Chapter 6

SPECTRAL
DECOMPOSITION THEOREM
IN EQuICONTINUOUS
NONAUTONOMOUS
Di1SCRETE DYNAMICAL
SYSTEMS

In this chapter, we prove a decomposition theorem, similar to
Smale’s spectral decomposition theorem, in an equicontinuous nonau-
tonomous discrete dynamical system induced by a sequence of
homeomorphisms.

6.1 Weak Chain Recurrence

In this section, we define weak chain recurrence, give exam-
ples and study properties of weak chain recurrent sets in a nonau-
tonomous discrete dynamical systems induced by a sequence of
homeomorphisms.
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Definition 6.1.1 Let X be a metric space with metric d and F = {f,}>
be a time varying homeomorphism on X. For any 6 > 0, sequence
{(xi, t)}2 . © X X Z is called a weak 6- pseudo orbit for F if {t;}
is an increasing sequence of integers, {ty}, {taiz1} are strictly increasing
sequences, tg = 0 and

d(F[tzz‘,tzi+1](xi)/ xi+1) <0, fOT’ 1>0

and
A(F i, (i1, X0) < 6, for i <0.

Additionally, if x, = x for infinitely many n € Z then the sequence
{(xi, 1)} _ 18 said to be a weak O-chain for x.

We call {(x;, ti)}2, a positive infinite weak 6-chain for x and
{(x;, ti)}?z_oo a negative infinite weak 6-chain for x. Also {(x;, t;)}!_
is called a finite weak o-pseudo orbit from x,, to x, if 0 < m < nor
n <m < 0. In addition if x,, = x, = x then we call {(x;, ti)}2, a finite
weak 0-chain for x with action starting at m.

Remark 6.1 Note that since {t;} is an increasing sequence therefore ty; o >
toip1 i.e. —triro < —toiy1. Hence using the fact that if n < 0 then t,, <0, we
get |trio| < |taival, for i < 0. Thus

-1 -1
. o O
F[|tzz+2| ltoivall — fﬁ a+1 fa ’

where a = |tyio| and B = |tril.

Definition 6.1.2 Let X be a metric space with metric d and F = {f,}" , be
a time-varying homeomorphism on X. A point x € X is said to be a weak
chain recurrent point for F if for any 6 > 0 there exists a weak 6-chain

{(xi, t)}2_, for x.

The set of all weak chain recurrent points for F is denoted by
WCR(F).
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In the following example WCR(F) = X.

Example 6.1 Let X = [0, 1] with the usual metric d defined by d(x, y) =
lx — yland F = {f,}", be a time varying homeomorphism on X such that
fo 1s the identity function and

x100 for n=4, i=0,1,...
fu(x) = 32®ED - for n=2+k, , and k=0,1,...,i
x+2 for n=(G{+1)2%-k i=0,1,2,... and k=0,1,...,1.

Note that for
n=2, fix) =2

and for
P<n<@i+1)?if P<n<it+i, fu(x)=xVED,
where n = i? + k and if
(+1)2—i=2+i<n<(@+1)>% fix)=x"?

wheren = (i +1)> — k.

Thus we have sequence

fx, 21 Vi, 23, 1% AV xt 2, x10)
of homeomorphisms. Define sequence {t,} " as follows :
to=1t =0;

o (%1)2+3(1:‘71)+3 if iis odd;
2T e (522 +5(52) + 6 if i is even,
fori=0,1,2,... Thus

g = tapsn = M+ 1)+ (n + 1)
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and
tanso = tapez = (M +2)* — (n + 1).
Note that
Fltg, tar1(¥) = finsrpsueny (x) = 2702
and

F[t4n+2/t4n+3](x) = f[(n+2)2—(n+1)](x) = x”+3

Now for any x € X, put

2

Xo =X, Xoj =X and xp11 = X,

foralli=1,2,3,.... Now

A(Flty b1 (X2n), X2n11) = A(finrrpsmeny (X2, %)
= d(x, x)
=0<6

and
d(F[f4n+z, t4n+3](x2ﬂ+1)/ Xon+2) = d(f[(n+2)2—(n+1)](x)/ xn+3)

— d(xn+3, xn+3)
=0<é.
Thus for any 6 > O, (t,, xu),., is an infinite positive weak 6-chain for x

that can be extended to an infinite weak 6-chain for x which shows that
x € WCR(F) which implies that WCR(F) = X.

We define the notion of equicontinuous invertible nonautonomous
discrete dynamical system.

Definition 6.1.3 Let (X, d) be a metric space and F = {f,}’ , be a time
varying homeomorphism on X. Then F is said to be equicontinu-
ous time varying homeomorphism or equicontinuous invertible
nonautonomous discrete dynamical system if

{F[m,n],F[_l :0<m<n}

mmn]*

is an equicontinuous family of functions.
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The following result shows that the set of all chain recurrent points
is contained in the set of all weak chain recurrent points for an
invertible nonautonomous discrete dynamical system.

Theorem 6.1.1 Let F = {f,,} | be a time varying homeomorphism on a
compact metric space (X,d). Then the set of all chain recurrent points
of F is contained in the set of all weak chain recurrent points of F i.e.
CR(F) € WCR(F).

Proof: Let x € CR(F) and 6 > 0 be given. Then for any n > 0, there
existm > n and a finite sequence {x;}%_ of points of X withxp = x; = x
such that either

A(fn+i(xi), xiz1) <6, for all i€{0,1,...,k—1}

or
d(fn;}_i(xl'),xi.;,.l) <90, forall i€{0,1,...,k-1}.
ko

For ng = 0, there exist my > ng and a finite sequence {x;};?

of X with xp = x = xy, such that either

, of points

A(fme+i(xi), Xiz1) <6, for all i€{0,1,...,ky—1}

or
d(fn;1 (xi),xi+1) <6, for all i€{0,1,...,ky—1}

o+i

equivalently either

A(Fpmg+img+i](Xi), Xis1) <6, for all i€{0,1,...,ky—1}
or

d(F[_rrlzo+i,m0+i](xi)’xi+1) <o, for all 1€{0,1,...,k —1}.

Further, for n; > mg + ko there exist m; > n; and a finite sequence

{xi}fi;;fl of points of X with xy, = xy,+k, = x such that either

d(F[m1+i,m1+i](xk0+i)/ xk0+i+1) < 6/ for all Z € {01 1/ e /kl - 1}
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or
d(F[_nil+i,m1+i](xko+i)’xk0+i+1) <o, for all i€{0,1,...,k —1}.

Repeating this process we get infinitely many positive or negative
finite weak 6-chains for x. Without loss of generality we can assume
that we get infinitely many positive finite weak 6-chains for x.

Collecting those finite weak 6-chains, we obtain a positive weak
6-chain {(y,, t,)} for x, where {y,} ", is subsequence of {xi}Zo with
Yo = y1 = X0 = x, {ta} ., is an increasing sequence with ty = t; = 0
and for n > 2, t, = toyp1 = m; + i for some j > 0 and for some

€ {0,1,...,k; — 1}. Clearly each of {t;,} and {ty,41} is a strictly in-
creasing sequence. This sequence can be extended to a weak 6-chain
for x.

Thus x € WCR(F) and this proves CR(F) € WCR(F).

Remark 6.2 We know that a periodic point is a chain recurrent point and
therefore any periodic point is a weak chain recurrent point equivalently
Per(F) € WCR(F). Also note that every d-pseudo orbit {(x;)}>, is a weak
O-pseudo orbit {(x;, t;)}2_ with ty; = tyiy1 =i, forall i € Z.

6.2 Weak Pseudo Orbit Extending Property

We define the weak pseudo orbit extending property for an invert-
ible nonautonomous discrete dynamical system and show that for
aninvertible nonautonomous discrete dynamical system having this
property, set of all chain recurrent points and the set of all weak chain
recurrent points coincide.

Definition 6.2.1 Let F = {f,} " be a time varying homeomorphism on
a compact metric space (X, d). Then F is said to have the weak pseudo
orbit extending property (W.P.O.E.P.) if for every ¢ > 0, there exists a
0 > 0 such that for any weak 6-pseudo orbit {(x,, t,)},-_o., there exists an
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(ee)

e-pseudo orbit Yy} -_o such that {x,};~_ is a subsequence of { Y} —_co-

Theorem 6.2.1 Let F = {f,,} | be a time varying homeomorphism on a
compact metric space (X,d). If F has the weak pseudo orbit extending
property (W.P.O.E.P.) then the set of all chain recurrent points of F and the
set of all weak chain recurrent points of F are same equivalently CR(F) =
WCR(F).

Proof: In view of Theorem 6.1.1, it remains to show that if F has
the WP.O.E.P. then WCR(F) € CR(F). Let x € WCR(F), ¢ > 0 and
n > 0 be given. By the W.P.O.E.P. of F, there exists a 6 > 0 such that
any weak 6-pseudo orbit for F is a subsequence of some e-pseudo
orbit for F. Since x € WCR(F) therefore there exists a weak 6-chain
{(xi, t)}2_, for x.

Without loss of generality we may assume that x; = x for in-
finitely many i > 0. Then there exist m > n and r > 0 such that

Xm = Xm+r = X. By WP.O.E.P. of F, there exists an e-pseudo orbit

o0

{Ym)m=—oo Such that {x,},~_., is a subsequence of {v,}5—_...

Hence we get a finite e-pseudo orbit from yx = x, = x to
Yk+j = Xm+r = X with action starting at k. Hence x € CR(F). This
proves that WCR(F) € CR(F).

We show that the converse of above theorem is not true. We con-
struct a time varying homeomorphism F on a compact metric space
such that CR(F) = WCR(F) although F does not have W.P.O.E.P.

Example 6.2 Let

Y:{lznelN}U{l—l:nelN},
n n

where IN is the set of all positive integers, under the usual metric d given
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by d(x,y) = |x — y|. Defineamap f: Y — [0,1] by

0 if yel{0,1};
y if yeY-{0,1}.

Consider the quotient space X = Y/ f and the shift map o on X defined by

fw) ={

Consider time varying homeomorphism F = {f,}*> , on X, where fq is the
identity map and

o(x) if nis evem;

Jul0) = {a‘l(x) if nis odd.

Define the sequence of integers {t;} as ty; = triy1 = 2i, for all i € Z.. Then
for any x € X, Fi,, 1,,,,1(x) = 0(x). Let 6 > 0. There exist m > 0 such that
o™(x) € Ug(A) and 07" (x) € Ug(A), where A = {0, 1}. Put

Xo=2,x1=0(X),..., %0 = 0"X, Xps1 = 0 "™(X), Xms2 = 0" (), ...

c ) Xom = 0 H(X), X1 = X

Now
d(F[tzj,tzi+1](xi)l xi+1) < 6/
foralli=0,1,...,2m.

Hence {x,,)" is a positive finite weak 6-pseudo orbit for x. Repeating
this process for infinitely many times, we get an infinite positive weak 6-
pseudo orbit for x which can be extended to an infinite weak 5-pseudo orbit

for x. Thus x € WCR(F). Since x € X is arbitrary, we have WCR(F) = X.

Let0 < e < %. Then e-pseudo orbit for x = {%} is {{%}, {%}}. If possible,
suppose F has W.P.O.E.P. Then we get a 6 > 0 such that any weak 6-pseudo
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orbit of x € X can be extended to an e-pseudo orbit of x. Analogously as
above, we get an infinite weak -pseudo orbit for x = {3} which can never
be extended to an e-pseudo orbit for x. Thus F does not have the W.P.O.E.P.

Moreover, for any x € X,6 > 0and n > 0,

{2, fu(x), fun1(x) = x}

is a finite 6-chain for x with action starting at n. Thus x € CR(F) and
hence CR(F) = X.

Now we define an equivalence relation on the set of all weak chain
recurrent points for an invertible nonautonomous discrete dynam-
ical system and show that equivalence classes are closed as well as
open set.

Definition 6.2.2 Let F = {f,}"  be a time varying homeomorphism on
a compact metric space (X,d). For x,y € WCR(F), we say that x is 0

related to y, denoted by x 2 y, if the following conditions are satisfied :

(@) for any weak 6-chain for x, infinitely many finite weak 6-chains for x
contain y and

(b) for any weak 6-chain for y, infinitely many finite weak 6-chains for y
contain x.

Wesayx~yifforevery6>0,xfzy.

Lemma 6.2.1 Let F = {f,}> | be a time varying homeomorphism on a

compact metric space (X,d). The relation 2 defined on WCR(F) is an
equivalence relation.

Proof : Clearly from the definition, ~ is reflexive and symmetric.
We prove transitivity.

Letx ~yand y ~ z. Thenforany6>0,xfzyandyfzz.
Thus
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(11) for any weak 6-chain for x, there are infinitely many finite weak
6-chains for x containing v and

(b1) for any weak 6-chain for y, there are infinitely many finite weak
6-chains for y containing x.

Also

(a2) for any weak 6-chain for y, there are infinitely many finite weak
6-chains for y containing z and

(by) for any weak 6-chain for z, there are infinitely many finite weak
6-chains for z containing y.

Let {(x;, t;)}:2, be a weak 6-chain for x. Then using (a1), (a2), (1), (bo),
we get monotonically increasing subsequences {n;}:2, {m:}>,, {pil2,
and {k;}:2, of positive integers such that for all i > 0,

ni S mMj < Njpp < My, My, < Pip < Mg
and x,, = x, X, = Y, xp, = z. Thus fori > 0,
nk,‘ S mk{ S pl S mki+1 S nki+1+1'

Hence we get

Nk < Pi S Migyptls Xy, = Xy Xp; = 2, Xy, =X

ir1t1

This implies that

(a) for any weak 6-chain for x, there are infinitely many finite weak
6-chains for x containing z.

Similarly one can show that

(b) for any weak 6-chain for z, there are infinitely many finite weak
6-chains for z containing y.
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Thus x 2 z. Since 6 is arbitrary therefore x ~ z which implies that ~
is transitive.
Hence ~ is an equivalence relation on WCR(F).

This equivalence relation gives a partition of WCR(F) consisting
of equivalence classes

[x] ={y € WCR(F): y ~ x}.
Using the above lemma we prove the following result :

Theorem 6.2.2 Let F = {f,}" | be an equicontinuous time varying home-
omorphism on a compact metric space (X, d). Then each equivalence class
of WCR(F) is a closed as well as an open set.

Proof : Let { yk} be a sequence of points of WCR(F) converging to
some y € X. Let ¢ > 0 be given. Then there exists an integer k > 0
such that d(yi, y) < 5. Since X is compact therefore F is uniformly
equicontinuous, i.e.

{F[m,n]/ P_

B :0<m<n

is equicontinuous. Hence there exists 6, 0 < 6 < 5 such that for any
0<m<n,

d(F[mn (X) an](y)) < = and d(F[m n](x)r [mn (y)) < n

whenever d(x,y) < 6. Since yr € WCR(F) therefore there exists a
weak 0-chain {(x;, ;)}2, for yx such that

A(Fity, 11 (Xi), Xiz1) < 6, for i >0,

d( |f21+2| [t2i+1l] (xi"'l)’ xi) <9, f01’ 1<0

and x, = y for infinitely many n € Z. Thus for some fixed y = x,,

d(P[tZH/ t2n+1](yk)l xn+1) < 6’ lf n 2 0
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and
AF o it X1, V) < 8, if <0
Now
d(F[tZ"'tzn‘rl](y)’ xn+1) = d(F[fzm f2n+1](y)/ F[th t2n+1](yk)) + d(F[tzn, t2n+1](yk)/ xn+l)
€
<§+6
<e
and
A(F o @ns), Y) = dFp (), i) + A )
3
<0+ E
<e.

Thus we get a weak ¢e-chain for y. Since 6 > 0 is arbitrary therefore
y € WCR(F). This proves that WCR(F) is closed.

Next we show that WCR(F) is open. Let ¢ > 0 be given. Since
X is compact therefore F is uniformly equicontinuous. Hence there
exists 0 < 6 < § such that forany 0 <m < n,

&
d(F[m,n](x)/ F[m,n](y)) < 5

whenever d(x, y) < 6. Let x € WCR(F), then there is a weak 6-chain
{(xi, t)}2, for x. We have

d(F[t2i1t2i+1](xi)/ xi+1) <0, fOT’ 1>0

and
d(F; ! (xi+1),X7) < 6, for i<,

[I£2i42l, [t2i11]

Also x; = x for infinitely many i € Z. Let y € U;(x), where

Us(x) = {z € X: d(z,x) < 6}.
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For any such x, = x,if n > 0,

d(F[thl t2n+1](x)’ xn+1) < 5

and ifn <0,
d(Fﬁtlzsz|f2n+1|](xn+1)’ X) <o.
Note that
d(F[th,tan](y)/ xn+1) = d(P[fzn,f2n+1](y)/ F[th/t2n+1](x)) + d(F[t2n/t2n+l](x)/ xn+1)
<§+6<e
and
d(Fﬁflzmzl,|t2n+1|](xn+1)’ y) = d(F[_ltl,7.n+2|,|f2n+1|](x”+1)’ x) + d(x’ y)
<O0+06<e.

Replacing x, = y, for all n for which x, = x, we get a weak e-chain
for y. Since ¢ > 0 is arbitrary therefore y € WCR(F). Since y € Us(x)
is arbitrary therefore Us(x) € WCR(F). This proves that WCR(F) is

open.

6.3 Spectral Decomposition Theorem in
Equicontinuous Nonautonomous
Discrete Dynamical Systems

We recall the following result which is Smale’s spectral decom-
position theorem extended to homeomorphisms on compact metric
spaces (refer [2]).

Theorem : Let X be a compact metric space and f: X — X be
an expansive homeomorphism with shadowing property.Then the
non-wandering set ()(f) of f can be written as a finite union of dis-
joint closed invariant sets on which f is topologically transitive.
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Using Theorem 6.2.1 and Theorem 6.2.2, we prove the above cel-
ebrated result in nonautonomous case.

We shall also use the following result :

Corollary 5.2.1 Let F = {f,} ., be a time varying homeomorphlsm on

a compact metric space X w1th metric d. If the family {f,, f;, 1}, is
equicontinuous on X and if F has the PO.T.P. on X then CR(F) = Q(F )-

Recall the definition of transitivity for an invertible nonautonomous
discrete dynamical system.

Definition : Let F = {f,}, be a time varying homeomorphism
on a metric space (X, d). Then F is said to be transitive on X if for
any two nonempty open sets U and V of X and for any k > 0, there
exists n > m > k such that

Finsg) NV £0 or Fp )NV 0.

Finally we prove Spectral Decomposition Theorem similar to Smale’s
decomposition theorem in an equicontinuous nonautonomous dis-
crete dynamical system.

Theorem 6.3.1 Let F = {f,}" | be an equicontinuous time varying home-
omorphism on a compact metric space X with metricd. If F has the P.O.T.P.
and the W.P.O.E.P on X and F restricted to Q)(F) has the P.O.T.P. and the
W.P.O.E.P then C)(F) is a union of pairwise disjoint finitely many closed
and open sets, say {B;} such that F restricted to each B; is transitive.

Proof: Since F is an equicontinuous time-varying map, the family

{F[mn F !

(]’ :0<m<n}

is equicontinuous. For m =1, Fy = fyand F = f;! and hence

fn,fn n > 0} Q{F[mn],F[ :0<m<n}.

On nonautonomous discrete dynamical systems Page 98



6. Spectral Decomposition Theorem in Equicontinuous
Nonautonomous Discrete Dynamical Systems

Thus {f,, f;': n > 0} is also equicontinuous family. By Corollary
5.2.1(on Page 82), since F has the PO.T.P. and {f,, £, '}, is equicon-
tinuous therefore QQ(F) = CR(F). Also from the Theorem 6.2.1 (on
Page 91) since F has the W.P.O.E.P. and F is an equicontinuous time
varying homeomorphism therefore CR(F) = WCR(F). Hence we
have
WCR(F) = CR(F) = Q(F).

Note that we can decompose WCR(F) = Q(F) into a disjoint union
of closed and open sets, say {B;}, which are equivalence classes of
WCR(F)(from the Theorem 6.2.2 on Page 95). Since X is compact
therefore we can take the family {B;} to be finite.

It only remains to show that F restricted to each B; is transitive.

Let
Bi =[x] = {y € Q(F): y ~ x|

be fixed. Let U and V be two nonempty opensetsinB;,, y € U,z € V
and ¢ > 0 be such that U.(y) € U and U,(z) € V. By the P.O.T.P. of
F we have 6; > 0 such that any 6;-pseudo orbit can be e-traced. By
the W.P.O.E.P, there exists 6 > 0 such that for any weak 6;-chain {x;},
there exists a 6-pseudo orbit {y;} such that {x;} is a subsequence of
{yj}. Now since v, z € B; therefore y ~ x and z ~ x and by transitivity

5
of ~, we have y ~ z. Hence y ~ z. We have

(@) for any weak 61-chain for y, there are infinitely many finite weak
d1-chains for y containing z and

(b) for any weak 0;-chain for z, there are infinitely many finite weak
61-chains for z containing y.

Thus using (a),(b) we get a weak 0;-chain {(x;, t;)} which contains
finite weak 6;-pseudo orbits from y to z infinitely many times. By
the WP.O.E.P, there exists a 6-pseudo orbit {y;} such that {x;} is a
subsequence of {y;}. By the P.O.T.P. of F restricted to ((F), there
exists p € Q(F) such that x; € U.(Fi(p)), for every i € Z. Thus for any
k > 0, there exist n > m > k such that

Y = Xy € Ue(Fu(p)) and z = x, € U(Fu(p))
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or

y =X_; € ug(F—m(p)) and Z=X_4€ ug(F—Tl(p))
This implies that

Fu(p) € U and Fiyy1(Fn(p)) = Falp) € V

or
F_.(p) €U and F[_1 {(F-m(p)) = F-u(p) € V.

m+1,n

Therefore

Flunsig NV £Q or FI!, (U)NV £0

[m+1,n]

proving that F restricted to each B; is transitive.

Remark 6.3 For proving the decomposition theorem in autonomous case,

the following result is used.

Theorem [1] If a homeomorphism f on a compact metric space X has
P.O.T.P., then its restriction on the nonwandering set, that is, flo(s) also

has PO.T.P.

The above result can not be proved for a nonautonomous discrete dy-
namical system by similar arquments due to the following difference in
the definition of pseudo-orbit for the autonomous case and for the nonau-

tonomous case.

Let (X, d) be a metric space, f : X — X be a continuous map and {y;}2,

is a 6-pseudo orbit for f then by definition, we have

A(Yiz1, f(yi)) <6, for ecah i>0.

Now for time varying map F = {f,}>  on X if {y;};2 is a 6-pseudo orbit

for F then by definition, we have

A(Yir1, fu(yi) <6, if n=i+1
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but not known for n # i+ 1. Even for equicontinuous nonautonomous dis-
crete dynamical system we may not be able to replace f, by fir1ifn #i+1.
For example in autonomous case, we have y; = f(yo) where as in nonau-
tonomous case, we have y1 = f1(yo) but we may not have y; = f,(yo), for
any n + 1.

Due to this reason basic sets B; in the Theorem 6.3.1 need not be
invariant under F which is required to prove that if F has P.O.T.P. then
FlQ(F) has P.O.T.P.

6.4

Scope of Further Research

We recall that there exists no positively expansive map or
homeomorphism or expansive Z% action on an interval, circle.
Also there exists no positively expansive homeomorphism on
an infinite compact metric space, see [50]. It will be interesting
to study problems related to existence/non-existence of time
varying homeomorphisms on different spaces.

Different types of shadowing properties like limit shadow-
ing property, average shadowing property, asymptotic average
shadowing property etc. can be defined and their interrelation
can be studied in nonautonomous discrete dynamical systems.

Notions of distal and proximal time varying homeomorphisms
can be defined and studied. It may be useful to study their
relations with expansiveness in invertible nonautonomous dis-
crete dynamical systems.

Using the notion of topological mixing of time varying map,
one can try to prove Bowen’s decomposition theorem in nonau-
tonomous discrete dynamical system.

It is proved by Aoki that for an expansive homeomorphism
on a compact metric space having P.O.T.P, Per(f) is dense in
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Q(f). It will be interesting to see whether this result holds in
nonautonomous case.

e One can try to define and study above notions in multidimen-
sional nonautonomous discrete dynamical systems given by a
sequence of continuous maps/homeomorphisms.
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