Chapter 2

EXPANSIVENESS IN
NONAUTONOMOUS
DI1SCRETE DYNAMICAL
SYSTEMS

In this chapter, we define the notion of expansiveness in nonau-
tonomous discrete dynamical systems given by a sequence of maps
and also by a sequence of homeomorphisms on a metric space. We
give examples, study properties and obtain a characterization of
expansiveness in nonautonomous discrete dynamical systems.

2.1 Expansiveness in Nonautonomous Dis-
crete Dynamical Systems

Let (X, d) be a metric space and
{fi: X>X:n=0,1,2,...}

be a sequence of continuous maps with f; as the identity map on X.
We call F = {f,}”, to be a time varying map on X and (X, F) to be a
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nonautonomous discrete dynamical system. We denote

F,=fuo fy10---0fiofy, forall n=0,1,2,...

and define
g fiofiie o finefi  0<i<]
L] the identity map on X; i>j.

For any k > 0, k''-iterate of F is defined to be a time varying map
FF={ Sute on X, where

gn = fuk © f(n—1)k+k—1 ©---0 f(n—1)k+2 © f(n—l)k+1 for all n20.
Thus Fr = {Frin-1k+1,0k1} -

Following are the definitions of orbit, periodic point and fixed
point in a nonautonomous discrete dynamical system induced by a
sequence of continuous maps.

Definition 2.1.1 [64] Let (X, d) be a metric space and f, : X — X be a
sequence of continuous maps, n = 0,1,2,.... For a point xo € X, define a
sequence as follows :

Xn+l = fn+1(xn)/
:Fn+1(X()), n= 0,1,2,....

Then the sequence O(xg) = {x,};~, is said to be the orbit of xq under time

varying map F = {f,}> ..

0

Definition 2.1.2 [64] Let (X, d) be a metric space and f, : X — X be a
sequence of continuous maps, n = 0,1,2,.... A point xo € X is said to be
a periodic point of time varying map F = {f,} 7 if O(xo) = {x} 7, is
periodic i.e. there exists an integer k > 0 such that

Xivk = Xi, for all i=0,1,2,...

Hence xj.j = x;ji.e. Fiyj(x0) = Fi(xo), for everyi > 0and 0 < j <k.
The set of all periodic points of F is denoted by Per(F).
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Definition 2.1.3 [64] Let (X, d) be a metric space and f, : X — X be
a sequence of continuous maps, n = 0,1,2,.... A point x € X is said to
be a fixed point of time varying map F = {f,}>  if f.(x) = x, for all
n=0,12,....

Now we define expansiveness of a nonautonomous discrete dynam-
ical system induced by a sequence of continuous maps.

Definition 2.1.4 Let (X, d) bea metric spaceand f, : X — X bea sequence
of continuous maps, n = 0,1,2,.... The time varying map F = {f,}, is
said to be expansive if there exists a constant ¢ > 0 (called an expansive
constant) such that forany x,y € X, x # y,

d(F,(x), Fn(y)) > ¢ for some n > 0.
Equivalently, if for x, y € X,
d(F(x),Fu(y)) <c for all n>0 then x =y.

Remark 2.1 Ifin the above definition f,, = f, foralln > 0, where f: X —
X is continuous, then expansiveness of time varying map F = {f,}>° , on
X is equivalent to positive-expansiveness of f on X ([20]), as

Fp=faofis10---0fhofy=fofo---ofof=f"

Remark 2.2 Note that expansiveness of a time varying map F is inde-
pendent of choice of metric if X is compact. For metric space (X, d), let
N4(x,0) = {y € X: d(x,y) < 0}. Let dy and d, be two equivalent metrics
on a compact metric space X. Suppose F is expansive on (X, dq) with ex-
pansive constant ¢ > 0. Since d; is equivalent to dy, there exists an €1 > 0
such that for any x € X,

Ny, (x,€1) C Ny, (x, €),

where Ny.(z,0) denotes the open ball centred at z in X of radius 6 under
metricd;, 1 =1,2. Since X is compact, €1 depends only on € and not on x.
Let x # y. Since F is expansive in (X, d1) with expansive constant € > 0,

Fu(y) & Na,(Fu(x), €)
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for some n > 0. Now since
Ndz(FTl(x)l 81) C Nd1(F1’l(x)l 8)/

we have
Fu(y) € Ny, (Fu(x), €1).

Thus F is expansive on (X, dp) with expansive constant €.

Following is an example of an expansive time varying map.

Example 2.1 Consider the time varying map F = {f,}>_, on the real line
R defined by f,(x) = (n + 1)x, for x € Rand n > 0.

Choose c > 0. Then for x, y € R, x # y, there exists n > 0 such that
|Fr(x) — Fn(y)l =+ 1lx - }/l > C.
Thus F is expansive with expansive constant c.

Definition 2.1.5 If h: X — Y is a homeomorphism, h is uniformly con-
tinuous on X and h™1 is uniformly continuous on Y, then h is said to be a
uniform homeomorphism.

Now we define uniform conjugacy between two nonautonomous
discrete dynamical systems induced by a sequence of maps.

Definition 2.1.6 Let (X,d1) and (Y,d,) be two metric spaces. Let F =
{fulrro and G = {gu}", be time varying maps on X and Y respectively. If
there is a homeomorphism h : X — Y such that

hofn:gnoh,

foralln =0,1,2,... then F and G are said to be conjugate with respect
to the map h or h-conjugate. In particular, if h: X — Y is a uniform
homeomorphism then F and G are said to be uniformly conjugate or
uniformly h-conjugate.
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For example, if F = {x"*1}* on[0,1], G = {2((x+1)/2)""' -1}**, on

[-1, 1] then F is uniformly h-conjugate to G, where h : [0,1] — [-1,1]
is defined by h(x) = 2x — 1.

Next we show that expansiveness is a property in a nonautonomous
discrete dynamical system which is preserved under uniform con-

jugacy.
Theorem 2.1.1 Let (X, d1) and (Y, d>) be metric spaces. Let F = {f,}>
and G = {gu};", be time varying maps on X and Y respectively such that

F is uniformly conjugate to G. Then F is expansive on X if and only if G
is expansive on Y.

Proof : Since F is uniformly conjugate to G, there exists a uniform
homeomorphism / : X — Y such that

hofn =8 oh,
foralln >0i.e.
fuoht=hlog,,

for all n > 0 which implies

Fyoh™ =fyofu10---faofiofyoh™
= fuo fu10---fao fioh o g

:h_lognogn_lo---gzoglogo
:h_loGnr

for all n > 0. Similarly ho f, = g, o h, Yn > 0 will imply that for all
n>0,
hoF,=G,oh.

Let F be expansive with an expansive constant ¢ > 0. Now, I being
a uniform homeomorphism, h~! is uniformly continuous therefore
for € > 0 there exists a 6 > 0 such that for y1, 1, € Y,

da(y1, 12) < O implies dv(h™' (1), ' (y2)) < e.
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Let 11, y2 € Y. Suppose that foralln > 0, d2(G,(y1), Gn(y2)) < 6. Then
di(h(Ga(11)), (Ga(12))) < &,

foralln > 0i.e.

dy(Fa (™ (y0), Fah ™' (12)) < e,

for all n > 0. Since F is expansive with expansive constant ¢, we get
hY(y1) = hY(y,) which implies y; = y,. Thus G is expansive with
expansive constant 0.

Conversely, suppose G is expansive with expansive constant ¢; > 0.
Since h is continuous, there exists 61 > 0 such that for any x;,x; € X,

di(x1,x2) < 01 implies dy(h(x1), h(x2)) < é€1.

For any x1,x; € X with x; # xo, h(x1) # h(xp), it follows that there
exists n € Z such that

do(h(F(x1)), i(Fn(x2))) = d2(Gr(h(x1)), Gu(h(x1))) > €1.
which implies dq(F,(x1), Fu(x2)) > 61. Thus F is expansive on X.
Corollary 2.1.1 Let (X, d1) be a compact metric space and (Y,dz) be a
metric space, F = {f,}" , be a time varying map on X and h: X — Yisa
homeomorphism. If F is expansive on X then G = ho Fo h™! = {g,}
where g, =ho f, 0 W, n=0,1,2,... isexpansive on Y.

[ee]
n=0’

Definition 2.1.7 Let (X,d1) and (Y,d,) be metric spaces. A family of
functions {f, : X — Y}~ is said to be equicontinuous at xo € X if
for every & > 0, there exists a & > 0 (depending on the point xy) such
that dy(f.(x0), fu(x)) < € for each n = 0,1,2,... and for each x € X
satisfying dy(xo, x) < 6. The family {f,} ", is called equicontinuous if it is
equicontinuous at each point xy € X.

Definition 2.1.8 Let (X,d;) and (Y,dy) be metric spaces. A family of
functions {f, : X — Y}~ is said to be uniformly equicontinuous if
for every € > 0, there exists a 6 > 0 (depending on ¢ only) such that
da(fu(x), fu(y)) < € foreachn =0,1,2,... and for all x,y € X satisfying
di(x,y) <.
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(o)

Now, we show that a time varying map F = {f,} . ,, where the
family {f,}°, is equicontinuous, is expansive if and only if its k"
iterate is expansive, where k is a positive integer.

Theorem 2.1.2 Let (X, d) be a compact metric space, { f,},"_, be an equicon-
tinuous family of self maps on X and k be a positive integer. Then time
varying map F = {f,}°° is expansive if and only if F* is expansive.

Proof : Let e > 0 be an expansive constant for F. Since X is compact
and {f,} ", is equicontinuous family, forany n > 0and nk +1 < j <
(n + 1k, Fiuke1,j1 is uniformly continuous on X and therefore there
existsa 0; >0(=j7—-(mk+1)€{0,1,2,...,k—1}) such that

d(x, y) < 6i = d(Fpuk+1,j1(X), Fruie,11(y)) <e.

Note that due to equicontinuity of {f,} ,, 6; does not depend on
n. Take 6 = min{6;: 0 <i < k —1}. Then for any n > 0,

d(x, y) < & = d(Fpuke1,j)(%), Frue,j1 () <e.

Now FF = {gn};o:(y where 8n = F[(n—l)k+1,nk] and G, = gn©: 0410 K.
It is easy to see that G, = F,. Note that for any j > 0, there
exists n > 0 such that nk < j < (n + 1)k. Now for any n > 0 and
nk <j<(n+1)k,

A(Gu(x), Gu(y)) < 6 = d(Fu(x), Fau(y)) < 0

= d(Fiuke1, j(Fur(x)), Frukr1,n(Fax(y))) <e
= d(Fj(x), Fi(y)) <e.

Since e is an expansive constant for F, x = y and hence 6 is an
expansive constant for F¥,

Conversely, if F* is expansive with an expansive constant ¢ then
forany x,y € X, x # y, there exists n > 0 such that

d(Gu(x), Gu(y)) > €
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which implies
A(F (), Fnk(]/)) > &

proving that ¢ is an expansive constant for F.

The following example shows that ‘equicontinuity” in the hy-
pothesis of Theorem 2.1.2 is necessary.

Example 2.2 Consider the sequence of maps F = {f,} ", on the unit circle
S defined by
z2*l if n is even;

Jul2) = {zﬁ if nis odd,

for any z € S, where z € St, Zn = exp {%Arg(z)}, in which Arg(z) is the
principle argument of z.

Note that
z:tY if n is even;
Fn(z) = f .
z if nis odd,

forany z € S! and therefore F is expansive. Observe that F* = {g,} ,

where each g, = Fppu-1,24 is the identity map, therefore F? is not ex-
pansive. Note that {f,} is not an equicontinuous family on S'.

Using Theorem 2.1.2, we have the following example of a time
varying map which is not expansive.

Example 2.3 Let N be any positive integer. Consider the time varying
map F = {f,}°2, on the unit circle S' defined by

Z¥1 0 <n=2k<2N;
fux) =4z 1<n=2k+1<2N;
z n > 2N.

forany z € S
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Note that {f,} ", is equicontinuous family of maps on compact
space S' and F? = {g,,}°°,,, where each g, = Fppu_1,24] is the identity
map. Since F? is not expansive, by Theorem 2.1.2, F is not expansive.

Now we define invariant subset for a time varying map and
show that if a time varying map is expansive on a metric space then
it is also expansive on any invariant subset of it.

Definition 2.1.9 Let (X, d) bea metric space, F = {f,} " bea time varying
map on X and Y be a subset of X. Then Y is said to be invariant under F

if
(Y)Y,

for all n > 0, equivalently F,(Y) C Y, for all n > 0.

Lemma 2.1.1 Let (X, d) be a metric space, F = {f,} ", be a time varying
map which is expansive on X and Y be an invariant subset of X, then
restriction of F to Y, defined by F|Y = {f,|Y} is expansive.

Proof: Let ¢ > 0 be an expansive constant for F on X. Let x #
y, x,y € Y then x, y € X also, therefore there exists n > 0 such that

A(FA(), Fu(y)) > €.
Since Y is invariant under F, F,(x), F,(y) € Y. Hence F|Y is also ex-
pansive with expansive constant ¢.
Now we show that every finite direct product of expansive time
varying maps is expansive.

Theorem 2.1.3 Let (X, dy) and (Y, d) be metricspacesand F = {f,}" ), G =

(o]

{gnl ., De time varying maps on X and Y respectively. Define a metric d
on X XY by

d((x1, y1), (2, ¥2)) = max{dy(x1, x2), da(y1, y2)b; - (1, Y1), (x2, y2) € XXY.
Also forany f: X — Xand g: Y — Ydefine f X g: X XY = X XY by

(f X 8)(95/ y) = (f(x)/g(y))/ (x, y) e XXY.
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Then time varying map F X G = {f, X gu}", is expansive on X X Y if and
only if F and G are expansive on X and Y respectively.

Proof : Let F X G is expansive on X X Y with expansive constant
¢ > 0. For x1,x, € Xand y1, 2 € Y, we have (x1, y1), (x2, y2) € X X Y.
Suppose forany n > 0, d1(F,(x1), fu(x2)) < eand d2(G,(y1), Ga(y2)) < €
then for any n > 0,

A((F X G)u(x1, 1), (F X G)u(x2, ¥2))

= max{di(F,(x1), fu(x2)), d2(Gn(y1), Gu(y2))}

< €.
Since F X G is expansive with expansive constant ¢, we have (x1, y1) =
(x2,y2) i.e. x1 = x and y; = y, which implies that F and G both are

expansive with expansive constant ¢. Conversely suppose F and G
are expansive on X and Y respectively. Note that for any n > 0,

(FX G)ulx,y) = (Fa(9), Gu(y)), (x,9) € XX Y.
Let €1 > 0 and €, > 0 be expansive constants for F and G respec-
tively. Let ¢ = min{ey, €2} and (x1, y1), (x2, y2) € X X Y.
If foralln >0,

A((F X G)u(x1, y1), (F X G)u(x2, ¥2)) < €
then
d((Pn(xl)/ Gn(yl))r (Fn(x?.)r Gn(yZ))) <é&
which implies
max{dy (F(x1), Fu(x2)), d2(Gu(y1), Gu(y2))} < e.
Hence
dZ(Fn(xl)/Fn(XZ)) <e &
and
d1(Gu(y1), Gu(12)) < € < &2

which by expansiveness of F and G implies x; = x; and y1 = 12
ie. (x1,y1) = (x2,2). Hence F X G is expansive with expansive
constant €.
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2.2 Invertible Nonautonomous Discrete Dy-
namical Systems and Expansiveness

Let (X, d) to be a metric space and f, : X — X to be a sequence

of homeomorphisms, n =0,1,2, ..., where we always consider fo to

be the identity map on X. We call F = {f,} 7 to be a time varying

homeomorphism on X and (X, F), an 1nvert1ble nonautonomous
discrete dynamical system. We denote

r = fnofn—lo"'oflofo, fOT’ n>0
e f—_ﬁof__(}q_l)o“‘ofl_lofgl, for n < -1.

For any 0 <i < j, we define

Fi {f] frio o firofy 0<is]
il

the identity map on X, i> ]

For time varying homeomorphism F ={f.}, on X, its inverse map
is given by F~! = {f,/1}* . Thus

| 1 1 L
1 _{f] ©Jj 0 ° mofi, 0<i<]

CA \the identity map on X, i>].

For any k > 0, we define a time varying homeomorphism (k"*-iterate
of F) F¥ = {g,}* , on X, where

gn = fuk © fn-1sk=1 0 <+ 0 fu-1)k+2 © fu-1+1 for all n > 0.

Thus F* = {Fp-1)ks1,m) o, for k > 0 and for k = —m < 0, F¥ = (F1)™.
Also, for k = 0, F* = {£,}*,,, where each f, is the identity map on X.
Thus FF = { gn};"zo, where

Frin-1)k+1,nk] if k>0;
_ ) , :
&n = 3 F—1yks 1.0k if k<0;

the identity map on X if k=0.
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Let us define orbit, periodic point and fixed point for a time vary-
ing homeomorphism.

Definition 2.2.1 Let (X, d) bea metric spaceand f, : X — X bea sequence
of homeomorphism, n = 0,1,2,.... For a point xo € X, let

X, = {fn(xn—l) nx1;

f__nl(xn+1) n<-1

then the sequence {x,},._..,, denoted by O(xy), is said to be the orbit of x

o0

under time varying homeomorphism F = {f,}~ .

Definition 2.2.2 Let (X,d) be a metric space and f, : X — X be a
sequence of homeomorphisms, n = 0,1,2,.... A point xo € X is said to
be a periodic point of F = {f,,}  if orbit of xo (O(x0) = {xn},~_o) 8
periodic i.e. there exists an integer k > 0 such that

xn+k = xn/

for all n € Z, where

_ fn(xn—l) Zf n=0;
1 EN ) if 1<,

The set of all periodic points of F is denoted by Per(F).

Definition 2.2.3 Let (X, d) bea metric spaceand f, : X — X bea sequence
of homeomorphisms, n = 0,1,2,.... A point x € X is said to be a fixed
point of time varying homeomorphism F = {f,,}>_, if

fa(x) =x
foralln=0,1,2,....

Note 2.1 If f,(x) = x then f, being homeomorphism f,}(x) = x. Hence
orbit of fixed point x is {x}.
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Now we define expansiveness of a time varying homeomor-
phism i.e. expansiveness of an invertible nonautonomous discrete
dynamical system and study them in detail.

Definition 2.2.4 Let (X, d) bea metric spaceand f, : X — X bea sequence
of homeomorphisms, n = 0,1,2,.... The time varying homeomorphism
F = {fu};", is said to be expansive if there exists a constant e > 0 (called
an expansive constant) such that forany x,y € X, x # y,

A(FA(), Fu(y)) > e
for some n € Z. Equivalently, if for x,y € X,

d(F.(x),Fu(y)) <e for all n € Z then x =y.

Remark 2.3 If in the above definition f, = f foralln > 0, where f: X —
X is homeomorphism, then expansiveness of time varying homeomorphism
F = {fu} ", on X is equivalent to expansiveness of f on X ([2]).

Remark 2.4 Note that expansiveness of a time varying homeomorphism
F is independent of the choice of metric for X if X is compact.

Let us define conjugacy between two time varying homeomor-
phismes.

Definition 2.2.5 Let (X,d1) and (Y,d,) be two metric spaces. Let F =
{fulioy and G = {gu}77 , be time varying homeomorphisms on X and Y
respectively. If there exists a homeomorphism h : X — Y such that

hofn:gnoh,

foralln =0,1,2,... then F and G are said to be conjugate with respect
to the map h or h-conjugate.

In particular, if h: X — Y is a uniform homeomorphism then F and G
are said to be uniformly conjugate or uniformly h-conjugate.
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The following theorem shows that expansiveness of a time vary-
ing homeomorphism is a property which is preserved under uni-
form conjugacy.

Theorem 2.2.1 Let (X, dy) and (Y,d>) be metric spaces. Let F = {f,} ",
and G = {g,} ", be time varying homeomorphisms on X and Y respectively
such that F is uniformly conjugate to G. Then F is expansive on X if and
only if G is expansive on Y.

Proof : Since F is uniformly conjugate to G therefore there exists a
uniform homeomorphism i: X — Y such that

ho fn =8n©° h/
for all n > 0, which implies
fn o h_l = h_l © T,

foralln > 0 and
fllohlt=hlog,
forall n > 0. Now for alln > 0,
Fyoh™ =fyofy10---faofiofyoh™
= fyo fo10--frofiohlog

:h_lognogn_lo---gzoglogo
=h'loG,

and similarly for all n < 0, we also have

Fooh™ ' =floflofilofilofitoh™
=faofmo - filofi ohtogy

1 -1 -1

=hloglogl o8l ogrl ogy
=h'oG,.
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So, we get F,oh™! = h™ o G, for all n € Z. Similarly,
hoF,=G,oh,

for all n € Z. Suppose F is expansive on X with expansive constant
¢ > 0. Since h™! is uniformly continuous therefore there exists a
0 > 0 such that for any yi, y» € Y with da(y1, y2) <0,

di(h (1), 7 (y2)) < e.

Let y1,12 € Y such that y; # vy, then h™'(y;) # h™(y,) therefore F
being expansive on X, there exists n € Z such that

di (B (Gu(y1)), hH(Gau(y2))) = di(Ea(h (y1)), Fah ™ (42))) > &

which implies
d2(Gn(11), Gu(y2)) = 6.

Hence G is expansive on Y.

Conversely, suppose G is expansive on Y with expansive constant
¢ > 0. Since h is uniformly continuous, there exists 6 > 0 such that
for any x1, x, € X with dy(x1, x2) <0,

dy(h(x1), h(xy)) < e.

For any x1, x, € X with x; # x,, observing thath(x;) # h(x,), it follows
that there exists n € Z such that

do(N(Fn(x1)), h(Fn(x2))) = da(Gu(h(x1)), Gu(h(x1))) > €
which implies d;(F,(x1), Fu(x2)) > 6. Thus F is expansive on X.

Corollary 2.2.1 Let (X, dy) be a compact metric space, (Y,d) be a metric
space, F = {f,}>_, be a time varying homeomorphism on X and h: X —Y
is a homeomorphism. If F is expansive on X then G = hoFoh™! = {g,}
where g, =ho f, 0 Wl n=0,1,2,... s expansive on Y.

[e0]
n=0’

The following theorem shows that a time varying homeomor-
phism is expansive if and only if its inverse is expansive.
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Theorem 2.2.2 Let (X, d) be a compact metric space, {f,} ., be a family
of self homeomorphisms on X. Then time varying homeomorphism F =
{fu)s2, is expansive if and only if F' is expansive.

Proof : Let F be expansive with an expansive constant e > 0. It is
easy to verify that
F(—n) = (F_l)n/

for all n € Z. Equivalently (F‘l)(_n) =F, foralln € Z. Letx #
y, x,y € X then there is some n € Z such that

A(F (%), Fa(y)) >

1.e.
A(F ) ny (@), F D emy(y)) > €

for some (-n) € Z, which implies F~! is also expansive. Conse-
quently, F~! expansive implies (F~1)~! = F is expansive.

By above result and analogous to the Theorem 2.1.2, we have the
following result.

Theorem 2.2.3 Let (X, d) be a compact metric space, {f,},"_, be an equicon-
tinuous family of self maps on X and k be an integer. Then time varying
homeomorphism F = {f,}*, is expansive if and only if F* is expansive for
any k € Z — {0}.

Now we define invariant set under time varying homeomor-
phism and show that if a time varying homeomorphism is expan-
sive on a metric space then the restricted map to an invariant subset
is also expansive.

Definition 2.2.6 Let (X, d) beametricspace, F = {f,} " beatime varying
homeomorphism on X and Y be a subset of X. Then 'Y is said to be invariant
under Fif f,(Y) = Y, (and therefore f,1(Y) = Y) forall n > 0, equivalently
F.(Y)=Y, foralln € Z.

Analogous to Theorem 2.1.1, one can prove the following result.
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Theorem 2.2.4 Let (X, d) be a metric space, F = {f,}. , be a time varying
homeomorphism which is expansive on X and Y be an invariant subset of
X, then restriction of F to Y, defined by F|Y = {f,|Y} is expansive.

Analogous to Theorem 2.1.3, one can prove the following result.

Theorem 2.2.5 Let (X, d1)and (Y,dy) bemetricspacesand F = {f,} > ,, G =

{gnl, be time varying homeomorphisms on X and Y respectively. Con-
sider the metric d on X X Y defined by

d((x1, y1), (x2, y2)) = maxidi(x1, x2), d2(y1, y2)}; (X1, 1), (X2, y2) € XXY.

Then the time varying homeomorphism FXG = {f, X gu} ", is expansive on
X XY ifand only if F and G are expansive on X and Y respectively. Hence
every finite direct product of expansive time varying homeomorphisms is
expansive.

We have following result for time varying homeomorphism similar
to that for an expansive homeomorphism on a compact metric space

([61).

Theorem 2.2.6 Let (X,d) be a compact metric space, F = {f,}., be a
time varying homeomorphism such that for any given pair of integers r
and s, there is an integer t such that F.(Fs(x)) = Fi(x), for all x € X. If F
is expansive on X and O is the least upper bound of the set of expansive
constants for F then O is not an expansive constant for F.

Proof: Let e be an expansive constant for F, O be the least upper
bound of the set of expansive constants for F and ¢; = % fori =
1,2,3,---. Since 0 + ¢; is not an expansive constant for F therefore
for each i there exist x # y/ such that

d(Fu(x)), Fu(y))) < 0 + ¢ (2.1)
for each integer n. Also, for each i, there exists an integer k; such that

A(F (), () > e.
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(Since e is an expansive constant for F and x| # v, for each i. )

Let x; = Fy,(x!) and y; = F,(y}). Since X is a compact metric space
therefore passing to a subsequence if necessary, without loss of gen-
erality, we can assume that there exist x, y € X such that x; — x and
y; — y. Note that x # y. (As for each i, d(x;, y;) > e.)

Let m be an arbitrary integer and « be an arbitrary positive real
number. Choose p, g and 1 with the following properties:

a

(Such p exists as ¢; =  converges to zero.)

(b) d(u,v) < nimplies d(F,,(u), F(v)) < 5,
(Such 1 exists as X being compact, F,, is uniformly continuous
on X.)

(c) n > pimplies d(x,x,) <nand n > g implies d(y, y,) < 1.
(As the sequences {x;}:2, and {y;};°, converge to x and y respec-
tively.)

Let i > max{p, g}, then

A(Fn(x), Fn(y)) < d(Fun(x), Fn(x:)) + d(Fin(xi), Fn(yi)) + d(Ern(yi), Fn(y))

o (87 o
<§+(9+§)+§—a+6

(Since i > p therefore from (c), d(x, x;) < 1 and hence form (b),
A, Fui) < 5-
Similarly i > g implies

Ao (y:), Fal)) < 5.
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Further since i > p therefore using (a), ¢; < ¢y < § and

d(Fm(xi)/ Fm(yz)) = d(Fm(Fki(x:'))/ Fm(sz(y;)))
= d(Fy(x}), F:(y)) for some integer t
<0 +¢i (from equation (2.1))

o
0+ —.
< +3 )

Thus d(F,.(x), Fu(y)) < 0 implying 0 is not an expansive constant
for F.

Definition 2.2.7 Let (X, d) beametricspace, F = {f,} " beatimevarying
homeomorphism on X and A € X. Then F is said to be expansive on A
with expansive constant e > 0 if for any x,y € A, x # y, there exists an
integer n > 0 (depending upon pair (x, y)) such that d(F,(x), F,.(y)) > e or
equivalently if for x,y € A

d(F.(x), Fu(y)) <e, for all n>0 then x=y.

Now we show that a if a time varying homeomorphism is expansive
on a subset whose complement is finite then it is expansive on the
entire metric space.

Theorem 2.2.7 Let (X, d) be a metric space, F = {f,}. , be a time varying
homeomorphism on X and A C X such that X — A is finite. If F is expansive
on A then it is expansive on X.

Proof : Let F be expansive on A with expansive constant e. Since
X — A is finite, it is sufficient to show that F is expansive on A U {x},
where x € X — A. Then one can show expansiveness of F on X using
induction for finitely many steps. Note that there is at most one
point p € A such that

d(F(x), Fu(p)) < g VneZ.
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If p and q are two such points in A, then

d(Fu(p), Fu(q)) < d(Fn(p), Fn(x)) + d(E,(x), Fu(q))

e ¢
2 2
<e

for all n € Z, which contradicts the expansiveness of F on A. If a
point p as described above exists, let 0 < ¢ < d(x, p); otherwise let
c=5. Now foranya,b € AU{x}, a # b,ifa, b € A then expansiveness
of F on A implies that there exist m € Z such that

d(F,.(a), F,.(b)) > e > c.
If a = xand b € A with b # p then there exists m € Z such that
d(F(a), Fn(b)) = d(Fu(x), Fn(D))

LN
= 2>C.
2

If a =xand b € A with b = p then for m = 0 we have

d(Fi(a), Em(b)) = d(E(x), E(p))
=d(x,p) (as m =0)
> C.

Thus in any case there exists m € Z such that
d(F(a), Fu(b)) > c.

Thus F is expansive on A U {x} with expansive constant c.

2.3 Generatorand Weak Generatorin Nonau-
tonomous Discrete Dynamical Systems

The topological analogue of generator was defined and studied
by Keynes and Robertson [34]. We define and study this notion
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for an invertible non-autonomous discrete dynamical system and
obtain a characterization of expansiveness in terms of generator and
weak generator.

Definition 2.3.1 Let (X, d) be a compact metric space and F = {f,}_, be
a time varying homeomorphism on X. A finite open cover « of X is said to
be a generator for F if for every bisequence {A,} of members of a,

M) E)

n=—00
is at most one point, where A, denotes the closure of set A,.

Definition 2.3.2 Let (X, d) be a compact metric space and F = {f,}>_, be
a time varying homeomorphism on X. A finite open cover a of X is said to
be a weak generator for F if for every bisequence {A,} of members of a,

N E e

n=—0o

is at most one point .

The following result gives a characterization of expansiveness. We
show that a time varying homeomorphism on a compact metric
space is expansive if and only if it has a generator or a weak gener-
ator.

Theorem 2.3.1 Let (X, d) be a compact metric space and F = {f,}>" , be a
time varying homeomorphism on X. Then following are equivalent :

(1) F is expansive,

(2) F has a generator,

(3) F has a weak generator.

Proof : We first show that (2) = (3).
(2) = (3) : Let a be a finite open cover of X and {A,} be bisequence

of members of a. Since A,, C A,,, we have

N E e () E G

n=—oo n=—oo
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If a is generator for F then

M) E)

n=—oo

contains at most one point and therefore

N E) '

n=—0oo

also contains at most one point. Hence « is also a weak generator
for F.

(3) = (2) : Let p = {By, By, ..., B,} be a weak generator for F and
6 > 0 be a Lebesgue number for 3. Let a be a finite open cover by

sets A; with diam(A;) < 6. If {A;}is a bisequence of members of a

In

then for every n, there is j, such that A_zn C Bj,, and so

ﬁ (Fn)™'(A;,) € ﬁ (Fa)™'(Bj,).

n=—oo n=—oo

M) E)'3,)

n=—0oo

contains almost one point therefore

ﬁ (Fa)7'(A;)

n=—oo

Since

also contains at most one point and hence « is a generator.

Next we prove that (1) = (2) : Let 6 > 0 be an expansive constant
for F and a be a finite open cover of X by open balls of radius 2.
Suppose

xye [)E)A,

n=—oo
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where A;, € a then d(F,(x),F.(y)) < 6 for every n, and since F is
expansive with expansive constant 5, we have x = y.

(3) = (1): Suppose a is a weak generator. Let 6 > Obe a Lebesgue
number for a. If d(F,(x), F,(y)) < 0, for all n € Z then for every n,
there is A, € a such that F,(x), F,(y) € A, and so

%y €[ JE) (A

which is at most one point implying x = v.

We use the above result in the following example.
Example 2.4 Let F = {f,}>.,, where f,: [0,1] — [0,1] is defined by
fa(x) = x for n=0,1,2... and x € [0,1], be a time varying homeomor-
phism on [0, 1]. Now note that

F.(x)=x" and F_, = x%,

foralln > 0. Let a be a finite open cover of [0, 1] with Lebesgue number
0 < 6 < 3. Note that

nlingan =0 and nlingoF_n =1

uniformly on [6,1 — 0]. So there exists N > 0 such that n > N implies
F,(x) € [0,0) and F_,(x) € (1 = 6,1], for any x € [6,1 — 6]. Since 6
is Lebesgue number of «, there are Ay and Ay in « such that [0,6) C
Ao and (1 - 6,1] € Ay. Now since {F_n,F_n11,- -+, FN} is uniformly
equicontinuous family, there exists ¢ > 0 such that d(x,y) < € implies
d(F.(x), Fu(y)) < O, for any |n| < N. Let x,y € [6,1=0], x # y such
that d(x,y) < €. Then for any n, |n| < N there exists A, € a such that
F.(x),Fu(y) € Ay Thus x,y € (F,)"Y(A,), In| < N. Now put

Ao, n>N+1;
Ay =
A, n<-=(N+1).
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Now note that .
vy e [ ] E) A

Nn=—00

Thus a can not be a weak generator for F. Therefore F has no weak generator
and hence by above result F is a time-varying homeomorphism which is
not-expansive.
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