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The thesis entitled “A UNIFICATION OF GENERALIZED MITTAG - LEFFLER
FUNCTIONS, FAMILY OF BESSEL FUNCTION AND THEIR q-ANALOGUES” carries
out generalization of Mittag-Leffler function as defined below.

Definition 1. For α, β, γ, λ ∈ C, ℜ(α, β, γ, λ) > 0, δ, µ > 0, r ∈ {−1, 0} ∪ N, s ∈

N ∪ {0}, ℜ(α) + rµ− sδ + 1 > 0

Eγ,δ
α,β,λ,µ(z; s, r) =

∞
∑

n=0

[(γ)δn]s

Γ(αn+ β) [(λ)µn]r n!
zn, (1)

and derive certain properties of it.
The objective of constructing this function is to
(i) include certain existing generalizations of Mittag-Leffler function,
(ii) also include the functions such as Bessel Maitland function, Dotsenko function, Bessel
function, generalized Bessel Maitland function, Lommel function etc. especially by means
of parameters r, γ, λ (Table-1, 2 below)
(iii) obtain inverse inequality relations and some other inequalities by means of the integer
′s′.

Chapter 1 introduces the subject matter and lists certain definitions, notations, for-
mulae and results together with certain Fractional Calculus formulae.

Chapter 2 begins with absolute convergence test of series of the function (1). The
subsequent properties include (i) order and its type, (ii) asymptotic estimate, (iii) differ-
ential equation, (iv) Eigen function property and (v) Mellin-Barnes contour integral rep-
resentation. Certian mixed recurrence type relations are derived; and the results involv-
ing integral transforms namely, Euler-Beta transform, Mellin-Barnes transform, Laplace
transform and Whittaker transform are recorded. The special cases such as the general-
ized hypergeometric function, generalized Laguerre polynomial, Fox H-function etc. are
also illustrated. It is noteworthy that the function in (1), besides containing the Shukla
and Prajapati’s function [13]

Eγ,q
α,β(z) =

∞
∑

n=0

(γ)qn

Γ(αn+ β)
zn

n!
, (2)

where α, β, γ ∈ C; ℜ(α, β, γ) > 0 and q ∈ (0, 1) ∪ N, also includes some other functions
namely,
(i) Bessel-Maitland function [5, Eq.(1.7.8), p.19] :

Jµ
ν (z) =

∞
∑

n=0

(−1)n

Γ(ν + nµ+ 1)
zn

n!
,

(ii) Dotsenko function [5, Eq.(1.8.9), p.24] :

2R1(a, b; c, ω; ν; z) =
Γ(c)

Γ(a) Γ(b)

∞
∑

n=0

Γ(a+ n) Γ(b+ nω
ν
)

Γ(c+ nω
ν
)

zn

n!
,
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(iii) A particular form (m = 2) of extension of Mittag-Leffler function due to Saxena and
Nishimoto [12] given by

Eγ,K [(αj, βj)1,2; z] =
∞
∑

n=0

(γ)Kn

Γ(α1n+ β1) Γ(α2n+ β2)
zn

n!
,

where z, γ, αj, βj ∈ C,ℜ(α1 + α2) > ℜ(K) − 1,ℜ(K) > 0.
(iv) The Elliptic function [7, Eq.(1), p.211] :

K(k) =
π

2 2F1





1
2
, 1

2
; k2

1;



 .

All these functions are tabulated below as particular cases of (1).

Table-1

Function r s α β γ δ λ µ

Mittag-Leffler 0 1 α 1 1 1 - -

Wiman 0 1 α β 1 1 - -

Prabhakar 0 1 α β γ 1 - -

Shukla and 0 1 α β γ q - -
Prajapati

Bessel-Maitland 0 0 µ ν + 1 - - - -

Dotsenko -1 1 ω/ν c a 1 b ω/ν

Saxena- 1 1 α1 β1 γ K β2 α2

Nishimoto

Elliptic -1 1 1 1 1
2

1 1
2

1

Some of the main results are stated below.

Theorem 1. Let ℜ(α, β, γ, λ) > 0,ℜ(α) + rµ− sδ+ 1 > 0, δ, µ > 0, r ∈ {−1, 0} ∪N, s ∈

N ∪ {0}. Then Eγ,δ
α,β,λ,µ(z; s, r) is an entire function of order ̺ =

1
ℜ(α) + rµ− sδ + 1

and

type σ =
1
̺

(

δsδ

{ℜ(α)}ℜ(α)µrµ

)̺

.

In the notations

θ = zD, D =
d

dz
, Υ(a,b;m)

j =
a−1
∏

j=0

[(

θ +
b+ j

a
− 1

)]m

, ∆(a,b;m)
j =

a−1
∏

j=0

[(

θ +
b+ j

a

)]m

,

Θ(a,b;m)
j =

a−1
∏

j=0

[(

−θ +
b+ j

a
− 1

)]m

, ΩΘ;Υ = P−1 D Θ(δ,γ;−s)
m Υ(µ,λ;r)

k Υ(α,β;1)
j , P =

δsδ

αα µrµ
,

the following differential equation is obtained.
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Theorem 2. Let α, µ, δ ∈ N then y = Eγ,δ
α,β,λ,µ(z; s, r) satisfies the equation

[

Υ(µ,λ;r)
k Υ(α,β;1)

j θ − z
δsδ

αα µrµ
∆(δ,γ;s)

m

]

y = 0. (3)

And the eigen function property is given as

Theorem 3. If α, µ, δ ∈ N then Eγ,δ
α,β,λ,µ(z; s, r) is an eigen function with respect to the

operator ΩΘ;Υ. That is,

ΩΘ;Υ

(

Eγ,δ
α,β,λ,µ(ζz; s, r)

)

= ζ Eγ,δ
α,β,λ,µ(ζz; s, r). (4)

Mixed Relation:

Theorem 4. For α, β, γ, λ ∈ C, k ∈ N, ℜ(α, β, γ, λ) > 0, δ, µ > 0, we get

Eγ,δ
α,β+k,λ,µ(z; s, r) − Eγ,δ

α,β+k+1,λ,µ(z; s, r)

= α2z2 Ëγ,δ
α,β+k+2,λ,µ(z; s, r) + αz [α+ 2(β + k)] Ėγ,δ

α,β+k+2,λ,µ(z; s, r)

+(β2 + 2βk + k2 − 1)Eγ,δ
α,β+k+2,λ,µ(z; s, r), (5)

where,

Ėγ,δ
α,β,λ,µ(z; s, r) =

d

dz
Eγ,δ

α,β,λ,µ(z; s, r), Ëγ,δ
α,β,λ,µ(z; s, r) =

d2

dz2
Eγ,δ

α,β,λ,µ(z; s, r).

Double series representation:

∗Eγ,δ,ρ
α,β,λ,µ(z; s, r) =

∞
∑

i,j=0

1
(i+ j)ρ

(−1)i

i! j!
∗Eγ,δ,ρ+i+j

α,β,λ,µ (z; s, r). (6)

Relationship with Wright function:

Eγ,δ
α,β,λ,µ(z; s, r) =

[Γ(λ)]r

[Γ(γ)]s sΨr+1





[(γ, δ)]s; z

(β, α), [(λ, µ)]r;



.

(A piece of the content of this work has been published in the journal - “Advances in Pure
Mathematics, 2013, 3, 127-137,” in “Palestine Journal of Mathematics, 2014, 3(1), 94-98
” and accepted in “The Mathematics Student”.)
MR ♯ 3109941

Bessel Function Family

In (1) replacing z by − z2

4
and multiplying the series by

(

z
2

)ξ
, one gets

(

z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−
z2

4
; s, r

)

=
(

z

2

)ξ ∞
∑

n=0

[(γ)δn]s

Γ(αn+ β) [(λ)µn]r n!

(

−
z2

4

)n

, (7)

in which α, β, γ, λ ∈ C, ℜ(α, β, γ, λ) > 0, ξ, δ, µ > 0, r, s ∈ N ∪ {0}.

For suitable choices of ξ, this gives the Bessel function of first kind Jν(z), the gen-
eralized Bessel-Maitland function Jσ

ν,η(z), Lommel function Sη,ν(z) and Struve function
Hν(z).
All these functions are tabulated below as particular cases of (7).
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Table-2

Function r s α β γ δ λ µ ξ

Bessel 0 0 1 ν + 1 - - - - ν

Generalized 1 0 σ ν + η + 1 - - η + 1 1 ν + 2η
Bessel-Maitland

Lommel 1 1 1 η−ν+3
2

1 1 η+ν+3
2

1 η + 1

Struve 1 1 1 3/2 1 1 3/2 + ν 1 ν + 1

The function (7) turns out to be entire function and satisfies Theorem 1 with the type

σ =
1
̺

(

δsδ

4 {ℜ(α)}ℜ(α)µrµ

)̺

.

Here considering the following operators in their indicated notations:

D =
d

dz
, θ = zD, θξf(z) = zξ/2f(z1/2) θ

(

z−ξ/2f(z1/2)
)

,

D
i
ξf(z) = zξ/2−if(z1/2) Di

(

z−ξ/2f(z1/2)
)

, Υ(a,b;m)
ξ,j =

a−1
∏

j=0

[(

θξ +
b+ j

a
− 1

)]m

,

∆(a,b;m)
ξ,j =

a−1
∏

j=0

[(

θξ +
b+ j

a

)]m

, Θ(a,b;m)
ξ,j =

a−1
∏

j=0

[(

−θ−ξ +
b+ j

a
− 1

)]m

and

ΩΥ
ξ,Θ = −4P−1

Dξ Θ(δ,γ;−s)
ξ,m Υ(µ,λ;r)

ξ,k Υ(α,β;1)
ξ,j , P =

δsδ

αα µrµ
, (8)

the differential equation is obtained which is stated below.

Theorem 5. Let α, µ, δ ∈ N then yξ =
(

z

2

)ξ

Eγ,δ
α,β,λ,µ

(

− z2

4
; s, r

)

satisfies the equation

[

Υ(µ,λ;r)
ξ,k Υ(α,β;1)

ξ,j θξ +
z2

4
P ∆(δ,γ;s)

ξ,m

]

yξ = 0. (9)

And the eigen function property is given by

Theorem 6. Let α, µ, δ ∈ N then
(

z

2

)ξ

Eγ,δ
α,β,λ,µ

(

− z2

4
; s, r

)

is an eigen function with

respect to the operator ΩΥ
ξ,Θ as defined by (8).

That is,

ΩΥ
ξ,Θ

(

(

z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−ζ
z2

4
; s, r

))

= ζ
(

z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−ζ
z2

4
; s, r

)

. (10)

In Chapter 3, q-extension of the results of Chapter 2 are provided. In view of two
q-exponential functions, the two q-analogues of the function (1) are defined.
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Definition 2. If α, β, γ, λ ∈ C with ℜ(α, β, γ, λ) > 0, δ, µ > 0, r ∈ {−1, 0} ∪ N, s ∈

N ∪ {0} then

Eγ,δ
α, β, λ, µ(z; s, r|q) =

∞
∑

n=0

(−1)pn qpn(n−1)/2 [Γq(γ + δn)]s

Γq(β + αn) [Γq(λ+ µn)]r (q; q)n

zn, (11)

where p = α2 + rµ2 − sδ2 + 1 with ℜ(p) > 0.

Definition 3. If α, β, γ, λ, z ∈ C with ℜ(α, β, γ, λ) > 0, δ, µ > 0, r ∈ {−1, 0} ∪ N, s ∈

N ∪ {0}, |z| <
∣

∣

∣(1 − q)sδ−α−rµ−1
∣

∣

∣ and α2 + rµ2 + 1 = sδ2 then

eγ,δ
α, β, λ, µ(z; s, r|q) =

∞
∑

n=0

[Γq(γ + δn)]s

Γq(β + αn) [Γq(λ+ µn)]r (q; q)n

zn. (12)

The following table enlists particular cases of (11) and (12).

Table-3

q-Function of r s α β γ δ λ µ Particular case of

Mittag-Leffler 0 1 α 1 1 1 - - (11)

Wiman 0 1 α β 1 1 - - (11)

Prabhakar 0 1 α β γ 1 - - (11)

Shukla and 0 1 α β γ q - - (11)
Prajapati

Bessel-Maitland 0 0 µ ν + 1 - - - - (11)

Dotsenko -1 1 ω/ν c a 1 b ω/ν (12)

Saxena- 1 1 α1 β1 γ K β2 α2 (11)
Nishimoto

Elliptic -1 1 1 1 1
2

1 1
2

1 (12)

The function in (11) turns out to be an entire function of order zero under the conditions
mentioned in following theorem.

Theorem 7. Let ℜ(α, β, γ, λ) > 0,ℜ(α2+rµ2−sδ2+1) > 0, δ, µ > 0, r ∈ {−1, 0}∪N, s ∈

N ∪ {0} and 0 < q < 1. Then Eγ,δ
α,β,λ,µ(z; s, r|q) is an entire function of z of oder zero.

On the other hand, the function defined by (12) is analytic function as the series
converges absolutely for |z| <

∣

∣

∣(1 − q)sδ−α−rµ−1
∣

∣

∣.
Next, assume the following notations for the indicated oprator expressions.

Λqf(x) = f(x) − f(xq−1), Θf(x) = f(x) − f(xq),

Dq f(x) = (1 − q) Dqf(x) := (1 − q)
f(x) − f(xq)

x− xq
=
f(x) − f(xq)

x
,
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{

a−1
∏

u=0

a−1
∏

v=0
[Θ + c−uq1−(b+v)/a − 1]m

}







a−1
∏

u=0

a−1
∏

v=0
[c−uq1−(b+v)/a]m







= Φ(a,b,c;m)
u,v

{

a−1
∏

u=0

a−1
∏

v=0
[Θ + c−uq(b+v)/a − 1]m

}

{

a−1
∏

u=0

a−1
∏

v=0
[c−uq−(b+v)/a]m

} = Ψ(a,b,c;m)
u,v .

a−1
∏

u=0

a−1
∏

v=0
[(Λq + c−uq1−(b+v)/a − 1)]m







a−1
∏

u=0

a−1
∏

v=0
[c−uq1−(b+v)/a]m







= Ω(a,b,c;m)
u,v ,

and

∆q = Dq Ω(δ,γ,ζ;−s)
j,i Φ(µ,λ,η;r)

ℓ,k Φ(α,β,σ;1)
h,m .

Here the operators Ω(δ,γ,ζ;−s)
j,i ,Φ(µ,λ,η;r)

ℓ,k ,Φ(α,β,σ;1)
h,m are not commutative with the operator

Dq.
It is shown that both the functions (11) and (12) satisfy the difference equations of the
following forms.

Theorem 8. Let α, µ, δ ∈ N, then Eγ,δ
α,β,λ,µ(z; s, r|q) satisfies the difference equation

[

Φ(µ,λ,η;r)
ℓ,k Φ(α,β,σ;1)

h,m Θ
]

Eγ,δ
α,β,λ,µ(z; s, r|q)

−
[

(−1)p z Ψ(δ,γ,ζ;s)
j,i

]

Eγ,δ
α,β,λ,µ(zqp; s, r|q) = 0 (13)

in which ζ is δth root of unity, η is µth root of unity, σ is αth root of unity.

Theorem 9. Let α, µ, δ ∈ N then Y = eγ,δ
α,β,λ,µ(z; s, r|q) satisfies the equation

[

Φ(µ,λ,η;r)
ℓ,k Φ(α,β,σ;1)

h,m Θ − z Ψ(δ,γ,ζ;s)
j,i

]

Y = 0, (14)

where ζ is δth root of unity, η is µth root of unity, σ is αth root of unity.

The eigen function property is given as

Theorem 10. Let α, µ, δ ∈ N then eγ,δ
α,β,λ,µ(z; s, r|q) is an eigen function with respect to

the operator ∆q. That is,

∆q e
γ,δ
α, β, λ, µ(cz; s, r|q) = c eγ,δ

α, β, λ, µ(cz; s, r|q). (15)

The function Eγ,δ
α,β,λ,µ(z; s, r|q) defined by (11) does not possess this property.

The following theorem states the Mellin-Barnes contour integral formula for (11).

6



Theorem 11. Let α ∈ R+; β, γ, λ ∈ C with ℜ(β, γ, λ) > 0 and δ, µ > 0. Then the

function Eγ,δ
α,β,λ,µ(z; s, r|q) is expressible as the Mellin - Barnes q-integral given by

Eγ,δ
α,β,λ,µ(z; s, r|q) =

1
2πi

∫

L

(−1)−pS q−pS(−S−1)/2 Γq(S)[Γq(γ − δS)]s (−z)−S

Γq(β − αS) [Γq(λ− µS)]r
dqS, (16)

where |argz| < π. The contour L of integration begins from −i∞ and proceeds towards

+i∞, and is indented to keep the poles of integrand at S = −n to the left; and the poles

at S = (γ + n)/δ to the right of the path for all n ∈ N ∪ {0}.

Further,

Theorem 12. The mixed relation for k ∈ N with k ≥ 2, is given by

Dq

(

zβEγ,δ
α, β+k, λ, µ(zα; s, r|q)

)

= (1 − qk−1) Dq

(

zβEγ,δ
α, β+k+1, λ, µ(zα; s, r|q)

)

+ qk−1 (1 − q) D2
q

(

zβ+1Eγ,δ
α, β+k+1, λ, µ(zα; s, r|q)

)

. (17)

q-Bessel Function Family

Definition 4. If α, β, γ, λ, z ∈ C with ℜ(α, β, γ, λ) > 0, δ, µ > 0, r, s ∈ N ∪ {0} then

(

z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−
z2

4
; s, r|q

)

=
∞
∑

n=0

(−1)(p+1)n qpn(n−1)/2 [Γq(γ + δn)]s

22n+ξ Γq(β + αn) [Γq(λ+ µn)]r (q; q)n

z2n+ξ, (18)

where p = α2 + rµ2 − sδ2 + 1 with ℜ(p) > 0.

The q-analogues of those functions listed above in Chapter 2 in Table-2 are all yielded
by the function (18).
They are tabulated below together with the indicated substitutions.

Table-4

q-Function of r s α β γ δ λ µ ξ

Bessel 0 0 1 ν + 1 - - - - ν

Generalized 1 0 σ ν + η + 1 - - η + 1 1 ν + 2η
Bessel-Maitland

Lommel 1 1 1 η−ν+3
2

1 1 η+ν+3
2

1 η + 1

Struve 1 1 1 3/2 1 1 3/2 + ν 1 ν + 1

The function in (18) turns out to be an entire function of order zero under the condi-
tions mentioned in Theorem 7. Next, assuming the following notations for the indicated
operator expressions:

δqf(x) = f(xq1/2), Θf(x) = f(x) − f(xq),
(

Θ + qξ/2δq − 1
)

= Φξ,
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{

a−1
∏

u=0

a−1
∏

v=0
[Θ + c−uq1−(b+v)/aqξ/2δq − 1]m

}

{

a−1
∏

u=0

a−1
∏

v=0
[c−uq1−(b+v)/a]m

} = Φ(a,b,c;m)
ξ;u,v ,

and
{

a−1
∏

u=0

a−1
∏

v=0
[Θ + c−uq(b+v)/aqξ/2δq − 1]m

}

{

a−1
∏

u=0

a−1
∏

v=0
[c−uq−(b+v)/a]m

} = Ψ(a,b,c;m)
ξ;u,v ,

one finds the difference equation as follows.

Theorem 13. Let α, µ, δ ∈ N then w =
(

z
2

)ξ
Eγ,δ

α,β,λ,µ

(

− z2

4
; s, r|q

)

satisfies the equation

qsξ Φ(µ,λ,η;r)
ξ;ℓ,k Φ(α,β,σ;1)

ξ;h,m Φξ

(

z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−
z2

4
qs; s, r|q

)

+
(−1)p q(r+2)(ξ+1)+s z2

4
Ψ(δ,γ,ζ;s)

ξ,j,i

(

z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−
z2

4
qp+r+2; s, r|q

)

= 0, (19)

in which ζ is δth root of unity, η is µth root of unity, σ is αth root of unity.

The following theorem states the Mellin-Barnes contour integral formula for (18).

Theorem 14. Let α ∈ R+; β, γ, λ ∈ C with ℜ(β, γ, λ) > 0 and δ, µ > 0. Then the

function
(

z
2

)ξ
Eγ,δ

α,β,λ,µ

(

− z2

4
; s, r|q

)

is expressible as the Mellin - Barnes q-integral given

by

(

z

2

)ξ

Eγ,δ
α,β,λ,µ

(

−
z2

4
; s, r|q

)

=

(

z
2

)ξ

2πi

∫

L

(−1)(p+1)S q−pS(−S−1)/2 Γq(S) [Γq(γ − δS)]s z−2S

Γq(β − αS) [Γq(λ− µS)]r
dqS,

where |argz| < π. The contour L of integration begins from −i∞ and proceeds towards

+i∞, and is indented to keep the poles of integrand at S = −n to the left; and the poles

at S = (γ + n)/δ to the right of the path for all n ∈ N ∪ {0}.

In Chapter 4, the Mittag-Leffler (M-L) type operator in the space L(a,b) of Lebesgue
measurable (real or complex) functions is introduced as follows.

(

Eγ, δ
α, β, λ, µ, ω; 0+

f
)

(x) =
x
∫

a

(x− t)β−1 Eγ,δ
α,β,λ,µ

(

ω(x− t)α; s, r
)

f(t) dt, (20)

where, α, β, γ, λ, ω ∈ C; ℜ(α, β, γ, λ) > 0; δ, µ > 0, and x > a.

For this operator the following result is obtained.

Theorem 15. Let the function φ be in the space L(a, b) of Lebesgue measurable functions

on a finite interval [a, b] of the real line R given by

8



L(a, b) =
{

f : ‖f‖1 =
b
∫

a
|f(t)| dt < ∞

}

.

Then the integral operator Eγ, δ
α, β, λ, µ, ω; 0+

is bounded on L(a, b) and

‖Eγ, δ
α, β, λ, µ, ω; 0+

φ‖1 ≤ M ‖φ‖1, (21)

where the constant M (0 <M < ∞) given by

M = (b− a)ℜ(β)
∞
∑

k=0

|(γ)δk|s

|Γ(αk + β)| (ℜ(αk + β))

×
|ω (b− a)α|k

|(λ)µk|r k!
. (22)

Transforms of proposed operator (20) are also obtained; the following are illustrations
amongst them.

Theorem 16. Mellin transform of the operator
(

Eγ,δ
α, β, λ, µ, ω; 0+

f
)

(x)
Let α, β, γ, λ, ω ∈ C, ℜ(α, β, γ, λ) > 0; δ, µ > 0, ℜ(1 − S − β) > 0 then

M

{

(Eγ, δ
α, β, λ, µ, ω; 0+

f)(x);S

}

=
[Γ(λ)]r

2π [Γ(γ)]s Γ(1 − S)

×Hr+3,s+1
s+1,r+3



 −wtα
[(1 − γ, δ)]s, (0, 1)

(0, 1), (1 − S − β, α), [(1 − λ, µ)]r, (0, 1)





×M{tβf(t);S}.

Theorem 17. Laplace transform of the operator
(

Eγ,δ
α,β,λ,µ,ω;0+

f
)

(x) given by

L

{

(Eγ,δ
α,β,λ,µ,ω;0+

f)(x);P

}

=
[Γ(λ)]r

[Γ(γ)]s P β s+1ψr+1





[(γ, q)]s, (1, 1); ω/Pα

[(λ, µ)]r, (1, 1);



F (P ),

where (ℜ(α) > 0,ℜ(β) > 0,ℜ(γ) > 0); ℜ(p) > |ω|1/ℜ(α) and F(P) is the Laplace transform

of f(t), defined by

L{f(t);P} = F (P ) =
∞
∫

0

e−P tf(t) dt,

where ℜ(P ) > 0 and the integral is convergent.

With the aid of Riemann-Liouville fractional integral operator, the Kober fractional
integral operator and fractional differential operator of arbitrary order, some properties
are derived. One of them is

Theorem 18. Let a ∈ R+ = [0,∞), α, β, γ, λ, η ∈ C, ℜ(α, β, γ, λ, η) > 0; δ, µ > 0 for

x > a, then
(

Iη
a+(t− a)β−1Eγ,δ

α,β,λ,µ(ω(t− a)α; s, r)

)

(x) = (x− a)(η+β−1) Eγ,δ
α,β+η,λ,µ(ω(x− a)α; s, r),

9



and
(

Dη
a+(t− a)β−1Eγ,δ

α,β,λ,µ(ω(c(t− a))α; s, r)

)

(x) = (x− a)(β−η−1)Eγ,δ
α,β−η,λ,µ(ω(x− a)α; s, r).

The following thorem states the integro-differential equation.

Theorem 19. If 0 < η < 1, 0 ≤ ν ≤ 1, ω, ξ ∈ C, ℜ(α) > max{0,ℜ(δ) − 1}

and min{ℜ(β, γ, λ, µ)} > 0 then

(

Dη, ν
0+ y

)

(x) = ξ

(

Eγ,δ
α,β,λ,µ,ω;0+

)

(x) + f(x) (23)

with the initial condition
(

I
(1−ν)(1−η)
0+ y

)

(0+) = C,

has solution in the space L(0,∞) given by

y(x) = C
xη−ν(1−η)−1

Γ(η − ν + ην)
+ ξ xη+β Eγ,δ

α,β+η+1,λ,µ

(

ωxα
)

+
1

Γ(η)

x
∫

0

(x− t)η−1 f(t) dt, (24)

where C is arbitrary constant.

(A piece of the content of this work has been published in the journal: “Ukrainian
Mathematical Journal, Vol. 66, No. 8, January, 2015, 1267-1280”)
MR ♯ 3334434

The q-analogues of the results of Chapter 4 are incorporated in Chapter 5.
The following operators are defined.

(

qE
γ,δ
α,β,λ,µ,ω;a+f

)

(x) =
x
∫

a

(x− |tq)β−1 E
γ,δ
α,β,λ,µ(ω(x− tqβ)α; s, r|q) f(t) dqt, (25)

where α, β, γ, λ, δ, µ ∈ N, α2 + rµ2 − sδ2 + 1 > 0, ω ∈ C and x > a,
and

(

qe
γ,δ
α,β,λ,µ,ω;a+f

)

(x) =
x
∫

a

(x− |tq)β−1 e
γ,δ
α,β,λ,µ(ω(x− tqβ)α; s, r|q) f(t) dqt, (26)

where, α, β, γ, λ, δ, µ ∈ N,
∣

∣

∣(1 − q)α+rµ−sδ+1
∣

∣

∣ < 1, ω ∈ C and x > a.

The function f(t) is chosen suitably so as to ensure the existence of these operators. Then
with the aid of q-analogue of Riemann-Liouville fractional integral operator, q-analogue
of the Kober fractional integral operator and fractional q-differential operator of arbitrary
order, some properties are studied. One such result is stated as

10



Theorem 20. Let a ∈ [0,∞) and α, β, γ, λ, δ, µ ∈ N, η ∈ R>0 then for x > a
(

qI
η
a+[t− |a]β−1 E

γ,δ
α,β,λ,µ(ω[t− |aqβ−1]α; s, r|q)

)

(x)

= [x− |a]β+η−1 E
γ,δ
α,β+η,λ,µ(ω [x− |aqβ+η−1]α; s, r|q), (27)

and
(

qD
η
a+[t− |a]β−1 E

γ,δ
α,β,λ,µ(ω[t− |aqβ−1]α; s, r|q)

)

(x)

= [x− |a]β−η−1 E
γ,δ
α,β−η,λ,µ(ω[x− |aqβ−η−1]α; s, r|q). (28)

The q-integro-differential equations are also derived. The one is stated below.

Theorem 21. If 0 < η < 1, 0 ≤ ν ≤ 1, ω, ξ ∈ C, α > max{0, δ − 1} then
(

qD
η, ν
0+ y

)

(x) = ξ

(

qE
γ, δ
α,β,λ,µ,ω;0+

)

(x) + f(x) (29)

with the initial condition
(

qI0 +(1−ν)(1−η) y

)

(0+) = C, (30)

has solution

y(x) = C
q(η−ν(1−η))(η−ν(1−η)−1)/2

Γq(η − ν(1 − η))
(1 − q)1−η+ν−ηνxη−ν(1−η)−1 + ξ xβ+η

×(1 − q)−η−1qη(η+1)/2+β(η+1) Eγ, δ
α, β+η+1, λ, µ (ω (xqη+1)α; s, r|q)

+
(1 − q)1 − η qη(η−1)/2

Γq(η)

x
∫

0

f(t)(x− |tq)η−1 dqt, (31)

in the space L(0,∞) wherein C is arbitrary constant.

In Chapter 6, the well known Konhauser Polynomial [6]

Zµ
m(x; k) =

Γ(km+ µ+ 1)
Γ(m+ 1)

m
∑

n=0

(−1)n





m

n





xkn

Γ(kn+ µ+ 1)
, ℜ(µ) > −1, (32)

is extended with the aid of the function (1) by taking γ = −m, a negative integer,
replacing β by β + 1 and z by real variable x. This leads one to a generalized structure
of Konhauser polynomial in the form:

B
(α,β,λ,µ)
m∗ (xk; s, r) =

Γ(αm+ β + 1)
(m!)s

m∗

∑

n=0

[(−m)δn]s xkn

Γ(αn+ β + 1)[(λ)µn]r n!
, (33)

in which α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, and m∗ = [m
δ

] denotes the integral
part of m

δ
.

This polynomial is referred to as Generalized Konhauser polynomial, briefly GKP.
For this polynomial, several properties involving inequalities are obtained which yield as
particular cases, the generating function relations and finite summation formulae. The
differential equation obtained is stated here as

11



Theorem 22. If α, β, λ, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0} and the operator Θ is defined

by Θf(x) = x d
dx
f(x) then U = B

(α,β,λ,µ)
m∗ (xk; s, r) satisfies the equation











α−1
∏

j=0

(

1
k

Θ +
β + j

α
− 1

)













µ−1
∏

i=0

(

1
k

Θ +
λ+ i

µ
− 1

)r






Θ

−
δsδ k

αα µrµ
xk

{

δ−1
∏

l=0

(

1
k

Θ +
−m+ l

δ

)s}


U = 0. (34)

The presence of parameter s yields an unusual inverse series relations involving the
polynomial (33). In fact for s = 1, the usual inverse series relation occurs whereas for
other values of s, the series relations involve the inequality.
If the real valued functions f(x, n; s) and g(x, n; s), s ∈ N \ {1} are such that f(x, n; s) <
B

(α,β,λ,µ)
n∗ (xk; s, r) and g(x, n; s) > B

(α,β,λ,µ)
n∗ (xk; s, r), then one finds the following inequal-

ity relations.

Theorem 23. Let f(x, n; s) and g(x, n; s) be real valued functions, α, β, λ > 0, and

µ, k ∈ N, r ∈ N ∪ {0}. If s is odd positive integer and m, (n−a non negative integer) are

even positive integers, then

f(x, n; s) < B
(α,β,λ,µ)
n∗ (xk; s, r) (35)

implies

xkn >
Γ(αn+ β + 1) [(λ)µn]r n!

(mn!)s

mn
∑

j=0

[(−mn)j]
s

Γ(αj + β + 1) j!
f(x, j; s); (36)

and

xkn <
Γ(αn+ β + 1) [(λ)µn]r n!

(mn!)s

mn
∑

j=0

[(−mn)j]
s

Γ(αj + β + 1) j!
g(x, j; s), (37)

implies

g(x, n; s) > B
(α,β,λ,µ)
n∗ (xk; s, r). (38)

Towards the converse of these inequality relations, the following are obtained.

Theorem 24. Let f(x, n; s) and g(x, n; s) be real valued functions, α, β, λ > 0, and

µ, k ∈ N, r ∈ N ∪ {0}. If either s is an even positive integer or s,m, (n−a non negative

integer) are all odd positive integers, then

xkn >
Γ(αn+ β + 1) [(λ)µn]r n!

(mn!)s

mn
∑

j=0

[(−mn)j]
s

Γ(αj + β + 1) j!
f(x, j; s) (39)

implies

f(x, n; s) < B
(α,β,λ,µ)
n∗ (xk; s, r); (40)

12



and

g(x, n; s) > B
(α,β,λ,µ)
n∗ (xk; s, r) (41)

implies

xkn <
Γ(αn+ β + 1) [(λ)µn]r n!

(mn!)s

mn
∑

j=0

[(−mn)j]
s

Γ(αj + β + 1) j!
g(x, j; s). (42)

For s = 1, one obtains the following inverse series relations for the polynomial (33).

Theorem 25. For α, β, λ > 0,m, µ, k ∈ N, r ∈ N ∪ {0},

B
(α,β,λ,µ)
n∗ (xk; 1, r) =

Γ(αn+ β + 1)
n!

[n/m]
∑

j=0

(−n)mj x
kj

Γ(αj + β + 1) [(λ)µj]
r j!

(43)

if and only if

xkn

n!
=

Γ(αn+ β + 1) [(λ)µn]r

(mn)!

mn
∑

j=0

(−mn)j

Γ(αj + β + 1)
B

(α,β,λ,µ)
j∗ (xk; 1, r), (44)

and for n 6= ml, l ∈ N,

n
∑

j=0

(−n)j

Γ(αj + β + 1)
B

(α,β,λ,µ)
j∗ (xk; 1, r) = 0. (45)

Also, one of the series inequalities involving the polynomial (33) with positive terms

is obtained as.

Theorem 26. If α, β, λ, σ, x > 0, δ, µ,m, k, s ∈ N, r ∈ N∪{0}, 0 < t < 1, and p = δsδ

αα µrµ

as before, then the following series inequalities hold.

∞
∑

m=0

B
(α,β,λ,m)
m∗ (xk; s, r)

(β + 1)αm

tms

≤ ets
0Fα+rµ





−; xk

αα µµ (−t)sδ

∆(α; β + 1), ∆(µ;λ)r,



, (46)

∞
∑

m=0

((σ)m)s

(β + 1)αm

B
(α,β,λ,µ)
m∗ (xk; s, r) tms

≤ (1 − t)−sσ
sδFα+rµ





∆(δ;σ)s; pxk
(

−t
1−t

)sδ

∆(α; β + 1), ∆(µ;λ)r;



, (47)

and

∞
∑

m=0

((σ)m)s

Γ(αm+ β + 1)
B

(α,β,λ,µ)
m∗ (xk; s, r) tms

≤ (1 − t)−sσEσ,δ
α, β+1, λ, µ

(

xk
(

−t

1 − t

)sδ

; s, r

)

. (48)
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The generating function relation follows at once when s = 1. One more finite series
inequality involving GKP is given in

Theorem 27. If β, λ > 0, δ, µ, k,m, s, w ∈ N, r ∈ N∪{0}, −1 < w
(

(

y
k

)
k
sδ −

(

x
k

)
k
sδ

)

< 0
then

B
(k,β,λ,µ)
m∗ (xk; s, r) ≤

(

x

y

)
km

δ m
∑

j=0





β + km

kj





(kj)!
j!

(

(

y

x

)
k
δ

− 1

)j

×B
(k,β,λ,µ)
(m−j)∗ (yk; s, r). (49)

The q-extension of (33) is defined in Chapter 7. Throughout this work, (α; q)n will be
abbreviated as [α]n. In parallel to the two q-exponential functions, there are two q-forms
of (33) are defined.

Definition 5. For α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, m∗ = [m
δ

], the integral part

of m
δ
, define

B
(α,β,λ,µ)
m∗ (xk; s, r|q) =

(qβ+1; q)αm

[(qk; qk)m]s

m∗

∑

n=0

qskδn(m+(δnk−1)/2) qδn(α(β+1)+rµλ)

(qβ+1; q)αn [(qλ; q)µn]r

×
[(q−mk; qk)δn]s xkn

(qk; qk)n

. (50)

Definition 6. For α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, m∗ = [m
δ

], the integral part

of m
δ
, define

b
(α,β,λ,µ)
m∗ (xk; s, r|q) =

(qβ+1; q)αm

[(qk; qk)m]s

m∗

∑

n=0

[(q−mk; qk)δn]s xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

. (51)

Henceforth the polynomials in (50) and (51) will be referred to as q-GKP.
By taking m → ∞ in (50), one gets

lim
m→∞

B
(α,β,λ,µ)
m∗ (xk; s, r|q) = B(α,β,λ,µ)

∞ (xk; s, r|q). (52)

This is taken up in

Theorem 28. Let

B
(α,β,λ,µ)
m∗ (xk; s, r|q) =

[qβ+1]αm

[(qk; qk)m]s

m∗

∑

n=0

qs(kδn(kδn−1)/2+kδnm) qδn(α(β+1)+rµλ)

[qβ+1]αn [[qλ]µn]r

×
[(q−mk; qk)δn]s xkn

(qk; qk)n

. (53)

Then B
(α,β,λ,µ)
m∗ (xk; s, r|q) approaches as limit m → ∞ in any bounded domain to the entire

function

B(α,β,λ,µ)
∞ (xk; s, r|q) =

[qβ+1]∞
[(qk; qk)∞]s

∞
∑

n=0

(−1)sδn qs(kδn(kδn−1)/2+kδn(δn−1)/2)

[qβ+1]αn [[qλ]µn]r

×
qδn(α(β+1)+rµλ) xkn

(qk; qk)n

. (54)
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Theorem 29. Let α, β, λ,m, δ, µ, k, s ∈ N, r ∈ N∪{0}, m∗ = [m
δ

] then B
(α,β,λ,µ)
m∗ (xk; s, r|q)

satisfies the equation

[

Φ(µ,λ,η;r)
ℓ,κ Φ(α,β+1,σ;1)

h,g Θ
]

B
(α,β,λ,µ)
m∗ (xk; s, r|q)

−xk qs(kδ(kδ−1)/2)+skδm Ψ(δk,−mk,χ;s)
j,i B

(α,β,λ,µ)
m∗ (xkqs(kδ)2

; s, r|q) = 0, (55)

where χ is (δk)th root of unity, η is µth root of unity, σ is αth root of unity.

Theorem 30. Let α, β, λ,m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, m∗ = [m
δ

] then the difference

equation satisfied by W = b
(α,β,λ,µ)
m∗ (xk; s, r|q) is

[

Φ(µ,λ,η;r)
ℓ,κ Φ(α,β+1,σ;1)

h,g Θ − xk Ψ(δk,−mk,χ;s)
j,i

]

W = 0, (56)

where χ is (δk)th root of unity, η is µth root of unity, σ is αth root of unity.

If the real valued functions F (x, n; s|q), G(x, n; s|q), f(x, n; s|q), g(x, n; s|q), where
s ∈ N \ {1} are such that

F (x, n; s|q) < B
(α,β,λ,µ)
n∗ (xk; s, r|q), G(x, n; s|q) > B

(α,β,λ,µ)
n∗ (xk; s, r|q),

f(x, n; s|q) < b
(α,β,λ,µ)
n∗ (xk; s, r|q), g(x, n; s|q) > b

(α,β,λ,µ)
n∗ (xk; s, r|q)

then there hold the following inequality relations.

Theorem 31. Let F (x, n; s|q) and G(x, n; s|q) be real valued functions, α, β, λ > 0, and

µ, k ∈ N, r ∈ N ∪ {0}. If s is odd positive integer and m, (n−a non negative integer) are

even positive integers, then

F (x, n; s|q) < B
(α,β,λ,µ)
n∗ (xk; s, r|q) (57)

implies

xkn >
q−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

[(qk; qk)mn]s

×
mn
∑

j=0

qskj [(q−kmn; qk)j]s

(qβ+1; q)αj

F (x, j; s|q); (58)

and

xkn <
q−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

[(qk; qk)mn]s

×
mn
∑

j=0

qskj [(q−kmn; qk)j]s

(qβ+1; q)αj

G(x, j; s|q) (59)

implies

G(x, n; s|q) > B
(α,β,λ,µ)
n∗ (xk; s, r|q). (60)
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Towards the converse of these inequality relations, one can obtain the following theo-
rem.

Theorem 32. Let F (x, n; s|q) and G(x, n; s|q) be real valued functions, α, β, λ > 0, and

µ, k ∈ N, r ∈ N ∪ {0}. If either s is an even positive integer or s,m, (n−a non negative

integer) are all odd positive integers, then

xkn >
q−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

[(qk; qk)mn]s

×
mn
∑

j=0

qskj [(q−kmn; qk)j]s

(qβ+1; q)αj

F (x, j; s|q) (61)

implies

F (x, n; s|q) < B
(α,β,λ,µ)
n∗ (xk; s, r|q); (62)

and

G(x, n; s|q) > B
(α,β,λ,µ)
n∗ (xk; s, r|q)m (63)

implies

xkn <
q−mn(α(β+1)+rµλ) q−skmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

[(qk; qk)mn]s

×
mn
∑

j=0

qskj [(q−kmn; qk)j]s

(qβ+1; q)αj

G(x, j; s|q)m. (64)

For s = 1, the polynomial (50) yields the following inverse series relation.

Theorem 33. For α, β, λ > 0, m, µ, k ∈ N, r ∈ N ∪ {0},

B
(α,β,λ,µ)
n∗ (xk; 1, r|q) =

(qβ+1; q)αn

(qk; qk)n

[ n
m ]
∑

j=0

qk(mj(mj−1)/2+mjn) qmj(α(β+1)+rµλ)

(qβ+1; q)αj [(qλ; q)µj]r

×
(q−nk; qk)mj x

kj

(qk; qk)j

(65)

if and only if

xkn

(qk; qk)n

=
q−mn(α(β+1)+rµλ) q−kmn(kmn−1)/2 (qβ+1; q)αn [(qλ; q)µn]r

(qk; qk)mn

×
mn
∑

j=0

qkj (q−kmn; qk)j

(qβ+1; q)αj

B
(α,β,λ,µ)
j∗ (xk; 1, r|q), (66)

and for n 6= ml, l ∈ N,

n
∑

j=0

qkj (q−kn; qk)j

(qβ+1; q)αj

B
(α,β,λ,µ)
j∗ (xk; 1, r|q),= 0. (67)
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Similar type of results for inequality relations and inverse series relation, one can
obtain for (51).
Next, the following inequalities contain q-GKP.

Theorem 34. If α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N∪ {0}, 0 < st < 1 then the following

series inequality holds.

∞
∑

m=0

B
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)αm

tms ≤
(

eqk (t)
)s [(qk; qk)∞]s

(qβ+1; q)∞

×B(α,β,λ,µ)
∞ (xk tsδ; s, r|q). (68)

Theorem 35. If α, β, λ > 0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, 0 < t < 1, 0 < st < 1 then

∞
∑

m=0

qskm(m−1)/2 b
(α,β,λ,µ)
m∗ (xk; s, r|q)

(qβ+1; q)αm

tms

≤
(

Eqk(t)
)s

∞
∑

n=0

(−tq−k)sδn xkn

(qβ+1; q)αn [(qλ; q)µn]r (qk; qk)n

. (69)

Theorem 36. If β, λ ∈ R>0, m, δ, µ, k, s ∈ N, r ∈ N ∪ {0}, then

B
(k,β,λ,µ)
m∗ (xk; s, r|q) ≤ (qβ+1; q)km

(

x

y

)
km

δ m
∑

j=0

(−1)j qkj(j−1)/2

(qk; qk)j

×

(

(

y

x

)
k
δ

qk(−j−s+1); qk

)

j

B
(k,β,λ,µ)
(m−j)∗ (yk; s, r|q)

(qβ+1; q)k(m−j)

. (70)

b
(α,β,λ,µ)
m∗ (xk; s, r|q) ≤

(

x

y

)
km

δ m
∑

j=0

(−1)jqskj(j+1)/2−skmj (qβ+1; q)km

(qβ+1; q)k(m−j) (qk; qk)j

(

x

k

)
kj
δ

×

(

(

y

x

)
k
δ

qk(1−s); qk

)

j

b
(α,β,λ,µ)
(m−j)∗ (yk; s, r|q). (71)
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