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5.1 Introduction

In this chapter, the Mittag-Leffler function is considered with the point of view
of providing the matrix form and studying certain properties. Recenlty, a

generalized Mittag-Leffler function is introduced in the form [73]:

o Zn
E° — 5.1.1
apan(28:7) = nZ:OFoerﬁ [( Tl (5.1.1)

where «, 8, v, A € C with R®(«, 8,7,\) >0, 6, >0, r e NU{-1,0} and
s € NU{0}.

We define its matrix version and derive the eigen function property and the
differential equation. Followed by this, we deduce a general form of the
Konhause matrix polynomial and derive the inverse matrix series, generating

function relations and summation fomulas.

5.2 Generalized Mittag-Leffler Matrix Function

We propose a matrix analogue of the generalized function (5.1.1) as follows.

Definition 5.2.1. For A, B, C to be positive stable matrices in CP*P, o, \,z € C
with N(a) >0, §, 0> 0,7 € {—1,0} UN and s € {0} UN,

Ef]i] s1(Azys,7) = ZF_I(anI + B) [(C)un] " [(A)sn]® ol (5.2.1)

n=0

The parameters 7, s, d, ;1 are such that the series converges for either |z| < oo or
|z] <1 (see [6, 53]).
We refer to this function as generalized Mittag-Leffler matriz function. As a

particular case, the above matrix function yields the matrix analogues of
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e Mittag-Leffer matrix function (cf. (1.2.19)):

In (5.2.1),if weput s=1,0=s,B=A+1,r=0,u=0,\ =1 then we get

EBATEC (2:1,0) = ERSL(2) that is,

Erfig(2) = Z(B) I (A+rnl + I)m (5.2.2)
n=0 :
e Bessel-Maitland matrix function (cf. (1 21)):

With B replaced by B+ I, and A = —1,0 =1 = y,s = r = 1, the function
Ei?—li_lj( i1 1) = Jf(z)v

thus we get

o0

JP(2) =Y (-1)" T (anl + B+1)

n=0

'I'L
_l

e Dotsenko matrix function (cf. (1.2.22)):

The substitutions A\ =1, a =p=w/v, 6 =1=s,r=—11in (5.2.1) will
give E /um/u(Z? 1,—1)= 2R(C, A; B;w,v; z). Thus,

2Ri(C, A Bw,viz) = I7YB)Y T7Y(B+ n%[) I'(B) I Y(O)T(C + n%])

«T(A + nI) T (A) %

e Saxena and Nishimoto’s matrix function (cf. (1.2.23)):

The function EB1B2A(2:1 1) = E4 . [(ay1, B;)12; 2] This is given as

1,02,k

[o¢] - B Zn
Eaul(o1, By)i2;2) =Y T onnd + B (agnd + Bs) (A)wn —
n=0 :

where z, a1, a0 € C,R(a; + az) > R(k) — 1, R(k) >0

e The Elliptic matrix function(cf. (1.2.24)):
The special case E11/1211/21<k2 1,—-1) = K(I; k), is
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- %], %]; k?
K(I;k) = 5 o1

I;

5.3 Differential Equation

We derive the differential equation of the matrix function (5.2.1) in this section.

For that we take

$80 6—1 A T
0 = u, d =D, 2D =0, [<9[+ tm )} = AGA - (531)
Qo pre dz s
and
. L T+jl m
( ] 1) — yletim), (5.3.2)

7=0
In these notations, the differential equation satisfied by (5.2.1) is derived as

Theorem 5.3.1. Let o, 1,0 € N then Y = Eflifw()\z; s, 1) satisfies the equation
TP g ¥ Y~ (uh2) Y AGAY = O, (5.3.3)
wherein the matrices AC = CA.

Proof. We first assume that the matrices occurring here are commutative with

one another, then we have

Y = Y ant + B) (0] (4] X
_ el - —1 —r s ()"
= B Y (Bl (Ol (A

3
—_
| —
VR
&
o |+
~
N———
A
|
l.—|
VR
&
+
ol

|

=
~
N———
T
|

) mB):fgang)

QN AT 5]
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SONCTIRC N

Thus,

e son a—1 : -1
Y = F‘l(B)Zaai—W{H (Bzﬂ) } (5.3.4)

Now let us take

6—1 s a—1 ;
(520 ] -r T (222) - T
m=0 n n

J=0

= R_]‘

<C+k1>
K n

then the function (5.2.1) takes the form

= Az)"
(B 1 po1 p (UA2)"
);Qn . —
Now,

_ = 1 e 1 n
Y = T I(B)ZinRannae(u)\z)

n=0

(o) )\ n
_ r—l(B);Q,;l R P, (E:’_Zi)!.

Further, since the matrices commute with one another, we have

oo a—1
- B+ jI P,
TP ory = 14B) S [] <91 + “ - 1) QB

n=1 j=0 (n—l)

X (uAz)"

co a—1
_ B+ 31 Q'R P,
= I''(B nl — ) o

X (uAz)"

Q.1 R' P,

= F_l(B)ZW (urz)".
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Finally, if AC = C'A then we have

TP gry T

%) _ _ pu—1 r
= F_l(B)ZM {(9[+C+kl—l>] (urz)"
) ! 5

I
Pl /

_ r—l(B)i% EKHHC:M —I)]T (urz)"

— (n - 1)!
Thus,
o] n+1
LA S I S ) DA A
n=0

On the other hand,

y AbA) _ i in 1 p, H K A+'m]> s .

( A+m1)_8 (ur2)"

that is,

(urz)"

(uA2) Y ADAD =T71(B) Y Q" B, Py (5.3.6)

On comparing (5.3.5) and (5.3.6), we get (5.3.3). O

Theorem 5.3.2. Let o, pu,0 € N then Y = Eflifél(/\z; s,1) satisfies the equation

B g YDy (a2 Y AGAS = O, (5.3.7)

J

assuming BC = CB.
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5.4 Eigen Function Property

In this section, the operators: D =d/dz, § = z D, aaL:w = u and

§

—1 —S
ouA—) — T K_ej LA tsml - I)} (5.4.1)

0

will be used along with the operator (5.3.2) for deriving the Eigen function

property. In these notations, we have

Theorem 5.4.1. Let o, ;1,0 € N then W = Efl’i’fél(()\z; 8,1) possesses the

eigen function property given by

(Au)™t D PPN Wy @A) = ¢ EEOA (CAzis, 1), (5.4.2)

m ol ul,0l

where AC = CA.

Proof. We begin with

(CuAz)"

n!

W = Bl (Ohzs,r) =T7N(B) Y Q' R Py
n=0

Then using the notations from (5.3.2), we have

oo a—1 .
B - B+ I Q' R’ 0
TP W = rl(B)EjH(GH —I)TPn(Cqu)

co a—1 . _ _
- '3 Y I] (m L 2Ei I) @ B oy

n!

Next if AC' = CA, then

,B;1) Cir
YieBDW )

[e's) _ _ p—1 r
— F‘I(B)ZM H {(91+ OZM —]>] (Curz)

n!
n=1 k=0




Chapter 5.  Generalized Mittag-Leffler Matrixz Function

117

— F‘l(B)f:M 1T [(n[—l—c_l_kl—.f)]r(gu)\z)"

. 1
n=1 k=0 f

Further, from (5.4.1), we have

T§@73;1) W TI(CHC??”) @SS,A;—S)

Q' R P,
— F_I(B>2Qn_l n—1 @g’A;_S)<CU)\Z>n

n!

n=1

[eS) -1 -1 0—1 —s
— F—l(B)Z Qn s 1:;1_1 Do H K 01 + AJ:)mI I)} (Curz)"”
n=1 ’ m=0

[e.e]

1 el 5—1 —s
- B T (s 1) ] o
: m=0

n=0

_ -l = -1 -1 (CuAz)"
= T (B>;Qn—l Rn—l Pna nl :
Finally, applying (Au)~! D, we get
()\u)_l D TEa,B;l) W T](;LC;T) @%,A;—s)
— - n n— — — 1 n
= T7'(B)Y ") Q1 Byt Paa D2

n=0

— T4B) Z::C”(/\U)”_l O i (n—1)!

(/\ )"

— F_1<B)§:Cn+l n Q R P
n=0

_ -l - -1 p-1 (Curz)"

= E;‘IB;ICNI(CAZ; 8,7).
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Theorem 5.4.2. Let o, i, 0 € N and BC' = CB, then W = Efji’fﬂ()\z;s,r)

possesses the eigen function property:

(Au)™" D YD D g @A) = ¢ EEOA (s r). (5.4.3)

5.5 Mixed Relation

We rearrange the matrix functions at the coefficient place as follows.

- n p— —r s A"
BEGA (i) = 3 T and + B) (@)l (Al .
n=0 ”

To this function, we we apply D = d/dz and assume that BC = C'B, then we get

d B,C,A
b b ac
EE(SI,O(I,ILLI()\Z 7S5 T)

_ 2 I anl + B) [(Cun) " [(A)sn]® (an) 271 %

—a g D™ (anl +B) [(C)ul ™ (W] 270 A—nl)!

~q i}r—l(an[ + ol + B) [(C)uns] " [(A)sns] 210707 g
. i D Yanl +al + B) [(C),]" [(C + pl)] ™ [(A)]

) A"

X[(A + 5[>6n]sz(an+afl .

=a[(0))" {Z I anl +al + B) [(C+ pl)m) ™"

n=0

C[(A + 81) e 2lom oD &} (A

n!
= 0 27 [(Q),] T EELGICHIANI (2005 1) [(A)]° (5.51)



Chapter 5.  Generalized Mittag-Leffler Matrixz Function 119

If BC # CB, but AC = CA, then we get

d
B,C,A a,
% él,al,pl()\z 35, T)

— o {i I Yanl + ol + B) [(C+ pd)n] ™"

n=0
n
) )‘_
n!

} (A (O]
=« Zoz—l EB-I—aI,C—HAI,A—l—éI

STl ul (A% s,7) [(A)s]® [(C)u] ™

X[(A + 01)5,) 2 0n 1

Now

d
B-I pB,C,A a.
% [Z E(SI,OJ,/,LI()\Z 15 T)]

= ;{d_dzzanH—B—l} F_l(anI+B) [(C);m]_T [(A)én]s &

n!

= Z {(anl + B — I)z*""* P21 (anl + B— 1)
n=0
)\'ﬂ,

P Hand + B =1) [(C)un] ™ [(A)snl? n!

= 3 D anl B 1) [(C)l ™ (AN

|
e n:

J— B-21 B—I,C,A .,
=z Estat (Az%;s,7).

Now, the left hand side being derivative of product of two matrix function, we

have
i B-I pB.CA (A2";s,7)
dz z SLalul\N* 55T
_ B—2I 17B,C,A a. B-TI d B,C,A a.
=(B—-1)z Eél,al,uf()‘z 18, 7)+ 2 EEJI,&I,M()‘Z 1S, 7).

Hence if BC = CB, then the mixed relation occurs in the form:

B-21 B_I7C7A a,
Z E&I,al,ul (AZ 7S>T>

= (B~ )" Bpiu(0etis,r) +a 2220 {(0),]7

B+al 1,A+61
D +al,CHpl , A+6

1,al.pul (A% s,7) [(A)s]®. (5.5.2)
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If AC = CA, then we get

B it (0275 8,7)
= (B . I)ZB—QI Eg’g’[ﬁ]()‘z% 8,7”) +a Zod-i—B—ZI
X Eg A (2 s, ) [(A)e]® ()] (5.5.3)

On the other hand,

d
B,C,A «. B,C,A .
(B - I) E(SI,OJ,,U,I()\Z 7377‘) + ZEELSI,O(I,ILLI()\Z 7877‘)

= (B—=1) EyoluA%s,m) + > T anl 4+ B) [(C)u] " [(A)sn)®
X (an)z" g
= (anI + B —1) T~ (anI + B) [(C)um] ™" [(A)sn]® 2" .

n!
= Z P_l(aTLI + B — I) [(C)/m]_r [(A)5n]s ’Zom g

= E5faini (Az%8,7). (5.5.4)
From (5.5.1), with BC' = CB we get

d
(B-1) Eﬁ’gful()\za; S,1) + 2 Eﬁ’gfw()\za; S, 7)
= (B—1) E;; 0 (A% s,m) + 20 271 [(O),] 77

XEsparn (A2 s,m) [(A)s)

Finally, using (5.5.4) we find the mixed relation:

(B —1) Eyparr(A="s.7) + az® [(C)] 7 Byprid ™0 (0= s,r) [(A)s)’

_ B-I,C,A a.
- E(SI,aI,p,I (AZ 7S7T>'

Instead of BC' = CB, if AC' = C' A, then we get the mixed relation:

(B = 1) By (\="5,7) + a2 Bl (s, ) [(A)s)° [(C)]™

J— B_Ivch a,
= E51 ol 1 (Az%s,7).
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5.6 Particular Cases

The properties corresponding to the special cases listed in section 5.2 may be
deduced by suitably specializing the parameters involved in the above derived

properties.

5.6.1 Differential Equation

(i) Bessel-Maitland matrix function: Taking
A=—l,a=peNi=1Lu=1r=1,s=1,A= 1= C, and replacing B by
B+ 1Iin (5.3.1) and (5.3.2), we get

u= = ALY =g 1, TP =TT (91 bt o L 1) ,
I

Qo TH
H =0

1
T — (91+ —I - 1)
I
Thus the differential equation occurs in the form:

TUEHNG g (2) Y 4 e JB(2) AGTY = 0.

YYEHEDG YD g () + e TP (2) ALY = 0.

(ii) Dotsenko matrix function: The substitutions

A=l,a=pu=— —EENé—l r=-1,s=1,B=C,C =DBin (5.3.1) and
i

(5.3.2), gives

-1
1 I
w= =1, ALY = o1 4 A, YD =] (01+ ctJ I) ,

Jj=0
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Thus the differential equation with o Ry[A, C; B, ¢; z] = W, becomes

Tg’z,c;l) oW Tgf,B;—l) i ZWA%A;I) = 0.

Tg’z,c;l) 0 Tg,B;—l) W — ZWA%A;I) = 0.

(iii) Saxena and Nishimoto function: We put
)\:]_,(J!:(Xl GN,(S:HEN,,U:OZQ GN,T':Szl,B:Bl,C:BQ in (531)
and (5.3.2) to get

a;—1 .
" o, B+l
U= ,Tgl’Bl’”:H<el+ Ld —1)7

(ar)or (ag)e2 0 o3

k—1 a2_1
g =T (or+ 220) gt T (o1 2R )
K

o
m=0 k=0 2

From this, we obtain the differential equation:

o1,B1; o2, B K" z e A
TP 0 By (g, By)as 2 T U‘W Eaxl(aj, By 2] AP = 0.

Or
K" z

a1,B1;1 az,Ba3l ;
TP 0 TN B0y B -

’ Exxl(cj, Bj)i2; 2] AlAD = O,

(iv) Elliptic matrix function: Using the substitutions
A=1,s=2r=0a=1,0=1,u=1,A=1/2,B=1/2,C=1,z=Fk"in (53.1)
and (5.3.2) we get

. . . N’
w=1,T" = (01)° = 1,7 = o1, AL1/22) = (91 + 5) .
Hence, we get the equation:

2
[921 e (6[ + %1) ] K(I;k) =0,
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that is,
1
(1 — k0T — k201 — ZkQI K(I;k) = 0.

5.6.2 Eigen Function Property

(i) Bessel-Maitland matrix function: With the help of the sustitutions
A=—l,a=peNi=1lLpu=1r=1,s=1,A=1=C, and replacing B by
B+ Iin (5.3.1) and (5.3.2), we get

535

- o (LI-1) -1 (1,5;1) _
w= = O (o1, X = o,
and
P B+I+jI
YhEE = (91 e I) :

, 1Y

7=0
Hence,

Qo = i (di) <—1><9f>-1<91>ﬁ (01 $ I f) |

7=0

which finally simplifies to the eigen function property:

pt D TP g 62) = € J2(2).

(ii) Dotsenko matrix function: Using the substitutions

A=la=pu=2=0eNd=1,r=-1,s=1,B=C,C =B in (53.1) and
1

(5.3.2), we get

/-1

1 : i : C+jl
o o (1AL 1 ((Xey
u_ﬂé—f_l’ O, =(A-1-0I)", T; —”(QI—I— 7 —]),

J=0

-1

_ B+ kI !
e =11 <91+ Z —J) .

k=0
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Hence, with oR;1[A,C; B, {;z] = oRy[z], we get
D YW R €] TV (A~ T —01)7t = € 2Ri[A,C; B, (; 2.

(iii) Saxena and Nishimoto matrix function: Taking
A=l,a=aeNJI=reNpu=aeNr=s=1,B=DB;,C = Byin (5.3.1)
and (5.3.2), we get

rk—1

-1
_ K Q) A+ml
" o (o G

m=0

a;—1 . az—1
o B, + /I . By + kI
Tg 1LB11) <91+ 1+ . I) 7 Tl(c 2,B2;1) _ | | (91 2+ I— I) .

a o
=0 1 k=0 2

Hence,

aq a2
(—(0‘1) ) )D'rg.ahBl Eallay, By €2] Y20 @b

I{KJ
=& Eakl(aj, Bj)ia; 2).

(iv) Elliptic matrix function Putting
A=1,s=21r=0,a=1,0=1,u=1,A=1/2B=1/2,C=1,2=Fk* in
(5.3.1) and (5.3.2), we get u =1,

-9 0
o!/#) = (91+£> , T = (91+£> T = (91+£) =1,

where 0" = k% d/dk?. From this, we obtain with D’ = d/dk?,

DG K (L gk) O = K (15 k).

5.7 Extended Konhauser Matrix Polynomial

It is interesting to note that the Konhauser matrix polynomial can be deduced in
extended form, from our generalized Mittag-Leffler matrix function defined in

(5.2.1). In fact, it is the matrix analogue of a generalized Konhauser polynomial
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[73, Eq. (22), p. 71]:

[n/m] ]

r om+ﬁ+1
Z I( @7"’6"’1)[( )m‘]r it

Bt (kg p) =

An extended Konhauser matrix polynomial which we denote by

AB . . :
ZU ’“’T)()\:L‘k; s, p), is defined as follows.

Definition 5.7.1. For the matrices A and B in CP*P,

[m/d]
ZEBED (ks s, p) = T(A+rml+1) > (=m)s (B!
n=0

(Azk)m

—1 N\
xI7(A4+rnl 4+ 1) Al (i)

(5.7.1)

where r € C; 6,k €N, s,p >0, R(u) > —1, for all eigen values p € o(A), X is a
complex number with R(N\) > 0 and the floor function |u] = floor u, represents

the greatest integer < u.

It may be seen that this definition provides further extension to our polynomial
(4.2.1).

Evidently, this generalized polynomial yields the extended Laguerre matrix

polynomial:
Lm/]
LA (Nar s p) = T(A+rml+1) Z (=m)5, [(B))7" (5.7.2)
n=0
(Az)"

xI YA +rnl +1)
n

Here the substitutions = 0,0 = r = s = 1 provides the Laguerre matrix

polynomial [61, Eq.(10), p. 3]:
LiV() = (A+Dm Yy ——— m (A+ D))" O2)™. (5.7.3)
n=0

We derive the inverse series and the generating function relations of the

polynomial (5.7.1) in the following sections.



Chapter 5.  Generalized Mittag-Leffler Matrixz Function 126

5.8 Inverse Series Relations

We now establish the inverse series relation for s = 1 in

Theorem 5.8.1. For A,B € CP*? and 6 =2,3,...,

/3]
Zp Pt (ki Lp) = T(A+rmI+1) Y (=mD)s, [(B)]
n=0
)\l.k)n
xIT(A+rnl +1) g (5.8.1)
if and only if
O By r(A g rml 4 S EmDs
-y = (B)jm T(A+rml + );W
xD7YA +rfI +1) ZEPHD (ak; 1, p), (5.8.2)
and for m # 90l, | € N,
> (=ml); THA +rjI + 1) ZE0P0 (ki 1,p) = 0. (5.8.3)

j=0

Proof. We show that the series (5.8.1) implies both (5.8.2) and (5.8.3). The
proof of (5.8.1) implies (5.8.2) runs as follows.

Denoting the right hand side of (5.8.2) by the matrix =,,, and then substituting
for Z](f’B’“’T)()\xk; 1,p) from (5.8.1), we get

DA+ rmI+1),
(md)!

X Z](-fl’B’“’T) (Az": 1, p)

_ rA —}(—;LZZ)'I—F I) (B)Zm ' (—mdl); Z (=31)si (B);zp

ms 13/5] (_1)j+6i(B)zm(B)_p
« (md — j)! (j —o1)! i

YA+ ril +1)
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x(Az")
= I'(A+rml+1) sz; mi:& m;)] ((S?)Zm)(Bj)'_; YA+ril +1)
x (AzF)?
- (A:f) I+T(A+rml+1) E%F YA+ il +1)
S (md - i
x (AzF) ; (—1)7 ( ; )

Here the inner sum in the second term on the right hand side vanishes,

ey
consequently, we arrive at =, = ‘ 1.
m!

Further, we show that (5.8.1) also implies (5.8.3). For that we substitute for
ZB0) (\gk: 1, p) from (5.8.1) to the left hand side of (5.8.3) to get

J

> (=mI); D A+ il + 1) ZZ85") (a1, p)

Jj=0

7=0
" ml (B),IT *1(A+rz'+]) S (m_&)
T

if m # 61, | € N. Thus completing the first part. The proof of converse part uses

the technique illustrated in [16]. We now show that the series (5.8.2) and the
condition (5.8.3) together imply the series (5.8.1). The proof uses the Lemma
4.3.1 with
. — 1l -1 y (A,B,}L,’V’) k
Pi=j'T(A+rjl+1) Zj (Az"; 1, p),

and consider one sided relation in the lemma that is, the series on the left hand

side implies the series on the right hand side. Then

m

Qm = Z(—m[)j I YA+ril+1) Z; AB“)(/\;(:’f; 1,p) (5.8.4)

J=0
=
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A4+ rmI+1) Zm: (—mlI)

r I);
Z P Ak 1, p) = T @ (589)

m)
j=0

Since the condition (5.8.3) holds, @, =0 for m # §l, | € N, whereas

md
Qus = Y _(—mdl); TN A +rjl + 1) ZEP4D (b1, p).

=0
But since the series (5.8.2) holds true,

(mo)! T=H(A+rmI+1)
m!

[(B)fm] ™ (A2")™.

Qm6 -

Consequently, the inverse pair (5.8.4) and (5.8.5) assume the form:

k\m rm mo
e - 5){ D By S (—msD), T A+ I+ )

=0
(‘A7B7u7r) k.
xZ;: (Az"; 1, p)

Z{MPID (ki 1,p) - = —_j - Hy;

m/!

subject to the condition (5.8.3). O

If 0 =1, then the following inverse series relations hold.

. D(A+rml +1) &
Z7(nA,B,u7 )()\Zbk, 1,]7) — - Z (—m[)n (586)

n=0
(Azh)"
n!

bl

x[(BY, ] T"Y(A+rnl +1)

un



Chapter 5.  Generalized Mittag-Leffler Matrixz Function 129

if and only if
(A" = T(A+rml+I)(B),, Zm:(—mf)j (5.8.7)
xIDHA+ril +1) ZJ(»;’_(T“’T)()\:(:’“; 1,p).
This is an evident consequence of Lemma 4.3.1 with
Qm =T (A + rml + Dm! ZSEP#D Ak 1, p)

and

P, =T"Y(A+rml+1)[(B), ] (Az")™.

The Konhauser matrix polynomial and its inverse [94, Eq.(3.2) and (3.29), p.618,
626] follow from (5.8.8) and (5.8.9) when p = 0 which are stated below.

D(A+rml+ 1) &
(A7) () - _ _
ZA (\a* 1, p) = — ; (=mI), (5.8.8)
k\n
xI N A+rnl +1) (/\U:;') ,
if and only if
M)y T = T(A+rmI+1)) (-ml), (5.8.9)

J=0

xI YA +ril+1) Z](-A’r)()\xk; 1,p).

Further, if £ = 1, then we obtain the inverse pair for the Laguerre matrix

polynomial (5.7.3) [61, Eq. (26), p. 5]:

m

C(A+rmI+1) (—ml), (5.8.10)

m)!

LG (A lp) =

n

(T A+l + 1))

n!

Y
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if and only if

(Ax)"1 = T(A+rml+1) Zm:(—mf)j (5.8.11)

J=0

xT YA +rjI + 1) LY (O 1,p).

5.9 Generating Function Relations

We obtain here a matrix generating function relation involving the L-exponential

function
n

ex(w) = Z (n?:)kﬂ

n=0

of order k, due to Ricci and Tavkhelidze [81].

Theorem 5.9.1. If A+ (1, B + jI are the matrices in CP*P which are invertible
foralll,7=0,1,2,... and if p,r,0 € Z~o, then there holds the generating

function relation:

SS(A+1) L Z,(TLQ’B’“’T)()\:E’“; 5,p) t™ = e, (1)

m=0

( (B)p <B+(u—1)l>p A+1 A+rl (—t)% /\xk)
XOFT-HLP -5 [ ) ) ; )

1 1 r e AL

Proof. Beginning with the left hand side, we have

A+ D)L gABr) (\pk. g pygms
Z( m

m*

(=D)*"(A+ 1),
n! [(m — on)!]*

= Yoy A D gy ket

n! (m!)s

(B) ()t

which is the right hand side expression. (I
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The generating function relation of the Konhauser matrix polynomial occurs

when p=0,A=1,s =1, = 1 which is given by (cf. [106, Ex. 65(ii), p. 198])

o0

SA+DE ZMar) tm =t oF, (=< rm A+ 1 = —ta" r77),
m=0

mo A4+ (i — 1)1
where < m; A == (A)r = m™ ] <L> :

i=1 m k

Further specialization k£ = 1 yields the generating function for L%A”\)(x) given by

Z(A + D), LAY @)t = el oF (= A+ T; —\at)
m=0

= e (\ut) 2 T(A+1) Ja2VAxt). (5.9.0)

This is a matrix version of the known generating function relation of the
Laguerre polynomial L\ (z) [80, Eq. (2), p. 201]. Here the function J4(z) is the
Bessel matrix function of first kind defined by [92, Eq. (1.10), p. 268]

Z2

Ja(z) = (g)A YA+ 1) oFy (—;AH;—Z). (5.9.1)

Theorem 5.9.2. Let r € C, s € N and A, B be the positive matrices in CP*P,
then for |t| < 1,

S QI A+ rmI + 1) ZPH ) (a1, p)

m=0

= (1-t) 9 B2 (a1 — 1)1, 7).

Proof. Here, substituting the series for Z\2%*" (Az¥: 1, p) from (5.7.1) on the
left hand side and using (1.3.26), we get

S (@ DN A+ vl + 1) Z5EP" (A1, p)

m=0

0o i
— > (@ T+ AL

m=0 ‘

) Lm/3] ml(—1)% (B) g T"HA+rkI +1) ()

El(m — 0k)!
k=0

) 0o |m/s) (—1)5k(Q)m(B);zf IYA+rkl+1) ()i
= k! (m — 6k)! )
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SR (—1)5’“(Q)m+5k(B)*p T~Y(A+rkl +1)

g e
_ gk[% Q+ék1 (—1)5k(Q)ak<B);i!F‘l(A+7‘/<:f+I) (et
_ ng 0 o M( 1)5k(Q)5k(B)“i!F‘1(A+rkI+I) Oty
_ :O_ y-a i (Q)sk(B),F F_/;(A kI +1) O (=1 — )51}
= (1-1)9 E?I;‘,*LB( A (1— 1)~ 1,r) .

O

Here, two special cases are worth mentioning; the Konhauser matrix polynomial
and Laguerre polynomial. With r =17 and 6 = A = 1, the Theorem 5.9.2 yields
the generating function relation (cf. [106, Ex.66, p.198]):

S QI A+ mrl +1) ZiP"D (ki 1,p) £

(—a"t(1—t) " 1,r)
_ (1 . t>_Q Z (Q)k I~ (A + krl + I) (—x%(l o t>_I>k

k!
k=0

=(1—-t) @ E(Q;=rmA+T = —a"tr " (1—t)" ) T"H A+ ).

m=0
A+I,—
= (1 _t> Q Eg‘o;r]

Further, if » = 1, then the generating function of Laguerre matrix polynomial

occurs in the form (cf. [80, Eq. (3), p. 202]):

(Q) I YA+ mI+1) LA(x) t™

NE

=0
1—1)"Q B (—at(1—t)7151,1)

3

= (
(1-t) 9 QA+ —xt(1—t) )TN (A+]).
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5.10 Summation Formulas.

We illustrate the application of inverse series relation to obtain certain

summation formulas. The inverse series is re-stated below as

mo
(Azh)ym™ (—=mdI);
1 = (B, T(A+rml+1) ;:0: Sroh
XY A +rfI + 1) ZEPH (2ak; 1, p). (5.10.1)

Now, considering series from m = 0 to oo both sides, we get

o) k\m > - — .
DR R S P(A“mf”@ﬁ

m=0 m=0 7=0

XD YA+ rjl + 1) Z50 (a1, p).

From this, we obtain the summation formula:

oo  mé
x _m(SI ] — y DL T
M = E E (B)im (AJF[)rmW(AJFI)ml Zy(fBu '\t 1,p).

m=0 ;=0

Next, in (5.10.1), introducing (P),,, P € CP*? and then taking series as above,

we find |[\z*] < 1,

Z(P)m ()\:;/!)mI - Z(P)m (B)ﬁm D(A+rmI+1) Z %

m=0 m=0 7=0

xIT N A+rjil+1) Z](f"B’“’r)()\:Ek; 1,p).

In view of (1.3.21), this implies the formula:

1=2") =" (P) (B (A“)rm%

m=0 j5=0

(A+ 1)} ZE8P0 Ak 1, p)

for [A\z*| < 1.
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In this, putting P = I, we get

oo mo
(=mdl); (ABur) oy, k.
(1 — M) ;);ml (A+ I)rmW(A D ZEPR (a1, p).

Further, multiplying both sides in (5.10.1) by (P),,(Q),,}, P,@ € CP*? and then

taking infinite sum, we obtain

. . mo
>_(P) %I = 2 (PnlQ) (B DA+rmI+1) ) %

m=0 m=0 7=0

<IN A+ gl + 1) ZEP) Ak 1, p).

This may be simplified to

oo mo
(PN = 30 S )@ (B (44 Do S B4 ),

m=0 j=0

(A,B,u,r) (k.
X Z;. (Az"; 1, p).

Now from (5.10.1), we have

k\m i —-m ]
I (A+rml+1) “f;f I = (Blim Z%

XD YA+ il + 1) ZEP) Ak 1, p).

To this identity, we multiply both sides by I'(A + I) and put A = —1, then

applying the infinite series, we obtain

00 ZUk)m 00 md —7715[ 4 i
d A+, — Z mz LA+ 1) 280 (a1 p).
m=0 =0 7=0

Here, the right hand side series represents the oF,[*] matrix function. Now, if r is
taken to be unity, then this function particularized to the Bessel matrix function

(5.9.1). The resultant identity assumes the form:

[eS) mao
— I .
x kA2 T(A+1T) Ja( ka/Q Z . Z m5 L(A+ +1),; Z;A B’“")(—azk; L, p).
‘]:

m=0
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Instead of considering the summation both sides, if we apply the finite product

on k, then we have the expression:

3

—mdl);
mo)!
XD HA + il + 1) Z](.*ABW (a1, p)] .

N (/\.Tk> N mo
11 — U . A+rmI+IZ

k=1

From this, we get

)\m N N 0 ( mé[)
mk o - j
k=1 —
N
<D A+ gl + D] T 28857 (a1, p).
k=1
But since
N
mek — gij(N-‘,-l)/Z
k=1
we finally find the identity:
AN 2 (—mél),
AT mN(N+1)/27 (—maol);
(m!> z I = [(B)Y, T(A+rml+1) 2; )
N

XY A+l + 1)) H ZBET (A2 1, p).

Likewise, from (5.10.1) various summation formulas can be derived by treating

the left hand side appropriately.



