Chapter 5

Fractional g-integration and

g-differentiation

5.1 Introduction

The principal object of this chapter is to introduce the operators involving the
functions (3.1.3) and (3.1.4), given by
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respectively, in the space L(a, b) of Lebesgue measurable real or complex functions.
Certain properties of Riemann - Liouville fractional ¢-integral and ¢-differential
operators associated with the function EWﬁAu(z s,r|q) and eaﬁ)\ﬂ(z; s,r|q) are

studied.
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5.2 Main results for E%ﬁ o (Zi87]g)

5.2.1 Fractional ¢g-operators

In this section the following results are proved.

Theorem 5.2.1. Let a € [0,00) and «, 8,7, \, 0, € N, > 0 then for x > a

(qf;u[t alsr B2 (wlt — |aqﬂ—11a;s,r|q>)<x>

o gy B2 (w0 [ — ag® T s 5, rlg), (5.2.1)
and
(qD;u[t g B2l raqﬁwa;s,mm)(x)
ol B2 (ol — Jag® s 5, 7lg). (5.2.2)

Proof. The proofs are straight forward.
To prove (5.2.1), one may begin with

l.h.s. = I
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which is the right hand side.

Similarly for proving (5.2.2), one may consider
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- i ¢ OP [Ty + dn)) w* _Tylan + 5) [z — |a]
- 5 + 0‘”) LA+ pn)]” (g;0)n Tolan+ 5 —n) an+p-u-1
= [I’ |CL]@ n—1 Ea,B nAu(w[x - |aqﬂ—"7_1]a; S)T|q)
= r.h.s.
O
Next is

Theorem 5.2.2. Let o, 3,7, \,0,u € N, n >0 then
AU (v B 1% s,r])] (0) = v (21— )" BN, (vais ). (5.2.3)
Proof. Here

l.h.s.
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Now taking ¢ = zu and using (1.2.33), then
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an+n+1, an

x(q Qoo T

= r.h.s.

O
Theorem 5.2.3. Let a € [0,00), «, 5,7, A\, 0,u €N, n,v>0 for x> a, then
(D8~ ey B35~ g sl ) )
= [z —la)g—y1 BELG_ s oz — |ag® " as 5, 7]q). (5.2.4)
Proof. With the use of (1.6.6),
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A g-analogue of the operator £

o 3w ot defined in (4.1.1) may be given as

follows.

Definition 5.2.1. Let o, 5,7, \,0,p € N, r e NU{-1,0}, s e NU{0}, we C

and x > a

T

(s t) @) = [~ s BZS (e = t0P)assrla) F(0) it (52:5)

a

where o +ru® — s6* +1 > 0.

And
Definition 5.2.2. Let o, 5,v,\,0,p € N, r e NU{-1,0}, s e NU{0}, we C

and x > a

T

(25 n ) (@) = [ @ t0)ams €350l — 1) 71a) £(0) Aot (520
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where |(1 — q)*Trr=so1] < 1.

These g-operators are also turn out to be bounded. This is proved in

Theorem 5.2.4. Let the function ¢ be in the space L(a,b) = {f : J||flh =
f |f(t)] dgt < oo} of Lebesque measurable functions on a finite interval [a,b].

Then the integral operator (£ is bounded on L(a,b).

a, B, p,w; a+

Proof. 1t is suffice to show that

0
q H 53 B, ,w; a+¢H 1

/ ’/ [z — tq]p—1 Egzg)\’ﬂ(w[w —16%]a; 5, 7]q) (1) dyt| dgx < 0.
By Fubini’s theorem,
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T, (5.2.7)
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T = [ [l ttlnssr daw lo0)] dt
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_ / ’ [[x ~ tglonss (%)} ()] dt

1— an—l—ﬁ) — tqlants — @ — tqlantp) |9(t)] dqt

(-
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(

l—q
. Cm+ﬁ) —1y), say. (5.2.8)

Here
b
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b

b
« 0/ [ / 16(qu)] dutt [b— tq%anss 1| dot.

0

Since ¢ € L(a,b),

hence

Ml ([b - bQ]anJrﬁ -

[b—

X

b
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0

bQ]om—i-ﬁ Ml -

[b— tQ]oerﬁ]g )
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My bomtE

VAN
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Again since ¢ € L(a,b),

a

/ |p(u)| dqgu = Ma(= a finite value)

0

on any finite interval [0, a], and hence

(—q)(1 — ¢°"*F)

1, < [b - bQ]an-‘rﬂ My — /MQ [b - tq2]0m+5_1 dqt

l—gq
_ _ qon+pB _
= Mo (1= aglanss = COEZI) AT [t
= M, ([b - GQ]oerﬁ - ([b - GQ]anJrB - [b - OQ]oerB))
= M,y p*"tP. (5.2.11)

Using (5.2.10) and (5.2.11) in (5.2.9), one gets

i < My b — My P
Similarly,

I, < M;a™ — My a™tP.

Consequently (5.2.8) leads to

b
b
T = /a t/[x - tq]an+ﬁfl dqaj ’¢(t)’ dqt

(liq;agw) ((Ml pantB _ M, ban-ﬁ-ﬂ) _ (Ml adnth _ M, aan+ﬂ))

1 —
= (H—agw) (My = My) b — (M — My) a®?

1 —
= (1_(]—&3%) (M1 — M) (ban-i-,b’ _ aom+,8) .

Using this in (5.2.7), one finally finds

1\ Wy
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1_q an an
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— "I ) o] (6 @)oo ]
=0 [0+ ¢)oc)®

1_(] an an
X(W) (Ml—Mz) (b +5—a +’8).

<

The proof follows in view of Theorem 3.2.1, Chapter-3 as the series on right hand

side represents entire function. O

5.2.2 ¢-Gauss multiplication type formula

A g-analogue of Gauss multiplication theorem is given by [42, Eq.(2.27), p.483]

ﬁrqm (z + L;) = ([m],)z ™ ([z]q I, (%))m T,(mz), (5.2.12)

k=1

where in general, m € N, z € C and [r], =

The choice z =n + % in (5.2.12) yields

and replacing k by k + 1, this becomes

H Ly <”+ T i) = ([m]y)> ™" ([2]q 2 (%))m T, (mn+f).

Alternatively,
1 5 (1 R
L e (e (g))
Fq (mn + B) ([m]q)mn mﬁl qu (n + %)

k=0

In view of this, the function (3.1.1) for &« = m € N can be expressed as

[e§) cn cn(n 1)/2 [ (’y -+ 5?1)]8
B} au(zi5,7la - ; =
Bl ) = > < T, (B + mn) LA+ pn)]™ (¢;¢)n
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where ¢ = m? 4+ ru? — 562 +1 > 0.

Now
o) cn cn(nfl)/2 [ (fy + 5n)]s
", : =
E)aa(zsrla) = nz oA+ un)]" (g5 9)n
l_ﬁ ) 1 7n2 1
(1l (m % (3))
X p—) 2"

oo (_1)Cn qcn(n 1)/2 [Fq('Y—F (571)]5 n
2 Tl CE e, Eor T o

o,

A S
n=0 ([m]q)mn (5;;/67(] )n (QQQ)n

due to Kilbas [31] with r =0,s =1, = 1.

5.2.3 Fractional ¢-differential equations involving the g¢-

analogue of Hilfer derivative operator

In this subsection, the fractional ¢-differential equations corresponding to the ¢-
analogue of Hilfer derivative operator are obtained.

For that the following lemma is required.

Lemma 5.2.1. In the notations of q-Laplace transform (1.5.1) and the operator
defined by (5.2.5),

pn qpnn 1)/2 [(q)whun.q)oo]r W

o
7,0 !
Lq < ga757>‘7uvw70+> Z q'Y“F(STL q)oo]s

n=0

(q’ 7)o —(an+p)(an+p-1)/2
SchrBJrl )
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in which the series is convergent for ru? — s6* +1 > 0.

Proof. Consider
ga,B,)\,p,w,0+¢> ( )

(z — |tq)s-1 EZ:‘;’A’#(W (2 — tq°%)a; s, 7]q) 1() dyt

o0 pn pn(n—1)/2 n+1. an+f. n
q (" @)oo (¢ @)oo w
(x — |tq)s-1 g

/\—Hm Q>O<>]_r [(qw_dn; Q)OO]S

I
/>i O\H Tt~ T

z —tq° Jan 1(%) dqt

(=1)pm =D (A g) ) (0P q) o W
(7407 q)o)®

/m—u@mwllwd@

0

I
Mg

3
Il
=)

By applying ¢-Laplace transform on both the sides, one gets

E(ggmwm)@W9

_ ( g IR (T g)oo]” (0 g)oo "
"\ (@77 )oc)®

x/‘x—uqmwglu>dJ)

0

_ i ¢ "2 (@ @)oo (075 @)oo "
(70" q)oc)®

n=0

<L, / (2 — [tq)amssr 1(6) dyt | . (5.2.14)
0
From the definition of ¢-Laplace transforms (1.5.2), it follows that
L, (x5 / 2P . (5.2.15)
0

Here letting Sx = ¢t and by making use of the g-integral formula:

o0

a1 [ (1= q) (¢:q)oc g @712
/t eq(—t) dgt = (4 @)oo SOt )

0
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one gets

’ (xoerﬁ 1) (q q) q—(an+ﬁ)(an+,8—1)/z
q Som+5 (qan—l—ﬁ; Q)oo

In (5.2.14) using the convolution theorem:

[ 50 he =t dit| = F,(5) B (5). (5.2.16)

whenever I (S), Fy, (S) exist, with F1_(S) = L,(f1(2))(S) and F3,(S) =
L,(f2(x))(S), one finds

pn qpn n—1)/2 [(q)\—i—un. q)oo]r (qan—‘rﬁ; Q)oo W

Ly &5 ) S) = ’
( om0t | (2)(S) ; (749 q)o)®
( ) q —(an+p)(an+pL-1)/2 1
SO (@ ) S
_ i (=) gt D2 (M ) oo]” W

3

— (7™ )oc]®
q; q>oo q_(an-‘rﬁ)(an"‘ﬁ_l)/Q
SoerBJrl
O
Theorem 5.2.5. If0<n< 1, 0<v <1, w, £ €C, a>max{0,§ — 1} then
¥
(408 0) @) = € (125000 ) () + S0) (5.2.17)
with the initial condition
(q[O 4+ (1=v)(1=n) y) (0+) = C, (5.2.18)
has solution
( ) ” q(n—V(l—n))(n—l/(l—n)—l)/Z(1 )1 v (1) ¢ B
y(z — —q v— Vx v + T
Ly(n—v(1—mn))
(1= q) gD B s (W (@g™)% s, rlg)
1—=0)1 =png"—1)/2
L=l —ng / £() (@ = ltg)y1 dot, (5.2.19)
Fq(’?)

0

in the space L(0,00) wherein C is arbitrary constant.
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Proof. Apply ¢-Laplace transform on both the sides of (5.2.17) to get

£ (D ) @) = €40 (4825 a0 ) @)+ £, S)(S).
In the light of Lemma 5.2.1 and formula (1.7.8), this gives

_1)pn qpn(n—l)/2 [<q)\+un;q)oo]r (qn+1 Q)oo W
(0" ¢)oc)®

+F(S).

STY(S) = C.U = gAY (

g~ (entB)antp=1)/2

(¢ 9)
X Som

That is,

. o 00 (_1)pn qpn(nfl)/2 [(q)\+,u,n;q)oo]r (qn+1’q)oo W™
Y(S) = 08T 4 ¢ §=Fm Z (@7 @)oo]?

n=0
(q; q)oo q—(an+ﬁ)(an+ﬂ—1)/z

Scm

+ STF(S).

Here making an appeal to the inverse g-Laplace transform given by

E—l( 1 ) _ (qoerB’ Q) om+671
7 \ Ggantp q—(om,—i-,B)(om-‘,—,B 1)/2 (q’ Q)oo’

one gets

L7 (S) = 0£—1<S”“‘">‘"><f>
e gpr(n=1/2 g=lentB)ant5=1)/2 (gnil. gy m

+§Z (@™ @)oo] ™ (@™ @) oo)® (4 @) (€5 @)oo
xcql(W)Jrﬁ (;,7 (9)).
Thus,
B q(n—V(l—n))(n—V(l—n)—1)/2 Vv —v(1—m)—1
y(z) = C (1—q) z

Ly(n —v(1 —n))
_1)pn qpn(n—l)/2 q—(an-‘rﬁ)(an-i-ﬂ—l)/Q (qn-I—l; Q)oo W (q; Q)oo

e RZ; (7 @)oo] ™ (@745 4)oc]*

y (qan+5+n+1; Q)oo pontpftn q(an+5)(an+571)/2

(CIC_I)
+(1—Q)Fq i /f (z — |tq)y_1 dyt
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q(n—V(l—n))(n—V(l—n)—1)/2
_ (1 . q)lfn+uf77uxnfu(1*n)fl

Ly(n —v(1—n))

+§xﬁ+n Z qn(n+1)/2q(1+n)(an+ﬁ)(qn+1; q>oo

n=0

(_1)pn qpn(n—l)/Q [(q)\—i—un; q)oo]r (qom—l—ﬁ—l—n-i-l; q>oo (Ld xoc)n

X
(@ q)oc]®
(1—q)t" g"n=1/2 /x
+ F@) (@ = [tq)y-1 dgt
Lo Y
Cq(an(lfn))(n*V(lfn)*l)/2 (1 — g)lomv=mgn—v=m=1 4 ¢ 6+
_ —q) TR+ G
Lo(n—v(1—n))
><q77(77+1)/2+6(n+1) Eg g+n+1, A, p (w <an+1)a; s,7lg)
(1 —g)t=" =172 j
+ f@)(x — [tq)y-1 dqt.
Lo o

Theorem 5.2.6. The q-differential equation

(qu’: y) (2) = ¢ (qez:;w ) () + 2® B2 (w(az)™): s,rlg) (5.2.20)

with the initial condition
<q151”)<1”) y> (0+) = C, (5.2.21)

has solution in the space L(0,00) which is given by
qr—va=n)(n—v(1=n)-1)/2

Lo(n —v(1—n))

X (E(1—q) " " 4 1) Eg:gmﬂ’/\’”(w@q"“)“; s,7|q) (5.2.22)

y(z) =C (1 — )=t gn=vA=m=1 | gn(n+1)/2 yB+n

in which C is arbitrary constant.

Proof. The choice

in Theorem 5.2.5, yields

q(n—l/(l—n))(n—V(l—n)—l)/2

Ly(n —v(1—n))

y(:c) - C (1 _ q)lfnJernvwan(l*n)*l + ¢ 2P
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x(1— Q)fnflq MGt A E(Z 5,3+77+1 A (w (ﬂfqnﬂ)a; s,7|q)
1 — g)1=1 gn(n—1)/2
(1-9)"q 7

" Ly(n) ’

(5.2.23)

where

T - / £ (@ = ltQ)yor B2y 5 o (@(tq™));5,7)q) dot.
0

Now,

t7 (v — ’tcﬁn 1 Ea B, Ap((w@qm_l)a); s,r]q) dqt

N
I
o,

(x s tgz qp" PR @)oo (67 @)oo
n— an+ﬁ+1 q)oo]—l [(q’y-i-(sn; q)oo]s

I
X S,

(@ (t"™)")" dot
(1) @2 (@5 q) ] (75 0)ee (@ ) 0 (674"
@ @)

I
Mg

i
o

x

X / (z — [tq)y_1 t*" 7 dqt.

0

On making substitution ¢ = xu and then using (1.2.33) and (1.2.34) in turn, this

becomes

R o S () M U S U CA U s
-3 (@7 )]

n=0

1
x grronth / (1 — |uq)y_1 v dqu
0
_ i (=1)7" g2 (@™ q)oo]” (0" @)oo (0" P @)oo (w (gF1))"
— (™ q)c)®
Xz B B(an + B4 1,7)

B i(—l)p" "2 (A @)oo)” (6 Do (P @)oo (w (g7
— (7707 q)oc)®
grrants (1= 0) (€ Q)o (g Pt ) o
(4" @)oo (q°™ 5T q) oo
(1—q) (¢ @)oo 2”1 5

- EY w (xg")%; 5, 7]q).
(qn;Q)oo ,B—HH—LA,M( ( ) | )

X
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Using this in (5.2.23), it gives

( ) Cq(ﬂ‘”(l_n))(n_V(l_n)_1)/2 (1 )1—7]+V—771/ n—v(l-n)—1
y(x) = —4 ’
Lo(n—v(l—mn))

+¢ :c5+”( . q)fnflq n(n+1)/2+6(n+1) EZ g+n+1 v (w (an+1>a; s,r|q)

R
+4q" nlrE /2 g Ey; B+ (w (fECIUH) ; s, 7lq)

Oq(n*V(lfn))(n*V(l n)— 1)/2< )1 S . gqﬁ(nﬂ)
— 1 . q - v— l/x —V — — _"_ < _"_ —>
Ly(n—v(1—n)) (1 —g)rtt
Xq /2 5""77 EZ g+n+1 A ((.U (an+1)a; S, T|Q)
O

Theorem 5.2.7. If0<n< 1, 0<v <1, w, £ €C, a>max{0,§ — 1} then
(208 1) @) = € (sEas ) @) (5:2:20
with the initial condition
<q10 =)= y) (0+) = C, (5.2.25)
has solution in the space L(0,00) given by

y(x) = ("'~ Zq y(eq)

q"(1 —q V(l ) ( gn—vA=m =1 (gn=v=m+l. gy
(

+C

1—qg! q; q)oo qf(nﬂ/(l*n)ﬂ)(77*1/(1771))/2
.Z"B_H?_l v,0 n+1\a
e sy my B A TRTR W CU C K R Y (O (5.2.26)

q

wherein C'is arbitrary constant.

Proof. Applying g-Laplace transform on both the sides of (5.2.24), one gets

£(2uDB 0)01S) = €Ly (2 sor ) S

In this, the left hand side simplification is given by

oo pn qpn(n 1)/2 [(qz\—l—un;q)m]r W
L (I’ DO+ y) 5 Z q7+6n.q) ]s

—(an+8)(an+B-1)/2

GG CI)

SM%H (5.2.27)
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Now from the formulas (1.5.5), (5.2.25), (1.2.41), and (1.2.39) in turn, it follows
that

Dg” y
1
= (5( < y) )
1
= A (ST Lly(@(8) = S I o)
1
— aAq(snyq — Ccsvimm)
1
= (A (S7Y,(9)) — CA, (S177))
1
=~ (577 8y(Yy(9)) +Yi(S) Ay(8™) = CA, (5477)
1 “1vn SN — (Sqfl)n Sr(l—n) _ qv(i-n) fv(lfn)
q<<5q VB(Yo(9) + ¥y(8) T g — O
1 B S — §ng Sv=n) _ gr{l—n)g=v(1-n)
= —= (s ALY, Y, () o —
q (S q l]( q(S))+ Q(S) S_Sqfl C S_Sqfl )
1 B 1—q" 1 1 _q*V(I*n) N
- _ n - _ -4 qv(l-n-n-1
(o ansn + =L - s .

Using this in (5.2.27), one gets

1 1—qg" 1 1 — g—v(1-n)
~y (q" Ay (Yy(S)) + - a Y,(S)= — Cq—SV(ln)nl)

q—l S 1— q—l
B oo (_1)pn qpn(n—l)/2 [(q)\+/1,n; q)oo]r w" (Q>Q)oo q—(an+ﬁ)(an+6—1)/2
- Z% [(q’y+6n; Q)oo]s GantB+n+1 :
n=

Here applying the inverse ¢-Laplace transforms, one finds

—q" ., 1-q" . !
Tﬁq (Aq(Y5(5))) + 1— q‘lﬁq <Y(1(S)§)

1 — g—v(-n) 1
_Cq—ﬁ—l - -
1—qg! q Sn—v(1—n)+1

_ i )P g2 (P ) )T Wt (g5 ) e 5_1( 1 )

q%‘rén7 q)oo]s q(an+,3)(an+ﬁ—1)/2 q GantBintl

Once again using (1.5.5) and convolution theorem (5.2.16), it gives

x

—q" 1—q™"
I (o o) + ( [ v dqt)

0
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_Cl . q—u(l—n) v (1=n) (qn—V(l—n)H; q)oo
1—q1 (q' q)oo q—(77—1/(1—17)+1)(77—V(1—17))/2

i pn qpn(n 1)/2 [<q)\+,un;q)oo]r W (q7 q)oo
q’y—i-én’ q)oo]s q(an+,8)(an+6—1)/2

n=0
an+,8+17 (qan+,3+17+1 . Q)oo

X q—(an+,8+n+1)(an+ﬁ+n)/2 (q; q)

[e.e]

Finally, the g-integral formula (1.2.42):

/f(t) det = 2(1=q) ) " f(aq")
0 k=0

simplifies this to

zy(r) + (¢ —¢") Zq y(zq’)

_qui(l —q v(l— 77)) 2n—v(1-n) (qn v(1— n)+17q>
1—q! (¢ Q)0 g~ =D (=2 (1=m) /2

oo (_1)pn qpn(n 1)/2 [(qk—l—un’q) ]r an+£+n <qan+6+n+l;q)oo wn

B g (@797 q)oos gmommtL gn(n=1)/2=B(n+1)
5 6%
= e T Ey, BAn+1 A (w (zg")% s,7|q).

This is (5.2.26). O

5.2.4 Properties of Ei(c,v,v,0, A\, p|q) and Ei(c, —n, 7, d, A, 14]q)

In this section, certain properties of the function

— (=1 g D2 (P ) T (6 q)oo)?
2 (@7 q)oo]®

(ct)"

n=0
are studied with reference to the function (3.1.1). Here the function is entire
function with the condition ¢ = ru? — s6*+2, R(¢) > 0, |¢| < 1 and c is arbitrary
constant. At the first place the ¢g-Riemann-Liouville fractional integral operator
(1.7.1) given by:

T

1
Jd@) = s [ e )
is applied on f(t) t(i get ¢
Aoy f(t) = (t—€q)v

Ly(v) )
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(=D ¢ D2 [(@ ™ q)oc]” (c€)" (6" @)oo’

M8

d
P (@75 ) ot
1 < g2 (P ) s ¢ (4" )]
T L) Z (™ q)oc]?

n=0

X

§"(t = € q)u—1 dg&.

c>\PF

The substitution £ = tu, simplifies this as follows.

1
(v)

(=D "2 (" q)o] e [(0" 5 )] £
(@ q)oo]?

Mg

qIOV+ f(t) =

’1

I
=)

n

/u (1 —ugq),—1 dyu
0
1

B i ( 1)€n q€n(n 1)/2 [(qA-s—un;q)oo]r - [(qn+1; q)oo]Q tn-f—l/
o (0™ q)oo)*

/un—H 1 uQ7 d u
(ug”; @)oo
0
_ 1 i ( 1)[71 qln(n 1)/2 [(q)\+un;q)oo]r - [(qn—s—l, q)OO]Q v
=0 [(q'Y+5n7 Q)OO]S

X

X

-y (=1 g D2 [ o] e (0" @)oc]” B

Lg(v) 0 (@™ @) oo)®
(-0 (@) @ 0)s
("™ @)oo (075 @)oo
e (D) gD (gt ) (67 @)ee ()"
=0 (O SR (¢ )

Finally, in view of (3.1.1), this gives

JUf() =t (1 —q)” E;f+w(ct;s,r|q). (5.2.28)

Here the function on the right hand side may be denoted by Ei(c, v, 7, d, A, p|q) to

get
Ao f(t) = Eic,v,v, 0, plg). (5.2.29)

Next, using the fractional g-differential operator (1.7.5) of order n:

(050 = (52 () @
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on f(t), and then using (5.2.28), one gets
. 00 (_1)€n qén(nfl)/2 [(q)whun’ q)oo]r (Ct)n [(anrl’ q)OO]Q
qu+ f(t) - Di; {qIOJrn Z [(q7+5n;q>oo]s
— Dé“ {tk_” (1—q)"" Elvf_H~C ﬁ/\M(Ct; 5,7’|q)}
= 7 (1—q) "By, (ctis,rg). (5.2.30)

n=0

With the notation

Ei(c,—n,y,0, A\, nulg) = t77(1—q)™" E;’f oaulcts s, 7lq) (5.2.31)
it gives

Doy f() = Ei(c,=n,7,0, A plq). (5.2.32)

In the following theorems, the act of fractional g-integral and fraction g-differential

operators are examined.

Theorem 5.2.8. For v, A\, 6,u € Nyv > 0 ,r € NU{-1,0}, s € NU{0}, ¢
1s arbitrary constant and fractional q-integral and q-differential operators are of

order o then

q[g—i- Et(07V77767)‘7M’q) = Et<caa+yaf}/7§7)\7ﬂyq)' (5233)

qu+Et(Ca Va%CS,)\aM) = Et<cal/_0_>’7767 A?H) (5234)
Proof. From (1.7.1),

oI5 Eile,v,y,0,\ plg) = (t = 1€q)o—1 Ee(c,v,7,0,A, plg) dg

0

Using (5.2.29), the above equation becomes

t
g 1 v 14
qIO+ Et(C, v,7, 5a )‘7 H|q) = Fq(O') /(t - ’£Q)U—l 5 (1 - Q)
0
o —1)n n(n—1)/2 (,v+n+1. - Apn. ol
XZ< )" q (q+5n $ @)oo (@7 @) oc]
— (7075 q)o]®

X(q" @)oo (c€)"dyE.
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In this the substitution £ = xt, gives

q-[g+ Et(c7 U, 7, 57 )‘7 H|Q)
anén(n—l)/2 (qu+n+1. q) [(q)\—i—u n. q)OO]T(qTH_l; Q)oo totvtn on

_ (1_q)y = <_1) ) 4) o0 )
RYIC 2 (@707 q)oo]®

n=0

1

X /(1 —|2q)p—1 21" dyz

_ 1 _ q 11 f: Zn Zn(n 1)/2 (ql/—&—n—o—l’ q) [(q)\—i-un, q) ]T(qn+1; Q)oo totvtn n
(o) (@707 q)oo]®

n=

1
y / ot (TG Do 4

(247 @)os

(1 _ q)zx i (_1)anfn(nfl)/2 (qu+n+1’ q) [(q)\+/,LTL’ q) ]r(qn+1; Q)oo totvtn on
[(@+7 )oc]®

(1 . q)y 00 (_1)€ann(n—1)/2 (qu+n+1; q)oo[(q)\—f—p,n, q) ]7’<qn+1; Q)oo totvin n
Iy(o) <= (@7 @)oo
(1-9) (9= (@)
(47 @)oo (77115 q) oo
[e's) (_1)an£n(n—1)/2 (qo+y+n+1; Q)oo<qn+1; q) (Ct)n

= (g ey

—~ (@™ @)oo]® (75 @)oc] ™"

Once again use of (5.2.29) gives (5.2.33). O

Now, from (1.7.5) and using (5.2.33),

Q‘Dg—‘rEt(C? v,7, 57 )‘7 :u)

= Di [qlgf Ei(c,v,7,0, A, u|q)]
= _D;C |:Et(C, k—o+ v,7, 57 >\7 lu|q):|

v 0
- Ds {tk o E?k 0'+1/+1/\,u(0t;877“|q)}

X 1\n, ftn(n—1)/2 ( ntk— a+u+1 n+1 n
k k—o+v ( 1) 4q (q ) (q ) (Ct)
> )

owrd (@75 q)ec]® [(g ”’”‘, q

R o (_1)€n qen(n—l)/2 (qn 0+V+17q> [(qAﬂtn’q)oo]r (an Q)oo (ct)"
o Z +on. s :
e (707 q)o]

0o] 7"
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Using (5.2.31), (5.2.34) is obtained.
In the light of Theorem 5.2.8, the following theorem may be proved.

Theorem 5.2.9. v, \, 0, u € N, n > 0,r € NU{-1,0}, s € NU{0}, c is arbitrary

constant and fractional integral and differential operators are of order o then

q[g+ Et(c7 _777’7757 Au”’Q) = Et(C,O' _7]77767 A?M’Q) (5235)

qu—i- Et(ca =17, 57 )‘7 H|C]) = Et<c7 —0 =17, 57 >\7 :u’q) (5236)

5.3 Main results for ez’f;,&ﬂ(z; s,7|q)

Since the function el"; (%3 8,7]q) does not involve the factor ¢"""~V/2 the results
involving this function will be free from this factor; the techniques of derivations
of the corresponding results remain same. Hence for the sake of bravity, they are

just stated below.

5.3.1 Fractional ¢g-operators

Theorem 5.3.1. Let a € [0,00) and o, 8,7, \, 0, u € N, > 0 then for x > a

(JLH—MMldﬁw@w—mflh»mm)@>

(5.3.1)
75 - .
= [17 - |a}/3+77—1 el,ﬁ+n,)\,u(w[aj - |aq,8+77 1]047 $>T|q>7
and
DLt = lalsor €5, = g sl ) @)
(q ’ P T (5.3.2)
k) g1y
= [[E - |a]ﬁ—n—1 ezﬁfﬁ’)\,‘u(w[l’ - |6Lqﬁ K l]oca S,T|Q).
Theorem 5.3.2. Let o, 3,7, \,0,u € N, n >0 then
76 o, 76 o,
1oy [V 6(1171,)\#(1/t ) S, r|q)} () =v(x(1l—q))" eimﬂ,)\#(yx :8,7|q). (5.3.3)

Theorem 5.3.3. Let a € [0,00), «, 5,7, A\, 0,u €N, n,v>0 forx > a, then

sV ’5 - .
QDLw—mm4%@wwW—Mflh»mm)@>
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= [o—lalsgt €l an @l —lag" o s, o). (53.4)

Theorem 5.3.4. Let the function ¢ be in the space L(a,b) = {f : (||flli =
b
[1f(#)] dgt < oo} of Lebesque measurable functions on a finite interval [a,b].

Then the integral operator qel’f;’/\%w;ﬁ is bounded on L(a,b).

5.3.2 ¢-Gauss multiplication type formula

Another ¢-form of Gauss multiplication formula may be given by

62{?,@,)\,“(2;3’7’|Q) = 51 ! Tk
(Imlg)" 2 o Lo (5
> T s n
> [ 'qw””)] © ——. (5.3.5)

5.3.3 Fractional ¢-differential equations involving the ¢-

analogue of Hilfer derivative operator

In the following, the fractional g-differential equations corresponding to the ¢-

analogue of Hilfer derivative operator are stated which use

Lemma 5.3.1.
oo Aun. TN
q 7Q)OO] W
c ( . )<x><s> -y
a\ 9%, B, A, p, w0+ ; [(g7: q)oo)®
X —(an+p)(an+B-1)/2
X(an)OOq

Som—‘rﬂ—i—l
in which the series is convergent for R(a?) < 0.

Theorem 5.3.5. If0<n< 1, 0<v <1, w,£ €C, a>max{0,6 — 1} then

<qD6”+" y) (z) = ¢ (qel’,g,A,#,w;M) (z) + f(2) (5.3.6)
with the initial condition

(ﬂéi‘”)“‘”) y) (0+) = C, (5.3.7)
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has solution

(n—v(1-n)(n—v(1-n)-1)/2

. q 1-n+v—nv, n—v(l-n)— B+n
ylz) = C 1—q) " x Vyex
@ Lo—vi—m) Y
X (1 —q) g DREB D e (w (g% s, rlg)
(1—¢q)1 —nq"D2 ]
+ f@)(z — |tq),—1 dqt, (5.3.8)
Ly(n) J ! b

in the space L(0,00) wherein C is arbitrary constant.
Theorem 5.3.6. The q¢-differential equation
,0 ay.
(Do+ y)( ) = ¢ < o, 6 A uw0+> (z) + a’ €Z,B+1,A,M((W(a$) )73;T|Q)

(5.3.9)

with the initial condition
(qlo 4 (1=)(1=n) y) (0+) = C, (5.3.10)

has solution in the space L(0,00) which is given by
g A=m)(n—v(1-m)=1)/2

Lo(n —v(1—n))

X (€A=" 4 1) el W (g™ s, rlg)  (5.3.11)

y(z) =C | — )l gn—v(i=n =1 i 1)/2 B4y

in which C is arbitrary constant.

Theorem 5.3.7. If0<n< 1, 0<v <1, w, £ €C, a>max{0,§ — 1} then

(0t ) = € (o) o

with the initial condition
<qu 4 A=)(1=m) y) (0+) = C, (5.3.13)

has solution in the space L(0,00) given by

y(x) = (" - Z ¢ y(ag’)

qﬂ(l —q 1/(1 Ti)) < In—u(l—n)—l (qn—u(l—n)-H;q)oo
(

A 4 Qe g DG )2
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pB+n—1

7,0
DB Castian (@ (2

e s rlq), (5.3.14)

wherein C'is arbitrary constant.

5.3.4 Properties of e;,(c,v,7,d, A\, ulq) and e;(c,—n, 7,0, A, p|q)

Here certain properties of the function

i (@ q)oo]” ("5 q)oc)? (ct)"

qv—l—&n Q)oo]s

n=0

are stated which are suggested by the function (3.1.2). Here the infinite series
converges absolutely when [¢| < |(1 — ¢)®**~"#=?]| and |¢| < 1 where c is arbitrary
constant.

Now using ¢-Riemann-Liouville fractional integral operator (1.7.1) on f(t) one gets

t

v 1 3 S (R ) ]" (€)™ (@™ @)ool
q[0+ f(t) - Fq(l/) 0/ t gq v—1 ; qu+6n7q)oo]s dqf
oo )\Jr,un ]r L [(anrl
- Ezjo e / €1~ €)1 A€,
Taking & = tu, this gives
1
v I S () 1 L ()1 A
ooy f(t) = T,() nZ:O (CEXE ML /u (1 —wugq),—1 dgu
_ 1 — [("; q)0]” " [(qn+1 2ty n+1-1 uq )
- T ,; (@77 q)oc] O/ Y e dat
I T W () S e () ™
T = @7 ) Bl 1)
B 1 [ee) [(QM"";Q)OO]T " [(qn+1’ q) ] thrzz
- Ty(v) nZ:O (97 q)oo)®

(1 =) (Do (@5 @)oo
(" q) oo (05 0) o0

e <qu+n+1.
s

;) oo [(q)‘—wn; q)oo” (qn+1§ 7)o (ct)”
(0™ @) .
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In view of (3.1.2), this leads to

A6 F(O) = (1= q) €], ,(ctss,7]q)
= ee,v,v,0, A\ plq), say. (5.3.15)

Next, using the fractional ¢-differential operator (1.7.5) of order n on f(t), and
then using (5.3.15), one gets

DRy 1) = {zk : i i) (o) [<qn+1;q>oo12}

— 0
- Df’; {tk K (1 - q)k K 6’{ 1+k— n)\u(Ct; 57T|Q)}
= 7 (L=q) " el (et s,7]g)

= e, —n,7,0,A, plq), say. (5.3.16)

n=

In parallel to Theorem-5.2.8 and Theorem-5.2.9, the effect of fractional ¢-integral

and fraction g¢-differential operators are stated in the following theorems.

Theorem 5.3.8. For v,\,0,u € Njv >0, r € NU{-1,0}, s € NU{0}, cis
arbitrary constant and fractional q-integral andq-differential operators are of order

o then

A0, ee,v,y,0, A plg) = elc,o+v,7,0,A plq). (5.3.17)

oDie(c,v,v,0, A 1) = elc,v—0,7,0,A ). (5.3.18)

Theorem 5.3.9. v, \, 6, u € Nnp >0, r € NU{-1,0}, s € NU{0}, c is arbitrary

constant and fractional integral and differential operators are of order o then

[OJr et( -, ’775 A :LLIQ) = €t(C,O' - 77;%57)\7N‘Q) (5319)

oDGy e, —n, 7,6, A\ plg) = ele,—o —n,7,6, A, plg). (5.3.20)
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