Chapter 3

SHADOWING PROPERTY
AND TOPOLOGICAL
STABILITY IN
NONAUTONOMOUS
DiI1SCRETE DYNAMICAL
SYSTEMS

In this chapter, we define and study shadowing and topological
stability in nonautonomous discrete dynamical systems given by a
sequence of continuous maps and a sequence of homeomorphisms
on a metric space. Expansive time varying homeomorphism having
shadowing property is called a topologically Anosov time varying
homeomorphism and we show that they are topologically stable in
the class of all time varying homeomorphisms.
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3. Shadowing Property and Topological Stability in
Nonautonomous Discrete Dynamical Systems

3.1 Shadowing in Nonautonomous Discrete
Dynamical Systems

We first define 6-pseudo orbit and shadowing property in anonau-
tonomous discrete dynamical system.

Definition 3.1.1 Let (X, d) be a metric space, f, : X = X, n=0,1,...,
be a sequence of continuous maps on X and F = {f,}> .. For 6 > 0, the
sequence {x,} ", in X is said to be a 6-pseudo orbit of F if

d(fn+1(xn)/ xn+1) < 6/

foralln =0,1,2,.... For given ¢ > 0, a 6-pseudo orbit {x,}
be e-traced by y € X if

0 is said to

d(Fu(y), x,) <&,
foralln =0,1,2,...

The time varying map F is said to have shadowing property or
pseudo orbit tracing property (P.O.T.P) if for every ¢ > 0, there exists
a 6 > 0 such that every 6-pseudo orbit is e- traced by some point of X.

Remark 3.1 Ifin the above definition f, = f, foralln > 0, where f: X —
X is continuous map, then P.O.T.P of time varying map F = {f,}>. ,on X
is equivalent to PO.T.P. of f on X ([2]).

Remark 3.2 Note that shadowing property is independent of choice of
metric if X is compact. Let di and dy be two equivalent metrics on a
compact space X. Suppose F has P.O.T.P. in (X, d;). Let ¢ > 0 be given.
Since dy is equivalent to d,, there exists an €1 > 0 such that for any x € X,

Ny, (x,€1) C Ng,(x, €).

Since X is compact, €1 only depends on € and not on the point x. Since F has
P.O.T.P.in (X, d1), for this 1, we get a 61 > 0 such that any 6,-pseudo-orbit
is e1-traced by some point.
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Further, since dy and d, are equivalent, for this 61, we get a 6 > 0 such
that for any x € X,
Ndz(x, 6) - Ndl(x, 51).

Now let {x,};", be a 6-pseudo-orbit of F in (X, d>). Thus
fre1(xn) € Ng,(Xn41,0) C Ny, (X441, 01).

Hence {x,}. , is a 61-pseudo orbit of F in (X, dy), therefore there exists a
y € X which eq-traces {x,} . ,. Thus

Fu(y) € Ny, (x4, €1) C Ny (X, €)

which implies {x,} ", is e-traced by y in (X,d>). Hence F has P.O.T.P in
(X/ dZ)

The following result shows that P.O.T.P. of a time varying map is a
property which is preserved under uniform conjugacy.

Proposition 3.1.1 Let (X, d1) and (Y, d) be metric spaces. Let F = {f,}}"
and G = {gu};", be time varying maps on X and Y respectively such that
F is uniformly conjugate to G. Then F has PO.T.P. if and only if G has
PO.TP.

Proof : Let ¢ > 0 be given. Since F is uniformly conjugate to G, there
exists a uniform homeomorphism 4 : X — Y such that

hof,=guoh.
1.e.
fn o h_l = h_l © Zu,

for all n > 0. Now #h is uniformly continuous being a uniform

homeomorphism, therefore there exists an ¢y > 0 such that
di(x,y) < &y implies dy(h(x),h(y)) < e.

Let F has P.O.T.P. Then there exists a 69 > 0 such that any 6p-pseudo
orbit of F is ep-traced by F-orbit of some point of X. Since h be-
ing a uniform homeomorphism, i1 is uniformly continuous map,
therefore for 6y > 0 there exists a 6 > 0 such that forany x,y € Y,

da(x,y) < 6 implies di(h™(x), h*(y)) < do.
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Let {y.}°, be a 6-pseudo orbit for G i.e. d2(gu+1(Yn), Yns1) < Oi.e.
dl(h_ (gn+1(yn))/ h_l(yn+1)) < 60

i.e.
dr(fe1 (B (), B (Ynr1)) < S0

which implies {h™(y,)}%, is a dp-pseudo orbit for F. Thus there
exists an x € X such that

di(Fn(x), h_l(yn)) < &p

and hence
do(h(Fn(x)), yn) < €.
Now for all n > 0,

hoPn:hofnofn—lo"'fZOflofO
=gn0h0fn—10"'f20f10f0

=gn0gn—1°"‘82°81080°h
=Guoh

implies d>(Gp(h(x)), yn) < € i.e. {ya},, is e-traced by h(x) € Y. Thus
G has PO.T.P.

Note that if F is conjugate to G then G is conjugate to F. Thus
converse follows from above if we interchange the role of F and G.

Next, we show that every finite direct product of time varying
maps having PO.T.P., has P.O.T.P.

Theorem 3.1.1 Let (X, d1)and (Y, dy) bemetricspacesand F = {f,}~ ,, G =
{gnl ., be time varying maps on X and Y respectively. Define metric d on
XXYby

d((x1, y1), (X2, y2)) = max{di(x1, x2), d2(y1, y2)}, (x1, Y1), (X2, y2) € XXY.

Then the time varying map F X G = {f, X gu} ., has PO.T.P. if and only
if both F and G have P.O.T.P.
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Proof : Note that for any n > 0,
(F X G)u(x, ) = (Ful®), Guly)) (x,9) € XX Y,

Let ¢ > 0 be given. Then there exists a 61 > 0 and a 6, > 0 such that
every 61-pseudo orbit of F and d,-pseudo orbit of G can be e-traced
by some F-orbit and G-orbit respectively. Let 6 = min{0;, 62} and
{(xi, yi)}2, be a & pseudo orbit of F X G. Then

A((fi+1 X iv1)(Xi, Yi), (Xiz1, Yis1)) < O

1.e.
A((fir1(xi), §i+1(Yi)), (Xiz1, Yis1)) <O
which by definition of d implies

d1(fir1(xi), xi41) <6 < 01
and
da(gi+1(Yi), Yie1) < O < 6.
Hence there exist x € X and y € Y such that d;(Fi(x), x;) < € and

da(Gi(y), i) < €.

Hence
d((Fi(x), Gi(y)), (xi, yi)) < &
1.e.
d((F X G)i(x, y), (xi, yi)) < €
which implies {(x;, i)}, is e-traced by (x,y) € X X Y. Hence any

i=

O-pseudo orbit of F X G can be ¢-traced by some point of X X Y.

Thus F X G also has P.O.T.P. By induction, we get that every finite
direct product of time varying maps having P.O.T.P. has PO.T.P.

The converse can be proved by similar arguments.

Now we show that if a time varying map has PO.T.P. if and only
if its k™ iterate has P.O.T.P,
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Theorem 3.1.2 Let F = {f,}}" , be the time varying map on a metric space
(X, d). If F has P.O.T.P. then F* has P.O.T.P. for every k > 0.

Proof : If k = 1 nothing to prove. Suppose k > 2. Let ¢ > 0 be given.
Since F has PO.T.P, therefore there exists a 6 > 0 such that every
6-pseudo orbit of F is e-traced by some point of X. Let {y;}:2, be a
6-pseudo orbit of F¥. Then

d(gn+1(yn)/ ]/n+1) < 6/

for all n > 0, where g, = F(u-1)k+1,1k], 1.€

A(Fpuks1, 0161 (Yn), Yn+1) <6,

foralln > 0.
For0<j<kandn >0 put Xnk+j = F[nk+1,nk+j](]/n)-

Claim : {x;}>>.
i.e. to show :

o s a 6-pseudo orbit for F

d(fnk+j+1(xnk+j)/ xnk+j+1) <9,
foralln >0andforall j,0<j <k

Choose any n > 0. Now forany j,0 < j<k-2,

fuk+j+1(Xuk+) = furrjr1 (Fpnka k1Y) = Frukrt ks j+11(Yn) = Xk j+1-

Thus
A(frks j+1(Xnk+ ), Xk j41) = 0 <0
forall j,0<j<k-2.

Now for j =k -1,
A(furrk ki1, Xnkak) = A furekF gt nkek-11Yn)), Xns1)k)

= d(F[nk+1,(n+1)k](yn)’ Yn+1)
<0

Hence the claim.
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By PO.T.P. of F, {x;}2, is e-traced by some y € X i.e.

d(Fi(y), x;) < ¢,

for alli > 0. In particular for i = kn,

d(Fkn(y)/xkn) <&

Thus
d(Gn(y)/ yn) <g,
where
Gp=gno--0810°80= Fu.
Thus F* = {g,,}* , has PO.T.P.

Remark 3.3 For time varying map given in Example 2.3, F* = {g,}*,
where each g, is the identity map. Now since F? does not have P.O.T.P., by
above theorem, F does not have P.O.T.P.

For the converse we first prove the following result :

Lemma 3.1.1 Let (X, d) be a compact metric space, F = {f,}_, be a time
varying map on X (where each f, is continuous on X) and N be a natural
number. Then for every € > 0, there exists 6 > 0 such that each 6-finite
pseudo orbit {x;: 0 < i < N} satisfies

d(Fi(xo0), x;) < ¢,

for0 <i<N.
Proof : Let ¢ > 0 be given. For N =1, take 6 = ¢. Here

d(Fo(xo), x0) = d(xo,x0) =0 < &
and since {x;: 0 < i < 1} is an &- pseudo orbit, we have

d(f1(X()), X1) < E&.
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1.e.
d(F1(xo), x1) < €.

Thus result holds for N = 1. Suppose result holds for N —1. Since fy
is uniformly continuous, for every ¢ > 0, there exists €1, 0 < &1 < ¢
such that d(x, y) < &; implies

A(fule), fulv) < 5

x,y € X. By our assumption there exists a 01, 0 < 6; < ¢ such that
each 6;-pseudo orbit {y;: 0 < i < N — 1} is e-traced by yp € X. We
show that each %-pseudo orbit {x;: 0 <i < N} is e-traced by xp € X.

Since the %-pseudo orbit is a 61-pseudo-orbit, the finite pseudo-
orbit {x;: 0 <i < N — 1} is ¢;-traced by the point x; € X. Hence
d(Fi(xo),xi) <e1<¢, for 0<i<N-1

In particular,
d(Fn-1(x0), xn-1) < &1
and so s
d(fn(Fn-1(x0)), fn(xn-1)) < 5
1.e
A(F(o), filin-1) < 5.

Since {x;: 0 <i< N}isa %—pseudo orbit, we have

61 &
d(fn(xn-1), xn) < 0 < 5

and therefore
d(Fn(xo), xn) < d(Fn(xo), fn(xn-1)) +d(fn(xn-1), xn)

¢
2 2
= E&.

Hence result is true for N. Thus by principle of mathematical induc-
tion the result is true for any natural number N.
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For any m > 0, replacing f; by fy.+; and x; by x4+ in Lemma 3.1.1
we get the following result :

Theorem 3.1.3 Let (X, d) be a compact metric space and F = {f,}>” be a
time varying map on X, where family {f,} is equicontinuous on X and N
is a natural number. Then for every ¢ > 0, there exists a 6 > 0 such that
for each m > 0 and each d-pseudo-orbit {x,}_,, the finite 6-pseudo orbit
{Xmai iy, satisfies

d(F[m+1,m+i](xm)/ xm+i) <§g,
foralli,0 <i < N.

Note that since {f,} is equicontinuous, 6 does not depend upon m.

Theorem 3.1.4 Let (X, d) be a compact metric space, F = {f,} ., be a time
varying map on X, where {f,}" ; is equicontinuous on X and k > 0. If
F*={ Sutre o Where §u = Fiu-1yk+1,nk), for all n > 0, has P.O.T.P. then so
does F = {fu} .

Proof : Let us first observe the following :

() Let e > 0be given. Then for each i > 0, {Fjix41,ik+j1: 0 < j <k} is
equicontinuous being finite family of continuous functions on

compact metric space X therefore there existsan ¢, 0 < ¢1 < ¢
such that

d(x,y) < &1 implies gllﬁé{d(lj[ik+1,ik+j](x)/F[ik+1,ik+j](y))} <

N| M

Note that ¢; does not depend on i as family {f,} is equicontin-
uous.

(II) Let ¢ and €1 be as above. Then there exists a 6y, 0 < 69 < &1
such that each finite 6p-pseudo orbit {x,, j}l;zl satisfies

£
2/
forall j, 0 < j <k and for each m > 0 (by Theorem 3.1.3).

d(F[m+l,m+j](xm)/ xm+j) <
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(ITI) Let &; and &y be as above. Since F¥ has PO.T.P, there exists a
01, 0 < 01 < O¢ such that any 6;-pseudo-orbit for F¥is eq-traced
by some point of X.

(IV) Let €1 and 6; be as above. Then there existsa 6, 0 < 6 < &

such that each -finite pseudo-orbit {zm+i};‘=1 satisfies

d(F[m+1,m+i](Zm)r Zm+i) < 01,

foralli, 0 <i <k and for each m > 0 (by Theorem 3.1.3).

With these properties we prove that each 6-pseudo orbit {y;}7, of
F is e-traced by some point. Write x; = y fori =0,1,2,... and fix
i. Since {yir4; : 0 < j < k} is a 6-finite pseudo-orbit for F, by (IV) we
have
A(Fiks1,ic+1 (i), Yikej) < 01 (0 < j < k)

and particularly if j = k then

A(Fpike1,ieri] Vi), Yikrk) < 61

1.e.
A(gir1(xi), Xiv1) < 01

ie. {x;}2, is 61-pseudo orbit for F¥. Hence by (III), there exists y € X
with
d(Gi(y), xi) < €1,

fori=0,1,2,..., where G; = gjogi-10---0g1 090 =Fiie.
d(Fi(v), yix) < €1,
fori=0,1,2,... and hence from (I)
€
A(Fpigs1ics 1 (Fi(W), Flike1, i 1(Yix) < 5

1.e.
€ . .
A(Fix+ (V) Frie1,iee 1(Wix)) < 5 05]< k, i>0. (3.1)
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On the other hand, since {yj.; : 0 < j < k} is a finite 5p-pseudo orbit
of F (as {yi}:2, is a 6-pseudo orbit and 6 < 61 < o, so {yi}, is also
do-pseudo orbit of F), from (I) it follows that for any i > 0, taking
m = ik, .

A(Flice1,ine 1 (Yik), Yiksj) < X (3.2)

for 0 < j < k. Therefore using equations (3.1) and (3.2), we get
A(Fix+j(Y), Yiesj) < A(Fikrj (), Flie i j(Vix)) + d(Fpiks1,ice ) (Vi) Yiks )

<<‘3+€
2 2
=g,

for 0 < j < k. Since i is arbitrary, we have
d(F,(y),yn) <€ for n=0,1,2,...
and hence the 6-pseudo orbit {y,} ., is e-traced by y.

We use above result in the following example.
Example 3.1 Let M > 0 and F = {f,} ", be a time varying map on [0, 1]
defined by

K2 =2k, k=0,1,...,M
fao={xm:  n=2k+1,k=0,1,...,M~-1
x? n>2M.
Here F> = (g}, where g,(x) = x%, for all n > 0. Since map x* on [0,1]

has P.O.T.P. (by Lemma 4.1 in [14]), F? has P.O.T.P. By above theorem we
get that F has P.O.T.P.

3.2 ShadowingProperty for an Invertible Nonau-
tonomous Discrete Dynamical System

We define and study 6-pseudo orbit and shadowing property for
an invertible nonautonomous discrete dynamical system.
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Definition 3.2.1 Let (X, d) be a metric space and F = {f,}>" be a time
varying homeomorphism on X. For 6 > 0, the sequence {x,},-_., in X is
said to be a 6-pseudo orbit of F if

d(fu1(Xn), Xns1) <6, for n =0

and
A(fH(xne1),xn) <O, for n< -1

For given ¢ > 0, a d-pseudo orbit {x,},~_., is said to be e-traced by

y € Xif
A(F.(y),xn) <& for all ne€Z.

The time varying homeomorphism F is said to have shadowing prop-
erty or pseudo orbit tracing property (P.O.T.P) if for every € > 0, there
exists a 6 > 0 such that every 6-pseudo orbit is e- traced by some point of
X.

Remark 3.4 Note that {x,},-_., in X is a 6-pseudo orbit of F if forn > 1
we have d(f,(xn-1), xn) < 6 and for n < =1 we have d(f,(x,-1), x,) < 0.

Remark 3.5 Ifin the above definition f,, = f, foralln > 0, where f: X —
X is homeomorphism then P.O.T.P of time varying homeomorphism F =
{ful, on X is equivalent to P.O.T.P. of f on X [2].

Remark 3.6 Note that shadowing property of time varying homeomor-
phism F is independent of the choice of metric if X is compact.

Now we show that shadowing is a property for a time varying
homeomorphism which is preserved under uniform conjugacy.

Theorem 3.2.1 Let a time varying homeomorphism F = {f,} >, on a met-
ric space (X, d1) be uniformly conjugate to time varying homeomorphism
G = {gu};, on metric space (Y, d). Then F has shadowing property if and
only if G has shadowing property.
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Proof Since F is uniformly continuous on G, there exists a uniform
homeomorphism /1 : X — Y such that ho f, = g, ohforalln > 0
i.e. fyoh™t = hlog, foralln > 0. Therefore hoF, = G,ohforalln > 0.

Given any ¢ > 0, applying the uniform continuity of &, there
exists 0 < €1 < ¢ such that for any x;,x, € X with d;(x1, x2) < €1,

da(h(x1), h(x2)) < e.

As F has P.O.T.P, there exists 0 < 61 < €1 such that every 6;-pseudo
orbit of F is ¢1-traced by some point of X. Noting the fact that 1!
is uniformly continuous, there exists 0 < 6 < 61 such that for any

Y1, ¥2 € Y with da (11, v2) <6,
di(h ™ (y1), W (y2)) < 1.

Now, we assert that every 6-pseudo orbit of G is ¢-traced by some
point of Y. In fact, for any 6-pseudo orbit {y,} of G, applying

dl(fn(h_l(%a))/ h_l(]/n+1)) = dl(h_l(gn(yn))/ h_l(}/n+1)) < 01,

it follows that {h‘l(yn)} is a 01-pseudo orbit of F. Then there exists
x € X such that {h71(y,)} is &1-traced by x. This implies that for any
nez,

do(Gu(h(x)), yn) = da(h(Fy(x)), 1(H (yn))) < e.
By similar arguments using uniform continuity of /1, one can prove
the converse.
Let (X, d1) and (Y, d») be metric spaces. Define metric d on X X Y by

d((x1, y1), (x2, y2)) = max{di(x1, x2), d2(y1, y2)}, (X1, 1), (X2, ¥2) € XXY.

By similar arguments given in the Theorem 3.1.1, one can prove the
following result:

Theorem 3.2.2 Let F = {f,}° , and G = {g,}}, be time varying homeo-
morphisms on X and Y respectively. Then F and G have shadowing prop-
erty if and only if the time varying homeomorphism F X G = {f, X gu}",
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has shadowing property on X X Y. Hence every finite direct product of
time varying homeomorphisms having shadowing property, has shadowing

property.

Now we show that if a time varying map has P.O.T.P. then so its
inverse map has.

Theorem 3.2.3 Let F = {f,} ", be the time varying homeomorphism on a
metric space (X, d). Then F has P.O.T.P. if and only if F~! has PO.T.P.

Proof : The proof follows observing that {x,} is a 6-pseudo orbit of
F if and only if {y,} (Where y, = x_,, n € Z) is a 6-pseudo orbit of
F~L. In fact, for 6 > 0, the sequence {x,}>>_., in X is a -pseudo orbit

of Fif nz_w
d(fu1(Xn), Xns1) <6, for n 20
and
A(f - (xXu11), %) <O, for n < -1
1.e.
A(fu(xn-1),xn) <6, for n>1
and

d(f__nlﬂ(xn)/ xn—l) < 6/ f07’ n<0

Putting n = —m we have

A(f-m(X-m+1)), X-m) <6, for —m>1

and
d(f 3 (om), X_gme1)) <O, for —m <0
i.e.
A(f-m(Ym+1), Ym) <6, for m < -1
and

A(foia(Ym), Ymse1) <6, for m >0
Let F7! = {g,}, where g, = f;}, n=0,1,2,..,; then we have

A(g 3 (Yms1), Ym) < 6, for m < -1
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and
d(g;ﬂ(ym)r ym+1) <9, fOT’ m>0
Thus {y,} is 6-pseudo orbit for FLIf y € X e-traces {x,},-_., then

d(F,(y),x,) < € for all neZ.

Equivalently

A(F_.(y),x_n) < € for all n € Z.
le.

A(Gu(y), yu) < € for all ne€Z.
where

Gn(y) =8mo8n-10--042041
=filofilioo fito fil(y)
= F_.(y)

o0
n=—o00"

Thus y € X e-traces {y,}

Using the above result and similar arguments given in Theorem
3.1.2 and Theorem 3.1.4 we get the following result.

Theorem 3.2.4 Let (X, d) bea compact metric space, { f,} ", be an equicon-
tinuous family of self homeomorphisms on X. Then time varying homeo-
morphism F = {f,}* has PO.T.P. if and only if F* has P.O.T.P, for any
k e Z —{0}.

3.3 Topological stability in Nonautonomous
Discrete Dynamical Systems

Let (X,d) be a compact metric space, define standard bounded
metric d; on X by

di(x,y) = max{d(x,y), 1}, x,y € X.
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and (C(X), n) be the space of all continuous self maps on X, where
metric 1) is defined by

n(f,8) = supdi(f(x),8(x)), f g€ C(X)
xeX
A time varying map, F = {f,}’’,, where f, : X — X is a sequence
of continuous maps, is a countable subset of C(X). Let S(X) be the
collection of all time varying continuous maps on X. We define a
metric p on S(X) as follows:

For F = {f,}>,and G = {g,}

(ee]
n=0’

p(E G) = sup 1(fu, 8n)-
n>0
Now we define topological stability in a nonautonomous discrete
dynamical system.

Definition 3.3.1 A time varying map F = {f,} ,, where f, : X — X'isa
sequence of continuous maps, is said to be topologically stable in S(X),
if for every € > 0, there exists a 6, 0 < 6 < 1 such that for a time varying
map G with p(F,G) < 0, there is a continuous map h so that for all x € X,
d(h(x),x) < e and d(F,(h(x)), Gu(x)) < &, for all n > 0.

The following result shows that expansivity and shadowing imply
topological stability for a nonautonomous discrete dynamical sys-
tem.

Theorem 3.3.1 If a time varying map F = {f,} ", where f, : X — X'is
a sequence of continuous maps, on a compact metric space X is expansive
and has P.O.T.P. then it is topologically stable in S(X).

Proof Let ¢ > 0 be an expansive constant for time varying map
F={f.}7,and fix0 < ¢ < 5. Let 0 < 6 < min({3, 1} be such that every
O-pseudo orbit of F can be ¢-traced by some F-orbit.

By expansiveness of F, it follows that there exists a unique x € X
which e-traces a given 6-pseudo orbit {x;}7°,. Indeed, let y € X be
another ¢-tracing point of {x;}:°,. Then we have

A(Fu(x),x,) < € and d(F,(y),x,) <&,
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for all n > 0. Now
A0, Fu(y) < d(Fu(0), %) + d(x, Fu(y)) < 2¢ <ce,
for all n > 0 and hence x = v.

Let G = {g.} ., where g, : X — Xis continuous map, be such that
p(F, G) < 6. Since 6 < 1,

d(fn(x), gn(x)) <6,
for all x € X and for all n > 0. Let x € X. Since
A(fu+1(Gu(x)), Gr1(x)) = d(fur1(Gn(x)), gn+1(Gn(x))) <9,

forall n > 0, {G,(x)}}, is a 6 pseudo orbit for F = {f,}° ;. Thus there
exists a unique point i(x) € X whose F-orbit ¢-traces {G,(x)};” ;. This
defines a map h: X — X with

d(Fu(h(x)), Gu(x)) < ¢,
for n > 0 and x € X. Letting n = 0, we have
d(h(x),x) < e,
for each x € X.

Finally, we show that & is continuous. Let A > 0. Then we can
choose N > 0 such that,

0<n<N, dF,(x),Fu(y)) <e=d(x,y) <A (3.3)
Suppose this is false. Let a be an open cover of X with diameter

less than e. Then there exists an ¢ > 0 such that for each j > 0, there
exist x;, y; € X with

d(x]', y]) > ¢ and A]',i S0 (0 <i< ])
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with F;(x;), Fi(y;) € Aji, 0 <1< j. Since X is a compact metric space,
passing to a subsequence if necessary, without loss of generality, we
can assume that there exist x, y € X such that x; — x and y; — v.
Note that x # y as for each j, d(x;, y;) > ¢.

Consider the sets Ay for j > 0. Since X is compact therefore
a has finite subcover and hence infinitely many Ao coincide with
some Ag € a. Thus x;, y; € Ap for infinitely many j which implies
x, y € Ag. Similarly for infinitely many A jn they coincide with some
A, € o and we have F(x;), F,(y;) € A, for infinitely many j. Thus F,
being continuous, F,(x), F,(y) € A,. Since

diam(A,) = diam(A,) < e,

we have
d(Fa(x), Fu(y)) <e,
for all n > 0, contradicting the fact that F is expansive.

Since {G,: 0 < n < N} is uniformly equicontinuous on X, we can
choose 1 > 0 such that

d(x,y) <1 implies d(Gu(x), Gu(y)) < %
foralln,0 <n < N. Ifd(x,y) < nthenforalln, 0 <n <N, we have

d(F(h(x)), Fu(h(y)))
< d(Fu(h(x)), Gu(x)) + d(Gu(x), Gu(y)) + d(Gn(y), Fa(h(y)))
S€+§+e

<e.

Thus by (3.3),
d(h(x), h(y)) < A.

Therefore
d(x,y) < n implies d(h(x),h(y)) < A
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proving continuity of .

Next we prove topological stability for an invertible nonautonomous
discrete dynamical system :

Let (X,d) be a compact metric space, define standard bounded
metric d; on X by

dl(x/ y) = max{d(x, y)/ 1}/ XY € X.

and (H(X),n) be the space of all homeomorphisms on X, where
metric 1) is defined by

n(f, ) = supdi(f(x), g(x), f, g€ HX)

xeX

Let G(X) be the collection of all time varying homeomorphisms on
X. We define a metric p on G(X) as follows:
For F = {f,}7,and G = {g,}

(oe)
n=0’

p(E, G) = max{sup 1(fu, gu), sup n(fy ", &x -
n>0 n>0
Definition 3.3.2 A time varying homeomorphism F is said to be topo-
logically stable in G(X), if for every € > 0, there exists a 6,0 < 6 < 1
such that for a time varying homeomorphism G with p(F, G) < 0 there is a
continuous map h so that for all x € X,

d(h(x),x) < e and d(F,(h(x)), G,(x)) < ¢,
foralln € Z.

Theorem 3.3.2 Let (X, d) be a compact metric space and Let F = {f,}* be
a time varying homeomorphism on X which is expansive and has shadowing
property then F is topologically stable in G(X).

Proof Let ¢ > 0 be an expansive constant for time varying homeo-
morphism F = {f,,}> . Choose 1 such that 0 <7 < 3.
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Since F has shadowing property therefore for above 1, we get 9,

0 < 6 < min{3, 1} such that every 6-pseudo orbit of F can be 7n-traced

by some F-orbit. Using expansiveness of F, one can prove that every
O-pseudo orbit is n-traced by unique x € X.

Let G = {gu}; , be a time varying map on X such that p(F, G) < 6.
Let x € X. Since

A(f(Gr1(x)), Gu(x)) = d(fie(Guo1 (%)), g0(Gr1 (X)) < 6, for all n >0
and

A(f21(Gra1(x)), Gu(x)) = d(f5,(Gu(%)), §2,(Ga(¥))) < 6, for all n <0
therefore {G,,(x)}2_, is a 6 pseudo orbit for F = {£,}%. Let h(x) € X

n=—oo

be unique element of X whose F-orbit n-traces G,(x). So we get a
map h: X — X with

d(Fu(h(x)), Gu(x)) <1,
forn € Z and x € X. Letting n = 0, we have
d(h(x),x) <1,

for each x € X. Note that & is continuous by similar arguments given
in Theorem 3.3.1.
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