=V+1 V h£nSCn-\ J

<in

f p \k~'
* -u0(1)1^ |A,J* , by (4.1.2)

v=i \Pv y

o(i)Z
n=l .iW

Pn
K?nJ

K_,
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o(0I
f P Yz^r+*-^

»=1 \Pn y
K_,|* , by (1.2.12)

0(1) as oo , by (4.3.1)

Hence, we get

n=l

rQ^
\Qn J

k-l

\tJ <*, for i = 1,2,3,4.

This completes the proof of theorem K.
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