Chapter 5

The generalized ¢-/-V

hypergeometric function

5.1 Introduction

In this chapter a g-extension of the generalized ¢-Hypergeometric function is de-
fined and its properties corresponding to those of Chapter 4, are obtained. Even-
tually, this g-form extends the functions defined by (3.2) and (3.26) of Chapter 3.
Also, the proposed ¢-function may be viewed as an extension of generalized basic
hypergeometric function ,¢,,, in which p tends to infinity together with the sum-
mation index.

As a special cases, the work characterizes both the g-exponential functions (1.12)
and (1.13) and thereby the ¢-trigonometric and ¢-hyperbolic functions. A series
transformation formula and an /-analogue of the ¢g-Maclaurin’s series are also ob-
tained.

The proposed g-extension is as defined below.

Definition 5.1. For z € C and 0 < ¢ < 1, an extension of the generalized basic
hypergeometric function is denoted and defined by

ai, G2, ..., Qr; q; <
P z) = 0P

S

bi, by, ..., bs (c1, cay ..., ¢y d);

n

n\7 1+s+pl—rl—r
_ i (al, a9, ..., Qp; q)n [(—1)” q(z)}

(b1,bo, .. bsi@)n (c1,C05 o) ()0

z

(5.1)

n=0
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where a;, € C, b;,¢,, € C\{0,—-1,-2,...},Vi=1,2,...,r, Vj=1,2,...,sVk
=1,2,....,p,and L € C with R({) >0, R(1+s+pl) >R(rl+7r) .
A convention is adopted here that when p = 0, then either ¢ = 0 or the terms

containing ¢ must be treated as absent.

This function will be referred to as the generalized q--V hypergeometric
function, in brief, the generalized q-(-V function. Throughout the work, 1 4+ s +
pl—rl—r=k,0<qg<1andzi, j, kvary over their respective range as stated

in the definition.

Note 5.2. Evidently, ,¥?(0: 2) = ,¢s[2] = ,¥I(—: 2).
In (5.1), the coefficient of z™ will be abbreviated by the notation:

(alaa27‘-'7ar;Q)n |:(_1)n q(2)i|
(b1,b2y ... bs; @Qn (1,0, Q) (G Q)

5.2 Main Results

5.2.1 Convergence

The series in (5.1) is absolutely convergent under one of the following conditions:
(i) 2| < oo, if R(1+s+pl) >R (rl+1),

R

(i) [2] < | — 2 T () GER (1454 pl) = R (1l + 1),

Eo ry
a-0=" { f ryten |
This is proved in

Theorem 5.3. If R({) > 0 then the generalized q-0-V function is
(i) an entire function of z for R (1 + s+ pl) > R (rl +r) and
(i) an analytic function for R (1 + s+ pl) = R (rl +r).

Proof. Herein (5.2) expressing the g-factorial functions (a;; q)n, (b5;¢)n, and (cx; ¢)n

in corresponding ¢-Gamma functions with the aid of the the formula:

Tola+n)

(;q)n =
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and applying the g-analogue of the Stirling’s formula [41, Eq.(2.25), p.482] :

1 q“
T (u) ~ (14¢)% Tp (5) (1—q)z " elea, O0<p<l (5.4)

for large |u|, with u = a; +n, b; +n, ¢, + n in turn, one finds

e} {fneo) {fire)

“ {gl Fq(ai)} {ﬁ Ly (b; +n)} {klil1 A +n)}

J=1

[(—1)" q@)r (1-q)
1

{.ﬁ W} (L)% T (3) { TT = bt o7 |

=1
~ T s qb]+n
1= j:l
d Y4
{HFﬂ%)
% k=1

P L qck+n én

{<1 +4)2 T (3) { [1(1— g)d(atn gy H

1
[(_1)71 qn(nfl)/Q] (1 _ q)rfsflfépn

n+1l
(1+q)% Tpe (4) (1 — gy~ (#D) ereem

Since 0 < ¢ < 1,

& ) R(0)
ck
(=05 {1 re)
lim Sup|0n|% ~ lim sup - k? - ‘qﬁ(n—l)‘
n—00 n—00 (1 _ q2)2 Fq2 (5)
0, if R(k) >0
2. R(0)
= { |o-o=™ {1 e} ,
e , if R(k) =0,
(1—¢?)2 FZQ(%)

provided (¢) > 0. O
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5.2.2 Order of the generalized ¢-/-¥ function

Theorem 5.4. If R({) > 0 and R(1 + s+ pl) > R(rl +r) then the generalized

q-C-V function is an entire function of order zero.

Proof. 1t is known that [8, 40] if f(2) = > a,2" is an entire function then the
n=0

order p(f) of f is given by

nlnn

p(f) = lim sup (5.5)

n—o0 h’l ‘an‘*l.

Now from the definition of the generalized ¢-¢-V¥ function,

- {jljl q(bj)} {}i[l 'y (b +n)} {]f[1 (e, —i—n)}
" {firgaf {rreenf {Arpe)

(1 _ q)s+1+épn Tq(n + 1)

[(—1)” q@r (1—q)y

g

X

Hence from (5.4),

In o, |

~ Zln Ty(b)] = > In|Ty(a;)| + (1+ s —7r) In(1— q) + R(¢pn) In(1 - q)

i=1

S b +n
1 1 I
l ]_ % F _ 1 _ 5—(bj+n) lququ+n
+;n( +4) q2(2)( q) e
r 3 1 L (aitn) Tl
_Zln (1+q)2 Fq2 5 (1_q)2 i elfq*qal n
=1
- 1 1 1 _p g%kt
‘f‘%(ﬁ) TLZln (1 + q)§ qu (5) (1 _ q)g—(ck—kn) equck-m‘
k=1
L 1 1 T L
+In{(1+¢)2 Tp <§> (1 — q)2~ (D) it
- n(n —1)
—R(0) n Y InCy(er)| — = (k) Ing
k=1
S r P
= D;— D, +D3+D4+ZBj’” — ZAi,n‘f‘éR(E) ”ZC’k,n
j:l =1 k=1

+E1, —R{) n Ds — E,,, (say). (5.6)
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Evidently, for m =1, 2, 3,4,

) D,,
lim = 0.
n—oonlnn
Also RO D
n—oo  nlnn
Next,
w gt
In|(1+q)? gz (3) (1 - )zt img—d
n—oo nlnn n—00 nlnn
Similarly,
lim — =0, lim Ln .
n—oco nInn nSoo mlnn

Now, it can be verified that

lim §R<€) n Ck,n — Eq,n

n—00 nlnn

cr.+n
1 —

1 I
%(f) nln (1 —|— q)§ Fqg (%) (1 — q)g (Ck+n) 61*q7q0k+n

= lim

n—oo nlnn

lim n(n—1)(k)Ing

n—00 2nlnn
= —()O’
as =1 — oo when n — oo. Hence, from (5.6), one finds
-1
lim M = —00.

n—oco mlnn
Thus in view of the definition of order of function,

1
p(LUP(L:2)) = lim ——" =0

n—00 ln|0n|71
O

Remark 5.5. As remarked in previous Chapters 2,34 ([4, Theorem 1.1, p.1]), the
generalized ¢-¢-U function has infinitely many zeros by virtue of being entire func-

tion and p (,WE(¢ : 2)) is finite and not a positive integer.
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5.2.3 ¢-Difference Equation
The difference equation of the generalized ¢-¢-W¥ function occurs for ¢ € N U {0}
which is obtained by means of already introduced operator (Chapter 3, Definition

3.4):

> Qn,q (Q;Q)ﬁ—l (92‘_1)1)” z" if peN
n=1

P2 (f(z0) = (5.7)
f(z:9), if p=0
wherein
f(z;:q) = Zan,q 2" 0#£2€C, pe NU{0}, a€C,
n=1
O = (“"0,—¢" +1)=(abl,—a+1), (5.8)
and
0.f(z) = f(2) — f(zq). (5.9)

One more operator needs to be defined. It is given as

Definition 5.6. Let f(2;9) = >  anq 2", 0# 2 € C, p,r,s e N,/ € NU{0} and
n=0
a, 3,7 € C. Define

A f(0) = HH eAZi} {H @5“} eq] () f (q—q) (5.10)

k=1

where the operators ©7~! and (AY are as defined in (5.8) and (5.7) respectively.

These operators help in deriving the difference equation as follows.

Theorem 5.7. For { € NU{0},a;,z € C, and bj,c, € C\ {0,—1,-2,...}, the

function w = ,VE({ : z) satisfies the difference equation

(T,K,e ) a a;
(b75)A(C:Z,p)q -z {H 94 }
=1

w = 0, (5.11)

where the operators ©F and (b,s)AEZZfo) are as defined in (5.8) and (5.10).
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Just as the differential equations derived for the functions in the preceding
chapters, here also the following lemma is proved which first permits to apply the

infinite order derivative operator (bﬁs)AEZ;Z,ﬁ)Q) on w.

Lemma 5.8. [fé € NU {0},a;,2 € C, bj,c,, € C\ {0,-1,-2,...}, w =
P q;2) = Z on2" and (bS)AEZIZ;f = > fulla,r),(b,s),(c : £,p);q,2) then
n=0

q

the operator bs)A 18 applicable to the generalized q-¢-V function provided

that the series

S 0w fullar), (b.s). (e £.p)iq.2)

n=0

converges (cf. [49, Definition 11, p.20]).

Proof. Here
r,Kk,0q)
bS)AEcﬁp
= f[ gAeq f[@bjl 0 i (aba?v"'aar;Q)n
k=1 Ck j=1 ! ! n=0 <b17 b27 cee 7bs; q>n
(e oy (2
(1,020 0 (@G O)n \ 0"

p S 00 .
— Aeq @bjfl 0 (ab agy . .., Qr; Q)n
[{kr[l ‘ Ck} {E ! ! Z <b17b27"'7bs;Q)n
[( 1>n+1 q(n—l)(n—Q)/ﬂ’f P

(Cla Ca, .. va Q)Zn (Qa q)n

_ : bi—1 (a1, a2, .. GrSQ)n
- [ff ) fne 5 &R
i

k= n
( n+1 q(n 1)(n— 2)/2}

8

(c1scas s Cps @)t (Q;Q)n
p s o]
0 b.—1 b.—1 a17a27"'aa7’;q)n
o s R e o
[{kl }{] 1 =1 blab2>-"7b87Q)n
[( n+1 q(n 1)(n— 2)/2} peg

(c1,¢2, .. e @) (65 Q)n—1

p s—1 .
— Aéq bj_l& _bi—1 1 a'17a27"-7araQ)n
{H ‘ Ck} {H(q a 1 * ; blab27"'7b8;q)n

y [(_1>n+1 q(n—l)(n—z)/z}” (qbs—leq . qb5—1 + 1) >
(c1,¢o,. .0 cp3q)m (¢ D
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p s—1 00 )
_ 04 bj—le _ bi—1 1 (a17a2>"'7araQ)n
{H ZACk} {H(q ! ! " ) Z (blab27"'vb8;Q)n

k=1 j=1 n=1
CU o0t () 1)
(cla C2y oy Cpy Q>€n (qa Q)n—l
i 04 T b;—1 bj—1 - (a17a27"'7ar;Q)n
k=1 j=1 n=1 1,02,...,05,q)n
[(_]_)n—i-l (n—l)(n—2)/2}'€ n (1 o quJrnfl)
(cla Co, .. Cp) Q)én (qJ Q)n—l
- 04 T bj—1 bj—1 - (a'17a27"'7ar;Q)n
k=1 j=1 ne1 \W1H Y2y s—1:4)n

y [(_1)n+1 q(n—l)(n—2)/2]” n

(bs; @n1 (c1, €255 3 Q) (G5 D1
Now applying the operators (¢% 10, — ¢®~' 4+ 1) for j = 1,2,...,s — 1, one finds
that

(r,k,0q)
bS)ACEp

(ar1,a2,...,a:;Q)n
{H A }; bl,bg,.. ;

[(_1)n+1 q(nfl)(an)/Z}“ n

< bs7 Q)n—l (Ch Coy ..., Cp; q)én (Q) Q)n—l

1 o0 n n—1)(n— K
A (a1,02, ..., ariq)n [(=1)"T g D=2/
- H R Z (b, b b n
P ne1 1,92y ..+, SaQ)n—l (Cla027" Cp7Q)

Z"
From (3.10),

G D
p—1 [(_1)n+1 q(n—1)(n—2)/2}"i

©y b57 Q>n71 (017 Co,y .. va q)én

Z a17a2?"'7aT;Q>n
L 2 (or. b, by
(Cp7 )n—l (q pflgq_qcpfl_i_l)&z n
(¢ @)n

(qckileq . qckil + 1)371 S — (1 . qn+ck71)€n o

?

where k =1,2,...,p. Thus

(r,5,04q)
bS)Ach)q w

p—1
(a1,az,...,a:59)y
— A
(I o s

k1 O] bsa Q)n—l (Ch C2y ..., Cp; q)ﬁn

[(_1)n+1 q(nfl)(an)/ﬂ K




Chapter 5. The generalized q-¢-V hypergeometric function 89

(q. Q)n 1
- n n— n— K
It[ gAeq Z a17a27"'7ar;q>n [(—1> +1 q( 1)( 2)/2}
= Ck — bl; b27 ey bs; q>n71 (Cl, Coy. .-y Cp_1; q)fln (Cp; q)flniflé
X z
(¢ Dn1

Proceeding similarly, by applying gAgZ for k=1,2,...,p— 1, one gets

(r,x,0q)
(b:S)A(c:E,p)q w

_ i (a/17a27"'aa7’;q)n
L= (biyboy b @t (er,00, i)ty (G0

(al’a% ey Q)n+1 [(_1)71 qn(n—l)/Q}'f Zn+1
n—=0 (blab%"'?bs;q)n (617027"'7cp;q)2n (q7Q)n

[(_1)n+1 q(nfl)(n72)/2]” n

o

. —1) gnn—1)/2 k n
_ Z a1,a2, 7a7“7Q>n+1 [( ) q l z (5.12>
— (bi,ba, Ui @) (020 03 @) (€500
= fn((a,r),(b,S),(cyp:f);q,Z)-
To complete the proof, it remains to show that
S on fulla,r), (b,5), (e p: 09, 2)
n=0
s (a1,0a9,...,a.5q 1 —a;q n ol 2%
& (ot i {a-am} (o e
n—0 (b17b27" ) saq) (017627" CpaQ)%n (q?Q)%

is convergent.
For that, take

On fn((aar>7 (ba 5)7 (C,p : 6)? Q7Z) = Q,

then

(a1,as,...,a;5q ) {H(l — aiq )} (qn(n—l)/2)2(n) S+l
Qn — =1
€2 B iR o % (@ O]
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{arol| (Al [{io-an)
{H1 Fé(ai)} ‘ {jﬁl I2(b; +n) } '

I T3 (ex)
Yo}

(1 = g2+ttt [T2(n +1)]

{ I e (e + n)}‘

k=1

| (qn(n—l)/2>2ﬁ ol ‘

X

With the aid of the ¢-Stirling’s formula (5.4),

S 9 . r u g%itn 2
€2 r = bj+n 2
2( . s 5 Y
L] osmim o {nu_@z b T }
7j=1
r P
(i -an}] [{fre}
X - p — u gChHn 2nt
(]_~|>q)g FZZ (%) {H(l_q> (Ck+n) el—a— qck+n}
k=1
y ’<qn(n—1)/2)25 (1 —q —2(s+1+¢pn—r) Zn+1|
) ) gt |
(1+q)% Tz (3) (1 — )20+ ermamar™?
Hence
lim sup |, |~
Ly
L ISR
~ lim sup S H(1 —aig)E | e
Fq2 (5) i=1
= 0,
provided £ € NU{0} and (1 +s+pl —rl —r) > 0. O
Proof. (of Theorem 5.7) From (5.12),
(r,k,0q)
(b75)A(c:£,p) w
_ 00 (al, s, .. 0y Q)n+1 [(_1)71 qn(n—l)/2:|"‘€ Zn+1 (513)

n—=0 (bla b27 s 7bs; q)n (Cl7 C2y. .., Cp; Q)én (CL Q)n
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(e 9]

CL1, A2, ..oy Qp_1; q)n-l—l (ar; Q)n (]- - arqn)
n=0 (blab27"'ubs;Q)n
[ )n qn(n—l)/Q}'{ peg

(Cla Cor- G ) ()

— 5 i (alaa'27 s 7ar—1;q)n+1 (ar;Q)n
n=0 (blaan"-abs;Q)n

a,z" — a,;2"q" — a,2" + 2") [(—=1)" qn("_lw]n
(c1,¢2, .. @) (45 Q)n

X

: 1, W2y ..., 7—1’q n+1 77971
1:17

n— b27"'7bs;Q)n
(areq —a, + 1) o1 [(_1)71 qn(n—l)/Q]li
X
(017027"'70177 ) ( )n
SR ICIUS T RS ) I (b i MR
e n=0 (b17b27" 7b8’q n (017027---7Cp;Q)7€n (q) Q)n
Following the same procedure for the remaining parameters aq, as, ..., a,_1, one
finally obtains
(r,%,04q)
bS)A(CZp w
ey 3 et s [0 e
i=1 1 n=0 b17 b27 o 7bs; Q)n (Clv C2,...,Cp; q)Zn <Q7 q>n
Hence (5.11) follows. O

5.2.4 Contiguous function relations

The contiguous function relations for the basic hypergeometric series have been
derived by Swarttouw [52]. Here an attempt is made to obtain some contiguous
function relations involving the generalized ¢-¢-¥ function.

Using the notation (cf. [46, Sec. 48, p.80])

that is,
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the contiguous functions may be defined as

aiq, az, ..., Qp q, =
U(a -+ = \Ilp 7
( 1 ) r¥s I bl, b2, RN bs, (617 Coy, ..., Cp:g); ]
- a —17 ag, ..., G oz
U(a;—) = 0P 19 2 T q
i bl; bg, ceey bs; (Cl, Ca, . Cp f),

and similarly the functions W(b;+), ¥(b;—), ¥(cx+), ¥(ck—).

The following series representations are evident.

o0 o0
U(a;+) = EO% on 2", U(a;—) = Z - aaifn oy 2"
n= n=

sl —b: OO n—1
Voit) = X m on 2 Vo) = L o s (515)
1 C In n ey 1—crg"™ 1\4n n
U(cpt) = Z e o 2" Wlerm) = 3 e on 2

If 2D, = V,, where

D = 5.16
then
— (1—¢")
Vv = op 2" 5.17
A P 47
From this,
1—aq (1 —q") 1 — a;
a; Vg + v = q op2" + o, 2"
( ! 1—q) nzzo(l—Q) 1—an:0
= Y li—ag"+1-a] 72
n=0 1- q
1—a; w— 1 a;q" n
 1—g ; 1—aq "
1-— a;
= W(a;+). 5.18
(0t (518)

Here, choose i =1 to get

(a1 v, + 1_“1)x11 - 1_‘;1\11(a1+). (5.19)



Chapter 5. The generalized q-(-V hypergeometric function 93

Next, using (5.17),

. 1—bg! e (=) 1—big &
b, 1 J U = b, 1 nn J nn
(jq v+ ) Y e S s
> _ . 1, 02"
= > gt =big" T +1—byg 1]1_
n=0
1—bjq!
= ), (5.20)

Now multiplying (5.17) by a; and subtracting from (5.18), one gets

o0

(1—a)¥ = (1—a;)V(a;+)— a Z(l —q")o, 2"
n=0
U = (1—a)¥(a;+)+ a;V|zq];
whereas on multiplying (5.17) by b;¢" and subtracting from (5.20) gives

U= (1—bjg")¥(bj—) + b;¥[zq]. (5.21)

Now multiplying (5.18) and (5.19) by a; and a; respectively, and then eliminating

V, from them, one obtains for i = 2,3,...,r,
(ai — al)\If = Clz(l — al)\IJ(a1+) — al(l — al)\Il(cLZ—i—) (522)

Once again multiplying (5.18) and (5.20) by bj¢~' and a; respectively, and then

eliminating V,, yields
(quil - CL1>\I’ = quil(l - CLz)\I/<Cl1+) - CL1<1 - b]qil)\lf(bj—) (523)
Further, the contiguous relations (5.22) and (5.23) when added, yield the identity:

(bjg ' —a)¥ = (bjg " —ar)(l — a;)V(a+) + a;(1 — a1)¥(a;+)
—a;(1 —bjq ") ¥ (b;—), (5.24)

where 1 = 2,3,...,r.
Next, one more g-contiguous function relation is obtained for ¢ € N U {0} which

is given by

. . 2q
a, 07 q;

wl (I=cg=1)*
2
2t byc,c,...,c,0; (c:0);
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—b , 0; R
_ a=b 2@%—% a G Toeq 1)
1—-b bq,c,c,...,c,0; (c:0);
1— aq, 0; q; Ty
L%yl (I=eq™H" 1 (5.25
1= b 2Wory bg,c,c,...,c,0; (c:/0); >:29)

This may be proved as follows. With

0, 1Vi(c—) = i (a; Q).n (—1)"

= (b (h @) (6 Dn-
o (@59), (=) grnmb 2"
- ; ;) (@) (1= )™ (¢ @)n

Z 1 —aq® ((l; Q)n (_1)n+1 qn(n+1)/2 n
= z
= 1—bg" (b;q)n (c; q)‘Z (C; @)t (1 =g )" (g q)n

- Z 1— aq ( )n n(n—1)/2 P qn
(1- qc D=1 - bq ) (Gan (o 1—a )" ()

Now, writing

1—aq"_1 aq™ — bq"

1 —bgn 1—bgn’
one further gets
O 101 (c—)
B — Z G,Q)n (_1)n qn(n—l)/2 o qn
(=g D) 2= (bq)n (0); (@) (L—=q )" (q;q)n
p D) @ (0 g
(L=0)(1 =g ) = (bg; q)n (0)%, (@) (L —q= D)™ (q39)n
T 1 a, 0; q; —(1_;;]71)11
(1 — g1yt =2t byc,c,...,c,0; (c:{);
z(a —b) 1 a, 0; & goeTye
+ v (I=ea™)%) - (5.26
(T=0)(T = ¢ "2 |bg,ere,..,e,0: (c: 0); (220
Also
o q), (—1)" n(n—1)/2 n
0(]1\1/% _ Z(av(Z) ( ) q <

05 )n () (GQ)n

n=1
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n(n—1)/2 on—1

l—azi aqqnl —1)" ¢

(b¢; @)1 (1 — )™ (eq; Q) (¢5@)n—1
(—
1—

n=1

(1 . CL)Z 0 (aq Q)n 1)n+1 n(n+1)/2 o

)t (cq; Q)i+ (q; q)n

1 _ CL i ag: q ( 1>n qn(nfl)/Q 2" "

(b— 1 (1 =)t 2= (bg;q)n (cq; @)y, (cq; @)y (q:@)n (1 — )

(1—-a)z LU aq, 0; q; ﬁ .
(b—=1) (1=c¢)f 2t bq, cq,cq, ..., cq,0; (cq:0);
Hence
Oq 1\1’%(0_)

(1—a)z ! aq, 0; e
= v (1=ea™)" 1 (5.27
(b—1) (1 —ecqg 1)t 2Tt bq,c,c,...,c,0; (c:0); (5.27)

Elimination of 6, 1¥{(c—) from (5.26) and (5.27) yields (5.25).

Remark 5.9. 1. By taking £ = 0 in (5.25), it reduces to the g-contiguous func-

tion relation of basic hypergeometric function given as follows.

a ¢ zq | a—>b a q, 2q l1—a ag; q, 2q
lqsl[b; ]—1_61@[6% ] 1_,,@[% ]

2. In (5.25) taking ¢ — 1 one gets the contiguous function relation (4.16):

a; —£
H ) (1,0)6
' 1JrE[b,c,c,...,c; (c:0);

= (L—ab™") 1 Hiyy

a; (1jc)2
b—|—17C,C,...,C; (Cﬁ),

a+1;

+ab ' H! (1=¢)
e b+1,¢c,¢,...,¢; (c:0);

obtained in Chapter 4.

5.2.5 Eigen function property

In order to obtain the generalized ¢-¢-¥ function as an eigen function, the follow-

ing operators are reconsidered from Chapter 3. They are listed below.
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Z—O[

(0) 100 = T L (7 () . R(@) >0 (5.28)
where [23, Eq.(1.11.1), p.19]
I,(g(2)) = / g0 dt =2 (1) S g(=4") 4" (5.29)

0

and f(z;q) = Z ang 2", 2| < R,z # 0,R > 0, o;, B, € C, m,n,p € Nl €
Nu{0}. Usmg (5 28) and the operator (5.10),

(1) (m & (f(z:0) = HH I;“} = m,n)AEQ’?zZ;?“)] flzig).  (5.30)
=1

In this notation, the eigen function property is obtained in

Theorem 5.10. If ¢ e NU{0}, a; € C, bj, ¢, € C\ {0, —1,—2,...} then the gen-

eralized q-0-U function is an eigen function with respect to the operator (a’,,)S((lf:f)’p )

defined in (5.50). That is,

@l (LU0 X2)) = A, UR(L: Xz), A €C. (5.31)

Proof. The applicability of this operator to the generalized ¢-/-W function follows

from Lemma 5.8.

Now for z # 0,

(w)c‘:((;f)’p) P \z)

_ Ji -1 ( ) A(Tfi@g ) a17a2a s 7a7‘;Q>n
[{ 1 1 } : bs) (c:tp) nZ:; b17627"’7bs;Q)n
(

(_1)71 qn(nfl)/ﬂ” A" pn

X .
1,62, Cpi ) (¢35 Q)n

In view of (5.12),

c:l
wn€issy (AL 22))
( n n(nfl)/Z}H )\n-ﬁ-l Zn—l—l

— J% 51 ((11,(12,.. A3 g n+1 [
{1} q} 2 (b1,b2; - b @)n (c1, 02,063 0)7" (G0)n

n=0

n nn 1/2] AL

r—1 0
; (a17a27-- y Ari 4 n +1 [
— oy o
{11 q} "2 (b, b2, .., bsi@)n (61,02,.. 2 )5 (45 @)n

n=0
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ar

r—1 00 B .
= ai Z ((11, ag, ..., ar; Q)n—i—l [(_1)71 qn(" 1)/2}
- {anjq } 1_q Iq [Z (blab27 In

— --',bs;q)n (617027"'7Cp;q)n

)\n-i—l Zar—&-n—l
>< —_—

(¢ Dn

r—1 ) B .
_ a; gmar (a1,a9, ..., 0:;q) 01 [(_Dn g 1)/2}
B {HI(I } 1—(1 [nZ:O (b17b27- In

7bS7Q>n (017627"'7Cp;q)n

=1
« At Z(l . q) io:(zqk)ar-i-n—l qk’
(4:¢)n pard
_ H1 [ i e e (G A
i=1 ! 1_q n=0 (b17b27"'ab8;Q)n (01’627...,CP;Q)7€n

n ar+n— o0
% Tz (1—gq) 2ot qu(ar+n)
(@3 0)n Pt

r—1 00 ~ .
_ a; (Cll, ag, . ..,0; Q)n—H [(_1)?1 qn(n 1)/2}
- {H[q } Z (bl7b27' In

paley — o bss @) (Cry02, 00,05 Q)0

)\n+1 Zn

X
(¢;q)n 1 —qotn

r—1 o B i
= i (a1, as, .. @13 Qny1 (ar;q)n [(_1)11 qn(n 1)/2}
- {2111 Iq } Z (blv b27 b In

— s (c1,¢2,. .-, 0)
)\n—f—l on
X .
(¢ @)n
Applying in this manner the operator Ij?, for : = 1,2,...,r — 1, one ultimately

obtains

wr E(C:E,p) T\ij 0\ _ (&1,@2,. - 7ar71;q)n (ar;Q)n
(@n%bs) ( S( )) nz% (b17b27 ‘. '7bs;Q>n

[(_1)n qn(nfl)/ﬂ” AL on
(crca @) (G @)n

which is (5.31). O
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5.3 Special cases

5.3.1 The ¢-/-¥ exponential function

In (5.1), if the parameter a; = 0, and the parameters as,as, ..., a,, all b;’s and
2, C3,...,Cp are absent then it takes the form
0: q z 0 n
U | ’ = , (R(0) > 0). 5.32
= (@ ] ; (c1;0)7" (4 9)n (R 2 0) (5:32)

Also by taking the parameter values a; = by = 0, and treating a;, b;, ¢ to be
absent for i =2,3,...,r, j =2,3,...,s8, k=2,3,...,p and z is replaced by —z
then (5.1) reduces to

TL

0; >, g
0; (cl;g); ] nz (e g ’q) (R(€) > 0). (5.33)

These two functions (5.32) and (5.33) enable one to define extensions of g-exponential
functions (1.12) and (1.13). The function (5.32) is taken up here whereas the func-
tion (5.33) will be studied in Subsection 5.3.4. The function (5.32) characterizes

the g-exponential function; in fact for ¢; = ¢© = ¢, it would reduce to

[e.o] n

0; q;, 2 z
i ’ I 5.34
S IR L ] nzzo (@ @) >:3)

This function is termed here as ¢-/-¥ exponential function which is denoted and

defined as follows.

Definition 5.11. The ¢-/-W¥ exponential function is denoted and defined by

=2 (G (5.35)
n:O

R(L)
for R(¢) > 0 and |z| < ’ }%Z L ()] .

Remark 5.12. Obviously, €% (z;q) = e,(2), |2| <1 and e%(0;q) = 1.

Eventually, when the parameters aq, a2, b and ¢y are absent, the difference

equation obtained in Theorem 3.8 would reduce to the form

({zqu}ﬁq - z) w=0 (5.36)
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which is satisfied by w = €4 (z;¢). This can be verified as follows.

AV} 6w = (Al Z o (=)

v @ q)n 1 (0) 2"
(D) (¢ @)n-
(q; Q)n (11— )gn z"

(¢ q) ((LQ)H

(¢:q)5_1 2"
(¢ Q)51 (@5 @)n

ZTL

(q, O (43 Q)n-

S

Note 5.13. The case { =0 in (5.36) yields the equation
(0, —2z) w=0,

where
n

> 4
= , |zl <1
Z (¢;q)n

n=0

is the q-exponential function (1.12).

In order to derive eigen function property for the ¢-¢-W exponential function,

the following differential operator will be used.

Definition 5.14. Let f(z;9) = Y an 42", |2| < R,R >0, p € NU{0}. Define an
n=0

operator

. S g (@30)_, (1—q) DI 2", if peN
pQBqZ n; a () (( q) q) p 7 (5.37)

f(z9), if p=0

where D7 is the g-analogue of hyper-Bessel differential operators (2.8) given as

2\n __
(D?)" = DyzD, ... DyzD,,
N >y
vV
n derivatives
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in which D, is a usual g-differential operator:

D,f(z) = % (5.38)

With these operators, the eigen function property is obtained in

Theorem 5.15. The q-(-V exponential function is an eigen function of the oper-

ator

D = ({2} 0,). (5.39)

where gQ]IDZ is as defined in (5.37). That is,

DD (e5(0z19)) = A ey(Az;9), A eC. (5.40)

Proof. The left hand side of (5.40) is
Dz D
W ) |2 G
L [ —~ (q;q)ﬁ"“]
1

(
- ({2

n=

D" (4 (Azq) =

AT
(O (45 ¢)n—

-2 (@ Q)“”A(nq; Q)H(q; D (L= D™ 27 (541)

n=1

Now it can be easily verified that for n =1,

(1—q) (D) 2 = (1—q)' DyzD,...DyzD, 2
0 der?\;tives

= (1-¢q) DgzDy ... DezDy 2

z— 2q
z(1—q)

~
£—1 derivatives

= ...=(1-9)"
For n = 2,

(1—)* (D)* 2 = (1—¢)* DgD,...Dy2D, 2>

N

TV
2¢ derivatives

= (1=9)* Dy2Dy...DyzD, =

TV
2¢—1 derivatives

22 2

z(1—q)

_ (1_ 20 (1_(]2) D.2D D.2D 2
= q) (l—q)\{ qg~lq .- DgZ q}jZ

2¢—1 derivatives
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1— q2)2€
el

= (1—-¢)* =
In general for n € N,

n 2\ _n n\fn _n—

(1—q) D)™ z"=(1—g¢ ) 2t (5.42)
Hence using (5.42) in (5.41), one gets
DY (M) = Y GO @) 1(Q§Q)fhl (1 =g 2"t
n=1 Y n ) n—

_ > A" gl
- Z (4 D0 (4 D
— (g; q)irt!

= A eg(Azq).

]

Note 5.16. If f(z;q) = Z Ang 2" and g(z;q) = > bug 2", |2| < R then for
=0 n=0
a,feR andpENU{O}

oD (o f(z50) + B g(z:0)) = o Dy (f(z:0) + B8, Dy (9(250)).  (543)

It is interesting to see that in view of Definition 5.11,

(i2)"

In+1
< (a:q >>n
2n+1 2n+1

O ZOO
( 2€n+1 + 2€n+€+1
0 q;9q n= 2n+1

. e (_1) Z?n+1

(_1)n 2271
—otng1 T Z N2t it1-
(:9) “—~ (39

2n 2n+1

eh(iz;q) =

ﬁMg

Mg

n

NE

(5.44)

Il
o

n

These infinite series are resembling with those of ¢-cosine and ¢-sine series. They

are reconsidered in next Subsection.
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5.3.2 The ¢-/-¥ trigonometric functions

The first and second series on the right hand side of (5.44) extend the g-cosine

and g-sine functions [23, Ex. 1.14, p.23] respectively which are denoted here by

cosy (z; q) and sin (2; ¢). In fact,

. [ 0; q; iz |
§R<€€I/(ZZ; q))) =R <1\Ilé . (1 g) ) = COS{I,(Z; q), (545)
and _ -
, 0; ¢ iz .
S(eh(izig) =S (1\116 AN ) = siny (23 9), (5.46)
which imply that
e (iz;q) = cosg(z; q) + ising(2; q). (5.47)

Remark 5.17. It is noteworthy that cosy(z; q) = cos,(2), and sin},(z) = siny(z).

Further,
1y, b 1 [ (i)
5 [6\1,(227 Q) + 6\1,(_7/2:) Q):| - 5 [nz q q Zn—‘,—l ZO (q’ q)fl’l’b"rl
1 iz (iz)?
- |1+ + T
2 () (g 9)3"
—iz (i2)?
+1+
(G (3™
1 22 24 )]
= —(211— + — ...
2 { ( (93" (i
(g )5
= cosﬁ,(z;q)

and likewise,

1 . - 1| (io)m = (—iz)"
5 leblizg) —eh(=izg)] = o [Z%W—;%W]

1 iz (iz)
= 2% T o U
L —ir o (iz)?
TG0 o T
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T
= - (3 —
2 ()™ (93

0 (_1>n »2n+1
= Z  N\20ntit1

=0 (4 @)ani

= sinf(2;q).
Hence from Remark 5.12,
1
cosy(0;9) = 3 (€4 (0:q) + €y (0;9)] =1,
. 1
sing (0;9) = = [€4(0;¢) — €4 (0;¢)] = 0.

[\
)

Remark 5.18. The operator (5.39) yields:

L (D (cosly(2;9) = —sing(z1q),
2. DGV (sink(59)) = cosh(z0q).

Just as the functions sin z and cos z are solutions of the equation %+y =0,
these generalized functions are also the solutions of a differential equation. This

is shown in

Theorem 5.19. The q-(-V cosine and sine functions are solutions of the differ-

ential equation
z5))?
(ﬂ)ﬂfl’q> v+v=0.
Proof. From Theorem 5.15,

DVl (12 q)) = il (iz; ).

Hence,
. 2 . z; z; .
(D7) (hza) = DDV 20))
= Dy (i(¢4 iz 9)))
= —eyliz;q).

Now using (5.47), this may be written as

2
(/D5™) (costy(z:) -+ isiny (2: ) = —(cosy (25 ) + isindy (5 9)).
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By making an appeal to the property (5.43) and comparing real and imaginary
parts, one finds that

R
(/D5™) (cost(25 ) + costy(:0) = 0,
L l

where v = cosy(2; ¢) and with v = siny(z; q),

N2
(/D) (sindy (21 0)) + sindy (23 ) = 0.

5.3.3 The ¢-/-¥ hyperbolic functions

Again from the definition of ¢-¢-¥ exponential function (5.35), one can observe
that

0. _ = 2"
ey(2q) = ZW
n=0 ri/n
0 Z2n o0 Z2n+1
= D e v D e (5.48)
; (q; )50 ; (q; Qo

If the first series (with even powers of z) on the right hand side is denoted by (cf.
(14, Eq. (3.15), p.487])

% ¢ ) y ]) — cosh’(z;q) (5.49)

Eley(zi9) =€ <1\Ifé e

which is called here the hyperbolic ¢g-¢-¥ cosine function and the second series
(with odd powers of z) on the right hand side is denoted by (cf. [14, Eq. (3.16),
p.487])

O(ey(z:q)) = O (1‘?6

0 “ : = sinh’, (z;
S D— by(z0) (550

which is called the hyperbolic g-¢-V sine function then from (5.48) one gets

e (2;q) = coshy (z; q) + sinh% (2; q). (5.51)

Remark 5.20. coshy(z;q) = coshy(z), and sinhy(z; ¢) = sinh,(z).
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Also,

5 (=) + dh(-=0)] =

Likewise,

* [eh(z:0) — e (—=:0)]

In particular at z = 0,

coshfl, (0;9)

sinhé, (05 q)

= s1nh\1,(z; q).

Hl+ —g + +...

(¢:9)1

()]
2 ()3 (g8

o 2n

z
Z ( 20n+1

4 q)2m
coshfl, (z;9).

(q q>2£+1

(5.52)

2

V4
+ (q q)2£+1 +

N A R N o)
- 2[2 en+1 Z(Q;q)znﬂl

41

(¢:9)1

1 —Z 22
() (g3t

- % {2 ((q qz)”1 " qz)g?’Hl T )}

o 2n+1

— (g q)5m !

(5.53)

1,

[€5:(0;q) + €5,(0; )]

4 (0;q) — e (0;9)] = 0.

N~ N =

The differential equation satisfied by the functions (5.49) and (5.50) is given in
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Theorem 5.21. The hyperbolic q-¢-V cosine and sine functions are solutions of

the differential equation
(=)
(ZDM’q) v—v=0.
Proof. From (5.52), (5.43) and (5.40),

(eDf\Z;q)y (coshy (3 q)) — coshy(2; )
_ <€D§\Z;q))2 <6€(2;Q) +6€(—2;Q)) _ (6&(% q) +ey(=2 q))

2 2

() + el (—250) = ey (z50) — e (~=:g)]

Similarly in view of (5.53), (5.43) and (5.40),

(#:9) 2 ‘ ¢
(ﬂ)ﬁ’q ) sinhy, (z; ¢) — sinhy(2; q)
¢ ‘

_ (mgém)Q (GQ(Z;Q) —263(—2;61)> B (%(Z; q) —2%(—2;61))
1

= - leg(zq) — eu(—2q) — eg(z:0) + ey (—2:q)]

=R Y

Then v = coshy(z; q) and v = sinh%(z; ¢) are solutions. O

5.3.4 The ¢-/-¥ Exponential function

Here the function (5.33) given by

0: . o n(n—1)/2 _n
Y Z]:Z Lo (R()20), (554
CL:t);

0; (cr; ) (@5 )n’

n=0

will be studied; in particular the properties analogous to those obtained in Subsec-
tions 5.3.2 and 5.3.3 will be derived. This function characterizes the ¢-Exponential

function E,(z). In fact, for ¢;(= ¢**) = 1, the above series would reduce to

0: ¢ —z o qn(nfl)/Q prg
\1[1 J ) _
1 1[0; (q:0); ] 2 (g q)n*!

n=0

which enables one to define the ¢-¢-¥ Exponential function as follows:
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Definition 5.22. The ¢-/-¥ Exponential function is denoted and defined by

0 qn(nfl)/Q

T (5.55)

Ey(zq) =

n=0
for all z € C and R(¢) >0

Remark 5.23. Obviously, EY(z;q) = E,(z), and E(0;q) = 1.

The reducibility of the difference equation of Theorem 5.7 to the difference

equation for the function (5.55) occurs in the form
(oA +2)w=0, (5.56)

where w = FE%(z;q). This can be verified as follows.

1,1,0 0 z
( (0,1)A2u) Q)> w = {Ar} 0, (=) B (5361)
2 _gnD-2)/2

04 n
= {4A1 } Qq Z (q, q)fn+1 <

n=0
0 q(n 1)(n—2)/2

= —{A)} Z g (1—q")z"

n=0
= g DEEIE (i)l (Qq)“ 2"
~ (¢ )5 (43 @)n-—
g2 ()l
e (¢ 9)5 (g; )
0 (n 1)(n—2)/2 ( )

(¢ )iy (¢ )n—1
n—1)(n— 2)/2

:_Z qzne

(¢ D05 (@50

(1—61) 2"

’

n=1

= —zw.
Note 5.24. The case { =0 in (5.56) yields the equation
(Ag+2) w=0,

where Ay == (o, 1)A5110 = {,A)) 0, (—q) and w = E,(z).

In order to derive eigen function property for the ¢-¢-¥ Exponential func-

tion, one more differential operator is required which is defined below.
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Definition 5.25. Let f(z;9) = > any 2", |2| < R,R > 0, p € NU{0}. Define
n=0

pDirf(z19) = ({pﬁ?g} 0, Q> f (36]) :

where pQ?Z is as defined in (5.37).

an operator

This operator enables one to prove

(5.57)

Theorem 5.26. If ¢ € NU {0} then the q-L-¥ Exponential function is an eigen

function of the operator ;D%,. That is,

DY (By(Az9)) = X Ey(Aziq), AeC.

Proof. The left hand side of (5.58) is

D, (B (1)
({
({
- ()

-3

e A\ q(n—l)(n—2)/2

. [ > A" n(n—1)/2 n
O} ) | (5)]
69?2} ‘gq

D

n=1

Ln=0

) 2 (¢; q)irt!

(n—1)(n—2)/2 Zn]

Ln=0

AP g D(n-2)/2 Zn]

(G0 (¢ Qn

n=1

(D)5 (¢ @n

(¢ 0)n s (1 —q)D7)" 2"

In view of (5.42), this simplifies to

D, (Eﬁ,()\z-q)) _ i)\" q(nfl)(nfz)/z(q'q)g (1 gy oot
’ (G0 (G Q)
< A1 g(n=1)n=2)/2 -1
N ; ()05 (@)
X\t qn(n—l)/2 P
= (gt
= /\Eﬁ,()\z;q).

(5.58)
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5.3.5 The ¢-/-¥ Trigonometric functions

Just as the Cos,x and Sin,x are defined by means of the function E,(x), the ¢-¢-¥

Exponential function also gives rise to such functions. This is shown below.

Consider
1 e Y]
5 [E\I, )+ By (—iz; q)}
- 1 nn 1)/2 Z qnn 1)/2
- 2 q q €n+1 - EnJrl
1 q2(2—1)/2< )2
2 DN (Y
2(2-1)/2(;
q (i2)
+1 4+ + ...
(4; Q)”l (g: 03
1 2(2-1)/2 .2 4(4-1)/2 4
- _[2<1_q 2Z+f +q 4£+f _>}
2 (¢:9)3 (q, q)1
i 2n 2n— 1)/2
= (a7
and,
1 0. 00 i
E [E\I/<ZZaq> - E\I,(—ZZ,(]H

n(n— 1/2

- [Z q €n+1 Z . q q ZnIlZZ)

_ l[1+ iz . q2(2*1)/2( Pk
9 (¢ ) (.97
i A A ]

(Ga)™ (3™

|:27/ ( P B q3(3—1)/2 Z3 + B >:|
(o)™ (go)d

(_1) q2n(2n+1)/2 2n+1

In-+0
—~ (¢ o™

(5.59)

(5.60)

Then the series on the right hand sides of (5.59) and (5.60) enable one to extend the
g-Cosine and ¢-Sine functions [23, Ex. 1.14, p.23| respectively which are denoted

here by Cosy (z;q) and Sin§(2;¢). In fact, for any z € C,

1

o |

(B4 (iz; q) + B4 (—iz; q)] := Cosy (2 q),

(5.61)
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and .
- (B4 (i) — B =iz )] = Sind(5:0), (5.62)

which imply that
E4(iz; q) = Cosy(2; q) + i Sink(z; q). (5.63)

Remark 5.27. Tt is noteworthy that Cosy, (2; q) = Cos,(2), and Sin(z; ¢) = Sin,(2).
Further, from Remark 5.23,

Cosy(0;q) = = [E4(0;q) + E(0;¢)] =1,

— N =

Sing (0:0) = o [Ey(0:9) = Ey(059)] = 0.

Note 5.28. If f(z;q9) = Y ang 2" and g(z;q9) = > bug 2", |2| < R then for
n=0 n=0
a,f € R and p € NU {0},

pDiys (a f(z39) + B g(2;9)) = a ,DY,(f(29) + 8 DYy, (9(2;9))- (5.64)

Remark 5.29. The operator (5.57) when acts on (5.61) and (5.62), yields

1. D} (Cosy(z9) = —Sing(z;q),
2. D,(Sing(z;9)) = Cosy(z;9),
respectively.

Just as the functions sin z and cos z are solutions of equation % +y =0,
these generalized functions are also solutions of a differential equation. This is

shown in

Theorem 5.30. The q-¢-V Cosine and Sine functions are solutions of the differ-

ential equation

(D9 v+rv=0.

Proof. From Theorem 5.26,

DY (Ey(iz;q)) = i(Eg(iz;q)))-
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Hence,

(D) (Bylizq) = DDy (EL(iz9)))
= (DY, (i(Ey(iz9)))
= —Ey(izq).

Now using (5.63), this may be written as
(¢/D%,)* (Cosg (2; q) + iSing (23 q)) = —(Cosy(2; q) + iSing (2; ).

By making an appeal to the property (5.64) and comparing real and imaginary
parts, one finds that

(:D%,)* Cosh (2 q) + Cost(2;q) =0,
and
(:D%,)* Sin&(z;q) + Sin(2;¢) = 0.

Then v = Cosy (2;q) and with v = Sin{(z; q) are solutions. O

5.3.6 The ¢-/-¥ Hyperbolic functions

From the Definition 5.22,

1
Bz + E( >}
_ 1 i qn(n 1) /2 Z qn(n 1)/2 )
2 — (q q Zn+1 q q £n+1
1 2(271) 202-1) 2
2 (¢;9)1 (7:9)3 (¢:9)1 (459)3
1 2(2-1) ,2 4(4-1) 4
= _[2<1+q 21z+1+q 4£+1+"')1
2 (¢:9)3 (¢:9);
o 2n(2n—1)
q PRk
- . (5.65)
,; (:9)50""

and

% (B (z5q) — Ey(—2:q)]
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Z qn(n 1) /2 n Z qn(n 1) /2 Z)n
— q q £n+1 q q fnJrl
1 . . q2(2—1) 2 . , _. 22D 52
20 (g™ (o™t (o (693
1 [2< 5 . PO 23 . PO 55 . )}
2 (@)™ (¢o3™ (@™
0 n(2n+1) ,2n+1
q V4
- Z 2£n+£+1 . (5.66)
n= 2n+1

From first and second series on the right hand sides of (5.65) and (5.66), the
hyperbolic ¢-Cosine and ¢-Sine functions admit extensions which are denoted here

by Cosh%(z; ¢q) and Sinh{(z; q) respectively. In fact, for any z € C,

% [E4(2;9) + By (2 q)] := Coshy (2 q), (5.67)
and .
5 [Bal210) = By(=2q)] = Sinhy (2: 9), (5.68)

which together imply that

ES(z;q) = Coshy (2 q) + Sinh% (2; q). (5.69)
Remark 5.31. Coshy,(2;q) = Cosh,(z), and Sinh%,(z; q) = Sinh,(z).
In particular, from Remark 5.23,

Coshy (0;9) = 5 [E4(0;9) + Ey(0;9)] = 1,

[E3(0;9) — Ey(0;9)]

0.

NN E NN

Sinhy (0;q) =

The difference equation satisfied by these functions is given in

Theorem 5.32. The hyperbolic q-¢-V Cosine and Sine functions are solutions of

the differential equation

(D) v —v=0.

Proof. 1t is seen from (5.67), (5.64) and (5.58) that

(¢;D%,)* Cosh¥ (2; q) — Coshy(2; q)
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a2 (Ey(zq) + Ey(—zq) Ey(2q9) + Ey(=2;9)
G G B G B
= % [E4(219) + Ey(—20) — By(29) — Ey(—219)]

— 0.

Also from (5.68), (5.64) and (5.58),

~

Dt )? (Eé(—Z;Q) — By (% Q)) _ <E€(—Z;Q) - Eé(Z;Q))

2 2

(¢,D%,)? Sinh (2; ¢) — Sinh (; q)
[E4(—2:9) — Ey(2;:9) — By (—2;9) + E4(2:9)]

(
1
2
0

5.3.7 Series transformation
In this subsection, a series transformation formula is derived involving a particular

case: 7 = 1,5 = 0 and p = 1 of the generalized ¢-¢- function (5.1). By taking a; = a

and ¢; = ¢, this reduced function takes the form:

1
1\110

a; G 2| _ o (wan e
— (50 ] = Lo g, e G

For this function, the series transformation is established here by means of the

following lemma.

Lemma 5.33. If0<g¢<1l,a€e C,ce C\{0,—1,-2,...} and ¢ € NU{0} then

there holds the series transformation formula:
Th(ez) = (1 - a)\I/f;q(c; 2) 4 a¥’(c; zq). (5.71)

Proof. From (5.70),
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. Z( (04 @)n-1 2

= (c: g (q; q)n_1
(aq; q)n
= —az
2 (c: )it (q,q)n
S (aq; )

— [(1—0) (c: @)™ (g:0)n

= —a=z
n

. —az f: aq Qn z
(1 —c)f == (cq: q)y, (cq: @) (q30)n (1 — )

n

—a z aq,O; q; f 3
— gl (1=c) 5.72
(=) """ cqreq,....cq,0; (cq:0); >
Also,
Wi (c;2) — Wil 2q)
- (a7q n n n._n
= 2" —2"q
g (& Q) (45 9)n ( )
R SV
— (c Q)fﬁﬁé (4:9)n
_ (1- Z (aq; q)n Z"
(1 ’f (cq:q)s, (cq: @) (q5q)n (1L — )™
_ (A=a) = o ag, 0; VT (5.73)
( C)e 2% 4+1 :
cq,cq,...,cq,0; (cq:L);
Hence from (5.72) and (5.73),
(1—a) [To(cz) — Vi (c2)] = —a[Ph(ciz) — Vi(c2q)],
which simplifies to
Vo(e2) = (1—a) o, (c2) +a g(c 2q).
O

By iterating the identity (5.71) and then taking limit as n — oo, the desired

series transformation is obtained. This is given as
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Theorem 5.34. If |a| <1 and (5.71) holds then
Z\IJ ¢ zq") a" = (1 —a)™t U(c2). (5.74)

Proof. Upon iterating (5.71) by replacing z by zq one finds that
V(e 2q) = (1 —a) W (¢ 2q) +a Ug(c; 2q°). (5.75)
Substituting (5.75) in (5.71), gives
Vo(c2) = (1 —a) Uy (e 2) +a(l — a) W (c;2q) + a® V(ciz¢?).  (5.76)
Again iterating (5.75) by replacing z by zq, one gets
V(e 2¢%) = (1= a) Wo (¢ 2¢°) + a Ve(c; 2¢°). (5.77)
Substituting (5.77) in (5.76), yields

U(c;2) = (1—a) \Iff;q(c; z2)+a(l —a) \I/flq(c; 2q) +a* (1 —a) \Ilf;q(c; 2q°)
+a® W (c; 2¢%).

In this manner iterating (5.71) total n times by replacing z by zq one finally arrives

at

U(c;2) = (1—a) Z a* Wl (c;2") + a™™ Wi(c; 2q™).

In this letting n — o0, it takes the form:

L. _ k \,t . k . n+1 7/ .. . n+l
Vole;2) = (1 —a)l; " W (c;2q7) + lim o™ W (c; 2¢™")
= (1—a))_ a" ¥ (c;2q")
k=0
as Ui(c;0) =1 and |a| < 1. O

Remark 5.35. If £ = 0 then (5.74) reduces to the transformation formula:

S ag; ¢ zq" | _ a; q 2
Zl%[ ]a :(l—a)llqbo[ ],|z|<1,|a|<1.

n=0 T
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In this, using the formula [23, Eq. (1.3.12), p.8]:

@ ¢ 2|  (02q)x
NEERES

the following particular g-sum is obtained. In fact,

(a(:zq”“;)q)oo o = (1 — a1t @ Do
24"3q)oo

WE

3
i
=)

(2" oo (@00, 1
a [
“ (az¢)x (20" ¢)x

(z:9) o

(8
NE
|
T
=

n

(CLZ; Q)n-i-l I—a

4
WE

n

= = —
1—azz( ; ¢ l—a

— (azq; q)n

Z, ¢ ¢ a l—az

I
—_ <

azq; 1—a

This can also be verified from ¢-Gauss summation formula (1.14) by substituting

a=z b=gq, c=azq, and z = a.

5.3.8 g¢-f-analogue of Maclaurin’s theorem

In [31], F. H. Jackson introduced the following g-counterpart of Taylor series:

JCEDY % DI f(a)lz — al,. (5.78)

where D, is the usual g-differential operator as defined in (5.38) and for n > 1,

[-T - (l]n = ((L‘ — CL)(I — aq) .. ([E _ aqn—l)

and [z —a)o = 1.
The ¢-Taylor series (5.78) leads to

Theorem 5.36. For z € C,

Plqiz) =Y (D (L R(Gg;2)],_ (5.79)
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Proof. From the definition the generalized ¢-¢-¥ function (5.1) and from (5.38),
Dy (V5(0; g5 2))

_ Dm f: (a17a27"'7ar;q)n

T\ (bnybey b @) (crscay e @)l (450)n

i (a17a27 s 7a7";Q)n
(b1>b27 ©e 7b57Q>

n—mn. n (Cb Coy.n. 7Cp; Q)fbn (Q; Q)nfm (1 - Q)m7

so that

<a1;a2,..-,ar;Q)m [(_1)’” q@)}n

D" (WPl q; = .
[ 1 ( 8( 1 Z))}ZZO (b17627"'7b5;Q)m (Cl7027" Cp7Q)£m (1_q)m

Hence,

k (617 Co, ... 7Cp; q)ik (CL Q)k

I
3
e
S
—~
S
=
~—

Remark 5.37. For £ =0, (5.79) reduces to

(e 9]

_ 2" (1—q)"
r(,bs - mzzo r¢s 2—0 —(q : q)m .
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