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ABSTRACT 

In the present work, a unification of certain functions of mathematical physics is proposed and its properties are studied. 
The proposed function unifies Lommel function, Struve function, the Bessel-Maitland function and its generalization, 
Dotsenko function, generalized Mittag-Leffler function etc. The properties include absolute and uniform convergence, 
differential recurrence relation, integral representations in the form of Euler-Beta transform, Mellin-Barnes transform, 
Laplace transform and Whittaker transform. The special cases namely the generalized hypergeometric function, gener-
alized Laguerre polynomial, Fox H-function etc. are also obtained. 
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1. Introduction 

In the present work, we propose an extension of a ge- 
neralization of the Mittag-Leffler function due to A. K. 
Shukla and J. C. Prajapati [1], defined as   
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where , ,    ;  Re , Re , 0   

Re 1q

  and  
. This is an entire function of order  

 if 
 1 

  1
1q

 
0,q

Re     and absolutely conver-
gent in  1 Re 1q, Rz R  if    . In fact (1.1) con- 
tains the  E z -Mittag-Leffler function [2],  ,E z  - 
the generalized Mittag-Leffler function [3] and the func-
tion  due to Prabhakar [4].  ,E z

 

Gorenflo et al. [5], Saigo and Kilbas [6] studied several 
interesting properties of these functions. 

Another generalization of Mittag-leffler function due 
to T. O. Salim [7], given by 
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where , , , ,z       and 

  min Re , , 0    . 

We state below the extended version in the form:   
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where , , , ,    , ,  Re , , , , 0      , , 0p   . 
The function defined by (1.2) reduces to the one in (1.1) 
and (1.1’) if 1  , 1p  , , 0r  1s   and 1  , 
  , 1p  , 0r  , 1s   respectively. 

It is noteworthy that the function in (1.2), besides con-
taining the generalizations of the Mittag-Leffler function, 
also includes certain functions belonging to the family of 
Bessel function. To see this, take , , 0s  0r  1  , 

1p  , 1  , 1   , and replaced z by 
2

4

z
 in 

(1.2), then we find the well known Bessel function [8]:  
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When 0s  , 0r  ,   , 1   , and z is re- 
placed by  z  then we get the Bessel Maitland Func-  

tion [8] given by    
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1   , 1  , 1  , and z is replaced by 
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obtain the Generalized Bessel Maitland function [8]: 
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The Dotsenko Function [8]:  
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occurs by substituting 1s  , , 1r   1  , 1p  , 

c  , 
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 , b  , a  , 1   in (1.2). 

The Lommel Function defined by [9]:  
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is the special case 1s  , 1r  , 1  , , 1p  1  ,  
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4

z
 of (1.2). On making substitu-  

tions 1s  , , 1r  1  , , 1p  1  , 3 2  , 1  , 
3 2   , 1  , 1  , and 2 4z   z  in (1.2), pro- 

vides us respectively, the Struve Function  H z  [9] 
given by  
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and the Modified Struve Function [9]:  
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In what follows, we shall use the following definitions 
and formulas. Euler (Beta) transform [10]: 
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Laplace transform [10]: 
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Mellin-Barnes transform [10]: 
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Incomplete Gamma function [11]: 
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0
, e d , Re

z tz t t    0.        (1.7) 

The generalized hypergeometric function is denoted 
and defined by [11] 
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where 1 2  are neither zero nor negative inte- 
gers, and  

, , , qb b b

      1 2
n

n     1     . 

The series is convergent for 1) z    if ,p q  2) 
1z   if 1.p q   

Wright generalized hypergeometric function [12]:  
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(1.9) 

Laguerre polynomial [12]: 
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2. Main Results 

In this section, we prove the following results for the 
function defined in (1.2). 

Theorem 2.1. The series represented by the function 
 ,

, , , , , ; ,pE z 
     s r  converges absolutely for  
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Proof. 
Consider, 
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As the series given in (1.2) converges uniformly in any 

compact subset of , the use of term by term differen-
tiation under the sign of summation leads us to the fol-

lowing theorem. 
 Theorem 2.3. If m , , , , ,      ,  

 Re , , , ,      0  and , , 0p    then  
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Now consider, 
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Here, introducing  as a new variable of integration, by means of the relation  u
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To prove (2.4.3) we begin with 
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simplification of above series yields (2.4.4).  
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Proof. 
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In proving the following theorem we use the integral formula involving the Whittaker function: 
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Theorem 4.3. (Whittaker transforms) 
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where , , , , , , ,a b       ,  and  Re , , , , , , , 0a b       , , 0p   . 
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then using the substitution qt  , we get 
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Theorem 4.4. (Mellin transforms) 
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where , , , , , S      ,   Re , , , , , 0S      , , 0p   . 
Proof. Putting z t   in (3.1.1), we get 

 
   

 
       

     

   
 

 

1

,
, , , , ,

1

1
; , d

2π

d ,
2π

r s pS

p s r

L

r

pS

s

L

pz pS pS S t
E z s r

i pS S

pz
f S t S

i


 
    



    

       

 






 

             
              

   
  





S
pS

      (4.4.2) 

in which  
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using (1.5) and (1.6) in (4.4.2), immediately leads us to (4.4.1).  
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5. Generalized Hypergeometric Function Representation of  ,
, , , , , ; ,Ȗ δ
α ȕ Ȝ ȝ pE z s r  

Taking a  , l  , m   in (1.2), we get 
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where  ;n   is a n-tuple 
1 1

, , ,
n

n n n

    
.  

6. Relationship with Some Known Special Functions (Generalized Laguerre Polynomial, Fox 
H-Function, Wright Hypergeometric Function) 

6.1. Relationship with Generalized Laguerre Polynomials 

Putting k  , 1   , m   , , 0r  1s  , 1  , 1p   and replacing   by q  and z by zk in (1.2), we 
get 
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6.2. Relationship with Fox H-Function 

From (3.1.1), we have 
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6.3. Relationship with Wright Function 

If , , , ,      , ,  Re , , , , 0      , , 0p    (1.2) can be written as 
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from (1.9) for (6.3.1), we get 
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7. Summary 

In Section 1, an extended version of Mittag-Leffler func-
tion of 10 indices established as an Equation (1.2) in-
cluding with some necessary information of Bessel func-
tion, some well-known Integral transforms and general-
ized hypergeometric functions with their family. Results 
obtained in Sections 2 to 6 are interesting generalizations 
of (Shukla and Prajapati [1]) and stimulate the scope of 
further research in the field of generalization Mittag- 
Leffler function. 
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Abstract. The present work incorporates a recurrence relation and an integral representation

of a further generalization of a generalized Mittag-Leffler fuction due to A.K. Shukla and J.C.

Prajapati[Surveys in Mathematics and its Applications, Volume 4(2009), 133-138]. At the end,

several special cases have also been discussed.

1. Introduction, definitions and Preliminaries

The Mittag-Leffler function has been studied by many researchers either in context with

obtaining new properties or by introducing a new generalization and then deriving its properties

([5], [7], [4]). Recently, we have also studied various properties of our newly introduced unifi-

cation of Generalized Mittag-Leffler function in the form [2]

E
γ,δ
α, β, λ, µ, ρ, p(cz; s, r) =

∞
∑

n=0

[(γ)δn]s (cz)
(pn+ρ−1)

Γ(α(pn+ ρ− 1) + β) [(λ)µn]r (ρ)pn
, (1.1)

wherein α, β, γ, λ, ρ ∈ C, Re(α, β, γ, λ, ρ) > 0; δ, µ, p, c > 0. If p = 1, ρ = 1, r = 0, s =
1, δ = q, s = 1, c = 1, then this yields the generalization due to Shukla and Prajapati [5].

In the next section, we prove the main results.

2. Recurrence Relation

We begin by stating the main theorem.

Theorem 1. For α, β, γ, λ, ρ ∈ C, Re((α+ a), (β + b), γ, λ, ρ) > 0,

δ, µ, p, c > 0, we get

E
γ,δ
α+a, β+b+1, λ, µ, ρ, p(cz; s, r) − E

γ,δ
α+a, β+b+2, λ, µ, ρ, p(cz; s, r)

= (α+ a)2 z2Ë
γ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r)

+z (α+ a)
[

α+ a+ 2(β + b+ 1)
]

Ė
γ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r)

+ (β + b) (β + b+ 2) Eγ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r), (2.1)

where, Ė
γ,δ
α, β, λ, µ, ρ, p(cz; s, r) =

d

dz
E

γ,δ
α, β, λ, µ, ρ, p(cz; s, r),

Ë
γ,δ
α, β, λ, µ, ρ, p(cz; s, r) =

d2

dz2
E

γ,δ
α, β, λ, µ, ρ, p(cz; s, r).

It is easy to obtain the following corollary by letting α+ a = k and β + b = m.
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Corollary: We have, for k, m ∈ N,

E
γ,δ
k, m+1, λ, µ, ρ, p(cz; s, r) = E

γ,δ
k, m+2, λ, µ, ρ, p(cz; s, r)

+m(m+ 2)Eγ,δ
k, m+3, λ, µ, ρ, p(cz; s, r) + k2 z2Ë

γ,δ
k, m+3, λ, µ, ρ, p(cz; s, r)

+k [k + 2(m+ 1)] zĖγ,δ
k, m+3, λ, µ, ρ, p(cz; s, r). (2.2)

Proof of Theorem 1. By substituting α = α+ a , β = β + b+ 1 in (1.1) and applying the

fundamental relation of the Gamma function Γ(z + 1) = zΓ(z), we have

E
γ,δ
α+a, β+b+1, λ, µ, ρ, p(cz; s, r)

=
∞
∑

n=0

[(γ)δ n]s (Γ((α+ a)(p n+ ρ− 1) + β + b))−1(cz)
(p n+ρ−1)

((α+ a)(p n+ ρ− 1) + β + b) [(λ)µ n]r (ρ)pn
(2.3)

and

E
γ,δ
α+a, β+b+2, λ, µ, ρ, p(cz; s, r)

=
∞
∑

n=0

[(γ)δ n]s (cz)
(p n+ρ−1)

((α+ a)(p n+ ρ− 1) + β + b)[(λ)µ n]r (ρ)pn

.
(Γ((α+ a)(p n+ ρ− 1) + β + b+ 2))−1

((α+ a)(p n+ ρ− 1) + β + b+ 1)
. (2.4)

Equation (2.4) can be written as follows:

E
γ,δ
α+a, β+b+2, λ, µ, ρ, p(cz; s, r)

=
∞
∑

n=0

[

1

((α+ a)(p n+ ρ− 1) + β + b)
−

1

((α+ a)(p n+ ρ− 1) + β + b+ 1)

]

.
[(γ)δ n]s (cz)

(p n+ρ−1)

Γ((α+ a)(p n+ ρ− 1) + β + b) [(λ)µ n]r (ρ)pn

= E
γ,δ
α+a, β+b+1, λ, µ, ρ, p(cz; s, r) −

∞
∑

n=0

[(γ)δ n]s (cz)
(p n+ρ−1)

Γ((α+ a)(p n+ ρ− 1) + β + b)

.
((α+ a)(p n+ ρ− 1) + β + b+ 1)−1

[(λ)µ n]r (ρ)pn
. (2.5)

For the sake of convenience, we denote the last summation in (2.5) by S, then

S = E
γ,δ
α+a, β+b+1, λ, µ, ρ, p(cz; s, r)− E

γ,δ
α+a, β+b+2, λ, µ, ρ, p(cz; s, r). (2.6)

Applying the following(evident):
1

u
=

1

u(u+ 1)
+

1

(u+ 1)
and then taking u = ((α+ a)(p n+ ρ− 1) + β + b+ 1) to (2.6), we obtain

S =
∞
∑

n=0

[(γ)δ n]s (cz)
(p n+ρ−1)

((α+ a)(p n+ ρ− 1) + β + b)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn

+
∞
∑

n=0

[(γ)δ n]s (cz)
(p n+ρ−1)

((α+ a)(p n+ ρ− 1) + β + b)

[(λ)µ n]r (ρ)pn

.
((α+ a)(p n+ ρ− 1) + β + b+ 1)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3)

= (α+ a)
∞
∑

n=1

[(γ)δ n]s (cz)
(p n+ρ−1)

((α+ a)(p n+ ρ− 1) + β + b)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn−1

+ (β + b)
∞
∑

n=0

[(γ)δ n]s (cz)
(p n+ρ−1)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn
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+ (α+ a)2
∞
∑

n=1

(p n+ ρ− 1) (cz)
(p n+ρ−1)

((α+ a)(p n+ ρ− 1) + β + b)

[(γ)δ n]−s Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn−1

+ x
∞
∑

n=1

[(γ)δ n]s (cz)
(p n+ρ−1)

((α+ a)(p n+ ρ− 1) + β + b)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn−1

+ y
∞
∑

n=0

[(γ)δ n]s (cz)
(p n+ρ−1)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn
, (2.7)

where, x = (α+ a) (2β + 2b+ 1) and y = (β + b)(β + b+ 1).
We now express each summation in the right hand side of (2.7) as follows:

d2

dz2

[

z2 E
γ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r)

]

=
∞
∑

n=0

[(γ)δ n]s (p n+ ρ+ 1) (p n+ ρ) (cz)(p n+ρ−1)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn
. (2.8)

From (2.8) we find that
∞
∑

n=1

(p n+ ρ− 1) [(γ)δ n]s cz(p n+ρ−1)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn−1

= z2 Ë
γ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r) + 4z Ė

γ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r)

− 3
∞
∑

n=1

[(γ)δ n]s cz(p n+ρ−1) (p n+ ρ− 1) z(p n+ρ−1)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn−1

. (2.9)

Now,
d

dz

[

z E
γ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r)

]

=
∞
∑

n=0

[(γ)δ n]s (p n+ ρ) cz(p n+ρ−1)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn
,

and
∞
∑

n=1

[(γ)δ n]s cz(p n+ρ−1)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn−1

= z Ė
γ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r). (2.10)

Combining (2.9) and (2.10) yields
∞
∑

n=1

(p n+ ρ− 1) [(γ)δ n]s cz(p n+ρ−1)

Γ((α+ a)(p n+ ρ− 1) + β + b+ 3) [(λ)µ n]r (ρ)pn−1

= z Ė
γ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r) + z2 Ë

γ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r) (2.11)

Applying (2.10) and (2.11) to (2.7), we find that

S = (α+ t)2 z2 Ë
γ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r) + z

[

(α+ a)2 + (α+ a) + x
]

.Ė
γ,δ
α+a, β+b+3, λ, µ, ρ, p(cz; s, r) + (β + b+ y) Eγ,δ

α+a, β+b+3, λ, µ, ρ, p(cz; s, r).
Now setting this last identity for S in (2.6), completes the proof of Theorem 1.

3. Integral Representation:

Theorem 2. For α, β, γ, λ, ρ ∈ C, Re((α+ a), (β + b), γ, λ, ρ) > 0

δ, µ, p, c > 0, we get
1
∫

0

(cu)β+b E
γ,δ
α+a, β+b, λ, µ, ρ, p((cu)

α+a; s, r)du

= cβ+b

(

E
γ,δ
α+a, β+b+1, λ, µ, ρ, p(c

α+a; s, r) − E
γ,δ
α+a, β+b+2, λ, µ, ρ, p(c

α+a; s, r)

)

.

(3.1)

Setting α+ a = k ∈ N and β + b = m ∈ N in (3.1) yields
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Corollary:
1
∫

0

(cu)m E
γ,δ
k, m, λ, µ, ρ, p((cu)

k; s, r)du

= cm
(

E
γ,δ
k, m+1, λ, µ, ρ, p(c

k; s, r) − E
γ,δ
k, m+2, λ, µ, ρ, p(c

k; s, r)

)

. (3.2)

Proof of the Theorem 2. Putting z=1 in (2.6) gives
∞
∑

n=0

[(γ)δ n]s (c)
(p n+ρ−1)

Γ((α+ a)(p n+ ρ− 1) + β + b)

.
((α+ a)(p n+ ρ− 1) + β + b+ 1)−1

[(λ)µ n]r (ρ)pn

= E
γ,δ
α+a, β+b+1, λ, µ, ρ, p(c; s, r)− E

γ,δ
α+a, β+b+2, λ, µ, ρ, p(c; s, r). (3.3)

It is easy to find that
z
∫

0

(cu)β+b E
γ,δ
α+a, β+b, λ, µ, ρ, p((cu)

α+a; s, r)du

=
∞
∑

n=0

[(γ)δ n]s c(α+a)(p n+ρ−1)+β+b z(α+a)(p n+ρ−1)+β+b+1

Γ((α+ a)(p n+ ρ− 1) + β + s)

.
((α+ a)(p n+ ρ− 1) + β + b+ 1)−1

[(λ)µ n]r (ρ)pn
. (3.4)

On comparing (3.3) with the identity obtaining by setting z=1 in (3.4) completes the proof of

Theorem 2.

4. Special Cases:

1. Setting r = 0, ρ = p = c = s = 1, δ = q in (2.1), we get recurrence relation of E
γ,q
α, β(z)

[6]:

E
γ, q
α+a, β+b+1(z) − E

γ, q
α+a, β+b+2(z) = (α+ a)2 z2Ë

γ, q
α+a, β+b+3(z)

+z (α+ a)
[

α+ a+ 2(β + b+ 1)
]

Ė
γ, q
α+a, β+b+3(z)

+ (β + b) (β + b+ 2) Eγ, q
α+a, β+b+3(z), (4.1)

where, Ė
γ, q
α, β(z) =

d

dz
E

γ, q
α, β(z) and Ë

γ, q
α, β(z) =

d2

dz2
E

γ, q
α, β(z).

2. Putting r = a = 0, γ = δ = ρ = p = s = 1;β + b = m ∈ N in (2.1) reduces to a known

recurrence relation of Eα, β(z) [1]:

Eα, m+1(z) = α2 z2Ëα, m+3(z) + α(α+ 2m+ 2) z Ėα, m+3(z)
+m(m+ 2) Eα, m+3(z) + Eα, m+2(z), (4.2)

where, Ėα, β(z) =
d

dz
Eα, β(z) and Ëα, β(z) =

d2

dz2
Eα, β(z).

3. Substituting r = 0, ρ = p = c = s = 1, δ = q in (3.1), we get integral representation of

E
γ,q
α, β(z) [6]:

1
∫

0

uβ+b E
γ, q
α+a, β+b(u

α+a)du = E
γ, q
α+a, β+b+1(1) − E

γ, q
α+a, β+b+2(1) (4.3)

4. Substituting (r = 0, ρ = p = c = δ = γ = s = k = m = 1) and (r = 0, ρ = p = c = δ =
s = k = m = 1 , γ = 2) in (3.2) respectively, yields

1
∫

0

u eu du = E1, 2(1) − E1, 3(1)

and
1
∫

0

u E
2,1
1, 1(1) = E

2,1
1, 2(1) − E

2,1
1, 3(1).
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FRACTIONAL CALCULUS OF A UNIFIED MITTAG-LEFFLER FUNCTION

J. C. Prajapati1 and B. V. Nathwani2 UDC 517.9

The main aim of the paper is to introduce an operator in the space of Lebesgue measurable real or com-

plex functions L(a, b). Some properties of the Riemann–Liouville fractional integrals and differential

operators associated with the function E
γ,δ
α,β,λ,µ,ρ,p(cz; s, r) are studied and the integral representations

are obtained. Some properties of a special case of this function are also studied by the means of fractional

calculus.

1. Introduction, Definitions, and Preliminaries

The Mittag-Leffler function was studied by numerous researchers with an aim either to establish its new

properties or to introduce its new generalization and then study its properties [9, 11, 13]. In [7], we have also

studied various properties of our newly introduced generalization of the Mittag-Leffler function in the form

Eγ,δ
α,β,λ,µ,ρ,p(cz; s, r) =

∞
X

n=0

[(γ)δn]
s (cz)(pn+ρ−1)

Γ(α(pn+ ρ− 1) + β) [(λ)µn]r (ρ)pn
, (1.1)

where α,β, γ,λ, ρ 2 C, Re(α,β, γ,λ, ρ) > 0, δ, µ, p, c > 0, and

(γ)q n =
Γ(γ + q n)

Γ(γ)

is the generalized Pochhammer symbol [8]. In particular, for q 2 N. it takes the form

(γ)q n = qqn
q
Y

r=1

✓

γ + r − 1

q

◆

n

.

If p = 1, ρ = 1, r = 0, s = 1, δ = q, s = 1, c = 1, then relation (1.1) yields the generalization due to Shukla

and Prajapati [11]. Here, we also introduce an operator denoted and defined by as follows:

�

Eγ,δ
α,β,λ,µ,ρ,p,ω;a+f

�

(x) =

x
Z

a

(x− t)β−1 Eγ,δ
α,β,λ,µ,ρ,p

�

ω(x− t)α; s, r
�

f(t) dt, (1.2)

where α,β, γ,λ, ρ,ω 2 C, Re(α,β, γ,λ, ρ) > 0, δ, µ, p > 0, and x > a.

We enlist the following definitions and well-known formulas to study the properties of the Riemann–Liouville

(R–L) fractional integrals and differential operators associated with our generalization (1.1), as well as th opera-

tor (1.2):

1 Charotar University of Sciences and Technology, Changa, India.
2 Sardar Vallabhbhai Patel Institute of Technology, Vasad, India.
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The space L(a, b) of (real or complex-valued) Lebesgue measurable functions [4, 10] is given by

L(a, b) =

8

<

:

f : kfk1 =

b
Z

a

|f(t)|dt < 1

9

=

;

. (1.3)

For f(x) 2 L(a, b), µ 2 C, and Re(µ) > 0, the R–L fractional integrals of order µ [10] are defined as follows:

The left-sided R–L fractional integral operator of order µ is defined as

aI
µ
x f(x) = Iµa+f(x) =

1

Γ(µ)

x
Z

a

f(t)

(x− t)1−µ
dt, x > a, (1.4)

where the right-sided R–L fractional integral operator of order µ is defined as

xI
µ
b f(x) := Iµb−f(x) =

1

Γ(µ)

b
Z

x

f(t)

(x− t)1−µ
dt, x < b. (1.5)

Further, if µ,β 2 C, Re(µ,β) > 0, then [6, 10]

Iµa+[(t− a)β−1](x) =
Γ(β)

Γ(µ+ β)
(x− a)µ+β−1. (1.6)

For µ 2 C, Re(µ) > 0; n = [Re(µ)] + 1, the R–L fractional derivative is

(Dα
a+ f)(x) =

✓

d

dx

◆n

(In−α
a+ f)(x). (1.7)

Then, for α,β, γ,λ, ρ,2 C, Re(α,β, γ,λ, ρ, (β −m)) > 0, and δ, µ, p,m 2 N, we can show that [7]

✓

d

dz

◆m
h

zβ−1 Eγ,δ
α,β,λ,µ,ρ,p

�

ω (cz)α; s, r
�

i

= zβ−m−1 Eγ,δ
α,β−m,λ,µ,ρ,p

�

ω (cz)α; s, r
�

. (1.8)

The fractional integral operator investigated by Erdélyi–Kober is defined and represented as

Iη,νx {f(x)} =
x−η−ν+1

Γ(ν)

x
Z

0

(x− t)ν−1f(t) dt, Re(ν) > 0, η > 0. (1.9)

This is a generalization of the R–L fractional integral operator (1.5).

Hilfer [2, 3] generalized the R–L fractional derivative operator Dµ
a+ in (1.6) by introducing a right-sided

fractional derivative operator Dµ,ν
a+ of order 0 < µ < 1 and type 0  ν  1 with respect to x as follows:

(Dµ,ν
a+ f)(x) =

✓

I
ν(1−µ)
a+

d

dx
(I

(1−ν)(1−µ)
a+ f)

◆

(x). (1.10)
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The difference between the fractional derivatives of various types becomes apparent from the following for-

mula involving the Laplace transformation [2, 3]:

L[Dµ,ν
0 f(x)](s) = sµ L[f(x)](s)− sν(1−mu)

�

I
(1−ν)(1−µ)
0 f

�

(0+), (1.11)

where 0 < µ < 1, and the initial-value term:
�

I
(1−ν)(1−µ)
0 f

�

(0+) involves the R–L fractional integral operator of

order (1− ν)(1− µ) evaluated in the limit as t ! 0+. Here, as usual

L[f(x)](s) =

∞
Z

0

e−sx f(x) dx, (1.12)

provided that the defining integral exists.

Prajapati, Dave, and Nathwani [7] showed that the Mellin–Barnes integral for the function defined by (1.1) is

given by

Eγ,δ
α,β,λ,µ,ρ,p (z; s, r) =

[Γ(λ)]r Γ(ρ) p zρ−1

2πi [Γ(γ)]s

Z

L

Γ(−pξ) Γ(1 + pξ) [Γ(γ + δξ)]s (−z)pξ

Γ(β + αρ− α+ αpξ) [Γ(λ+ µξ)]r Γ(ρ+ pξ)
dξ. (1.13)

Wright’s generalized hypergeometric function [1] is defined as

pψq

"

(a1, A1), . . . , (ap, Ap); z

(b1, B1), . . . , (bq, Bq);

#

=

∞
X

r=0

Yp

j=1
Γ(aj + rAj)

Yq

j=1
Γ(bj + rBj)

zr

r!
(1.14)

= H1,p
p,q+1

2

4−z
(1− a1, A1), . . . , (1− ap, Ap)

(0, 1), (1− b1, B1), . . . , (1− bq, Bq)

3

5, (1.15)

where

Hm,n
p,q

"

−z
(a1, A1), . . . , (ap, Ap)

(b1, B1), . . . , (bq, Bq)

#

denotes the Fox H -function and ai, bj 2 C, Ai, Bj 2 R, i = 1, 2, . . . , p; j = 1, 2, . . . , q, 1 +
Xq

j=1
Bj −

Xp

i=1
Ai > 0.

2. Main Results

In this section, we prove the following results.

Theorem 2.1. Let a 2 R+ = [0,1), α,β, γ,λ, ρ, η 2 C, Re(α,β, γ,λ, ρ, η) > 0; δ, µ, p > 0 for x > a.

Then

⇣

Iηa+ (t− a)β−1 Eγ,δ
α,β,λ,µ,ρ,p(ω(c(t− a))α; s, r

⌘

(x)
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= (x− a)(η+β−1)Eγ,δ
α,β+η,λ,µ,ρ,p(ω(c(x− a))α; s, r) (2.1)

and

⇣

Dη
a+ (t− a)β−1Eγ,δ

α,β,λ,µ,ρ,p(ω(c(t− a))α; s, r)
⌘

(x)

= (x− a)(β−η−1)Eγ,δ
α,β−η,λ,µ,ρ,p(ω(c(x− a))α; s, r). (2.2)

Proof. We now apply (1.1) to the left-hand side of (1.13) and then use (1.6). This yields

⇣

Iηa+ (t− a)β−1 Eγ,δ
α,β,λ,µ,ρ,p(ω(c(t− a))α; s, r

⌘

(x)

= (x− a)β+η−1
∞
X

n=0

[(γ)δn]
s(ω (c (x− a))α)(pn+ρ−1)

Γ(α(pn+ ρ− 1) + β + η) [(λ)µn]r (ρ)pn
.

Thus, by using (1.1) once again, we find (2.1).

We now apply (1.7) to the left-hand side of (2.2) and then use (2.1). As a result, we get

⇣

Dη
a+ (t− a)β−1 Eγ,δ

α,β,λ,µ,ρ,p(ω(c(t− a))α; s, r)
⌘

(x)

=

✓

d

dx

◆n
⇥

(x− a)β−η−1 Eγ,δ
α,β−η,λ, µ,ρ,p(ω(c(x− a))α; s, r)

⇤

.

Further, in view of (1.7), we complete the proof of (2.2).

Theorem 2.2. Let α, γ,λ, ρ, η 2 C; Re(α),Re(γ),Re(λ),Re(ρ),Re(η) > 0; δ, µ, p > 0. Then

0I
η
x

⇥

ν E1,δ
α,1,λ,µ,ρ,p(ν(cx)

α; s, r)
⇤

= ν xη E1,δ
α,η+1,λ,µ,ρ,p(ν(cx)

α; s, r). (2.3)

Proof. Applying (1.4) to the left-hand side of (2.3) and then using (1.1), we get

0I
η
x

h

ν E1,δ
α,1,λ,µ,ρ,p(ν(cx)

α; s, r)
i

=
1

Γ(η)

∞
X

n=0

[(1)δn]
s cα(pn+ρ−1)ν(pn+ρ)

Γ(α(pn+ ρ− 1) + 1) [(λ)µn]r (ρ)pn

x
Z

0

tα(pn+ρ−1)(x− t)(η−1) dt.

After certain simplifications with subsequent use of (1.1), we get the proof of (2.3).

Theorem 2.3. Let α,β, γ,λ, ρ, ν,ω 2 C; Re(α,β, γ,λ, ρ, ν) > 0; δ, µ, p > 0. Then

�

Eγ,δ
α,β,λ,µ,ρ,p,ω;a+ (t− a)ν−1

�

(x) = (x− a)β+ν−1
Γ(ν)Eγ,δ

α,β+ν, λ,µ,ρ,p

�

ω(x− a)α
�

. (2.4)
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Proof. Setting f(t) = (t− a)ν−1 in (1.2), we obtain

⇣

Eγ,δ
α,β,λ,µ,ρ,p,ω;a+ (t− a)ν−1

⌘

(x) =

x
Z

a

(x− t)β−1 Eγ,δ
α,β,λ,µ,ρ,p,

�

ω(x− t)α
�

(t− a)ν−1 dt.

By virtue of (1.1), this is reduced to

=

∞
X

n=0

[(γ)δ n]
s ω(p n+ρ−1)

Γ(α(p n+ ρ− 1) + β) [(λ)µ n]r (ρ)pn

⇥

x
Z

a

(x− t)α(p n+ρ−1)+β−1 (t− a)ν−1 dt.

Simplifying this equation, we get

=

∞
X

n=0

[(γ)δ n]
s ((ρ)pn)

−1 ω(p n+ρ−1)

Γ(α(p n+ ρ− 1) + β)[(λ)µ n]r
B(α(p n+ ρ) + β − 1, ν).

As a result of subsequent simplification of this equation, we prove (2.4).

We now show that the operator defined by (1.2) is, in fact, bounded. The proof is presented in the form of the

following theorem:

Theorem 2.4. Let the function φ be given by

L(a, b) =

8

<

:

f : kfk1 =

b
Z

a

|f(t)|dt < 1

9

=

;

in the space L(a, b) of Lebesgue measurable functions on a finite interval [a, b] of the real line R . Then the

integral operator Eω;γ,δ
a+; α,β,λ,µ,ρ,p is bounded on L(a, b) and

�

�

�
Eγ,δ
α,β,λ,µ,ρ,p,ω;a+φ

�

�

�

1
 Mkφk1, (2.5)

where the constant M, 0 < M < 1, is given by

M = (b− a)Re(β)
∞
X

k=0

|(γ)δ k|
s

|Γ(α (pk + ρ− 1) + β)| (Re (α(p k + ρ− 1) + β))

⇥
|ω ((b− a)c)α|Re(pk+ρ−1)

|(λ)µ k|r |(ρ)pk|
. (2.6)

Proof. Using (1.2) and (1.3) and interchanging the order of integration by applying the Dirichlet formula [9],

we get
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�

�

�
Eγ,δ
α,β,λ,µ,ρ,p,ω;a+φ

�

�

�

1
=

b
Z

a

�

�

�

�

�

�

x
Z

a

(x− t)β−1 Eγ,δ
α,β,λ,µ,ρ,p( ω(c(x− t))α; s, r)) φ(t) dt

�

�

�

�

�

�

dx



b
Z

a

2

4

b
Z

t

(x− t)Re(β)−1
�

�

�
Eγ,δ

α,β,λ,µ,ρ,p(ω(c(x− t))α; s, r)
�

�

�
dx

3

5|φ(t)| dt.

Substituting x− t = u, using (1.1) and simplifying the above equation, we find

=

b
Z

a

2

4

b−t
Z

0

uRe(β)−1
�

�

�
Eγ,δ

α,β,λ,µ,ρ,p(ω(cu)
α; s, r)

�

�

�
du

3

5 |φ(t)| dt



b
Z

a

∞
X

k=0

|(γ)δ k|
s (ω cα)pk+ρ−1

�

�Γ(α (pk + ρ− 1) + β)
�

� |(λ)µk|r |(ρ)pk|

⇥

2

4

b−a
Z

0

uRe(α(pk+ρ−1)+β−1)

3

5 |φ(t)| dt

=

b
Z

a

∞
X

k=0

|(γ)δ k|
s (ω cα)pk+ρ−1|b− a|Re(α(pk+ρ−1)+β) |φ(t)|

�

�Γ(α (pk + ρ− 1) + β)
�

� |(λ)µk|r |(ρ)pk|Re (α(pk + ρ− 1) + β)
dt

= (b− a)Re(β)
∞
X

k=0

|(γ)δ k|
s

|Γ(α (pk + ρ− 1) + β)| |(λ)µ k|r |(ρ)pk|

⇥
|ω (c(b− a))Re (α)|pk+ρ−1

Re (α(pk + ρ− 1) + β)

b
Z

a

|φ(t)| dt

= (b− a)Re(β)
∞
X

k=0

|(γ)δ k|
s |ω ((b− a)c)α|Re(pk+ρ−1)

|Γ(α (pk + ρ− 1) + β)| Re (α(pk + ρ− 1) + β)

kφk1
|(λ)µ k|r |(ρ)pk|

= M kφk1,

where M is finite and given by (2.6). This completes the proof of the property of boundedness for the integral

operator Eγ,δ
α,β,λ,µ,ρ,p,ω;a+, as asserted by Theorem 2.4.

The following theorem incorporates the fractional differential equation for (1.2).

Theorem 2.5. If 0 < η < 1, 0  ν  1, ω, ξ 2 C, R(α) = R(δ) − 1 > 0 and min{Re(β, γ,λ,

µ, ρ)} > 0, then

�

Dη,ν
0+ y

�

(x) = ξ
⇣

Eγ,δ
α,β,λ,µ,ρ,p,ω;0+

⌘

(x) + f(x) (2.7)
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with the initial condition

⇣

I0 +
(1−ν)(1−η) y

⌘

(0+) = C,

has a solution in the space L(0,1) given by

y(x) = C
xη−ν(1−η)−1

Γ(η − ν + ην)
+ ξ xη+β Eα,β+η+1,λ,µ,ρ,p

�

ω(a xα)
�

+
1

Γ(η)

x
Z

0

(x− t)η−1 f(t) dt, (2.8)

where C is an arbitrary constant.

Proof. Applying the Laplace transformation to each side of (2.7) and using relations(1.2) and (1.11), we

conclude, by virtue of the Laplace convolution theorem, that

sη Y (s)− C sν (1−η) = ξ L
⇥

xβ−1 Eγ,δ
α,β,λ,µ,ρ,p(ω xα)

⇤

(s)L(1)(s) + F (s)

= ξ s−β−1
∞
X

n=0

[(γ)δ n]
s (ω (as)α)pn+ρ−1

[(λ)µ n]r(ρ)pn
+ F (s),

which immediately yields

Y (s) = C sν (1−η)−η + ξ s−β−η−1
∞
X

n=0

[(γ)δ n]
s (ω (as)α)pn+ρ−1

[(λ)µ n]r (ρ)pn
+ F (s) s−η. (2.9)

Further, by taking the inverse Laplace transform of each side of equation (2.9), we get

y(x) = C L−1
�

sν(1−η)−η
�

(x)

+ ξ

∞
X

n=0

[(γ)δn]
s (ω (a)α)pn+ρ−1

[(λ)µn]r (ρ)pn
L−1(s−α(pn+ρ−1)−β−η−1)(x) + L−1(s−η F (s))

= C
xη−ν(1−η)−1

Γ(η − ν + ην)
+ ξ xη+β

∞
X

n=0

[(γ)δn]
s (ω aα)pn+ρ−1 [(ρ)pn]

−1 xα(pn+ρ−1)

Γ(α(pn+ ρ− 1) + β + η + 1)[(λ)µn]r

+
1

Γ(η)

x
Z

0

(x− t)η−1 f(t) dt

= C
xη−ν(1−η)−1

Γ(η − ν + η ν)
+ ξ xη+β Eγ,δ

α,β+η+1,λ,µ,ρ,p

�

ω(a xα)
�

+
1

Γ(η)

x
Z

0

(x− t)η−1 f(t) dt,

which completes the proof of Theorem 2.5 under the various already indicated parametric constraints.



1274 J. C. PRAJAPATI AND B. V. NATHWANI

Theorem 2.6. If 0 < η < 1, 0  ν  1, ω, ξ 2 C, R(α) = R(δ)− 1 > 0 and min{R(β, γ,λ, µ, ρ)} > 0,

then

�

Dη,ν
0+ y

�

(x) = ξ
⇣

Eγ,δ
α,β,λ,µ,ρ,p,ω;0+

⌘

(x) + xβ Eγ,δ
α,β+1,λ,µ,ρ,p

�

(ω(ax)α); s, r
�

(2.10)

with the initial condition

⇣

I0 +
(1−ν)(1−η) y

⌘

(0+) = C

has a solution in the space L(0,1) given by

y(x) = C
xη−ν(1−η)−1

Γ(η − ν + ην)
+ (ξ + 1) xη+β Eγ,δ

α,βη+1,λ,µ,ρ,p

�

(ω(ax)α); s, r
�

, (2.11)

where C is an arbitrary constant.

Proof. Substituting

f(t) = tβ Eγ,δ
α,β+1,λ,µ,ρ,p

�

(ω(at)α); s, r
�

in Theorem 2.5, we get

y(x) = C
xη−ν(1−η)−1

Γ(η − ν + η ν)
+ ξ xη+β Eγ,δ

α,β+η+1,λ,µ,ρ,p

�

(ω(ax)α); s, r
�

+
1

Γ(η)

x
Z

0

(x− t)η−1 tβ Eγ,δ
α,β+1,λ,µ,ρ,p

�

(ω(ax)α); s, r
�

dt. (2.12)

Here,

x
Z

0

(x− t)η−1 tβ Eγ,δ
α,β+1,λ,µ,ρ,p

�

(ω(ax)α); s, r
�

dt

=

x
Z

0

(x− t)η−1 tβ
∞
X

n=0

[(γ)δ n]
s(ω (at)α)pn+ρ−1

Γ(α(pn+ ρ− 1) + β + 1)[(λ)µ n]r (ρ)pn
dt

=
∞
X

n=0

[(γ)δ n]
s(ω (a)α)pn+ρ−1

Γ(α(pn+ ρ− 1) + β + 1)[(λ)µ n]r (ρ)pn

x
Z

0

(x− t)η−1 tα(pn+ρ−1)+β dt. (2.13)

We take t = xu, then dt = xdu and we have u ! 0 as t ! 0, and u ! 1 as t ! x . Therefore,

=
∞
X

n=0

[(γ)δn]
s (ω aα)pn+ρ−1 xα(pn+ρ−1)+η+β

Γ(α(pn+ ρ− 1) + β) [(λ)µn]r (ρ)pn

1
Z

0

(1− u)η−1 uα(pn+ρ−1)+βdt
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=

∞
X

n=0

[(γ)δ n]
s (ω aα)pn+ρ−1 xα(pn+ρ−1)+η+β

Γ(η) Γ(α(pn+ ρ− 1) + β)

Γ(α(pn+ ρ− 1) + β) [(λ)µ n]r (ρ)pn Γ(α(pn+ ρ− 1) + β + η + 1)

= Γ(η)
∞
X

n=0

[(γ)δ n]
s (ω (ax)α)pn+ρ−1 x(η+β)

Γ(α(pn+ ρ− 1) + β + η + 1) [(λ)µ n]r (ρ)pn

= x(η+β)
Γ(η) Eγ,δ

α,β+η+1,λ,µ,ρ,p

�

ω(ax)α; s, r
�

.

Using this result in (2.12), we get (2.11).

This completes the proof of Theorem 2.6.

Theorem 2.7 (Mellin transform of the operator
�

Eγ,δ
α,β,λ,µ,ρ,p,ω; 0+

f
�

(x)). Let α,β, γ,λ, ρ,ω 2 C, Re(α,β,

γ,λ, ρ) > 0; δ, µ > 0, p 2 N, and Re(1− S − αρ+ α− β) > 0. Then

M
n

(Eγ,δ
α,β,λ,µ,ρ,p,ω; 0+

f)(x);S
o

=
[Γ(λ)]rΓ(ρ) p

2πi [Γ(γ)]sΓ(1− S)
Hr+3,s+1

s+1,r+3

⇥

2

4−wtα
[(1− γ, δ)]s, (0, p)

(0, 1), (1− S − αρ+ α− β, α p), [(1− λ, µ)]r, (1− ρ, p)

3

5

⇥M
�

tβf(t); S
 

. (2.14)

Proof. By the definition of the Mellin transform, we find

M
n

(Eγ,δ
α,β,λ,µ,ρ,p,ω; 0+

f)(x);S
o

=

∞
Z

0

xS−1

x
Z

0

(x− t)β−1 Eγ,δ
α,β,λ,µ,ρ,p

�

ω(x− t)α; s, r
�

f(t) dt dx.

Changing the order of integration, which can be done under given conditions, we conclude that

M
n

(Eγ,δ
α,β,λ,µ,ρ,p,ω;0+

f)(x);S
o

=

∞
Z

0

f(t)

∞
Z

t

xS−1(x− t)β−1Eγ,δ
α,β,λ,µ,ρ,p

�

ω(x− t)α; s, r
�

dx dt.

If we set x = t+ u , then this integral takes the form

M
n

(Eγ,δ
α,β,λ,µ,ρ,p,ω;0+

f)(x);S
o

=

∞
Z

0

f(t)

∞
Z

t

(t+ u)S−1uβ−1Eγ,δ
α,β,λ,µ,ρ,p(ωu

α) du dt.

To evaluate the u-integral, we express the Mittag-Leffler function in terms of its Mellin–Barnes contour inte-

gral by using relation (1.14 ). As a result, this expression can be represented in the form

M
n

(Eγ,δ
α,β,λ,µ,ρ,p,ω;0+

f)(x);S
o

=

∞
Z

0

f(t)
[Γ(λ)]rΓ(ρ)p(−ω)ρ−1

2πi[Γ(γ)]s
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⇥

i∞
Z

−i∞

Γ(−pξ) Γ(1 + pξ) [Γ(γ + δξ)]s (−ω)pξ

Γ(β + αρ− α+ αpξ) [Γ(λ+ µξ)]rΓ(ρ+ pξ)

⇥

∞
Z

0

(t+ u)s−1uα(pξ+ρ−1)+β−1du dξ dt.

If we evaluate the u-integral with the help of the formula

∞
Z

0

xν−1(x+ a)−ρdx =
Γ(ν)Γ(ρ− ν)

Γ(ρ)
, Re(ρ) > Re(ν) > 0,

then the right-hand side of this equation can be simplified to

[Γ(λ)]rΓ(ρ)p

2πi[Γ(γ)]sΓ(1− s)

⇥

i∞
Z

−i∞

Γ(−pξ)Γ(1 + pξ)[Γ(γ + δξ)]sΓ(1− s− α(pξ + ρ− 1)− β)

[Γ(λ+ µξ)]rΓ(ρ+ pξ)

⇥ (−ωtα)pξ+ρ−1dξ

∞
Z

0

tβ+s−1f(t) dt.

By using the definition of the H -function, we obtain the desired result.

For s = 1, r = 0, ρ = 1, p = 1, and δ = q Theorem 2.7 is reduced to the following corollary:

Corollary 2.1.

M

⇢

(Eγ,q
α,β,ω;0+

f)(x);S

�

=
1

Γ(γ)Γ(1− S)
H2,1

1,2

2

4−wtα
(1− γ, q)

(0, 1)(1− S − β, α)

3

5M{tβf(t);S},

where Re(α) > 0, Re(β) > 0, Re(γ) > 0; q 2 (0, 1) [ N, Re(1− S − β) > 0, and H2,1
1,2 (·) is the H -function

defined by (1.15).

Theorem 2.8 (Laplace transform of the operator
�

Eγ,δ
α,β,λ,µ,ρ,p,ω;0+

f
�

(x)).

L
n

(Eγ,δ
α,β,λ,µ,ρ,p,ω; 0+

f)(x);P
o

=
[Γ(λ)]r Γ(ρ) ωρ−1

[Γ(γ)]s P β+αρ−α
s+1

ψr+1

2

4

[(γ, q)]s, (1, 1); ωp/P pα

[(λ, µ)]r, (ρ, p);

3

5F (P ),

where Re(α) > 0, Re(β) > 0, Re(γ) > 0; Re(p) > |ω|1/Re(α), and F (P ) is the Laplace transform of f(t),
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defined by

L{f(t); p} = F (P ) =

∞
Z

0

e−Ptf(t) dt,

where Re(p) > 0 and the integral is convergent.

Proof. By the definition of Laplace transform, we conclude that

L
n

(Eγ,δ
α,β,λ,µ,ρ,pω; 0+

f)(x);P
o

=

∞
Z

0

e−Pt

x
Z

0

(x− t)β−1Eγ,δ
α,β,λ,µ,ρ,p[ω(x− t)α]f(t) dt dx.

Changing the order of integration, which is possible under the conditions imposed in the theorem, we find

L
n

(Eγ,δ
α,β,λ,µ,ρ,p ω; 0+

f)(x);P
o

=

∞
Z

0

f(t)dt

∞
Z

t

e−Pt(x− t)β−1Eγ,δ
α,β,λ,µ,ρ,p[ω(x− t)α] dx.

If we set x = t+ u , then

L
n

(Eγ,δ
α,β,λ,µ,ρ,pω;0+

f)(x);P
o

=

∞
Z

0

ePtf(t)dt

∞
Z

0

e−Puuβ−1Eγ,δ
α,β,λ,µ,ρ,p[ωu

α] du.

Thus, by virtue of definition (1.1), we obtain

=

∞
X

k=0

[(γ)δk]
s ω(pk+ρ−1)

Γ(αk + β) [(λ)µk]r (ρ)pk

∞
Z

0

ePtf(t)dt

∞
Z

0

e−Puuβ+α(pk+ρ−1)−1du

=
∞
X

k=0

[(γ)δk]
s ω(pk+ρ−1)

P β+α(pk+ρ−1)[(λ)µk]r (ρ)pk

∞
Z

0

e−Ptf(t)dt

=
[Γ(λ)]r Γ(ρ) ωρ−1

[Γ(γ)]s P β+αρ−α s+1ψr+1

2

4

[(γ, q)]s, (1, 1); ωp/P pα

[(λ, µ)]r, (ρ, p);

3

5F (p),

where F (P ) is the Laplace transform of f(t).

For s = 1, r = 0, ρ = 1, p = 1, and δ = q Theorem 2.8 is reduced to the following corollary:

Corollary 2.2.

L
n

(Eγ,q
α,β,ω;0+

f)(x);P
o

=
1

Γ(γ)
P−β
1 ψ0



(γ, q); ω/Pα

−;

�

F (p),

where Re(α) > 0, Re(β) > 0, Re(γ) > 0, Re(P ) > |ω|1/Re(α), and F (P ) is the Laplace transform of f(t),
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defined by

L{f(t);P} = F (P ) =

∞
Z

0

e−P tf(t) dt,

where, in turn, Re(P ) > 0 and the integral is convergent.

3. Properties

In this section, some properties of the functions Et(c, ν, γ, δ,λ, µ, ρ, p) and Et(c,−η, γ, δ,λ, µ, ρ, p) are es-

tablished. We first consider the function

f(t) =

∞
X

n=0

[(γ)δn]
s (ct)(pn+ρ−1)

Γ(ρ) ((ρ)pn)2 [(λ)µn]r
,

where γ 2 C, δ > 0, and c is an arbitrary constant.

Thus, by virtue of (1.4), the fractional integral operator of order ν is given by

Iν f(t) =
1

Γ(ν)

t
Z

0

(t− ξ)ν−1
∞
X

n=0

[(γ)δn]
s (cξ)(pn+ρ−1)

Γ(ρ) ((ρ)pn)2 [(λ)µn]r
dξ

=
1

Γ(ν)

∞
X

n=0

[(γ)δn]
s c(pn+ρ−1)

Γ(ρ) ((ρ)pn)2 [(λ)µn]r

t
Z

0

ξpn+ρ−1(t− ξ)ν−1 dξ.

After certain simplifications, in view of (1.1), we can write

Iν f(t) = tν
∞
X

n=0

[(γ)δ n]
s (ct)(pn+ρ−1)

Γ(1(pn+ ρ− 1) + ν + 1) ((ρ)pn) [(λ)µ n]r
(3.1)

= tν Eγ,δ
1,ν+1,λ,µ,ρ,p(ct; s, r). (3.2)

We denote the function (3.2) by Et(c, ν, γ, δ,λ, µ, ρ, p), i.e.,

Et(c, ν, γ, δ,λ, µ, ρ, p) = tν Eγ,δ
1,ν+1,λ,µ,ρ,p(ct; s, r). (3.3)

Thus, by using (1.7), the fractional differential operator of order η can be represented as follows:

Dη f(t) = Dk

"

Ik−η
∞
X

n=0

[(γ)δ n]
s (ct)(pn+ρ−1)

Γ(ρ) ((ρ)pn)2
[(λ)µ n]

r

#

.

Applying (3.1), after certain simplifications, in view of (1.1), we get

Dη f(t) = t−η
∞
X

n=0

[(γ)δn]
s (ct)(pn+ρ−1)

Γ(1(pn+ ρ− 1) + (1− η)) ((ρ)pn) [(λ)µn]r
= t−η Eγ,δ

1,1−η,λ,µ,ρ,p(ct; s, r). (3.4)
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We denote function (3.4) by Et(c,−η, γ, δ,λ, µ, ρ, p), i.e.,

Et(c,−η, γ, δ,λ, µ, ρ, p) = t−η Eγ,δ
1,1−η,λ,µ,ρ,p(ct; s, r). (3.5)

Theorem 3.1. Let γ 2 C, Re(γ) > 0, δ > 0, let c be an arbitrary constant, and let the fractional integral

and differential operator be of order σ . Then

IσEt(c, ν, γ, δ,λ, µ, ρ, p) = Et(c,σ + ν, γ, δ,λ, µ, ρ, p) (3.6)

and

Dσ
�

Et(c, ν, γ, δ,λ, µ, ρ, p)
�

= Et(c, ν − σ, γ, δ,λ, µ, ρ, p). (3.7)

Proof. It follows from (1.4) that

IσEt(c, ν, γ, δ,λ, µ, ρ, p) =
1

Γ(σ)

t
Z

0

(t− ξ)σ−1 Eξ(c, ν, γ, δ,λ, µ, ρ, p) dξ.

By using (3.3), we represent this equation in the form

IσEt(c, ν, γ, δ,λ, µ, ρ, p) =
1

Γ(σ)

t
Z

0

(t− ξ)σ−1 ξν
∞
X

n=0

[(γ)δ n]
s (cξ)(pn+ρ−1)

Γ(1(pn+ ρ− 1) + ν + 1) ((ρ)pn)[(λ)µ n]r
dξ.

Thus, substituting ξ = xt, after necessary simplifications followed by the application of relation (3.3), we obtain

relation (3.6).

From (1.7), by using (3.6), we get

Dσ
�

Et(c, ν, γ, δ,λ, µ, ρ, p)
�

= Dk
�

tk−σ+ν Eγ,δ
1,k−η+ν+1,λ,µ,ρ,p(ct; s, r)

 

.

In view of (1.1) and (3.3), we get (3.7).

In the light of Theorem 2.7, we prove the following theorem:

Theorem 3.2. Let η 2 C, Re(η) > 0, δ > 0, let c be an arbitrary constant, and let the fractional integral

and differential operator be of order σ . Then

IσEt(c,−η, γ, δ,λ, µ, ρ, p) = Et(c,σ − η, γ, δ,λ, µ, ρ, p),

Dσ
�

Et(c,−η, γ, δ,λ, µ, ρ, p)
�

= Et(c,−σ − η, γ, δ,λ, µ, ρ, p).
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