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ABSTRACT

In the present work, a unification of certain functions of mathematical physics is proposed and its properties are studied.
The proposed function unifies Lommel function, Struve function, the Bessel-Maitland function and its generalization,
Dotsenko function, generalized Mittag-Leffler function etc. The properties include absolute and uniform convergence,
differential recurrence relation, integral representations in the form of Euler-Beta transform, Mellin-Barnes transform,
Laplace transform and Whittaker transform. The special cases namely the generalized hypergeometric function, gener-

alized Laguerre polynomial, Fox H-function etc. are also obtained.

Keywords: Generalized Mittag-Leffler Function; Recurrence Relation; Wiman’s Function

1. Introduction

In the present work, we propose an extension of a ge-
neralization of the Mittag-Leffler function due to A. K.
Shukla and J. C. Prajapati [1], defined as

£y (2)=3 e ™

,,Zol“(an+ﬂ)n!’ (.

where «,f,y€C; Re(a,Re(ﬂ,y)) >0 and
qe (0,1) UN'. This is an entire function of order
(Rea—g+ 1)_1 if Rea>g-1 and absolutely conver-
gent in {|z| <R,R <1} if Rea=¢—1.In fact(1.1) con-
tains the E, (z)-Mittag-Leffler function [2], E, ,(z)-
the generalized Mittag-Leffler function [3] and the func-
tion E’ ,(z) due to Prabhakar [4].

Gorenflo et al. [5], Saigo and Kilbas [6] studied several
interesting properties of these functions.

Another generalization of Mittag-leffler function due
to T. O. Salim [7], given by

750 = S (}/)n Zﬂ
Ea,ﬁ(z)_gm

where z,a,f,7,0 € C and

, (1.1°)

min {Re(a,ﬂ,é‘)} >0.

We state below the extended version in the form:
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()] (2
=0 F(a(pn +p_1)+ﬂ)|:(l),unj|r (p)pn

where «,8,7,4,p€C, Re(a,B,7,4,p)>0, &,u,p>0.
The function defined by (1.2) reduces to the one in (1.1)
and (1.1’) if p=1, p=1, r=0, s=1 and O0=1,
p=0, p=1, r=0, s=1 respectively.

It is noteworthy that the function in (1.2), besides con-
taining the generalizations of the Mittag-Leffler function,
also includes certain functions belonging to the family of
Bessel function. To see this, take s=0, r=0, p=1,

2
p=1, a=1, f=v+1, and replaced z by % in

(1.2), then we find the well known Bessel function [8]:
0 (_1)” (Zjvﬂn
J =) —— = .
(%) ; nT(1+v+n)\2

When s=0, r=0, a=x, f=v+1, and z is re-
placed by (—z) then we get the Bessel Maitland Func-

(=)’

0F(v+ny+1)n!

8

tion [8] given by J/ (z) =

n

. For s=1,

r=1, p=1, p=1, a=u, f=v+i+l, u=1,
2

A=A+1, y=1, 6=1, and z is replaced by %,we
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128 J. C. PRAJAPATI ET AL.

obtain the Generalized Bessel Maitland function [8]:

Halz)= Zj‘ (v+ny+fi_+13; (n+/1+1)(§jv+2mn'

The Dotsenko Function [8]:

R (a,b;c,w; 1;2)

B r(l;)(;)(b)g F(c+nwj n!

7]

occurs by substituting s=1,
@
ﬁ -7 ﬂ -
y7,
The Lommel Function defined by [9]:

u+l
Spw (Z) = (

r:_la ,0:1, pzl,
, A=b, y=a, 6=1 in(1.2).

z
,u—v+1)(,u+v+1)1

2
z

1 _z
£ 4

Y2(u-v+3), 1/2(u+v+3),
is the special case s=1,

= (u=v+3), u=1, A= (u+ve3) =1, o=1,

r=1, p=1, p=1, a=1,

2
and z is replaced by % of (1.2). On making substitu-

tions s=1, r=1, p=1, p=1, a=1, B=3/2, u=1,
A=3/2+v, y=1, 6=1,and z=%Fz>/4 in(1.2), pro-
vides us respectively, the Struve Function H, (z) [9]
given by
(Z/z)wrl 1 22
Fy 4
['(3/2)T(3/2+v) 32 324y

and the Modified Struve Function [9]:

H,(z)=

2

(Z/Z)w-] F 1 _Z_
T(3/2)r(3/2+v)""? 3/2 3/2jv |

In what follows, we shall use the following definitions
and formulas. Euler (Beta) transform [10]:

LV (Z) =

1

B{f(z):a,b} =jz”_l

0

(1-2)" f(z)dz.  (1.3)

Laplace transform [10]:

©

L{f(2)}=[e"f(z)dz (1.4)

0

Mellin-Barnes transform [10]:

Copyright © 2013 SciRes.

M[f(z);z]=Tz‘y_1f(z)dz:f*(s),Re(s)>0, (1.5)

then
1T o 1 . B
f(z)=M"]f (S);x]=2—m,jf (s)x"ds. (1.6)
Incomplete Gamma function [11]:

y(@,z)=| et dt, Re(a) > 0. (1.7)

The generalized hypergeometric function is denoted
and defined by [11]

F al,az’...
P q
b13b29 ..

where b,,b,, -,
gers, and

e (a), (@), (o),
fl e e

b, are neither zero nor negative inte-

(1.8)

(2), = A(A+1)(A+2)(A+n-1).

The series is convergent for 1) |z| <o if p<gq, 2)
|Z| <1l if p=g+1.
Wright generalized hypergeometric function [12]:

P
(2. 4)..(a,.4,); | =« [T (ai+4n) .
Yy z =zl:‘—

(:BpBl)"' > ﬂq’Bq > nzoﬁr(ﬂJ"‘Bn) "
J=1
(1.9)
Laguerre polynomial [12]:
@ (1+a) —n;x
LY (x)= " B e | (1.10)

2. Main Results

In this section, we prove the following results for the
function defined in (1.2).
Theorem 2.1. The series represented by the function

7,0 .
T supp (2:8,7) converges absolutely for

12| < )/ P(Re(u)re3i(@) p-Re(@)s+p)
Proof: Consider,
ES,Z,A,y,p,p (2587 )
5 ()] 2" |
Sr(a(pn+p-1)+B)(2),,] (0),

Take

n

[(7/)&1 T 2"
C(a(pn+p-1)+8)[(2),,] (),

then
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J. C. PRAJAPATI ET AL. 129

[(7),,] =" F(a(p(ne1)+p=1)+A) (A)y | (90

= X

(a(pn+p-1)+8)[(2),,] (0),, [ ‘

[F(7+5n)]s [r(/l)]y r(p)zpwpfl
[CO)T T (a(ons o=+ AT an)] T

X[F(}/)]Sr(a(pn+p—1)+ﬂ+ap)[l" /1+yn+,u)]r1“(p+pn+p)|
[T(y+on+5)][T(2)] T(p)z"""" ‘

[1“(}/+5n)]v F(an+,b’+ap)[l“(i+yn+y)]r L(p+pn+p) |
[1"()/-|-é'n+5)]‘v F(a(pn+p—1)+,6’)[1"(/1+,un)]rF(p-i—pn)zp

[(ﬂ“"'/m)(ﬂ+'u”+1)(/1+/‘m+2)"'(ﬂ+,un+/u_1)]r
[(r+0n)(y+n+1)(y+5n+2)-(y+n+5-1)] z*

x(apn+ap—a+p)(apn+ap—a+p+1)---(apn+ap—a+p+a-1)

x(p+pn)(p+pn+1)(p+pn+2)-~(p+pn+p—1)

[l (2]
el (]

- —a+l - -1
xn“"(a’erap a+ﬂj(ap+ap a+ J---(ap+ap a+pB+ap )
n n

n
wlpenfEenen) (222
n n n n

Thus,
.| u,
lim |[—— —11m| sreap= 5”"/2 |
n—w |y n—w
n+l
Hence,
1 1/ p(R +R(a)-Re(5)s+
lim >1:>11m| urvap=osep [ 2p |>1:>|Z|<,,/p( c{a)r9()Re(B)s+p)
n—o |y n—oo

n+l

Theorem 2.2. For «,f,y,4,pC; Re(a) >0 and J,u,p >0 the differential recurrence relation form:

a.f+1,4,u.p.p a.f+1,4,u.p.p

BE”° (z;s,r)+az§zE” (z;s,r):Egj;,M’p,p (z3s,7).

Copyright © 2013 SciRes. APM



130 J. C. PRAJAPATI ET AL.

Proof.
Consider,
d
ﬂE;:ZH,/Lu,ﬂ,p (Z;S’r)+aZEE;:Zi»Lﬂ,‘u,p,p (Z;Sa r)
Y s pntp-1 " S pn+p-1
:ﬂz |:(7)§n:| z +aziz |:(7/)§n:| (Z)

n:or(a(pn+p—1)+ﬁ+1)[(/1)m]r (p)]m dZn:OF(a(pn+p—l)+ﬂ+1)|:(/1)”nj|r (p)
43 (7)., ] )™ r . () ] (1’9"+r0—1)(2)1m+pr2

S (a(pnp-1)+p+1)[(2),, ] (0),,  T(a(pn+p-1)+p+1)[(2),,] (o)
(), ] (2)" R

r - Ea,[f’,/l,ﬂ,p,p (Z; S5 r)
Fa(pn+p-1)+A)[(4),, | (),

pn

pn

0
n=0

As the series given in (1.2) converges uniformly in any lowing theorem.
compact subset of C, the use of term by term differen- Theorem 2.3.If meN, a,8,7,4,p€C,
tiation under the sign of summation leads us to the fol- Re(a, B.7. A, p) >0 and J,u,p>0 then

(ijm ES (z;s,r):Z ] T )EM‘"“"' (z5s,7), (2.3.1)

womm e e
(i}m [Zm o (0275, r)] _ P pre (wz%;s.7).if Re(B-m)>0. (2.3.2)

dz a,B.A.u.p,p a,f-m,Apu,p,p

Proof. Consider

" e (4 [(7),,] ="
(%j e (dzj "Z_;’[r(“(pn+p—y1)+ﬂ)][(ﬁ)ﬂn]r [(»),,]
_ Z [(7),,] ,, [ a4 ] (s

dz
[(7),, ] T(p)zmet
[T (a(pn+p-1)+B)]|[(2),, | T(pn+p-m)
|:(}/)5(n+m) :|S F(,D)z"’”!"“p—m—l

n:O[r(a(pn+pm+p—l)+ﬁ)}[(ﬂ.)ﬂ(“m)]r T(pn+pm+p—m)

:i [(7)5,” ]5 [(;/+5m)§n ]X r‘(p)zl’”"m Pl F(p-i—pm—m)
[ (a(pnr p-1)+ prapm)|[(2),, ] [(2+um),, | T(pr+pm+p=m) Lo pm=m)
0] T ¢ [(7+6m), T 2

T[] S, T [r(atoms s avam)](os ),
(

7)5»1 :|S F('D) E7+(5m,5

(@, [, ]

Copyright © 2013 SciRes. APM
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Now consider,
s a(pn+p71) p-1__pn+p-1
[( s J z o

d m
all B~ IEZ;’M’N wz%;s,r P
&) ) Xt s AT 0

< [(7)5" :r e d)" a(pn+p-1)+p-1
-5 (&) (e
"=0[r(a(pn+p—l)+ﬂ)][(/1)m] (P)W(dzj ( )

Il
&la
M

NI I S
:i |:(7)§n:| (C()Z ) Zﬂ l ﬂm1E75 (a)z“'s I”)
r a,f—m,A,p,p,p 2
[ (a(pntp-1)+p-m)] (2),,] (),
Next, taking f(z)= E7ﬂ ”(zu S, r) in the Euler Theorem 2.4.If «,B,7,1,p,0,7,veC,
(Beta) transform (1.3), one finds the following Re(a,ﬂ, 7,4, 0, 0,77,1/) >0 and J,u,p>0 then
1 1
T Juﬁ_] (1-u)" E;Z’M’p’p (zu S, r)du =E S supy (Z38:7), (24.1)
0
1 t - a + o
AL VL s [V (5= s s = (et B [ () s @42
t
Itﬁ ELS o [a)t ;s r]dt—z B sp [a)t“;s,r], (2.4.3)
1 ¢ . a
[ -2 El o (X(=2) 55,7 ) A2 = By (355,7). (2.4.4)
0
Proof.
In (2.4.1)
1 1 w *a(pn+p=1)_pn+p-1
LHS.= - ! Iuﬂ’l(l—u)'k1 ELS s upp (zu“s,r)du =T ! Juﬂ’l(l—u)nflz [(}/)(SJ ! il - du
()3 ()3 Sr(a(pntp-1)+5)[(2),,] (0),,

j‘ua(pn+p—l)+ﬂ—l (l—u)’lil du
0

(), ] = T (n)[T(a(pn+p-1)+B)]
=0|:F(0!(pi’l+p—1 +ﬁ) [(g)ﬂﬂ}’(p)pnr(q) [F(a(Pn+p—1)+ﬂ)+77:|
zi [(7 5n:| 2 =E§:;+r],ﬂ.,y,p,p (z;s,r):R.H.S.

ST (a(pnt p=1)+p)[(4),,] (), T(1)
Now, denoting the L.H.S. of (2.4.2) by I, we have

IZF(IU)I(X 07 (s - f)ﬂlEZ,Z,a,y,,,,p[ (s_t)a;s’qu

ds

x w [( ) ] (S_t)a(pnwfl) TS
Z .
! T (a(pn+p=1)+B)[(2),,] (o),
[(7),, ] v |
C(a(pn+p=1)+p)[(2),,] (0),,T(n)

(x _t)rzfl (S _ t)a(anrpfl)Jrﬂfl d,S

Il
M
~ —x

3
Il
(=}

Copyright © 2013 SciRes. APM



132 J. C. PRAJAPATI ET AL.

Here, introducing u as a new variable of integration, by means of the relation
s—t

x—t

The further simplification gives,

s 7t a( n+ —l)+ﬁ‘+z -1
1_ & [(7)5;1] Vp g l(x_t) e ' .l[ l—u n-1 ua(p;z+p—l)+ﬂ—|du

A (a(pnep-1)+A)(2),, ] (), T(n)?

[(7),, ] ve (x=e) 02 p ()T (a(pn+ p=1)+ B)

Il
1M

[T(a(prn+p-1)+8)][(2),, ] (p), T(n) [T(a(pn+p-1)+p+n)]
(), ] v (e
[T(a(pn+p-1)+B+n)][(2),,] (0),,

=(x —t)'“ﬁfl Ei:imm,p!p [v(x —1)" ;s,r].

0
n=0

as desired.
To prove (2.4.3) we begin with

jtﬂ“E”‘s (wt";s,r)dt
0

a, B A pup.p

- zt’“ - [(7,)& ]S (olpmep=l) opntp-t
L [T(a(pn+p-1)+8)][(2),] (r),
[(7 )sn ]S " jta(mm—l)w—l dr
[T(a(pn+p-1)+8)][(2),, ] (p),,*
[(7)§n ]S Jelprep-1)+p (w)pnw—l
[T(a(pn+p-1)+B)|[(2),, ] (p),, (@(pn+p-1)+B)
[( 7)§n ]‘ L2 (pnep=N)+B [ prtp-1

[F(a(pn +p-1)+ B+ 1)][(/1)/”[ T (p)pn

dt

S

Il
1M

Il
1M

— B ErS
a.f+LA,u.p.p

(a)z“;s,r).

Hence the result.
Now, consider

F(O') CHNNNN.
b [T =2
_ 70 (1—2) Z
F(O')i[ :O[F(a(pn+p—1)+ﬂ)][(,1)# } (p)p

Copyright © 2013 SciRes.
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simplification of above series yields (2.4.4).

3. Mellin-Barnes Integral Representation of E»} , (z;s,r)

Theorem 3.1.Let aeR,; B,7,4,p,€C, Re(a,B,7,4,p)>0 and §,1>0, peN.Then the function

EZ,Z Aspup (z;s,r) is represented by the Mellin-Barnes integral as
(A pz! C(pS)L(1-pS)[T(y-5S)] (-z)
ElG pp (235,7) = [r] o (pS)r(1-ps)r( ] ds, G.1.1)

2m[1" ] Ll“(ﬂ+ap—a—apS)[l"(/l—,uS)] I'(p-pS)

where |arg z| <m; the contour of integration beginning right).
at —ioo and ending at +ioo, and indented to separate Proof.
the poles of integrand at S =-n forall neN, (to the We shall evaluate the integral on the R.H.S. of (3.1.1)
y+n as the sum of the residues at the poles §=0,-1,-2,--
left) from those at §= R for all neN, (to the In fact, in view of the definition of residue, we have
S L Ter=ps)[r=s9)] (=)~ ¢
27TiLF(ﬂ+ap—a—apS [F ﬂ—,uS)J I(p-p )
E S S)T(y-55)] (
ZSRes L(pS)C(L-pS)[L(r=58)] (-
=0 5=\ T(B+ap—a—apS [F A- yS)] (p pS)
i (S +7) [F(r=68)] (-=)"
105277 sInmpsS F(ﬁ+ap—a—apS)[F /1—,uS ] F p—pS)
= (-1)" T(y-88)] \
— Z( ) I: :| (_Z)P )

= P T(B+a(pn+p-1))[T(A+un)] T(p+pn)

This gives,

[T(»)] 2 ()] 2
[CA] T(p)pz" 35 (a(pnt p-1)+ 5)[(4),, | (),

[r(n] »

= r Ea:ﬂ,/lsﬂ,p,p (Z;S’r)'

[T T(p)p=""

4. Integral Transforms of Ez,ﬂ’ pp ( S, ) For the convenience,rwe introduce the Notation:
. [F (B+ an)]

In this section, we discussed some useful integral trans- (B ) e

forms like Euler transforms, Laplace transforms, Mellin [F }

transforms, Whittaker transforms, Theorem 4.1. (Euler(Beta) transforms)

1

.[Z(H (l—z) E;’ﬁ,ﬂ,#,p,p (xz”;s,r)dz

0
X7 [F(/l)}rl“(b)l“(p) (7.6), (op—o+a,op), (L1); X
= s -s+2lPr+3 I3
[T(7)] (ap-a+pap),  (Lu),  (pp) (a+ho);
where «,f,7,4,0,a,bC, Re(a,p,y,4,0,a,b)>0 and &,up>0.

Copyright © 2013 SciRes. APM
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Proof.

1

" S pn+p-1_o(pnt+p-1)
.I[Za_l (1—2) E(:,;,ﬂ,ﬂm,p (xz“;s,r)dZ:IZ”_] (l—Z)HZ [(7)5,,] e
0

) Sr(a(prp-1)+B)[(2),,] (),

dz

3 ()5, ] ™" lza<pn+p—1)+a—1 NG
rlz—(:)l“(a(pn+p—l)+ﬂ)[(/1) Jr(p)pn 0 ¥ ) *
T[(y+on)] [r )] T(B)T(o(pn+ p-1)+a)x*"
[T (y ] T(a(pn+p—1)+B)[T(A+un ] (o pn+p—l)+a+b)(p)pn
T o))
- [r@]

Theorem 4.2. (Laplace transforms)

Il
ipMs

(7.6), (op—o+a,op), (L1); x
(ap—a+p.ap), (A,u) (p.p).(a+b,o); |

lIJr+3

a, B A u,p,p

o0

-1 -
Iz” SRS (xz“;s,r)dz
0

X

_ Sia(pil)x(pil)ia I:F(l)]r F(p) lIJ (77 6’)y s (aao-)a (191)5 F
r+2 ’

- s 542

[F()/)] (ap—a+pB.ap), (Au), (p.p):

where a,f,7,4,0,p,a,beC, Re(a,pB,7,4,0,p,a,b)>0 and Re(a,B,7,2,0,p,a,b)>0.
Proof. We begin with

T * » 5 _pntp-1_o(pn+p-1)
I = J'Za 1 SZEZ,Z,l,ﬂ.p,p (xz”;s,r)dz — J‘Zaflefszz [(7)&} xprtely :
0 0 =0T (a(pn +p—1)+ﬂ)[(/1)m] (p),,

= [(7/)&, ]S (prtp=h K —AZ a' pn+p 1+a le
E C(a(pn+p=1)+BIA) T (P),, I '

dz

On making substitution ¢ = sz, we get

N N -
/- : ‘(t/5)" (1/s)dz
L e o

|:(}/)5 :Is ((pnept) o(pnip-i)-a

F(O'(pn+p—1)+a)

3
g
—
—_
N
—
<
N
+
AN
~—
+
=
~—
1
—
Y
~—
3
| I—
—~
S
~—
=
3

F[(y+§n)]s [F(l)}y x"s"’"’“l"(a(pn+p—l)+a)F(p)F(n+l)
n=0 [F(}/)]XF(a(pn+p—1)+ﬂ)|:l“(/1+,un)}rF(p+pn)n!
o) o1 [F(/l)]’ v (r.8), (a,0), (L1); Sifp |

[r(7)]s o (ap—a+pB.ap), (A.u), (p.p),

In proving the following theorem we use the integral formula involving the Whittaker function:

C(12+u+v)T (12— pu+v)
T(12—4+v)

[eePw, , (r)dt =

0

JRe(vEu)>-1/2.

Copyright © 2013 SciRes. APM
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Theorem 4.3. (Whittaker transforms)

Te"”/zt"”lW,},v( t)ES (a)t”;s,r)dt

a,B.A.u,p.p
0

[F }a)" 11— )X ” (7.0), (v+v+1/2,0), (v-v+12,0), (L1); o’

[T ] o (B.a), (Lu), (v-n+Lo). (p.p);

where a,B,7,4,0,p,a,b€C, Re(a,B,7,4,0,p,a,b)>0 and &,u,p>0.
Proof. Let

© - N n+p-1 0 (pn+p-1)
1= Iefq’/zt"’ 1W Eé,ﬁ,/l./l,P»P (a)t“;s,r)dtZfefq’/zt"'len,v (qt), [(7)5,,J o
0

=0 F(a(pn+p—l)+ﬂ)|:(/1)w:|r (p)pn
N [(y)én :r e T t/2 ,o(pn+p-1)+y—1

=2 , o ey (gr) di
nzor(a(pn+p—1)+ﬁ)[(ﬂv)wj (p)png 1

then using the substitution & =gz, we get

i |:( ) :|a)pn+p—lq—a(pn+p—1)—y/ -
S (a(prrp=1)+B)[(2),,] (0),, 0
_< F[(y+5n)]s [F(/l)]r @ gl )y ><l“(o-(pn+p—1)+1//+v+l/2)1"(o-n+l,z/—v+1/2)
fr=0[l"(}/)]sF(a(pn+p—1)+ﬂ)[l“(/1+,un)]r(p) F(a(pn+p—1)+y/—r7+1)

dr

e—§/2§a(pl1+p—l)+y/—lW (é)df

n.v

pn

[r ]wwr )X v (7.6), (v+v+1/2,0), (v-v+1/2,0), (L1); o’

q°’

s+3 7 or+3 ?
r( B .
r e (Ba)  (af.  (onele). (pp)
Theorem 4.4. (Mellin transforms)
[ (pS)T(1-pS)|[T(y-5S)|
jtps ELS s py (m0Otis,r)dE = (PS)r(t-pS)[r(z )J (4.4.1)
o T a)PSF(ﬂ+ap—a—apS)[l"(i—,uS)J I'(p-pS)
where a,f,7,2,p,8€C, Re(a,B,7,2,p,8)>0 &,u,p>0.
Proof. Putting z=—-wt in(3.1.1), we get
T(p T(pS)T(1-pS)[T(y-68)| (~wt)™
i (zinr) - LT TP 09] Co Ty
Zm[l"(;/)] F(ﬂ+ap—a—apS)[F(/1—yS)} I'(p-pS) 442)

in which
I(pS)L(1-pS)[r(r-o8)]
a)”SF(,BJrap—a—apS)[F(/I—yS)T I'(p-pS)

using (1.5) and (1.6) in (4.4.2), immediately leads us to (4.4.1).

(8)=

Copyright © 2013 SciRes. APM
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5. Generalized Hypergeometric Function Representation of Ea B ipp (z;s,r)

Taking a=a, 6=1, p=m in(1.2), we get

y 8 (), ] = g (), ] =7 (),
Bl psmp (58:7) = 2 = 2 ;
( n=0 F(a(pn + p )+ﬂ)|:( )mn] (p)[m (ﬂ+ap a) "= (ﬂ—‘rap_a)apn [(i)/mJ (’O)Im l’l'

At o

_F(,B+ap a)is ﬂ+ap a+j—1] [p+h—1] n!
1 p ”

i
Is _p
o A(Ly), I rz

- F ) mr ap
F(,B+ap—a)><”‘ ap+m’ +p mep (p)

A(ap,B+ap-a), A(m,A) ,A(p,p);

s [
:-:
Il S|

n

a a+l a+n—1
where A(ma) isan-tuple —, T .
noon n

6. Relationship with Some Known Special Functions (Generalized Laguerre Polynomial, Fox
H-Function, Wright Hypergeometric Function)

6.1. Relationship with Generalized Laguerre Polynomials

Putting =k, f=v+1, y=-m, r=0, s=1, p=1, p=1 and replacing § by geN and z by 2" in (1.2), we
get

{ﬂ [(— ) J b M( 1" m! 1 o
E™ ;1,0
it (751,0) = nzol"(kn—i-v+l) ;(m gn)!T (kn+v+1) n!
. (6.1.1)
r(m+1) H (-1)" T(km+v+1) I(m+1) (V)( K)
= z
[(km+v+1)im(m—gn)! T(kn+v+1) n! T(km+v+1) {ﬂ ’
where ZE }(z k) is polynomial of degree |:ﬂ} in 2",
q
q
In particular, Z"") (z,1)=L(z), so that
" F(m+1) N
E,iju(z;l,o):mw(z) (6.1.2)
6.2. Relationship with Fox H-Function
From (3.1.1), we have
o [L(A)] T(p) r(s)[r(r-os)] s
Ea,ﬁ,l,#’p’p(zsr - z) ds
2mi[T(7)] Lr(ﬂ+ap—a—aps)[r(/1—ys)] T(p-pS) 6o
6.2.1

[(=7.8)]:

_[r()]r(e) HUH B .
v 0.1),  (1-p-ap+a,ap), [(1-4w)]. (1-p.p);

[W)J

Copyright © 2013 SciRes. APM
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6.3. Relationship with Wright Function

137

If a,B,7,2,peC, Re(a,B,7,4,p)>0, 8,u,p>0 (1.2)can be written as

[F(}/ + 5n):r ZPmp!

[T )
S TTETE

E?"

a.B.A,u.p.p

3

from (1.9) for (6.3.1), we get

[t r(p)=
[T(r)]

s+l 5 or+2

7. Summary

In Section 1, an extended version of Mittag-Leffler func-
tion of 10 indices established as an Equation (1.2) in-
cluding with some necessary information of Bessel func-
tion, some well-known Integral transforms and general-
ized hypergeometric functions with their family. Results
obtained in Sections 2 to 6 are interesting generalizations
of (Shukla and Prajapati [1]) and stimulate the scope of
further research in the field of generalization Mittag-
Leffler function.
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Abstract. The present work incorporates a recurrence relation and an integral representation
of a further generalization of a generalized Mittag-Leffler fuction due to A.K. Shukla and J.C.
Prajapati[Surveys in Mathematics and its Applications, Volume 4(2009), 133-138]. At the end,
several special cases have also been discussed.

1. Introduction, definitions and Preliminaries

The Mittag-Leffler function has been studied by many researchers either in context with
obtaining new properties or by introducing a new generalization and then deriving its properties
([5], [71, [4D. Recently, we have also studied various properties of our newly introduced unifi-
cation of Generalized Mittag-Leffler function in the form [2]

oo s (pn+p—1)

o o) (sl (c2) |
woonm A58 = L GG p = 1) 1 ) [Vl (P
wherein o, 3, v, A, p € C, Re(a, 8,7,\,p) >0;0, u, p, c>0.Ifp=1,p=1,r=0, s =
1, § =¢q, s =1, ¢ = 1, then this yields the generalization due to Shukla and Prajapati [5].

In the next section, we prove the main results.

(1.1)

2. Recurrence Relation
We begin by stating the main theorem.

Theorem 1. For «, 8, v, A, p € C, Re((a+a), (8 +b),v,A,p) >0,
d, ,ué, p, ¢ >0, we get

, . ,6 .
Eg“v B+ A, 1, p,.p(clsz’ s,m) — Egm., B+b+2, A, 1, p, p(CZ% 5,7)
= (a+a)? zzEg;a_’ Bb3, A p. p(cz; 8,7)
+z(a+a)fa+a+2(B+b+ l)]nga’ B3, A . pplCEIS,T)
6 .
+(B+0) (B+b+2)EL, 5013 A " p7p(cz, 8,7), (2.1)
nald . _ )0 .
where, E0°% \ (czis,r) = @El 5. . pp(CZ3 8T,
. d?
B (cz;s,1) = 7,0 (cz;s,71).

o, By A p, pyp 72Ea, B A s py P
It is easy to obtain the following corollary by letting o +a = kand 8+ b = m.
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Corollary: We have, for k, m € N,

) )
EZ'm-&-l)\u,pp(CZS’r) E]Zm-f-Z)\,u,pp(CZST)

+m(m +2)Ep fn% o pplC2S,T) + + k2 2E,Z fn+3 M, p p( €73 8,T)
+k [k +2(m+1)] ZE,Z fn+3 M plCES,T). (2.2)

Proof of Theorem 1. By substitutinga = a+a,f =
fundamental relation of the Gamma functionI'(z + 1) = 2

”,5
E(Hu Bibel. A p, pp(cz,s,r)

2 [()snl* (L@ +a)(prtp—1)+B+b) " (c2) """

B+ b+ 1in (1.1) and applying the
I'(z), we have

q T bt DIBTO T 23)
nga B+b+2, A, 1, p, p(CZ;S7r)
S (V) n)* (c2)® "7
a0 (a+a)pn+p—1)+B+b)[(Nunl" (0)pn
(C((ata)pntp—1)+B+b+2))"! (2.4)

((a+a)(pn+p—1)+B8+b+1)
Equation (2.4) can be written as follows:

5 )
B, 442, A, . p, p(€38:7)

S 1 1
= >

S l@rapntp-D1818  (atapntp-D+B+6+1)

(Vs nl* (2)" ™"
Tt a)pntp=1)+5+8) [Nual ()pn

[(7)5 a)® (c2)® "7V
ata)pn+p—1)+5+D)

((a+a)pn+p—1)+B+b+1)""
[Ny nl™ (P)pn

For the sake of convenience, we denote the last summation in (2.5) by S, then

v,8
S = EaJra Bibil, A . p(cz 8,1) — Eam Bibi2. A . pp(cz 8,T). (2.6)

Applying the f0110w1ng(ev1dent):
1 1

1
v wwr D) T
and then taklng u=((a+ )(p n+p—1)+8+0b+1)to(2.6), we obtain
()s0]" (2)"""7V ((a+ a)pntp—1)+5+D)
w0 Tllata)pn+p—1)+B+0+3)[(N)un]" (0)pn

< [(Msal® ()™ ((a+a)pn+p—1)+5+0)
2 Nl D)o

((a a)pn+p—1)+8+0b+1)
T((a+a)pn+p—1)+B+b+3)

7,6 . &
= Ea+a B4+b+1, X, u, p, p(CZ,S,T‘) - ZO r((
n=

2.5)

_ < [(Msal* ()" ((a+a)lpn+p—1)+5+0)

“W+GN§J«a+@@n+p—n+ﬁ+b+wKnqummq
00 s (p nt+p—1)

+ (ﬁ + b) Z [(7)6 n] (CZ)

o L((a+a)(pntp—1)+5+b+3) [(N)un]" (P)pn
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o2 (pntp=1 ()P ((a+a)pn+p—1)+B+Db)
Tt Y O T Tt Gn s p= D+ B+573) [l Py

po 2 Qs ()" (0t a)pntp— 1) +8+1)
it D@t a)pnt+p—1)+8+b0+3) [(MNual" (P)pn-1

[(1)5n)? (cz)P 77"

+y ; 2.7
% MaT a1+ 3755 0 e 27
where, z = (e +a) (28+2b+1)and y = (B +b) (B + b+ 1).
We now express each summation in the right hand side of (2.7) as follows:
& 5
@ 22 El—}—a, B4+b+3, A\, pu, p, p(CZ; Sy T)

_ & (sl pntp+1) (pn+p) (cz)rmre) 2.8)

Z Do+ a)pn+p— 10+ +6+3) (Nl (Dn

From (2.8) we find that
> (p+p—1) [(1)s )" 207000
nﬂIﬂa+®@n+p—U+ﬁ+b+ﬂKM A(mm4

=2 Eaﬂl BHbE3, X, s p, p(cf; 5,7) —;_ 4z Ea+a 5+b+? X\, s p, )p(CZ; $,7)

p ntp—1 p ntp—1
- e+ a)(pn+ 7= D 55053 (s o]
Now,
d 9 .
o onH_a B4b3, A s pop (cz,s,r)
— 3 [(1)sn]* (P14 p) c2lPmteD)
S T+ a)pn+p=D+5+0+3) [Vl Pon’
and
io: [(7)s n)® c2Pmte=1)
it Tlata)(pntp— 1)+ 540+ 3) [(Mpal” ()pns
= zE 0 v B4bE3, A, s p, p(cz;s,r). (2.10)

Combining (2.9) and (2. 10) yields
> (pn+p—1) [()sal? 2P0
= Tt apatp—1)+8+5+3) [Vpal (Pl

_zEW‘; o p€28,7) + zElfa Brbia, a . pplczis, ) (2.11)

Applying (2 10) and (2 11) to (2.7), we find that
S=(a+1t)?*z E;+aﬁ+b+3>\#pp(czsr)—i—z[(a—i—a)z—l—(oz—i—a)—i—x}

o) 6 .
'.El+a, BAb+E3, A, 1, p, p(CZ’ SZ r) (6 +o+ y) Ezﬂz, B+b+3, A, p, p, p(cz, 8 T)‘
Now setting this last identity for S in (2.6), completes the proof of Theorem 1.

3. Integral Representation:

Theorem 2. For «, 8, v, A, p € C, Re((a+a), (B+b),v,\,p) >0
6 i, p, ¢ >0, we get

f (cu)B+b B0

o a+a, B+b, A, u, p, p((cu)a+a;s77a)du

— B+b Y0 a+ta. _ ) a+ta.
c (EQ—HZ B4+b+1, A\, p, p, p(c 58, T ) Ea+a B+b+2, A\, u, p, p (C > S ’I")

Settinga+a = k€Nand 5+ b = m € Nin (3.1) yields
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Corollary:

1
)0 .
{ (cu)™ E,Z . A pvp((cu)k,s,r)du

k, m+1, A\, 1, p, p ky, m+2, X, pu, p, p

=" <E7"S (F:s,r) — EI° (ck;s,r)) (3.2)

Proof of the Theorem 2. Putting z=1 in (2.6) gives
S ()5 " ()77

2 Tla+a)pntp-1 1510

((a+a)(pn+p—1)+p+b+1)"!
| [V al” ()
= B (¢;s,1) — EX?

, a-ta, B+b+1, A, i, p, p a'ra, B+542, 2, gy o, 9
It is easy to find that
z

)0 .
{ (cu)P*b EZM, Bib. A p)p((cu)‘”a,s,r)du

c;8,7). (3.3)

[(7)5 n]s clata)(p ntp—1)+B+b ,(ata)(p ntp—1)+B8+b+1
I'(a+a)pn+p—1)+5+s)

(a+a)lpn+p-—1)+B+b+1)"!
. - . (3.4)
) . ) ) [()‘)u nl” (P)pn . .
On comparing (3.3) with the identity obtaining by setting z=1 in (3.4) completes the proof of
Theorem 2.

00
=2
n=0

4. Special Cases:

L. Setting 7 = 0,p = p = c = s = 1,6 = ¢ in (2.1), we get recurrence relation of E]%(2)
[6]:
Exie pror1(2) = BG pipa(2) = (@ + a)z. PELS pivas(2)
+z(a+a)a+a+2(B+b+ 1)]Eg7+(fz, sipi3(2)
+(B+b) (B+b0+2) BN 5, 5(2), (4.1)

. d . d?
where, quﬁ(z) = @E(Z%(Z) and qug(z) = pEl%(Z)

2. Puttingr =a=0,y=d=p=p=s=1;6+b=m € Nin (2.1) reduces to a known
recurrence relation oqua, 5(2) [11: .
Eo m+1(2) = &® 22Eq, mi3(2) + ala+2m+2) 2 By mi3(2)
+m(m+2) Ey, m+3(2) + Eo, mi2(2), 4.2)

. d . d?

where, E, 5(z) = d—Ea, g(z) and B, g(2) = ﬁEa, 5(2).
z z

3. Substituting r = 0,p = p = ¢ = s = 1,0 = ¢ in (3.1), we get integral representation of
£ () [6]:
1

J P ERG st du = B g0 (1) = ELG sp0(1) (43)

0
4. Substituting (r =0, p=p=c=d=v=s=k=m=1)and(r =0, p=p=c=46 =
s=k=m=1,y = 2)in (3.2) respectively, yields

1
Juetdu = E) »(1) — Ej 3(1)
0

and 1
[wEP(1) = EPS(1) — EPL(1).
0
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FRACTIONAL CALCULUS OF A UNIFIED MITTAG-LEFFLER FUNCTION

J. C. Prajapati' and B.V. Nathwani’ UDC 517.9

The main aim of the paper is to introduce an operator in the space of Lebesgue measurable real or com-
plex functions L(a,b). Some properties of the Riemann—Liouville fractional integrals and differential
operators associated with the function E;’g Mg, p(cz; s, r) are studied and the integral representations
are obtained. Some properties of a special case of this function are also studied by the means of fractional
calculus.

1. Introduction, Definitions, and Preliminaries

The Mittag-Leffler function was studied by numerous researchers with an aim either to establish its new
properties or to introduce its new generalization and then study its properties [9, 11, 13]. In [7], we have also
studied various properties of our newly introduced generalization of the Mittag-Leffler function in the form

Vo V)sn)® (c2)@ Y

E 5 appplC2i8,) = E:r pn+p—U+BH()]Wmm’ (1.1

where o, 3,7, A, p € C, Re(a, 8,7, A,p) >0, 6, u,p,c >0, and

_ T(y+qn)
(Vgn = e

is the generalized Pochhammer symbol [8]. In particular, for ¢ € N. it takes the form

r=1

Iftp=1,p=1,r=0,s=1,0 =¢q, s=1, c =1, then relation (1.1) yields the generalization due to Shukla
and Prajapati [11]. Here, we also introduce an operator denoted and defined by as follows:

T

GRS (O / (2 =07 ELG s (= 1) ,7) f(@) (12)

a

where «, 3,7, \, p,w € C, Re(a, 8,7, A\, p) >0, 6, u,p >0, and = > a.

We enlist the following definitions and well-known formulas to study the properties of the Riemann—Liouville
(R-L) fractional integrals and differential operators associated with our generalization (1.1), as well as th opera-
tor (1.2):
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The space L(a,b) of (real or complex-valued) Lebesgue measurable functions [4, 10] is given by

b
L(ab) =4 f: [ f]h = / F(B)]dt < o0 b (1.3)

For f(z) € L(a,b), p € C, and Re(p) > 0, the R-L fractional integrals of order y [10] are defined as follows:
The left-sided R-L fractional integral operator of order  is defined as

JEf(x) = TP f(2) = r(lﬂ) / 5 f(tt))l_udt, x> a, (1.4)

a

where the right-sided R-L fractional integral operator of order p is defined as

b
P F(@) = T f () = r(lu) / - f(;))lﬂdt, z<b. (1.5)
Further, if u, 8 € C, Re(y, 5) > 0, then [6, 10]
I = 0 ) = g - (16)

For € C, Re(u) > 0; n = [Re(p)] + 1, the R-L fractional derivative is

« d " n—o
0z 1)) = (42 ) 5 Do) (1.7
Then, for o, 3,7, A, p, € C, Re(a, 8,7, A\, p, (B —m)) >0, and 6, 4, p, m € N, we can show that [7]

< d > [zﬁ_l £ (w (cz)o‘;s,r)} = fp-m=1 ge (w (c2)%;s,7). (1.8)

% C‘f’ﬁ,)\vlhp:p a»B_m»)‘uuﬂpzp

The fractional integral operator investigated by Erdélyi—Kober is defined and represented as

x—n—u—i—l y

@) = /(:v SR d, Re(r) >0, 5> 0. (1.9)
0

This is a generalization of the R-L fractional integral operator (1.5).
Hilfer [2, 3] generalized the R-L fractional derivative operator D! in (1.6) by introducing a right-sided
fractional derivative operator D! of order 0 < 4 < 1 and type 0 < v < 1 with respect to  as follows:

v v(i—pw) d —)(1—
D2 Ple) = (147 20 ) ) o) (1.10
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The difference between the fractional derivatives of various types becomes apparent from the following for-
mula involving the Laplace transformation [2, 3]:

LIDEY f(2))(s) = 8™ L[f(@)](s) — 7m0 (187079 £) (04, (1.11)

where 0 < 1 < 1, and the initial-value term: (Iél_y)(l_“) f)(0+) involves the R-L fractional integral operator of
order (1 — v)(1 — ) evaluated in the limit as ¢ — 0+. Here, as usual

o0

L (@)(s) = / e f(z) da, (1.12)

0

provided that the defining integral exists.
Prajapati, Dave, and Nathwani [7] showed that the Mellin—Barnes integral for the function defined by (1.1) is
given by

7,0
a, B, 14,0,p

(z;8,7) = . (1.13)

[C(A)]"T(p) p ¢~ / T(—p&) T(1 4 p) [C(y + 6 (—2)**
2mi [[(7)]* L(B+ap—a+apt) LA+ pé)]" T(p+ pf)

Wright’s generalized hypergeometric function [1] is defined as

(1.14)

P
w (a17A1)7"'7 (avap); Z] e Hj:l F(a] +TA-7) 2"
pY¥aq

- Z q o
(blaBl)’ ceey (banq)§ r=0 Hj:1 F(bj + TBJ) T

1 (1_a17A1)>"'7(1_ap7Ap)
=HP |-z , (1.15)
(0,1),(1 = b1,B1),...,(1 — by, Byg)
where
(al, Al), ceey (ap, Ap)
(b1, B1), ..., (bg, By)

mmn |
Hy <

denotes the Fox H -function and a;,b; € C, A;,B; € R, i = 1,2,...,p; 5 = 1,2,...,q, 1 + Zq 1Bj —
]:
Zp A; > 0.
=1
2. Main Results
In this section, we prove the following results.

Theorem 2.1. Let a € Ry = [0,00), o, 8,7, A, p,n € C, Re(a, 8,7, A, p,m) > 0; 6, u,p > 0 for z > a.
Then

_ 5 o
(12 (= 0)7™" BLS 5 pp@(et = )% 5,7) (@)
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= (z — a)("+ﬁ_1)Eg ?3+n apppllc(@—a))%s,r) (2.1)

and
(DI (t = @) B 5 (et = a)5,7) ) (@)
= (x — a)(ﬁfnfl)Evg aapppw(c(@ —a))¥is,r). (2.2)

Proof. We now apply (1.1) to the left-hand side of (1.13) and then use (1.6). This yields

(22 (= @)™ B sy (@lelt — @) %s,7) )

))a)(ﬁnﬂ)*l)

I wlel -
= " Z pn+p—1)+ﬁ+n)[(k) nl" (P)pn

Thus, by using (1.1) once again, we find (2.1).
We now apply (1.7) to the left-hand side of (2.2) and then use (2.1). As a result, we get

(D2 (t = )" ELD sy lelt — @)% 5,7) ) ()

- <(;£lE> [(a: )/H " Eg(sﬁ A, Npm(w(C(x—a))a;s,r)}.

Further, in view of (1.7), we complete the proof of (2.2).

Theorem 2.2. Let a,v, A, p,n € C; Re(ar), Re(y), Re(A), Re(p), Re(n) > 0; &, p,p > 0. Then

1,0 1,6
ol [v E A pppV v(cx)¥ s,r)] =va E; o pp (€)Y s, ). (2.3)

Proof. Applying (1.4) to the left-hand side of (2.3) and then using (1.1), we get

1,0
oI B g ler) 5,7

[(1)5n]* certo=1), (ont) i

_ a(pntp—1) T — (n—1) '
_I‘(77 ZI‘ (a(pn+p—1)+1) [()\) NG (p)pno/t + ( t) dt

After certain simplifications with subsequent use of (1.1), we get the proof of (2.3).

Theorem 2.3. Let o, 3,7, A, p,v,w € C; Re(a, 8,7, A, p,v) > 0; 6,1, p> 0. Then

(5;7‘3%%0%,;a+ (t—a)" Y (z) = (z —a)" ™ 1T )E”: v appp (@@ —a)?). (2.4)
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Proof. Setting f(t) = (t — a)”~! in (1.2), we obtain

xT

,0 v— 0 ey v—
(€20 mpmaar (= 0)" ™) (@) = / (¢ — )PV EYS o (e — 1)) (t—a) L dt.

a

By virtue of (1.1), this is reduced to

Y5 n)® wPntp—1)

_Z pn+P_1)+ﬁ) (M) n]™ (P)pn

X / (x — )@= DHA=L (4 — )1 gt

Simplifying this equation, we get

. [(7)s )pn)_l (pntp—1)

z:: apn+p—1)+ﬁ)[( Jun]”

Bla(pn+p)+ 5 —1,v).

As a result of subsequent simplification of this equation, we prove (2.4).
We now show that the operator defined by (1.2) is, in fact, bounded. The proof is presented in the form of the
following theorem:

Theorem 2.4. Let the function ¢ be given by

b
L(a,b) =4 f: ||f|h=/ F(0)]dt < oo

in the space L(a,b) of Lebesgue measurable functions on a finite interval [a,b] of the real line R. Then the

integral operator Ew 7’5 B pupp bS bounded on L(a,b) and

,0
Hg;cy,,@,)\,u,p,p,w;a—i-qul < fm||¢||1, 2.5)

where the constant M, 0 < M < oo, is given by

(b g)Re®) [(V)s &l°
M= =™ D G R 1) 5 8)| (Relalr kT o~ 1)1 5)

e (b = a)e)° [Fero)

[(A)p k"™ [(0) ]

(2.6)

Proof. Using (1.2) and (1.3) and interchanging the order of integration by applying the Dirichlet formula [9],
we get
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b| x

76 6 (0%
E15 s pisas 9], = / / (2= 0PV EL o (wlela— 1) s,7)) 6(t) di| da

a

b -

/ / ‘EZ’Z,M,W( (c(x —1))%s,7)|dx

a t

¢(t)| dt.

Substituting  — ¢ = u, using (1.1) and simplifying the above equation, we find

b—t

b —
:/ /uRe B pplten)®s s, du | o) dr
0

a

/bi 5k| ( )pk+p—1
<
B INE pk+p—1 + B)] 1)kl 1(0) |

=0

a

b—
% |:/ uRe(a(pk-i—p—l)-i—,B—l) ’(b(t)‘dt
0

_ /bi (s 6l° (w @ty — P00 |y
2 e ok -+~ 1)+ )] [0l (Pl Re (a(pk +p— 1) + 5)

a

()5 &|”

(b a)Re®
(b—a) kgo IT(a (pk +p = 1) + B)[ [(A) k™ 1(0)pkl

o w (c(b— a))Rel@prret
Re(a(pk+p /d) )| df

_ o) Re® Z s &l lw ((b = a)e)*|Rewhtr=1) 9|1
T(c pk+p—1)+6)\Re( (Pk+p = 1)+ B) [N kl™ 1(0)pkl

=M |9,

where 27 is finite and given by (2.6). This completes the proof of the property of boundedness for the integral

operator Cate 0 B ppwiats 35 asserted by Theorem 2.4.

The following theorem incorporates the fractional differential equation for (1.2).

Theorem2.5. If 0 <n < 1,0<v <1 wéeC, Rla) = R(0) —1 > 0 and min{Re(S,7, \
t,p)} > 0, then

(D ) (@) = € (£25 5 pisns ) (@) + /(@) @7
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with the initial condition
(140200 Non =c.

has a solution in the space L(0,00) given by

W =Crg =)

1
+¢£ P! EaﬁJrnH,)\’u’p’p(w(a % —F / x—t)" 1 f(t) dt (2.8)
0

where C is an arbitrary constant.

Proof. Applying the Laplace transformation to each side of (2.7) and using relations(1.2) and (1.11), we
conclude, by virtue of the Laplace convolution theorem, that

sTY(s) —C s” = L[PVEL W a™)](5)L(1)(s) + F(s)
s a\pn+p—1
=¢s P! Z )\ Mn] (;)i: + F(s),

which immediately yields

Y(s) = C 57 1m0 4 ¢ sBon1 §° (Vs n + F(s) s, 2.9)

Further, by taking the inverse Laplace transform of each side of equation (2.9), we get

y(@)=C L (s" 77" ()

te Z w (a)*)Prte—t E_1(S—a(pn+p—1)—6—n—1)($) +L‘1(s_” F(s))
/m]r (P)pn
B pn—v(1-n)—1 s (w a®)Prte—1 [(p)pn]fl po(pntp—1)
= =g T Z s

T

b /(:L‘—t)”_l f(t) dt

I'(n)
0
xn*’/(lfn)*l 1
_Cl—\(n_y+ny)+£$ Ea5+77+1>\,up,p< (ax F /{L‘ t f ) ’
0

which completes the proof of Theorem 2.5 under the various already indicated parametric constraints.
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Theorem2.6. If 0<n<1,0<v <1, we€C, Rla)=R(5)—1>0 and min{R(B,v,\, u,p)} >0,

then
1) ,0
(DO+ y)( ) = § (8775, RWTN N XBH O+> ( ) T EZ ,BHL A, p,p(((")(aw)a); S, T’)
with the initial condition
(fo +070=7 y)(04) = €
has a solution in the space L(0,00) given by

,0
T o) T EFD T B s (@(an))is),

y(z)=C

where C is an arbitrary constant.

Proof. Substituting

,0
f( ) - tﬁ E’y a,B+1,\, 1, p,p((w(at)a>; S, /r.)
in Theorem 2.5, we get

xn—’/(l_ﬁ)_l

y(l‘) = C ) + 5 1"77+6 E’Y75+77+1 )\vap(( (ax)CVL S)T)

Ln—v+nv

X
1 1
+ e / (x — )11 P Eg 311, /\,upp(( w(az)®);s,r) dt.
0
Here,

xT

4 «
/ (x —t)" 148 Egﬁ+1)\“p7p(( w(azx) );s,r) dt
0

/ 148 s n)®(w (at)®)prte-t
0/ Y Z p”+0—1>+6+1>[< ol (P
_y ()5 n]* (@ (a))Pto— : o
= 2 @l o 0+ 5+ D0 <p>pn0/ (z =ty g di.

n=0

We take ¢t = xu, then dt = xdu and we have u — 0 as ¢ — 0, and ©w — 1 as t — x. Therefore,

1

o [(Van]” (W a®)prte—t golonto=Dtnts (1 1 alnto—1)+8,
=2 Tt o DIH0 / —u) !

0

(2.10)

2.11)

(2.12)

(2.13)
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i (Nsal? (w a®)Pm+=1 g0 Ento=D+148 T () D(a(pn + p — 1) + B)

= T(alpn+p—1)+B) [(Nun]" (P)pn T(alpn+p—1) + B+ n+1)

- S (V)6 n)® (w (az)®)Prtr=1 p(n+6)
=T(n) 7;) Tapn+p—1)+B8+n+1) [(Nunl (0)pn

=) () EY

a’ﬂ+n+1 AH,P5P (w(ax)o‘; 55 7‘).

Using this result in (2.12), we get (2.11).
This completes the proof of Theorem 2.6.

Theorem 2.7 (Mellin transform of the operator (S;Y’B N f)(@). Let a,8,7,\ p,w € C, Re(e, B,
YA p)>0; 0, >0, peN, andRe(l—S—ap+a—ﬁ) > 0. Then

: LT (p) r 43,5
M {(53,27)\%”,7&,;0+f)(~’13); S} = 27 [p(,},)]spé f S) Sifrig

[(1 -7 5)]87 (0,]))

0,1),(1=8S—ap+a—p5 ap),[(1-\w]", 1 -pp)

X | —wt®

x M{tPf(t); S}. (2.14)

Proof. By the definition of the Mellin transform, we find

6 El (0%
M{(ggﬁ,/\uppw 0+ / ” 1/ ﬁ 1Eg5»/\upyp( w(r —1) 3S7T)f(t)dtdfc~

Changing the order of integration, which can be done under given conditions, we conclude that

oo [o.¢]
,0
M {(E;/ﬂ)\,u,p,p,w;OJrf)(x); /f /xs 1 = t B ,6 Akt pp( (ac o t)a; 5 T) dz dt.
0 t

If we set © = t + u, then this integral takes the form

k] . J— S 9 (7
z\4{((‘:ﬁﬁmpw0+ (m),S}—/f /t—l—u Lub= 1E77M#p,p( u®) du dt.
0 t

To evaluate the u-integral, we express the Mittag-Leffler function in terms of its Mellin—Barnes contour inte-
gral by using relation (1.14 ). As a result, this expression can be represented in the form

-1

s L(p)p(—w)”
M {(5a,ﬂ,x\,u,p,1),w;0+ /f 2m C'(y))®
0
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X /Oo D(—p&) T(1 +pg) [C(y + 88))° (—w)**
L(B+ ap — a+ apf) [[(A+ p&)]"T(p + pg)

—100
o0

></ (t 4 u)*~ Tu@WErP=D+A=1 gy, qe d.
0

If we evaluate the u-integral with the help of the formula

o0

/x”_l(a: +a) Pdx =

0

F)'(p—v)

T(0) ,  Re(p) > Re(v) >0,

then the right-hand side of this equation can be simplified to

5 /OO L(=pST(1 + p)[I'(y + 0]’ T(1 — 5 — a(p§ +p — 1) = B)
LA+ 1) T(p + ps)

—100
o0
X (—wt®)PErP—lge / tPTs=Lf(t) dt
0
By using the definition of the H -function, we obtain the desired result.

Fors=1,r=0, p=1, p=1, and § = ¢ Theorem 2.7 is reduced to the following corollary:

Corollary 2.1.

(1-7,9)

Y59 2): _ 1 2,1 —wt® 8 .
M B0, DS = g | —ut s | MRS

where Re(a) > 0, Re(8) > 0, Re(y) >0; ¢ € (0,1) UN, Re(1 - S — ) >0, and H12”21() is the H -function
defined by (1.15).

Theorem 2.8 (Laplace transform of the operator (Eg’g Apppa0y 4 ) (@)

iy pl_ L) T(p) wr! ()5, (1,1); w/Pro
L nnorio D@ P} = F o prapma Ve O, (op) Fo.

where Re(a) > 0, Re(B) > 0, Re(y) > 0; Re(p) > |w|/ R and F(P) is the Laplace transform of f(t),



FRACTIONAL CALCULUS OF A UNIFIED MITTAG-LEFFLER FUNCTION 1277

defined by

[e. 9]

L{f(t);p} = F(P) = / e PLE(t) dr,

0
where Re(p) > 0 and the integral is convergent.
Proof. By the definition of Laplace transform, we conclude that

T

oo
LLELS s 00 @) P = / e Pt / (¢ — )P Sl — 0] f(t) dt d.
0

0

Changing the order of integration, which is possible under the conditions imposed in the theorem, we find

e}

oo
X ) _ 8
L {(Ez,ﬁ,k,u,p,p w; 0+f)($)’ P} - /f dt/ (z — t Eg,ﬂ,k,u,p,p[w(x —1)%]dz.
0 t

If we set £ =t + u, then

(e o] oo

0
L{(83,B,A,u,p,pw;0+f)($);P} / Ptf dt/e Puyf=1g ﬁ)\ul)’p[wua] du.
0
Thus, by virtue of definition (1.1), we obtain
i wokto-1)  F 7
Z /ePtf(t)dt/e—Puuﬁ—i-a(pk—i-p—l)—ldu
— I'(a [(A) )" (P)pk J J

o (PE+p—1) 7
—Pt
= Z Pﬁ+a pk+p 1) [()\) 7 (0 0/6 ft)at

[T\ T(p) wP! (v, q)]*, (1,1); wP/PPo
ap—a S+1wr+1 F(p),
[C(v)]s PBtar— Ol (o)

where F'(P) is the Laplace transform of f(¢).
Fors=1,r=0, p=1, p=1, and 6 = g Theorem 2.8 is reduced to the following corollary:

Corollary 2.2.

q); w/P®

?

L€ 0, N@): P} = =P %uy [ o

ey |

where Re(a) > 0, Re(8) > 0, Re(y) > 0, Re(P) > |w|Y R and F(P) is the Laplace transform of f(t),
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defined by

[e.e]

LU0 P} = F(P) = [ " (e a

0

where, in turn, Re(P) > 0 and the integral is convergent.

3. Properties

In this section, some properties of the functions Fy(c,v,v,d, A\, u, p,p) and Ey(c, —n, v, 9, A, u, p,p) are es-
tablished. We first consider the function

(ct)Pntp—1)

—  [(Mon)’
; L(p) (()pn)? [(N)pn]™’

where v € C, § > 0, and c is an arbitrary constant.
Thus, by virtue of (1.4), the fractional integral operator of order v is given by

t
, | s m <cs><p"+p D
I —— ! d
=T 0/ 2 T(0) (P 0T

Z [( T /t o gt gg
=&Y .
T0) () (Nl J
After certain simplifications, in view of (1.1), we can write
© s (pn+p—1)
t
2 T(1pn+p— 1)+ v+ 1) (p)pn) (V]
= E;va_H A pp(ct; 8,7). (3.2)
We denote the function (3.2) by Ey(c,v,7,0, A, i, p,p), i.€
Et(ca v, 7, 5a >\a 12 ,0,]9) =t" E35+1 A, pp(Ct; S, T)' (33)

Thus, by using (1.7), the fractional differential operator of order 7 can be represented as follows:

s (pn+p—1)
DY f(#) = D* | I* Z S G

[(Npnl"|-
Applying (3.1), after certain simplifications, in view of (1.1), we get

B [(7)sa]? (ct) oD U
DT ”Z Won 1)+ (=) (D) [l 7 PATn A

(ct;s,r). (3.4)
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We denote function (3.4) by E;(c, —n,, 9, A\, p, p, p), i.e.,

Et(C, —77,7,(5,)5/1,[), ) =t E'Y5

1,1—-n,\u, pp(Ct; S, T)' (35)

Theorem 3.1. Let v € C, Re(y) > 0, § > 0, let ¢ be an arbitrary constant, and let the fractional integral
and differential operator be of order o. Then

I7Ey(¢,v,7,0, A 1, p,p) = Ey(c,0 +v,7,6, A, 11, p, p) (3.6)
and
D° (Et(C, v, 7, 57 )\7 122 pap)) = Et(cv v—o,7, 57 A7 , pvp) (37)

Proof. 1t follows from (1.4) that

I7Ey(c,v,7,6, A, 1, p, p)

t

1
F/ (t— &) " Ee(c,v,7,0, )\, p, p) dE.
0

By using (3.3), we represent this equation in the form

L t s X (V)5 ]® (Cf)(pn-i-P—l)
I°Ey(c,v,7,0, A, 1, p, p) o O/ (t 3 Z T(l(pn+p—1) +v+1) (()pn)[(N)pn]” o

Thus, substituting £ = xt, after necessary simplifications followed by the application of relation (3.3), we obtain
relation (3.6).
From (1.7), by using (3.6), we get

Da (Et(c7 v, 7, 57 )‘7 Map7p)) Dk{tk oty El Jk—n+v+1, )\hu,pp(Ct; S,T)}.

In view of (1.1) and (3.3), we get (3.7).
In the light of Theorem 2.7, we prove the following theorem:

Theorem 3.2. Let n € C, Re(n) > 0, § > 0, let ¢ be an arbitrary constant, and let the fractional integral
and differential operator be of order o. Then

I7Et(c, =n,7,6, A, iy p, p) = Et(c,0 — 1,7, 0, A\, 1, p, D),
D% (Ei(c, 1,7, 6, A, i, p,p)) = Ey(c, —0 — 1,7, 8, A, i, p, p).
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