Chapter 2

Generalized Mittag-Lefller

function

2.1 Introduction

The well known Mittag-Leffler function [47]

Eo(z) = ZF(#HH) (2.1.1)

n=0

where z is a complex variable and o € C, R(a) > 0 was generalized by Wiman
[94] in 1905 in the form:

Bup(z) =3 F(#’;B), R(a, B) > 0, (2.1.2)

n=0
which is known as Wiman’s function or generalized Mittag-Leffler function.

Note 2.1.1. E, 1(z) = E,(2).
In 1971, Prabhakar [56] introduced its extension:

2 s(2) = Z%% (2.1.3)

wherein R(a, 8,7) > 0.

Note 2.1.2. E! 5(z) = Eqp(2).

18
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In 2007, Shukla and Prajapati [73] introduced the function:

'I’L

;I‘ om—i—ﬁ )n!’ (2.1.4)

in which «, 5,7 € C; R(«,3,7) >0 and ¢ € (0,1) UN.
Note 2.1.3. E)(2) = E] 4(2).

In the present work, the following function is defined and studied [59]:

Definition 2.1.1. For o, 5,v,A € C, R(«a, 5,7,A) >0, d,u > 0,7 € {—-1,0} U
N, s e NU{0}

5 , e °
Frbanli0:0) = 2 B ) (O (2.15)

Note 2.1.4. E71

asau(2:1,0) = E7E(z).

The objective of constructing this function is to
(i) include certain existing generalizations of Mittag-Leffler function,
(ii) also include the functions such as Bessel Maitland function, Dotsenko func-
tion, Bessel function, generalized Bessel Maitland function, Lommel function etc.
especially by means of parameters r,v, A (Table-1 below)
(iii) obtain inverse inequality relations and some other inequalities by means of

the integer 's’
Definition 2.1.2. Bessel-Maitland function [24, Eq.(1.7.8), p.19] :

’I’L

nzofy—l—n,u—i—l)

Zn

Definition 2.1.3. Dotsenko function [24, Eq.(1.8.9), p.24] :

L(e) =T(a+n)(b+n2)"
['(c+n%) n!

oRi(a,b;c,w;v;2) =

b

n:(]

A particular form (m = 2) of extension of Mittag-Leffler function due to

Saxena and Nishimoto [69] given by
Definition 2.1.4.

n

_ - (V)Kn Z
’YK[(OéJ?BJ 1.2; % _ZF Oéln—i—/Bl) (agn—i—ﬁz)ﬁ’

n=
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where 2,7, a;, B; € C,R(oq + o) > R(K) — 1, R(K) > 0.

Definition 2.1.5. The Elliptic function [41, Eq.(1), p.211] :
11, 72
T 5, 5 K
Kk)y=Z,m (2 .
CRNIEER

All these functions are tabulated below as particular cases of (2.1.5).

Table-1
Function r [s| « G Y16 | A 7
Mittag-Leftler 011 « 1 111 - -
Wiman 011 Q@ B 111 ] - -
Prabhakar 011 o B vy 1| - -
Shukla and 01 a Io; vyl q/| - -
Prajapati
Bessel-Maitland | 0 | 0 I v+1 | - | - - -
Dotsenko 11| w/y c al|l]|b|wr
Saxena- 111 oy 51 v | K| By | as
Nishimoto
Elliptic 111 I

The purpose of consideration of the parameters 'r’ and 's’ is now clear from the
above table (Table-1). Also, the parameter 's’ plays a vital roll in deriving certain
inequalities (Chapter-6 and Chapter-7).

2.2 Main results

For the function (2.1.5), the absolute convergence test is first taken up. The
subsequent properties include order of the function (2.1.5) and its type, asymp-
totic estimate, differential equation, Eigen function property and Mellin-Barnes
contour integral representation. Certain mixed recurrence type relations are also
derived; and the results involving integral transforms namely, Euler-Beta trans-
form, Mellin-Barnes transform, Laplace transform and Whittaker transform are
recorded. Alternative representation of (2.1.5) as generalized hypergeometric func-

tion, Fox H-function, Wright function are also illustrated.
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2.2.1 Convergence

Theorem 2.2.1. The series represented by the function Eg:g,x,u@'? s,1) is conver-
gent for R(a) + ru—sd +1> 0.

Proof. Take

[(7)671]8
I'(an + B) [(A) )" n!
_ [Ty +on)]* [TV (2.2.1)
[T(y)]* T(an + B) DA+ pn)]" T(n + 1) -

Now by using the Stirling’s asymptotic formula (1.2.7) of the Gamma-function for

large |z|, one gets

S

( 27 e~ (rton) ( 4 §ip)Hon— 1/2)
<\/§e—77’7—1/2) ( 27re—(a”+f3)(om+B)0‘”+5—1/2)
( o e—)\)\/\—l/Q)T
X '
(V2 et (A 4 pn) =12 (\/2me~(m4D) (n + 1)n+1/2)
_5ns (571) s(y+dn—1/2) (1+ %)s(7+§n—1/2)
)an+ﬂ—1/2

Un

T 73(7*1/2) ef(oerB) (an>an+571/2 (1 + B

\r(A-1/2) (1+ ) (n+1/2?m

r(A+un—1/2)

X .
e pnr (un)r()‘+“”_1/2) <1 + R) e—n npntl/2

Hence

e—ons (0n)* s(y+0n—1/2) (1 i %)s(7+6n—1/2)

2 y5(r=1/2) e*(anJrﬁ)(Om)anJrB*l/ 2(1+4 ﬁ)anw—l/z

3=

A= 1/2)( —(n+1/2)

X

e—pnr (Mn)r()\—i—un 1/2) (

r(Apun—1/2)
) e /2 e~ nn+1/2
)

—86 2 (y+6n—1 2 (y+6n—1/2)
(& ((Sn)n '7+ / (]_ + 5n)
(27r) (=12 g=qlanth) (gp)7(ant+s-1/2) (1+ ﬁﬁ(anwﬂ/z)

X

ARO=1/2) (1 4 ;)—%<n+1/2>

=i (pun)w M en=1/2) (1 4+ A Y el i (nt1/2)
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Now making limit as n — oo, this gives

+ru—sd+1 §sd
. 1 e® ) i
lim |u,|» = |———— sd—a—ru=1

lim |n
n—oo

n—o0

ac e
€§R(a)+ru—s5+15s5

= lim n

= 56—9‘3(04)—7"/1—1‘
{R(a)} (o) ke n—oo

Hence the series of (2.1.5) converges absolutely when R(a) + ru+ 1 > s6.
[l

Theorem 2.2.2. Let R(a, B,7,\) > 0, R(a) +rpu—sd+1>0, o, u >0, r €
{-1,0} UN, s € NU{0}. Then Eg:g)w(z;s,r) is an entire function of order

=L _ gndt 1\
Q= R(a)+ru—sd+1 ana type 0 = o \ {R(a) @ yru ) -

Proof. The Stirling’s asymptotic formula (1.2.7) of the Gamma-function for large

|z| when applied to the general term

[(7)sn)°
L(an + B) [(A)um]" n!’
[[(y +6n)]* TN
[L(V)]* Tlan + 8) LA+ pn)]” T(n+1)°

Unp

gives

( 27 e=(+0m) (o 4 5n)'y+5n71/2)3
(\/ 2m e 77—1/2)5 ( 271 e—(an+p) (om + ﬁ)an+ﬁ—1/2)
y ( /o e )\)\—1/2)7'

(V2 e=Otmn) (X + Mn)/\ﬂm—l/?)r (\/ﬂ e~ (1) (4 1)n+1/2)
—ons s on— s(y+on—1/2)
eI () D (14 1)

15(1=1/2)\/27 e~(an+8) (qup)an+B-1/2 (1+£)an+ﬂ—1/2
\r(A-1/2) (1 LA )_’"(““”‘1/2)

un

e (pun)rO+rn=1/2) \[ome—n pr+1/2 (1 + 1)n+1/2'

n

Uy

X

If R is the radius of convergence of the series of ng“ u(z; s,r), then with the use

of Cauchy-Hadamard formula:

= lim sup {/|uy]|.
n—o0

==
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one obtains

ea—&—r,u—s&—f—lésé

1
— = ] s0—oa—rpu—1
- e L
R(a)+rp—sé+1 §s6
— € (@) HQR 0 lim nsSfﬂ?(a)fr,ufl
(R(@) P o n
= 0

when R(a) +ru — sé + 1 > 0. Therefore, the above function (2.1.5) turns out to
be an entire function.
In order to determine its order, one may use the result [7, Eq.(1.1)] which states

that if f(z) = > w,2™ is an entire function then the order o( f) of f is given by
n=0

7, Ba.(12) |
. n logn
Q(f) = lim sup m

n—oo

By choosing f(z) = Egg (258, 7), this particularizes to

logn
E'Yvé . — l n—
o( a,ﬁ,z\,u(z’s’r)) i, SUP log(1/|unl|)’

L)) Tlan+p) LA+ pn)]" T(n 4+ 1)
(v +on))* [TA))
(\/ﬂ e~ th) (am + 5)om+5—1/2) (\/% 6—777—1/2)3
(V27 e~ () (5 + Gn)rin=1/2)°
y (\/ﬁ e~ (Atun) ()\ =+ un)kﬂm—lp)r (\/% o—(n+1) (n + 1)n+1/2)
(V2 e )\A—l/Q)T

1
10g <m) = log

~ log

= log 2 ,ys(’Y—l/?) esén—om—ﬁ—r,un—n (an+ﬁ)(a"+5—1/2)

X()\_i_un)r()\-‘r/m—l/Z) (n_|_ 1)n+1/2

. log }(7 + 6n)8(’y+5n71/2))\r()\71/2)|

= lOg <27T |,y|s§)?(’y—1/2) e?R(s&n—an—ﬁ—run—n) |an+6|§)‘i(an+ﬂ—l/2)

X|)\+Mn|r§R(>\+un—1/2) (TL+ 1>n+1/2>

o IOg (h/ + 5n‘s§R('y+5n—1/2)’)\|T§R(A—1/2))
= log(2m) + sR(y — 1/2)log |y| + R(sdn — an — f —run — n)
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+R(an + B —1/2)log |an + S| + rR(A + un — 1/2) log |X + un
+(n+1/2)log(n+ 1) — sR(y + dn — 1/2) log |y + on|
—rR(A —1/2)log |A|. (2.2.2)

Hence,

— = lim sup (M) =R(a) +rpu— s+ 1.

0 n—00 n log n

Thus the order of the function (2.1.5) is

1
= ) 2.2.3
¢ R(a) +ru—so+1 ( )
The type o of the function (2.1.5) is given by
EY, (2 Ly ofn 2.2.4
o Olﬂ)\u(z,s,r))—e—gnl_}rxolosup n |y, . (2.2.4)

The limit on the right hand side may be computed as follows.

Consider
| = ' Iy +on)]* [TA)]
" D(an + B) [T(A + pun)]" T'(n+ 1)

2me= 0 H0m) (o 4 §n )1 HOn=12)° (\/2mem 1 —1/2) T
~ ' \/%6 (ant8) (qn + B)on+b- 1/2)
(Vame a-1/2)"
X (\/%6_(““”)()‘ + lm)wr;m—l/z)T ( ome=(n+1) (n + 1)n+1—1/2)

1 ean+,6’+run—55n+n—l (5n)5(7+5n—1/2)

2T (Om)anJrﬁ—l/Q (1_1_0%)
AT(A-1/2) (1+ 61)8(7+5n—1/2)
) r(A+pun—1/2)

an+f—1/2 75(771/2)

X

(Mn)r(/\-i-un—l/Q) <1 + A (TL + 1)n+1/2

un

On substituting this on the right hand side of (2.2.4) and using (2.2.3), one gets
685 e

lim sup (n \un\g/"> = p0(R(a) +ru—ss+1)

o (R(0)} o

s6—R(a)—rp—1)+1 ]

x lim no
n—oo
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536 e
({%(a)}%) u"”) . (2.2.5)

For every positive €, from the equation (1.2.15) the asymptotic estimate is given
by

This gives

76 .
T(Eqpaulz:8,7)) =

ISR

E;Z:g’,/\,p(z; S, T)

<exp((o+e)[2]%), |z =r0>0 (2.2.6)
with g, 0 as in (2.2.3), (2.2.5) and for |z| > ro(€), where 7¢(€) is sufficiently large.

]

2.2.2 Differential equation

By assuming the following notations for the indicated operator expressions:

s (l—l . m
o—:p pD-L 0% =P A@’b%m):H g ot
’ dz'  a® pre o a ’
j=0
a—1

. b m
it =TT [(9+ :‘7 —~ 1)} : (2.2.7)
=0

the differential equation satisfied by the function (2.1.5) is derived below.

Theorem 2.2.3. Let o, p, 6 € N then y = EZZZ,AM(Z; s,1) satisfies the equation

. 0B 655 )
|:T§€u,)\7 ) T; 7Byl) 0 —z A((S7’Y,S):| y = O

2.2.8
o A 229

Proof. The function

2= (B [Ny 1
I =i () (S I o (G S
L(B) &= aon(E), (B, (=)

o n
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is put in the form

—~ B, C, n!
by taking
1 6—1 N+ m s a—1 5+] p—1 A+ k r
T/ o\ = ATU - = Bn7 - - Cn
F<5) m—=0 0 n =0 a n k=0 ® n
(2.2.10)
Now,
=\ A, P"
Oy = = 0 2"
YT LB Gl
B f: A, P 27
“—~ B, Cy (n—1)!
Further,

. > A, P Yy B+
T gy = " 0 —1) 2"
S = ) 56 = 1) * ?

n=1"_""" j=0 a
o] An Pn a—1 + ]

= E L 1)
2 B G T (7” o :
n=1 7=0

Finally,
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> A, P
_;BnlC —

<. A, P" 2"
- ZBnlCnln—l)

On the other hand,

— A, P"
A6738) _ _tms
mo Y 2% B, C, n!

o AP Y
N n:anC"n!

. iAn_FanZ
n — B, C, n!’

whence

o0 A Pn+1 Zn+1
Py AGYs) o — n+1 '
“5m Y HZ:O B, C, n!

Now (3.2.17) follows on comparing (2.2.11) and (2.2.12).

2.2.3 Eigen function property

(2.2.11)

(2.2.12)

In deriving the eigen function property for the function (2.1.5), the following op-

erators are required.

and

Qox =P ' D @éim—s)rlg#«\;r)Tgaﬁ;l).

Here the operators 657, T4, T4

the operator D.

(2.2.13)

(2.2.14)

n (2.2.14) are not commutative with

Theorem 2.2.4. Let o, ji,0 € N then Egﬁ/\#(z;s,r) is an eigen function with

respect to the operator Qeo.x as defined by (2.2.14).
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That s,
Qo;x <EZZZ,M(CZ;87T)> =G Egjg,A,u(CZ;S,r). (2.2.15)

Proof. In view of (2.2.7), (2.2.13) and (2.2.14),

Now

ZOO A, (CP)" B+ n

= > —Bn On n' 11 <n + —a - 1) z
— A, ((P)" 2"

_ Z——

0 Bn—l Cn n! '

Next

. . <A, (CP)" T A+ k ’
p{uin Tga’ﬂ’l)w _ ZBn(C ) KQJFL_lﬂ o

—0 n—1 Cn TL' k=0 H
<A, (CP)" T A+ k "
—0 n—1 Lpn TV k=0 2
o A, (P
B —0 Bn—l On—l n!
Further using (2.2.13),
_ . : = A, (CP)" _
(8,v;—s) T(u,)\,r) T(Qﬁ’l) _ n (8,7;—s) n
@m F J v n=0 Bn—l Cn—l n! @m ©
= A (CP) K T+ )}
= —_— -0+ — -1 2"
; anl Cn,1 n! iy 0
RN VR (9 K = 8 VSN B B R
= b oo W)
n=0 7=0

o An1 (CP)" 2"
n—=0 Bn—l Cn—l n'
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Finally,
Qg;¥~78;a767u7A7T) w — P—l D @g’g,’y,—s) T](CM7A7T) T§a7671)
> An, n pn-—1
= Anoy 0 P D 2"
—0 anl Cnfl n!

B iAn—l Cn pr—1  .n-1
1 Bn—l Cn—l (TL - ].)'

B f: An Cn—i—l Pnoon

B ~ B,C, nl

= C Ezgk;;(CZ) 877“)’

2.2.4 Mellin-Barnes integral representation

It is known that ([63, p.94], [78, p.109]) the integration of a group of Gamma

functions of the form:

C(a+s) T'(—s)
I'(b+s)

g(s), say,

can be evaluated along Barnes path in s-plane which comes from —ioo and proceeds
towards +ioo, keeping the poles of I'(a + s) to its left side and the poles of I'(—s)
to its right side. In the following theorem, the function (2.1.5) is expressed as

integral over such path.

Theorem 2.2.5. Let o, 6,0 > 0; 5,7, € C, with R(B,v,\) > 0. Then the

function E7ﬂ )\M(z s,1) is expressible as the Mellin - Barnes integral given by

IOV / [(s) I -95)
(8

E;Z,B)\,u(z;57r) =

27 [[(7)]* J —aS) (A —puS))r
[C(y =39))° (—2)~°
e ds, (2.2.16)

where |argz| < m; the contour L of integration begins from —ioco and proceeds
towards +i0co, and is indented to keep the poles at S = —n of integrand to the left;
and the poles at S = (v +mn)/d to the right of the path, for all n € Ny,
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Proof. The integral on the right hand side of (2.2.16) may be evaluated as the sum
of the residues at the poles S =0,—1,—-2,....
In fact, in view of the definition of residue,

T3 —aS) IO~ a8 T1—5) "

I = L/F(S) I(1—8) [D(y—09)° (—2)~

271
_ i Res [ [(S)T(A-8) (=2)~°
S=-n [T(F—as) [ —uS) (1 — 8]~ T(1—9)

— . (S +mn) [C(y =S)P° (=2)~°
D Jim =g T(B—aS) (N — pS) T(1 - 8)

< Iy -+ om) .
B Z L(B+an) TN+ un)] T(n+1)

(z;8,71).

2.2.5 Mixed relations

In the notations

EYS  (zisr) = —5EX, (2is.7),

there holds the following mixed relation.

Theorem 2.2.6. For o, 3,7,\ € C, k€N, R(«,5,7,\) > 0,6, u>0,

0
EZ,,@-HC,A,M

7 76 . : ’6 .
= a2 EZ,B-HH—Q,)\,M(Z? S, T’) +az [Ck + Q(B + k)] E(Z,,B-l—k—&—z/\,u(zv S, T)

H(B + 28k + k* = )EL) o n(28.7). (2.2.17)

(z8,71) — EL

a,ﬁ-s-k-i-l,)\,u('z; s,7)

Proof. Here the change is taking place only in the parameter 3, hence the relation

will be obtained in the abbreviated notation:

7,0 . —
B ik u(258,7) = Epyy.
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Now putting

n

[(V)sn)® 2

m:dn, an+ 8 =o(n)

and applying the functional equation: I'(z +1) = =z I'(z), the function Egyy is

expressible as

- 1
Bov = ; T(o(n) + k) n
o0 dn k—1 . -1
- Z% o (n) { 70(0(n) +z)}

With o(n) + i = b;, this takes the form

[e's) k—1 -1
Eppr = ;% {llb} . (2.2.18)

Similarly,

- 1
E = d
print nz T(o(n) +k+1) "

- nior(j&)) W {Hb}

d k—1 Z 0—1 0 nOd k—2 i=0_1
~ 2 T(o(n) {Hb} ‘n;bk [(o(n)) {Hb

This in view of (2.2.18), gives

[e%s) k—2 -1
Epinpy = EM—;Z%FC(ZW {Hb} . (2.2.19)
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This may be considered as

> e A}

=0
= Egyr — Eﬁ+k+1

o) dn k—1 -1 ) dn |
= 2 o) {Hb} =2 o) {H

© S (-0 (T

But since

hence

F
B > (an+5+k—1) [(7)sn]® 2"
a z%F(m+ﬁ+kz+2> [(A) ] 72!

Z om+ﬁ+k:—1) (an+ B+ k) [(7)sn]® 2™
—~ Ilan+ g+ k+2) [(A) yn]™ !

(2.2.20)

(2.2.21)
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Zn

22Fan+ﬁ+k+2) ()] (0 — 1))

G [('7) n]s 2"
F2a(8+8) ) T(an + o 2) ()] (= 1)!

B+ 28k + K — 1) g T(an Tﬁ)ai] k+2) [(A);]r nt

(2.2.22)

The right hand side of (2.2.22) will now be expressed as the derivatives of Eg .
In fact,

2 Epirsa+42 Esinia+ 2Epi040
2

5 d d
= d ——Epiki2 + 4Zd_Eﬁ+k+2 +2 Egiiio

oav [(7)sn)° >
- - nz% T(an+ B+ k +2) [N nldz2

- [(7)sn]® d
+4Z§F(an+ﬁ+k+ )[() nl" pdz T2 B

oo st (n=1) 2
- - HZOF(ovaﬁ—i—k:—i—Z) (M), ]

n—1

an+ f+k+2) [(A)um]" n!
[(Von]* 1 (n—1) 2"
— D(an+ B+ k+2) [(A)u]" n!

o [(7)en]* n 2"
4 2% T(an+ B+ k+2) [(\)m]" n! T2 Epir

+4z Z I'( Sl 2 2 +2 Egipio
n=0 ’

o0

3

o)

[(Van]* 7 2"
Z;ran+ﬁ+k+m[u»wwn—w!

[(V)6n)” 2"
+3Z Tlan AT k+‘52) S 2 Fginpe.  (2.2.23)

This may be written as

n

- (7)sn] z
Z I'( om—l—5+ k+2) [(Nun]" (n—1)!

n=1

[(an)? 2"
32 Nan t 54k +2) [0l (11

(2.2.24)

= 7 Egipyo +42 Egipqo —
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Also,
2 Bpiiia+ B
d
= z d_EB-i-k;—i-Q + Eﬁ+k+2
)M]S d
= E
2% an+ﬁ+k+2) OV mldz T Boris
N [(V)on]* 0 2"
= + F
nzzo Tlan+ B+ k+2) [N n! = PHF2
S [(V)an]* 2"
- + Egipe. (2.2.25)
2 T(an+ B+ k+2) [(N)n]" (n—1)! T
That is,
N [(V)an]* 2" :
=z F . 2.2.26
nz_:l T(an+ B+ k+2) [N (n— 1)1 = 7o+ ( )
Here using this in (2.2.24), one gets
> o
I'( om—l—ﬁ—l—k—i—Z) [(A)n]” (n—1)!
= 2* Egirsr +42 Epirsn — 32B54k4
= Z2 E,B-}—k-‘y—? + z Eﬁ+k+2. (2227)
Finally from (2.2.22), (2.2.26) and (2.2.27), it follows that
Egir — Egirt
= a®2 Egppan +0%2 Egpo+20(B+ k)2 Egppps
(8% 428k + k* — 1) Egyppo
= 0’2 Egipn +azfa+2(8+ k)] Bk
+(B? + 20k + k* — 1) Egypyo. (2.2.28)
[

Theorem 2.2.7. For o, 3,7,\ € C;R(a, B,7,A) > 0 and 6, u > 0, the differential

recurrence relation

d
) . ,0 . .
p Eg,ﬁ—&-l,)\,u(Z?SvT) +az 1 Eg,ﬁ—i-l,)\,u(ZaS?T) Egﬁxu(z,s,r)

holds.
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Proof. Here
d
l.hs. = 8 Ea 311, /\u(Z; s,r) + az e Eg:gﬂ /\u(Z; $,1)
_ 4N Jon]® 2" 45 [(7)an]*(2)
- B;r om+6—|—1) [(N)n]” 7 +azdz;F(an+ﬁ+1) [(N)n]” 7!

s n—1

_ - )on]® 2" [(Y)sn]® n 2"
N ﬁnzzo I'(an + 5 + 1) [(A)un]™ ! + az; F(an+ B +1) [(A) ] n!

=0

_ [(7)an]*(an + 5)="
; I(an+ B4 1) [(A)um]” n!

(e} s.n

_ ()]
= 2 Fan+ ) (0T

= E(Z,B)\,u(za 87T)

= r.h.s.

2.2.5.1 Particular cases

L. Setting r =0,s = 1,0 = ¢,k = 1, (2.2.17), one gets mixed relation for £ §(z)
due to Shukla and Prajapati [76] in the form:

Eg%ﬂ( )_EZ:%H(Z) = o Z2EZ%+3( )+a2[a+2(ﬂ+1)]E{Z%+3( )
+8 (B +2) Elf5(2). (2.2.29)

2. With the substitutions r =0,y =0 =s=k =1, =m € N, (2.2.17) reduces

to a known recurrence relation of E, g(z) due to Gupta and Debnath[20]:

Eom+1(z) = oz2z2]§:’a7m+3(z) + ala+2m+2) z Ea7m+3(z)
+m(m +2) Eqmi3(2) + Eami2(2). (2.2.30)

2.2.6 Integral formula

Theorem 2.2.8. Fora, 3,7,A € C,R(«a, 5,7, A) > 0,0, u > 0,7 € NU{—-1,0},s €
Nu {0},

1
d « ,6 . 7,0 .

/ ket EZﬁ,\#(u ;8,7 du:El,,BJrk,,\,u(LS»?“) - Eaﬁ—i—k-&-l)\#(lvS7r)'(2'2'31)

0
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Proof. Putting z = 1 in (2.2.20), one gets

S ()
> =
= (ant 5+ { T+ 540} Tan+ ) (Wl

=0

_ 7,0 . I R )
= Elsinu(Lisr) = Bl i,

(1;s,7). (2.2.32)
Now

B+k—1 17,8 a.
U Eaﬂ%,_l’)w(u :s,1) du

o,

< [(7)su)* [ oo
N Zr(anww—l)[(xwm!“ T du

n=0

z

[(7)sn)? w1 qy,
{Tan+5+0} ran+5) () o / d

=0
[()an]* 2004
k—2

(an+ 3+ k) {H(an%—ﬁ—i—i)} [(an + B) [(A)um]" n!

1=0

[
NE

3
I
o

I
NE

. (2.2.33)

Il
o

n

Taking z = 1 in (2.2.33), one gets

1
B+k—1 17,6 a.
/ U Eaﬂ’/\,u(u :s,7) du

_ i — (an]? (2.2.34)
= (an+ 6+ 8) {T(n+5+0)} Dlan+5) [l

i=0

On comparing (2.2.32) and (2.2.34), the result follows. O

2.2.6.1 Particular cases

1. Taking r =0,s = 1,0 = ¢ in (2.2.31), one gets (Shukla and Prajapati [76]):

1

/uﬁ EG(u®)du = EJG, (1) — EJG (1. (2.2.35)
0
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2. The substitutions r = 0 and « = = = s = 1 in (2.2.35), yields the formula

1
/ue“du = Ei2(1) — E5(1)
0

for v = 1, whereas for v = 2 it furnishes
1
[uEma = BB - E0).
0

2.2.7 Double series representation

As in Theorem 2.2.2, take

Uy =
and put
*EWSP 2;8,7) U
aﬁ)\u n n

which is valid under the condition R(«) + ru — sé > 0.

Theorem 2.2.9. The function

1 (=1

* s, * 6,p+1

EyS(zs,m) = E e 5! Egﬁ’j\zﬂ(z;s,r). (2.2.36)
i,j=0 N

Proof. Here introducing the function (2.1.5) in the integrand of the integral (1.2.6)
and applying this integral to the identity e7¥e¥ = 1, one gets the integral

o0 o0

/ —tpplemat ”tEggAu(zt;s,r) dt = / R 1Egg/\u(zt;s,r) dt.  (2.2.37)

0 0

—t

Here substituting the corresponding series representations for e=! and e’ on the

left hand side, one gets

o0

l.h.s = /et Pt et et E;gku(zt;s,r) dt

0
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38

0 1=0

et ppriti- 1Egg/\“(zt; s,r)dt

T L > (—1)ix't’ > I 5
- /e typ 1{2T ZT ElG (2t s,m) dt

00
=0 7=0 0/
/0

=0 7=0 J n=0

= f:f: (—1) Lt Zu” / —t pptititn—1 gy
=0 7=0 Z ‘7

= ZZ%TD ’*JZu 2 T(p+i+j+n)
i=0 j=0 Lt n=0

e N GNP R e W (P04 5)n

- ;; i ! x+j;“"2 T(p+i+J)

SIS 1 (_1)1 Y 5
- i+ x proptiti . ‘
;;ﬁ@ﬂ+nmﬂ R CTRD

Likewise,

o

r.h.s. = /e_t te! {Elgm(zt; 377“)} dt

0
oo

= Zun z”/et Pl qe
n=0

0

— Zun C(p+mn) 2"
n=0

“— "TI'(p)
1

= — *EY%% (z:s7).
F(,O) aﬁk,u( )

Consequently, from (2.2.38) and (2.2.39), (2.2.37) yields

r 1) »
"EXO (zs,r) = ZF k) __CL, BT (2;8,m)

a,B8,\u +Z+]) Z' j' B,

4,7=0

Lﬂ * [0, 4]
(P)ivs il J!

I
.Mg

t,j=0

> et pFitj—1 = [(’7)671]8
: {Eszn+6HQ)

B (z;8,71).

/m]r n!

(2t)" } »

(2.2.38)

(2.2.39)

(2.2.40)

]
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2.3 Other results

2.3.1 Differentiation

As the series given in (2.1.5) converges absolutely in any compact subset of C, the

term by term differentiation is permitted and it leads to the following theorem.

Theorem 2.3.1. Ifm € N «, 8, v, A\, € C, R(«a, 5,7,A) >0 and 6, p> 0 then

d\" s [(V)am]” tom.s
(E) E;,B,)\,M(Z;S;T) = [()\)Hm]rEg,ﬁ+am7/\+um,u(2;S7T)7 (2.3.1)

d\" . . )
(E) l p—1 Egg’,\u(wz ;S,T)] LP—m=1 Eg‘; m)\u(w 2% s,1), (2.3.2)
for R(B —m) > 0.

Proof. Consider the left hand side of (2.3.1), that is,

- - [(7)6(n+m)]s 2"
p> [[(e(n +m) + B)][(A) uin+my) !

N [(V)om]” [(v + Im)sn]"2"
z:% M+ B+ am)] [(Aum]” [(A+ pm)un] n!

Mem]” = 7 +0m)sn)” 2"
T Nl nzg (A + i) )" [C(an + B+ am)] nl
_ [(7)6m]8 E'y+6m,6 (Z; s 7’).

()] Ztemasim
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On
- <di> ; an+/3an[fﬁ>_n?nn!
[y

= 3 e o) ()

oo
n=0
oo

Likewise

A1 E;’g)\#(w zo‘;s,r)}

l—|

I\

[(7)sn]" (w 22)" 28~
= 2 [(

2 [Fan+ 5= m)] [Vl

— ﬁmlEW5

a,
o B (wz ,s,r).

2.3.2 Integral representations

Taking f(z) = Egﬂ/\p(zua; s,r), in the Euler (Beta) transform (1.3), one finds
the following.

Theorem 2.3.2. If o, 5,v,\,0,n,v € C, R(a, 5,7,\,0,mn,v) >0 and§, p >0
then

1
—/uﬁ L1 — )t Ezgku(zu“;s,r) du = E?° (z;8,7), (2.3.3)
0

F(U a,B+n,A,1

1
1 0 « 0
—/z 11— 2)% LEL (L= 2)% s, r)dz = BN (25s,7). (2.3.6)
0
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Proof. For proving (2.3.3), one may begin as follows.

1

L.HS. = ) O/ u? W EL G (zut s r) du
1 / 77 1 © n S U M
- W 0/ v nz% F(an—i—ﬁ [(A) )™ 1! du
_ = [ / an-+ 1 77 1
n nzg [F(om—l—ﬁ " n!l(n /u . du
_ ﬁi [(V)an]® 2" L(n) [[(an + B)]
— [[(an+ B)] [(A)un]” n! T(n) [I'(an + B) + 1]
_ - [(7)571] <z
B ; lan+ 8 +n) [(A)u]" n!
= B s
= R.H.S.

Now, denoting the L. H. S. of (2.3.4) by I, one gets

—Lx:c— (s — )P EY? v(s—1)%s,r)ds
I_F(n)/( 07 s = 1P, (0 (s = 055, d

I PR R O S R R B
- F(n)/ S {Z r<an+ﬁ>[<xwm}d

=0

n=

- Z [(an + ﬁ ]) V]’“n'F( ) / (@ t)”’l(s - t)“”*ﬁflds,

In this, introducing u as a new variable of integration by means of the substitution

s—1
U = )
T —t
one gets,
—t an+pg+n—1
I )

_ - ( —u n—1 uoerﬁfl u
- ;0 (om+ﬁ[)\)un]rnlf(77) 0/(1 ) ‘

n

) i (z — t)om Bt T(p) [D(an + B)]
an+ﬁ[<mymwm [C(an + 5 +n)]

n:O
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_ t)om-i-ﬁ-i-n— 1

= Z Tlon L v : D] (Ol

n—=

,0
= T — )7I+6 ' Eg B+n,A u(l/(‘r - t>a7 S, T)

as desired.
In order to prove (2.3.5), beginning with the integral on the left hand side, one
gets

B lE’Yé

g (Wt s, r)dt

(an + B)] [Nl

n=

[t
:/tﬂl (Wl 7"

- - [('7 an+B—1
— Z[(an+5 N /t dt

n=0 0

o [()snl” zanw(w)
= 2 [an+ ) (W] nllan + 7]

N [(Van]” 22w
Ez[ﬂdn+ﬁ+1ﬂKMmVn

= E(ZﬂJrl)\M(wza;s,r).

n=0

Hence the result.

Next, consider

“\
—_

(0)/Z (1-2)" IEZ%M(JC (1—2)%s,r)dz

1 Lo 2y > (1 — z)omg™ s
N F(J)O/ nz% om+ﬁ [\ ]! d
o S [( an / om—i—ﬁ—lzo—l P
- nZ:O [['(an + ﬁ)] A)un]"n!T (0 0/ ‘
[(7)sn) 2" I'(o)[[(an + B)]

[
Pﬂg

[C(an + B)][(A)m]n!T(0) [[(an + 5) + o]

S
I
o

simplification of above series yields (2.3.6). O
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2.4 Integral transforms

In this section, Euler transform, Laplace transform, Whittaker transform and
Mellin transform are applied on the function (2.1.5).

For convenience, the notation W will be used for (5, «)".

The evaluation will be expressed as the Wright generalized hypergeometric func-

tion [44]:

(al,Al),..., (CL i p aJ+TA)
<b17B1)7"'7 (bq7 q b _'_TB)

qu

2.4.1 The Euler (Beta) transform

Theorem 2.4.1. The Euler (Beta) transform of the function EZB ap(@2758,7) s
given by

1

/z (1—2)"" 1E(Zg/\u(:vz";s,r) dz
0

(77 5)8? (a7 0); xr

- H)JS ? s (B.0), (Mu)s (a+b,o)

where a, 3,7, A, 0,a,b € C, R(a, 8,7, A, 0,a,b) >0 and §, u > 0.

Proof. Here

1

_ / a—1 b—1 = [(Y)6n]® ™2
— 0/ z (1—2) {Z T(an+ 6) (M) n!} dz

_ - [(V)an]* @ Lonta=1(1 _ \b-1 4,
= 2 Tan+ 9 [(A,mrn!/ (1=27"d

n=0 0
o« [(V)6n]” 2"
= 2 Tan s 8) [ oY
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f’: Il(y +dn)* [P(A)]" T'(0) I'(on + a) 2™
[T(7)]* T(an + B) [C(A + un)]'T(on + a + b)n!

— w s (7,6)°,  (a,0); T
Tl 2 (Boa), (), (a+bo):

2.4.2 The Laplace tansform

Theorem 2.4.2. The Laplace transform of the function (2.1.5) is:

[ . T (9"
0/ ST E @) 4 = T enWen|

where a, 5,7, A\, 0,a,b € C, R(a, 5,7, A\, 0,a,b) >0 and §, p > 0.

Proof. Beginning with

a—1 752 ~,0 o.
2 B, (@2%s,7) dz

— Zzz—le—Sz{ [(7)(571] Tz } dz

~
I
\8 0\8

L(an + B)[(A)um]" n!

O

n=

R S S (01 Y U
) Zmanmwwmo/ o

n

B S (01 ALY (SR
%F(anwmmmo/ (t/S)e™" (1/5) di
2

[(V)an]® 2" [(on +a)
(@n + B)[(A)n]" nl Somte

- i [(y +0n)]* [C(N)]" 2™ S=7"* T'(on + a)
= [T(y)]* T(an + B) LA+ pn)]" n!
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2.4.3 The Whittaker transform

In proving the following theorem, the integral formula involving the Whittaker

function:
T L L2+ p+v)I(1/2—-p+v)
v—1 _—t/2 _ + —1/2
/t e 2 Wy u(t) dt T A1) , Ry £ ) > -1/

0

will be used.

Theorem 2.4.3. In the above notation, the Whittaker transform of the function
18:
oo

/ e~ 2L WL (g )Egéﬂ A pWt%;s,m) dt

(v,0)%, (W+v+1/2,0), (Yv—v+1/2,0); pd
(5,0&), (A’”)T7 (¢—U+1>U);

- W
TP ¢ s+2Wrio
where a, 3,7, A, 0,a,b € C, R(e, B,7,\,0,a,b) >0 and §, p > 0.

Proof. Let

o0

I = /e‘qt/2 W, (qt) Eg:éﬁ’ A p(wt7ss,r) dt

0
o0

—qt/2 pp—1 - n® WPt g
- [ S R

0
> wPnter—1 7

—qt/2 tan+¢—1 W £) dt
Zranw [0l 7 e wlat) di,
n= 0

then using the substitution £ = ¢t, this gives

_ S w" g o i —£/2 conty—1
L= Zfan—Fﬁ (A) " n!/e T W (€) A
0

= I 7+5n)] L))" wrg oY
£ [[(y)]* T(an + B) [[(A + pn)]" n!

F(Un+1/)+y—|—1/2) Mlon+v—v+1/2)
I(on+v —n+1)

M
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oy [0 w20, @ovi120); 2
PO ¢ " B ) (¢ —n+10);
O
2.4.4 The Mellin transform
Theorem 2.4.4. The Mellin transform of the function is:
st g ey ar 0($) [y = o))
O/t E g (—wts,r) dt = FT@ta—a—ad) TO— 9" (2.4.1)
where a, B,7, A, S € C, R(a, 5,7,,5) >0, §, u>0.
Proof. Putting z = —wt in (2.2.16) gives
5 , _ [P [ T(S) [Py = 68))° (wt)~®
B (otion) = gt | T= a8 G a8 %
L
_ P gy s
AR L/f (S) t7> dS, (2.4.2)
in which
£(8) = L(S) [L(y = 889)]* (w)™®
LB —aS) [D(A = uS)]"
using (1.4.8) and (1.4.9) in (2.4.2), one arrives at (2.4.1). O

2.5 Relationship with certain known special func-

tions

In the following it is shown that the proposed unified function may be reduced
appropriately to get some special functions such as generalized Konhauser poly-

nomial, Fox H- function, Wright hypergeometric function etc.
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2.5.1 Generalized hypergeometric function

If a, 9, p € N, then (2.1.5) gives

¥}
Ezﬁ,/w(z; 8,7)

T (a)an
« _ n'
n=0 [T (),
j=1
s. 58
— ]' 5 " A((S’ 7) ? #(75“;1, o’
I'(p) 1A B), Al N ’

where A(n; «) stands for the set of n parameters %, O‘T“, - a+2—1_
And A(n; a)® represents n parameters (2)°, (2H)° . (2t2=1)

2.5.2 Generalized Konhauser polynomial

Puttinga =k, B=v+1, y=—-m, r=0, s=1,0 = j, where j,k,m € N, and
replacing 2 by 2z in (2.1.5), one gets

[

<3

]
(—m)jm 2"

Efm,j k. 1.0 — I S LA
k,u+1,/\,u7171(2 11,0) ['(kn+v+1) n!

3
3l
— o

o

_ (—=1)7" m! 1 P
B — (m—jn)! I(kn+v+1) nl
(] .
_ Cm+1) K~ ()" Tkmtv+1)
- T(km+v+1) c—~ (m—jn)! (kn+v+1) nl
F(m + 1) (,,)

= A k 2.5.1

L(km+v +1) [%](Z’ ) (25.1)

(v)

3

k

where Z ](z, k) is a generalized Konhauser polynomial of degree [*] in z".
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In particular, Z,gf)(z, 1) = L%)(z) the Laguerre polynomial, that is,

L(m+1) L)
Em+v+1) ™

B (7:1,0) = T (2). (2.5.2)

2.5.3 Fox H- function

In view of the contour integral representation (2.2.16),

6 Q) [T (o)
Bopan(zior) = o0 [FWL/ D —aS) TS

PO e [ | =m0
TP "o 0.1,  (-Ba), [(1-Ap)

2.5.4 Wright function

In the notation of the Wright function, the function (2.1.5) assumes the represen-

tation as follows.

Eg"; (z;8,1) = s
B O

2.6 Special cases

Each of the above obtained properties will be illustrated by taking one special case
from Table-1, Section 2.1.

e Contour integral - Elliptic function:

1 /F(S)[F(% — 9P (=2)7"

T ds.

K(Vz) =

 dmi

e Differential equation - Shukla and Prajapati’s function:

q
|:T§Otﬁ§1) 0 — Zq—

aOé

Afgml)] EY%(z) =0.
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e Eigen function property - Dotsenko function:

D @;}L,a;—l)T’(g%:lﬁ*l)"x‘('%»cﬂ) 2R1 (a’ b, C7 w) ]/, Cz) = C ZRl(a’7 b’ C’ (,(.}7 I/, gz)

J

o Mixed relations - Bessel-Maitland function:

Lo Jy o (2) = I (2)
= 1222 T () 2+ k+ D] T (2)
H(r+ 1220+ Dl + k2 = 1) 5 (2).

2 (v +1) Ty () + iz T (2) = JE(2).

e Double series relation - Saxena and Nishimoto function:

o

1 (_1)i
* K, ,1[(am76’m)l,2; Z] = TE * K p+i -71[<04m7 Bm)lﬂ; Z]
h %;) (p)ivj 3 J! VK ptit

2.7 Bessel function family

In (2.1.5) replacing z by —% and multiplying the series by (%)E, one gets

(3)" #2hn (‘%2?”) -(3) > T(an f%)‘}?f)m]r il (‘%2) - (271)

n=0

in which o, 5,7, A € C, R(a, 5,7,A) >0, &, 1> 0, r,s € NU{0}.
For suitable choices of &, this gives Bessel function, generalized Bessel Maitland
function, Lommel function and Struve function.
(I) The Bessel function of first kind [24, Eq.(1.2.19), p.9]:
(r=0,s=0,a=1, f=v+1and {=v)

(z) = Z n! F((l_—&)un—i- n) (%)WF%'

n=0

(IT) The generalized Bessel-Maitland function [24, Eq.(1.7.9), p.19] :
(s=0,r=1, a=0, f=v+n+1, u=1, A=n+1and £ =v+2n)

© (_1)” 2\ v+2n+2n
Jo () = (- .
() §F(V—I—no+7]+1) L(n+n+1) 2>

(III) Lommel function [41, Eq.(1), p.217] :
(s=1r=1a=1 8=5n-v+3), p=1, A=3(n+v+3),v=1,6=1
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and E =n+1)

Zn+1

m—v+1n+rv+1)

F L 7
e tm—v+3), Sm+v+3); '
2 PA) 3

(IV) Struve function [41, Eq.(3), p.217] :
(s=1,r=1a=1, =3/2, p=1, A=3/24v, v=1, § =1 and
E=v+1)

H,(2) = (z/2)7*1 | 1F2< 1; - >

Spu(z) =

CT(3/2)I(3/2+v 3/2, 3/2+v;

All these functions are tabulated below as particular cases of (2.7.1).

Table-2
Function r|{s|a B ¥ |6 A u £
Bessel 0(0|1 v+1 - - - - v
Generalized 110l |v+n+1|-|-| n+1 |1 |v+2n
Bessel-Maitland
Lommel Lp1| 1| 28 11 28 1] p+1
Struve 1|1]1 3/2 1]1(32+v|1]| v+1

2.7.1 Convergence

Theorem 2.7.1. The series represented by the function (%)5 EZ:(;B,A,;A (—Z—' 5,7’)
converges for R(a) +rp—sd+1 > 0.

The proof of the above theorem is simillar to the proof of the Theorem 2.2.1
wherein one has to take
(=1)" [(7)sn)® 2*

Unge = F((I?’L—I—ﬁ) [()\)un]r 98+2n | (272)

instead of w,, as given in (2.2.1). Hence the proof omitted.

Theorem 2.7.2. Let R(«, 5,7v,\) > 0,R(a)+ru—sd+1>0, o,u >0, r,s € NU
{0}. Then (%)E ngm’u <—§; s,r) is an entire function of order o = ) L

+rpu—sd+1
. l 589 e
and type o = <4 {%(a)}m‘*)w) '
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Proof. Tt can be easily shown that the function given by (2.7.1) is an entire function
of order p = m just as it is shown in Theorem 2.2.2 with the use of
(2.7.2).

The proof runs quite parallel hence not repeated.

Now, the type o of the function (2.7.1) is given by

z 5 ,6 Z2 ]. . /n
(3 Bt (Fier)) = 25 B (nhne™). 273

Here

|Un,§| =

(1) [Py + dn))* D)
L] Tlan + B) [F(A+ pn)]” 2572 T(n + 1)
N (_1)n (\/%67(7+6n)(,y+6n)7+6n71/2)8 (\/%6777771/2)*5
( 2re—(antp) (an + ﬁ)anJrﬁ*l/Q)
( 27re*’\/\>‘*1/2)r 24
X
(\/ﬁe—(xﬂm)()\+Mn)x+;m—1/2)” 9&+2n ( 271-6—(n+1)<n_|_1>n+1—1/2)
1 (_l)n eoerBJrr,unfsénJrnfl (5n)s(7+6n71/2)
2T (an)an+,3—1/2 (1+aﬁn)
r(A— s(y+dn—1/2)
NO-12) (14 1) L
>7"()\+,un—1/2)

an+p-1/2

~5(r=1/2)

(/ubn)r(k+,un—1/2) <1 + ,l% 2&+2n (n + 1)n+1/2

On substituting this on the right hand side of (2.2.4) and using (2.2.3), one gets

586 e
lim sup <n |un7£|9/”> = ( T > oR(@)+ru—ss+1)
B 4 {oR(a)} ™ e

% lim ng(séf%(a)frufl)+1'
n—00

This gives

- (@)5 g, (‘ZZQW“D _ % (4 {ma(;s};(a) W>Q. (2.7.4)

For every positive ¢, from the equation (1.2.15) the asymptotic estimate is given
by

I3 2
‘(%) Elb (—ZZ; s,r) ‘ <exp((oc+e) [2), |z >ro>0.  (2.7.5)

]
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2.7.2 Differential equation

The differential equation of (2.7.1) is derived with the help of the following oper-
ators.
i $6
§=:D, D' = d 0 =P,

dzt ) a’ Mru

Ocf (=) = 22 f(21%) 0 (=72 F(=1)) . Df(z) = 277 f(M7) D (=52 f(=17)

a,o;m b_'_ ‘ "
o™ =T] [(—9_5 - TJ — 1>} (2.7.6)
§=0
and
— 0,7;—s AT a,fB;1
Ofg = —AP™1 D L7 LA o5l (2.7.7)

It may be noted that the operators @7~ Tg’f,;)‘;r), Tg;.”g;l) in (2.7.7) are not

£7m

commutative with the operator .

Theorem 2.7.3. Let a,p,0 € N then y, = (g)f EZ:(;B,A,LL (—%;s,r) satisfies the

equation

2’2

o P Ag‘f;g;s)} y. = 0. (2.7.8)

£

Proof. Here

= () [ S
Z I(an + B) [(A) ] 227F€ n!

Lo~ (D" (sl 224

Y =

n

T3 2 Wlen [l 2
B R Y G L I (G o T (e e P
S T@S (O (B, (B,
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~2n+¢
e g ((3), ] (A, [(R2D) )
) nZ:O 22n+§ - =— . (279)
e -

By using (2.2.10), the equation (2.7.1) takes the form

B [e'e) (_1)n An pr Z2n+§
Ye = Z_; 221€ B, C), 1l

Now,
— - (_1)” An P 2n+-E€
Py = ; e B, Gyl ¢
= (_1)nAnPn 2 n+€/2 —£/2 n+E€/2
= 222”+EB o 12 EI2 (€2 mEf2)
n=0 n n M
- (_1)n An P &/2 n+€/2p.n
= ZO 27 B, O 1l P alb 0z
_ i (—1)" A, P 22
- e B, Gy (n -1l
Further,
00 a—1 .
(o :1) _ (=" A, P" B+ ot
T&j 95 Ye = 222n+£ B. C (n—l)' 9&"‘ a -1z
—1 n “n . j=0
00 a—1 .
- 222n+530(n—1)v nte s
n—=1 n Yn " =0
_ i ) A pn Z2n+£
- &2 B, Cy(n—1))
Finally,
AT a,B;1
T TG b,
f’: (—1)" A, P “1{(9 LAtk 1)} e
- n IS
— 22r+¢ B, 1 Cp (n—1)! Py 1
B S T K”* Atk 1)} e
— 22r+¢ B, 1 Cp (n—1)! Py I
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S VP
N 22n+¢ anl Cn,1 (n - 1)‘ .

n=1

Thus,
= (=)™ n nt1)+¢
(s Asr) An(a,B31) = ( 1) +1An+1 Pt 2+l
T&k Tﬁ,j O Ye = Z 2(m+1)+ B (. nl (2.7.10)
n=0 no~n T
On the other hand,
(=) A, P v+m\]°®
(0,7;8) _ - n ome
o0 5—1 s
B 2022n+g B, C, n! ]1) n ) &
B [e'e) (_1)n An+1 Pn Z2n+§
N Z[) 22n+¢ Bn Cn n! ’
hence
—22 ® (1)1 ntl L2(nt1)+€
< (6:738) _ (—1) Apy P Z
n=0 no~n te
On comparing (2.7.10) and (2.7.11), one finds (2.7.8). ]

Note 2.7.1. The equation (2.7.8) with & = v,v + 2n,n+ 1,v + 1 reduces to the
particular differential equation for the Bessel, Bessel Maitland, Lommel and Struve

functions, respectively.

2.7.3 Eigen function property

Theorem 2.7.4. For a,pu,0 € N, (%)€ EZ:ZA’# (—%;s,r) is an eigen function
with respect to the operator QOf o as defined in (2.7.7).
That 1is,

NE s 22 NE s 22
Qg,@ <(§) Egjg,,\,u (—QZ;S,T)> =( <§> EZ:@M (—Cz;s,r . (2.7.12)

Proof. Take
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s (=D A, (P e
N Z 22+e B C,n!l

n=0
Now,
) a—1 .
i1 (=)™ A, (¢P)™ B+ ] .
Tiﬂj )wa - Zgzn+§BCn| O + o —1)
n=0 n “n It: j=0
()" Ay (CP)" Fr (. B+ It
232271+5BC'7L‘1_[THL « -1z
_ i(—l)” A, (P 22t
N " 22n+¢€ anl Cn n! ’
and

AT a,B;1 = (_1)n A, (Cp)n T A+ k " "
Téﬂk )Té,j )wa = Z H 95+T—1 Znre

22n+§ Bn—l Cn n!

n=0

n=0 =0

XL (—1)" A, (CP)r 22
_ S A )

22n+§ Bn—l Cn—l n! '

n=0
Now using (2.7.6),

i (=D)" A, (CP)" @Ui—s) 2n+e
22n+§ Bn—l Cn—l 7’L' &m

(=D" A, (CP)"
22n+§ Bn—l Cn—l n!

(677;_8) (N»>\§T) (O‘wB;l)
Ocm ~ Tei Tej 7w,

0

3
I

WK

n

-1 s
XH {(—@_g—l—v—gm—l)} L2t

m=0
oo

Il
o O

(—)™ A, (CP)"
22n+¢ anl Cn,1 n!

-1 _s
(529
0

00 E_l)n An—l (Cp)n 22n+§
> .

22n+¢ Bn—l Cn—l n!

(]

i
> O

X

=0

3

k
o (—1)" A, ((P)" ] Atk " o
= 222n+£ B, , C, nl H n+ -1 ZT
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Finally,

T o -1 (0,75=8) ~An (A1) ~n (e, B51)
Qeow, = 4P DO, 7 T T w,

_ i (=)t A,y ¢ P Dl 20+
—r 22(n—1)+§ Bn—l Cn—l n! ¢

oo (_1)n—1 An—l Cn prn—1 Z2(n—1)+§
- Z 22(n—1)+§ Bn—l Cn—l (n — 1)'

B ) (_l)n An Cn—f—l pn Z2n+£
- Z 22n+& B Ol

> (_1)n An Cn pn Z2n+£
Z 228 B C, n!

AN 22
= 5) E s (—Cz,s,r>.

2.7.4 Mellin - Barnes integral representation

Theorem 2.7.5. Let a, 0,0 > 0; 5,7, A € C, with ®(B,~v,\) > 0. Then the func-

tion (%))E E;’ZML (—%; s,r) 1s expressible as the Mellin - Barnes integral given

NE s 2 e ) T'(S) T(1-S)
(5) Erhn (“or) = S / T —a5) 00— u9T

L —0S))* =72
2-25 (1 — S)

ds, (2.7.13)

where |argz| < m; the contour L of integration begins from —ioo and proceeds
towards +100, and is indented to keep the poles of integrand at S = —n to the left;
and the poles at S = (v +n)/J to the right of the path, for all n € Ny,

The proof of the Theorem 2.7.5 is similar to that of the Theorem 2.2.5, hence

it is omitted.
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2.7.5 Mixed relations

Theorem 2.7.6. For o, B, v, A € C, k € N, R(a, 5,7, A) > 0,0, u >0, we

get
2\ ¢ 5 22 5 2
(5) <E‘z’5+ka/\’# (_Z5 S’T) - Eg,ﬁ+k+1,>\,u (_ZS S, T
1 2
= o2 @? (E) Egzg+k+2,>\,u _Z_; s, T
2 4
2 2\E 5 2
+az [Oé + 2(6 + k)] @g <§) Eaﬁ'f‘k—i-?,)\,u _Z7 S, T

2

13
+ (B +28k+k* — 1) (g) E&:ZMH’M (—ZZ; s, T) ) (2.7.14)

The proof of the Theorem 2.7.6 just differing in operator, runs parallel to
that of Theorem 2.2.6, hence it is omitted.

Theorem 2.7.7. For a, 3,7, € C;R(a, 8,7, A) > 0 and §, p > 0, the differential

recurrence relation

zZ\¢ 5 22 9 1 (Z\¢ s 22
I6; <§) E;/,5+17)\7M (—Z;s,r) + az® 9D <§> Et;éy,,3+17/\,u ST
2

FANS z
_ 50 .
- (3) Eaaﬂaw(—z””)

holds.

The proof of the Theorem 2.7.7 again differing just in operator, hence not

given.

2.7.6 Double series representation

The double series representation of (2.7.1) with

_ (=D" [(Wan]®
[

Un& = Hante L(an + 8) [(A)um]” n!”

and

¢ 2 0
(%) "Bl <_ZZ; S’T) = tne (p)n 27", R(a) +ri— 56> 0
n=0
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is stated as

Theorem 2.7.8. The function

2 o 7 2
Z\S s« A . 1 (=1 E>5 «ydotiti (2
(2) Eaﬁw( 4’8’r)_Z(i+j)p il ! (2 Eagam ")

1,7=0

The proof runs parallel to the proof of Theorem 2.2.9.

2.8 Special cases

The special cases of above obtained properties are illustrated by taking one special

case from Table-2, section 2.7 for each property.

e Contour integral - Generalized Bessel-Maitland function:

) ) = F(n+1) (3) / y L(S) T(1-29)

2mi v+n+1—0S)T'(n+1-29)
L
28
X—Q_QS T =3 ds.

Differential equation - Bessel function:

T(1,y+1;1) 0 22 J —0
v, v+ 1 ,(2) =0.

Eigen function Property - Bessel Function:

—4D, T 1,(¢C2) = ¢ ().

Mixed relations - Lommel function:

z T]+1 171 171 2,2.
L (3) (El D=t g, S ( Tl 1) £, "*”+3+k+1,”+5+3,1<_? 1, 1))

=z 97274-1 (( )77+1 E11:£712,+3+k+2’n+;+371 ( T ) 1, 1))
+22 142 (2% + k)]

z\ntl
X 537]-‘1-1 <(§)77 1}7 "+3+k:+2 77+V+3’1 < i ]-) 1))
(( —u+3>2+23—u+3k+k2
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z\ntl1 1,1 _ 22,
X (2) El,n7;+3+k+2,"+;’+371 < 471a1 .

n—v+3 (z\"tl Ll _22.

2. 2 (2) E17n75+3+1’n+;+371 4 17 1

2 z\N+1 1,1 22,
+ az @V (5) E17ﬁ*g+3+1’ﬂ+12’+3’1 — ]_, 1
_ (z\ntl 1,1 22.
- (5) El n—v+3 ntv+3 4 (_I7 ]-7 ]-> .
9 2 bl 2 9
e Double Series relation - Sturve function:

2

z\ v+l e ol 1, e
(5) E1,3/2,3/2+u,1 <—Z; 1, 1)

_ i 1 (1) (E)VH « pliLptiti _2_2'1 1
(P)ivy il ! \2 L3/28/24w L \ g2 7 )

1,7=0

(A piece of the content of this work has been published in the journal-
“Advances in Pure Mathematics, 2013, 3, 127-137,” in“Palestine Journal of Math-
ematics, 2014, 3(1), 94-98 ” and is accepted in “The Mathematics Student” for

publication)
MR # 3109941
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