Chapter 2

Basic properties of classes of
functions of generalized bounded

variations

2.1 New results for functions of one variable

Functions of bounded variation play an important role in various aspects of math-
ematical analysis. Their main influence is in connection with the study of Fourier
series. They also appear in the theory of Riemann-Stieltjes integration, and, in
particular, in characterizing the dual space of the Banach space of continuous

functions on a compact interval [34, Theorem 14.5, p.245].

It is well known that the class BV (]a, b]) is a Banach algebra with respect to the
pointwise operations and the variation norm || f|| = || f|le + V ([, [a,b]), where
V(f,|a,b]) is the total variation of the function f € BV([a,b]). Looking to the
feature of the class BV ([a, b]), it has been generalized in many ways and many
generalized bounded variations are introduced like ABV ®)([a,b]), #pABV ([a, b)),
ABV (p(n) 1 p, ¢, [a,b]), r— BV([a,b]) and V[v]. Many of these classes are linear
spaces and become Banach spaces when they are equipped with suitable norms
involving generalized variations. In many cases, the norms are also submultiplica-
tive, and so the function spaces carry an additional structure of Banach algebras

with respect to the pointwise operations. In 1976, D. Waterman [71, p.41] proved
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that the class ABV ([a,b]) is a Banach space with respect to the pointwise oper-
ations and the A—variation norm, as defined earlier in (1.1) (p.26). This result
was extended in 2006 by proving that the class ABV () ([a, b]) is a Banach space
with respect to the pointwise operations and the A,—variation norm, as defined
earlier in (1.2) (p.26) [61, Theorem 1, p.92]. In 2010, R. Kantrowitz [31, Theo-
rem 1, p.171] observed that the A,—variation norm is submultiplicative. Thus,
the class ABV®)([a,b]) carry an additional structure of Banach algebra with re-
spect to the pointwise operations. While studying the spectral theory of linear
operators on Banach spaces, extending the usual interval definition of a function
of bounded variation to new definition of a function of bounded variation on a
non-empty compact subset o of R, B. Ashton and I. Doust [5] in 2005 generalized
the class BV ([a,b]) to the class BV (¢). They observed that the extended class
BV (o) forms a Banach algebra, with respect to the pointwise operations and
the variation norm as defined earlier in (1.4) (p.27), and it has some interesting

applications to the Operator theory.

By straightforward extension of the Definition 1.3.1 (p.27), of a function of
bounded variation on o, and the Definition 1.2.1.1 (p.4), of a function of p —
A—bounded variation on an interval [a,b], one can define a function of p —

A—bounded variation on ¢ in the following way.

Throughout the present section, ¢ represents non-empty compact subset of R.
I = [a, b] is the smallest closed interval containing o. I1(o) is a class of partitions
of o (that is, (o) = {P : P = {x;}/", is an increasing finite sequence in o}).

B is a commutative unital Banach algebra.

Definition 2.1.1. Given A = {\,}22, € L and p > 1, a function f : 0 — B is
said to be of p — A—bounded variation (that is, f € ABV®) (o, B)) if

Vi, (f,0,B) = sup {VAp(f,a,]B%,P)}<oo,

Pell(o)

where

Va,(f, 0 B.P) = (Z —(”M%)“B)p) R

i

in which Af(z;) = f(zi01) — f(x;) and || - |p denotes the Banach norm in B.
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In the Definition 2.1.1, for ¢ = I one gets the class ABV®)(I,B); for A = {1}
and p = 1 one gets the class BV (0,B); for p = 1 one gets the class ABV (o, B);
and for A = {1} one gets the class BV " (o, B). For B = C, we omit writing C,
the class ABV ™) (o, B) reduces to the class ABV®)(q).

The summary of the important similarities and differences between the class
BV (o) and the class BV (I) are listed in the paper [5]. Some of the important
properties of the class ABV®)(I) are listed in the paper of Vyas [61].

Some basic properties of the class ABV® (o, B) are as followed.

Theorem 2.1.2. If f,g € ABV")(5,B) then the following hold:
(¢) fand g are bounded.

(i1) Va,(F +9,0.B) < Vi, (£.0,B) + Vi, (9., B).

(iit) Vi, (af,0,B) = ||V, (f,0,B), for any o € C.

(iv) Vi

(v) Vi

[0, B) < Vi, (f,0,B), if a non-empty compact set o' C o.

o
(.fgao_aB) < ||fHoo VAp(gaaa B) + ”g”oo VA;;(f? g, B); where

P

[ flloo = sup 1f(@)]le < oo.

Proof of Theorem 2.1.2. Consider any P = {z;}7", € Il(0).

Proof of Theorem 2.1.2 (i). For any z € o,

1 (@)[e < [1f(z)=f(a)lle+[| f(a)lle

((IIf(x) —Alf(a)HE)”) " f(@)lls

B =

= (A1)
< (M)7 Vi, (f, 0, B)+]| f(a)||s < 00, as f € ABV® (0, B).

Thus, the Theorem 2.1.2 (i) follows.

Proof of Theorem 2.1.2 (7). For any f,g € ABV®) (5, B),

A z;)||s)? ’
(Z“' <f+i>< )| >>

%

_ (Z (14 + ) + g><xi>3>p);

%
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1

_ (Z (1) otrin) =z~ g<a:z~>||B>p> '

i

AZL’Z—FA €T; Bp%
_ (o ar >Ai g >||>)

i

S

Af(x)|ls + [[Ag(zs)||s)?
Z(” f(z:)]] ;H 9(zi)|ls)

IN

7

bS]
==

3 1AS(zo)lls , [Ag(z:)lle
i )\f )\f

Af(x;)|s)P ’ Ag(x;)||s)P ’
s f(Ai)H)> +<Z(” g&iw))

) %

IN

(by Minkowski’s inequality)

< Vi, (f,0,B) 4+ Vi, (9,0,B).

Thus,
VAp(f + 9, U>B) < VAp(f7 J7B> + VAp(g7 g, B)

Proof of Theorem 2.1.2 (iii). Note that, for any f € ABV® (0, B) and « € C,

Aozxi]gp% A:vin%
(Z“' (fA)i( >||>> ol (Z(” f(Ai)II)>

) )

Thus, the Theorem 2.1.2 (7iz) follows.

Proof of Theorem 2.1.2 (iv). Let S = {y;}7, be any partition of ¢’. Then ¢’ C o

implies that S is also a partition of o.

Thus, l
Va,(f,0,B,S) = (Z Mﬂ)

i

< VAp(fa U7B)'

Hence, the Theorem 2.1.2 (iv) follows.
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Proof of Theorem 2.1.2 (v). For any f,g € ABV®(0,B), in view of the Theorem
2.1.2 (2), || flloo < 00 and ||g|ec < 0.

Therefore,

Afg(z)|s)P\"
(Z(” fgii )| >>

i

[

1

(v (I fg(zis1) — fo(z)]s) )

Ai

1

_ (5 (W esotrn) - f(sm-)g(amA + f(@)g (i) — f(@:)g(w:)lg) )

Tiy1) Af (s 7)) Ag(z;)||B)? z
_ Z(Hg( A );:f( )Ag( >u>)

=

Ai

IN

0 A Zi)llB [e%) A €Ty ]Bp %
Z(Ilgl\ IAf ()] J;inH 1Ag(z,)]| >>

> (|g|oo|Af<xi>|B N fooAgm)B)p) 5

1 1
P P
Ai Al

< (Z (lg(@ir) [l Af (i)l + Hf(xi)HBHAg(xi)”B)p) ’

ooprin% oopAmiIBp%
< (32 UeleP QA1) >> +(men P2gten)] >)

i

(by Minkowski’s inequality)
R Y
gl (Z(H f&g)HB)) Al (Zw g(;)HB))
< lglls Va, (f;0:B) 4+ fllo Vi, (g, 0, B).

Thus,
Vi, (fg,0,B) < [|flloc Va, (9,0, B) + ||9llsc Va,(f,0,B).

This completes the proof of the theorem.
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Corollary 2.1.3. Let o1 and oy be non-empty compact subsets of R such that
o1 C 09. [ff € ABV(p)(O'Q,B) then f|0’1 € ABV (0'1, ) and ||f|o-1HAp(01,E) <

| f1|Ap(00.B), where

The Corollary 2.1.3 can be easily followed from the above Theorem 2.1.2 (iv).

For many of the properties of the class ABV ®) (g, B), it is easy to embed the class
ABV®) (g, B) into the class ABV®)(I,B) and then use the classical theory.

Definition 2.1.4. Given a function f : 0 — B, define the function Ey : I — B
by E¢(x) = f(a(z)), where

xz, Zf x € o,
a(x) = :
sup {t : [z,t] C I\ o}, otherwise.
Obviously, £y is an extension of f and is constant on the gaps in o.

Theorem 2.1.5. If f € ABV®(0,B) then Vy (f,0,B) = Vi, (Ey, I, B), where

I = [a,b] is the smallest closed interval containing o.

Proof of Theorem 2.1.5. [ is the smallest closed interval containing ¢ and
Ef|lo = f implies Vi (f,0,B) < V), (£, I, B).

For any P = {z;}*, € II(I), define S = PNo € II(o). For simplicity of the proof,
suppose that there is only one z, € P\ S and (z_1,zx) Vo = (x), Tpy1) No = 0.
Then

Z(”AEf J)llz)” ki HAEf e (IAE(@x-)ls) | (1AL (ze)ls)"

Ak—1 Ak

P

AFE €Z; Bp
¢ 3 UAB e

i>k+1

Since Ef(zx) = f(a(xy)), for S* = SU{a(zy)}, we get

T UIAEy(z:)lle)” T (1A f(i)lls)"

A - ;

Hence, the theorem follows from V), (£, I,B) < Vi (f,0,B).
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Corollary 2.1.6. Given a function f: o — B, f € ABV®(0,B) if and only if
E; € ABV®(I,B).

Proof of Corollary 2.1.6. In view of the above Theorem 2.1.5, f € ABV®) (5, B)
implies Vy (f,0,B) = Vi, (Ey, I,B). Hence, E; € ABV®(I,B). Since o C I and
E¢lo = f, in view of the Theorem 2.1.2 (iv) (p.37), we have V) (f,0,B) <
Vi, (Ey, I,B). Thus, E; € ABV®)(I,B) implies f € ABV®(5,B).

This completes the proof of the corollary.

Corollary 2.1.7. The map F : ABV®) (5, B) — ABV®)(I,B), defined as F(f) =
E; forall f e ABV®) (5, B), is a linear isometry.

The Corollary 2.1.7 can be easily followed from the Theorem 2.1.5.

Theorem 2.1.8. (ABV®(0,B),|| - ||n,05) is a commutative unital Banach

algebra with respect to the pointwise operations.

Proof of Theorem 2.1.8. Let {f.}3°, be a Cauchy sequence in ABV®) (o, B).
Therefore, it converges uniformly to some function say f on . For any P € I1(0),

we get
VAp(f]“O-,IB,P) < VAp(fk - fl,O',B,P) +VAp(fl707B7P)

< VAp(fk - flang) + VAp(flaU7B)'

This implies,
Va, (fr, 0.B) <V, (fe = fi,0.B) + Vi, (fi,0,B)
and
|V, (fe,0,B) = Vi, (fir,0,B)] < Vi, (fk — fi,0,B) = 0 as k,1 — oco.

Hence, {Vj,(fx,0.B)}32, is a Cauchy sequence in R and it is bounded by some

constant say M > 0. Therefore,
Vi, (fro,B,P) = klim Vi, (fr, 0. B, P)
— 00
< klim Va, (fr,o,B) <M < oo,
— 00

Thus, f € ABV®) (5, B).
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Since {fx}72, is a Cauchy sequence, for any € > 0 there exists ny € N such that
Va,(fe = fi,0.B, P) <e¢, forall k,1 > ny.

Letting | — oo and taking supremum on both sides of the above inequality, we

get Va,(fe — f,0.B) <€, for all k> ny.

Thus, ||fx — flla,@r — 0 as k — oco.

Hence, (ABV®(5,B),]| - ||a,(05)) is a Banach space.

For any g1,g, € ABV®) (5, B),

l91921la,08) = l9192ll0c + Vi, (9192, 0, B)

< [lg1llse lg2lloct1lg1llsc Va, (g2, 0, B)+lg2lloc Va, (g1, 0,B) (by the Theorem 2.1.2 (v))

< [l91lloc(llg2lloc+Va, (92, 7, B))+|g2lloc Va, (91,0, B)+ V2, (91,0, B) Vi, (92,0, B)

= (lg1lloc + Vi, (91,0, B)) (llgalloc + Vi, (92,0, B))

= |lg1lla,(0) 1|92]/ A, (0m)-

This completes the proof of the theorem.

Remark 2.1.9. The Theorem 2.1.8, with o = [a,b] and B = R, reduces to the
Theorem B (p.27) as a particular case. Also, the Theorem 2.1.8, with p = 1,
A = {1} and B = C, reduces to B. Ashton and I. Doust Theorem C (p.27) as a

particular case.

2.2 New results for functions of two variables

The notion of bounded variation is extended from a function of one variable to
a function of two variables in different ways. Several definitions are given under
which a function of two or more independent variables shall be said to be of
bounded variation. Some of these definitions are associated with mathematicians
namely Hardy, Vitali, Arzela, Pierpont, Fréchet and Tonelli. For functions of two
variables, G. Vitali [56] introduced the class BVy/([a,b] X [¢,d]) and G. H. Hardy
[28] introduced the class BV ([a,b] X [¢,d]). In 1984, E. Berkson and T. Gillespie
[9, Theorem 3, p.310] observed that the class BVy([a, b] X [c, d]) is a commutative
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unital Banach algebra with respect to the pointwise operations and the variation
norm, as defined earlier in (1.5) (p.27). Considering the natural analogue of that
of bounded variation for a function of one variable, Arzela [4] introduced the class
BV4([a,b] x [¢,d]). The inter-relations between these classes are studied by two
mathematicians namely C. R. Adams and J. A. Clarkson [1]. The classes are
further generalized in many ways and many generalized bounded variations are
introduced. Generalizing the class BV (o) and the class BVy([a,b] X [¢,d]), B.
Ashton and I. Doust [5] introduced the class BV (p) of two variables functions of
bounded variation over a non-empty compact subset p of C. They proved that
the class BV (p) forms a Banach algebra with respect to the pointwise operations

and the suitable variation norm [5, Theorem 3.8].

One can extend the class ABV®) (o, B) to the classes A BV (o) x 09, B) and
N BV®) () x 05, B) in the sense of Vitali and Hardy respectively in the following

way.

Throughout the present section, o; and o5 represent non-empty compact subsets
of R and R? = I x J C IR? is the smallest closed rectangle containing o = o X 0,
where I = [a,b] and J = [¢, d] are the smallest closed intervals containing o; and

o9 respectively.
Definition 2.2.1. Given \ = (A',A?), where A¥ = {)\F}>2, € L, fork =1, 2,
and p > 1, a function f: o — B is said to be of p — )\ —bounded variation (that
is, f € NBV®P(0,B)) if
Vp (f,0,B) = sup {VAp(f,a,IB,P)} <
P

where P = P; X Py 1s a rectangular grid on o obtained from partitions P, =
{z;}, € l(01) and Py = {yj}?zl € ll(oy), and

Vo (... P) - (ZZ uAfﬁ@,Ay; HB>> |

in which
Af(riy;) = f(wirn, i) — @ y) — f(@ivn, y) + fi,y5)

and || - || is as defined earlier in the Definition 2.1.1 (p.36).
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This class is further generalized to the class A" BV ®) (o, B) in the sense of Hardy

as follows.

If f € A BV (0,B) is such that the marginal functions f(.,c) € A'BV® (o, B)
and f(a,.) € A2BV®(gy,B) then f is said to be of p — A" —bounded variation
(that is, f € A" BV® (0, B)).

If f € A" BV®) (0, B) then each of the marginal functions f(.,s) € A'BV®) (g, B)
and f(t,.) € A2BV®)(gy,B), where s € 05 and t € 0y are fixed.

Note that, for o = R2, the classes A BV®(o,B) and A" BV " (0, B) reduce to
the classes A\ BV ®)(R? B) and \* BV (R? B) respectively. For B = C, we omit
writing C, the classes A\ BV (0,B) and A\* BV® (0, B) reduce to the classes
ABV®(g) and \* BV®) () respectively.

Now, we extend our earlier results of the Section 2.1 for functions of two variables

in the following way.

Theorem 2.2.2. If f,g € \" BV (0, B) then the following hold:

(i) f and g are bounded.

(i) Vp,(f +9,0.8) < Vp, (f,0,B) + Vp, (9,0,5).

(122) Vp, (af,0,B) = |a|Vp (f,0,B), for any a € C.

(1) Vp,(f,0",B) < Vp (f.0,B), if o' = oy X 0y C 0, in which o, and o, are

non-empty compact subsets of R.

Proof of Theorem 2.2.2. Consider any rectangular grid P = P, X P, of o
obtained from partitions P, = {x;}j2, € (o) and P, = {y;}7_, € 1(0y).

Proof of Theorem 2.2.2 (7). For any (z,y) € o,

1 (2, )|z

< |f(z,y) = fla,y) = f(a, e)+ fa, O)[e+ [1f (2, ¢) = fla, O)lle + £ (a, y) = f(a, O)|e
+1f(a, )=

— (AL A2)7 ((Ilf(x,y) - f(a,y)A;i‘%(xyc) + f(a,C)llma)”) ’

=

_i_()\i)% ((Hf(:c,c) B f(avc)”B)p) ;‘i‘()\%)

((Hf(a,y) — f(a,9)l[s)"
Al

7 ) Hsa0l
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< (AL X Vp (f,0,B) + (M7 Vig(F(0), 00, B) + (X7 Vas(f(a,.), 02, B)
+[|f(a,c)|ls < oo, as f € N BV®(0,B).
Thus, the Theorem 2.2.2 (i) follows.

Proof of Theorem 2.2.2 (ii). For any f,g € \" BV®) (5, B),

A ZiyYi)lB z
(ZZ (I f+AglAQy)H))

A irYj Ag(x;, ] z
_ (ZZ (1A f iy, ;vg@c y)llm))

< ZZ (1A f (i, y5)|ls + | Ag(zi, y;) |I8)P )

|~

A2

-(Zx (”Af rylls Ag<xi,yj>|3>”)i

AL AZ)p (AL 22)5

IN

(I1Af (i, ,)]2)" (I1Ag(iy)ls) | *
Z Z )\1 )\2 Z Z )\1 )\2
(by Minkowski’s inequality)
< V/\p(f, o, ]B) + V/\p(g,a, IB).

Thus,
V/\p(f +g,0,B) < V/\p(f, o,B) + V/\p(g,a,IB%).

Proof of Theorem 2.2.2 (4ii). Note that, for any f € A" BV®(¢,B) and «a € C,

(1A(af) (i, ;)| Af(zi,y;)le ’
(ZZ ( fAl A2y>u ) ol (ZZ [ f» L H))

Thus, the Theorem 2.2.2 (iii) follows.

Proof of Theorem 2.2.2 (iv). Let S = S; x Sy be any rectangular grid of o’
obtained from partitions S; = {u;}", € II(c,) and Sy = {vitio, € I1(0y). Then
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o C o implies that S is also a rectangular grid of o.

Thus,

ins - (3 L)

< V/\p(f, o, B).
Hence, the Theorem 2.2.2 (iv) follows.

This completes the proof of the theorem.

Corollary 2.2.3. Let 01,09, 71 and 75 be non-empty compact subsets of R such
that o =0y X 0y C T =1 X 7. If f € \" BVP)(7,B) then flo € \" BV®P) (0, B)
and || flo|[a,@r) < [IflIA, B, where

Hf”/\ o,B) — HfHOO +V/\ (f,O' B) + VAl(f( ) UlaB> + VA%(f(aa')702aB)a

i which

[fllse =" sup [[f(z,y)|lp < oo.
(z,y)E0

The Corollary 2.2.3 can be easily followed from the above Theorem 2.2.2 (iv) and
the Corollary 2.1.3 (p.40).

For many of the properties of the class A* BV (o, B), it is easy to embed the
class A" BV®(0,B) into the class A" BV (R? B) and then use the classical
theory.

Definition 2.2.4. Given a function f: o — B, define the function E;: R*> — B
by Ey(x,y) = fla(z),aly)), where

x, if x € oy,
a(x) = :
sup {t : [z,t] C I\ o1}, otherwise;

and

O{(y) _ Y, Zf Yy € o9,
sup {t : [y,t] C J\ 02}, otherwise.

Theorem 2.2.5. If f € N"BV®(0,B) then V/\p(f,a,IB%) = V/\p(Ef,RQ,IB),
where R* = I x J = [a,b] x [c,d] is the smallest closed rectangle containing

O =01 X 09.
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Proof of Theorem 2.2.5. R? is the smallest closed rectangle containing o and
E¢lo = f implies V/\p(f, o,B) < V/\p(Ef,RQ,B).

Let P = P, x P, be any rectangular grid of R?, where P, = {z;}", € II(I) and
Py = {y;}j—, € II(J). Consider S; = P, Noy € (o) and Sy = P, N oy € [(07).
Then S = 57 x S; is a rectangular grid of ¢. For simplicity of the proof, suppose
there is only one (xy,y;) € P such that (zg,y;) € P\ S, where (x5_1,x,) Noy =
(g, Zpy1) Nor =0 and (yi—1, w) N o2 = (Y, Yit1) N o2 = 0. Then

(AEf (i, y5)|w) AE)(zi y;)lle)” | (AL (zr-1,y-1)|l8)"
2 N2 D> PN S VR v

Pix Py i=1 j=1

AEs(zr-1,9)|ls)" | (IAEs(zx y1-1)[8)"
1 2 + 12
A1 A Ap Ay

IAEy (zx, y))” IAEf (i, y5)lls)"
* A2 22 A2 '

i>k+1j2>1+1

Since Ef(zi, y1) = f(a(zg), a(y)), for (S1 x S2)* = (51 x Sz) U {(a(zk), a(y1))},

we get

(IAEs (i, y;)|ls)? (1A (ui, vj) )"
D > N

P xPs L (S1x8S2)*

Hence, the theorem follows from V/\p(Eﬁ R* B) < V/\p(f, o, B).

Corollary 2.2.6. Given a function f : 0 — B, f & N BV®(0,B) if and only
if By € \" BV?P(R? B).

Proof of Corollary 2.2.6. In view of the above Theorem 2.2.5, f € A" BV®) (5, B)
implies Vp (f,0,B) = V/\p(Ef7R2,IB%). Hence, in view of the Corollary 2.1.6
(p41), E; € N\" BVP(R? B). Since 0 C R? and E;|o = f, in view of the The-
orem 2.2.2 (iv) (p.44), we have Vp (f,0,B) < V/\p(Ef,RQ,B). Thus, in view of
the Corollary 2.1.6, E; € A* BV®)(R? B) implies f € A" BV®) (0, B).

This completes the proof of the corollary.

Corollary 2.2.7. The map F : N" BV®(0,B) — A" BV®(R2 B), defined as
F(f) = E; for all f € \" BV (0,B), is a linear isometry.

The Corollary 2.2.7 can be easily followed from the Theorem 2.2.5 and the Corol-
lary 2.1.7 (p.41).
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Theorem 2.2.8. </\* BV®(q,B), || - H/\p(o,IB)) is a Banach space with respect to

the pointwise operations.

Proof of Theorem 2.2.8. Let {£;.}22, be a Cauchy sequence in A" BV® (o, B).
Therefore, it converges uniformly to some function say f on o. From the Theorem
2.1.8 (p.41), we get

l}i_)IEOVA;«fk(-,C)_f(~,c)),0'1,B) =0 (2'1)
and
kh_)rrolo Vaz((fr(a,.) = fla,.)), 02,B) = 0. (2.2)

Now, for any rectangular grid P of o
V/\p(fkangv P) S V/\p(fk - fl707B7P) + V/\p(fbo-aBa P)

<V (s~ /10 B) + Vi (i 0, B).
This implies,
Vp, (fro0.B) < Vp (fx — fi,0.B) + Vp (fi,0.B)
and
|V/\p(fk,0',B) — V/\p(fl,a,IBB)\ < V/\p(fk — fi,0,B) = 0 as k,l — oc.

Hence, {V/\p (fe,0,B)}%2, is a Cauchy sequence in R and it is bounded by some
constant say M > 0. Therefore,

Vn (0,3, P) (ZZ ||Af;iu§/; )" )

ZZ |Afk T, Yy “[B)

k%oo /\1 )\2

< lim Vp (fr,0,B) < M < o0.
k—o0 P

This together with (2.1) and (2.2) imply that f € A" BV®) (0, B). Moreover,

Vi, (fi— £.0.B,P) = (ZZ llAfk—AlAfz,yﬂuB)p)
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T [A(fe = f) (i, y;)|[8)"
- (ZZ AN
< llim VA (fe = fi,0,B) = 0 as k — oo.
—00 4
Hence, the theorem follows from (2.1) and (2.2).

Remark 2.2.9. The Theorem 2.2.8, with 0 = R? and B = R, generalize the

Theorem A (p.26), for functions of two variables.

2.3 New results for functions of N—variables

Generalizing the classes A\ BV ) (o) x 09, B) and A" BV ®) (o) x 7, B) for functions
of N —variables, we have extended the results of the Section 2.2 for functions of

N —variables in the following way.

Throughout the present section, o1, 09, - -,0ny_1 and oy represent non-empty
compact subsets of R and RN = [[~, " ¢ RY is the smallest closed paral-
lelepiped containing o = Hfil 0;, where I = [a;, b;] are the smallest closed inter-

vals containing o;, for all e = 1,2,--- N.

Definition 2.3.1. Given \ = (A',- - - AN), where A¥ = {\f}>2, € L, for
k=1,2,--- N, and p > 1, a function f : o0 — B is said to be of p — )\ —bounded
variation (that is, f € \ BV®(0,B)) if

V/\p(f, o,B) = sup {V/\p(f, o, B, P)} < 00,

P=P1 ><---><PN

where P; = {xfl p1 € (0y), foralli=1,2,--- N,

and )

Vn,(f:0. B, P) (Z Z (IA7¢ xl P ;VNN)H]B)}O)Z)?

i which

Af(mlfl" ) 'vx?VN) = f([xlfl7x11€1+1] X X [$§VN7*T?VN+1])

and || - || is as defined earlier in the Definition 2.1.1 (p.36).
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This class is further generalized to the class A" BV ®) (o, B) in the sense of Hardy

as follows.

A function f € A BV®)(g,B) is said to be of p — A" —bounded variation (that
is, f € \" BV® (0, B)) if for each of its marginal functions

f(xh X1, gy L1, '7IN) € (A17 t '7A7;_17Ai+17 o '7AN)*BV(p)(U(ai)7B)7

foralli=1,2,--- N, where o(a;) = {(wl,- S Ty, Ty, IN) € H]JV:1 O’j} )
J#i

Note that, for ¢ = RY, the classes A BV (o,B) and A" BV® (0, B) reduce

to the classes A BV® (RN B) and A" BV® (RN B) respectively. For B = C,

we omit writing C, the classes A\ BV®(0,B) and A" BV® (0, B) reduce to the

classes A BV®) (o) and A\* BV (o) respectively.

Theorem 2.3.2. If f,g € \" BV?)(0,B) then the following hold:

(i) f and g are bounded.

(ii) Vp,(f +9.0.B) < Vp (f0.B)+ Vp (9.0, B).

(iii) Vp (af,0,B) = |a|Vp (f,0.B), for any o € C.

(iv) V/\p(f, o'\ B) < V/\p(f, o,B), if o’ = Hfil o, C o, in which o, are non-empty
compact subsets of R, for allt=1,2,--- N.

Corollary 2.3.3. Let 0; and 7; be non-empty compact subsets of R, for all
i=1,2, - N, such that o = [[, 00 C 7 ="y 7. If f € N" BV@P(r,B) then
flo € N BV (6, B) and || flol, ) < Ifl|n,rm). where

1F1IA, 8 = I flloo + VA, (f 0, B)

N N
+ E ‘/Y(A1,~~~,Ai*1,Ai+1,~~~,AN)p f(' Cy Gyt ')7 HUj>B )
=1 j=1

J#i
in which

[fllo =" sup  [[f(z1,- - 2n)[p < oo

(z1,7N)E0

For many of the properties of the class A" BV ®) (g, B), it is easy to embed the
class A" BV®(0,B) into the class A" BV®(RM B) and then use the classical
theory.

50



Definition 2.3.4. Given a function f : 0 — B, define the function E; : RN — B
by E¢(x1,- -+, xn) = fla(xr), -, a(xy)), where

L if x; € oy,
afz;) = :
sup {t : [w;,t] C[ai,bi) \ 0;}, otherwise,
foralli=1,2,--- N.
Theorem 2.3.5. If f € \"BVW(q,B) then Vp (f,0,B) = Vp (Ef, RN, B),

where RN = Hij\il[ai,bi] is the smallest closed parallelepiped containing o =
Hi]il Oi-

Corollary 2.3.6. Given a function f: o — B, f& A\"BV®(0,B) if and only
if E; € N" BV@®(RN B).

Corollary 2.3.7. The map F : \"BV® (5, B) — \" BV®(RN B), defined as
F(f) = Ef for all f € N\" BV (0,B), is a linear isometry.

Theorem 2.3.8. </\* BV®(q,B), || - H/\p(cr,18)> is a Banach space with respect to

the pointwise operations.

All extended results of this section can be proved in the same way as the results
in the Section 2.2.
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