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6.1 Introduction

In this chapter, the generalized function [23]:

c Y
qu(O‘»BQZ’) = qu |05»ﬁ§2'
01, .., 04

ZTL

§:Fan+ﬁ (%Ew nl’ (6.1.1)

a)n

is provided the matrix extension and some of its properties will be derived.
Here o, 8 € C, R(«), R(B), R(7:), R(0;) > 0 Vi and Vj. The infinite series on the
right hand side converges absolutely if

)p<q+1VzeC,

(ii) p = g + 2 for those z € C such that |z| < 1 and

(i) p=q+2and |z| =1 for RO — > ) > 0.

As the special cases, this function yields the Gauss function 5 F(a, b; ¢; z), the
Bessel function J,(z), Elliptic modular functions, Incomplete Beta functions

B(z;a,b), the complete elliptic integral of first kind given by
K(k) = (7/2)F(1/2,1/2;1; k*)
and second kind given by
E(k) = (m/2)F(1/2, ~1/2, 1 k%),

the generalized Hypergemetric function: ,F,[z], M-series: quaﬁ , Mittag-Leffeler
function: E,(z) etc. Also it contains the Jacobi polynomial: ple? (x), Legendre
polynomial: P,(z), Chebyshev polynomial: U, (x), Gegenbauer polynomial:
C%(x), Meixner—Pollaczek polynomial: P2 (x, ¢), Meixner polynomial:

M, (z, 5,7), etc.

For this function, the following properties are obtained [23].



Chapter 6. A Generalized Matriz Function ,R,(A, B : (C),(D);z) 138

6.2 The Matrix Function ,R,(A, B : (C),(D);z)

We define the matrix analogue of the function (6.1.1) as follows. We make a
slight change in the notation of the matrix function: ,R,(*) with regard to the
matrices occuring in its series representation. We use the notation (P) to denote

the array of p x p matrices Py, P, ..., P for some k € N.

Definition 6.2.1. For1<i<p, 1<j<gq, let A, B, C; and Dj, be the positive
stable matrices in CP*P such that D; + kI are invertible for all integers k > 0,

then the matriz function denoted by ,R,(A, B : (C),(D); 2) is defined as

.G
2Ry(A,B:(C),(D);2z) = Ry | A, B; 2

(6.2.1)

whenever the series converges absolutely.

In view of theory [6] and [53], it can be shown that if p < ¢ + 1, the series
converges absolutely for all finite |z| and if p = ¢ + 2,the series converges for
|z| < 1 and diverges for |z| > 1. For |z| = 1, the series converges absolutely when

B(D1) + -+ B(Dy) > a(Cr) + -+ + a(C)).

6.3 Particular Cases

The matrix function ,R,(4, B : (C), (D); z) contains several special matrix
functions such as the generalized hypergeometric matrix function, the matrix
M-series, the Wright matrix function and the Mittag-Leffler matrix function and
its various generalizations. We also take into account some matrix polynomials

as the particular cases.
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We Start with the special case, A = B = I and C, = I. Then the matrix
function ,R,(A, B : (C),(D); z) reduces to

017"-7Cp—17[ n
pF | LIz | = Z(Ol)n--'(cp—l)n(Dl);l--'(Dq);l_
Dy,....D,

= p—qu(Cl7 c. 7Cp—17 D17 ey Dq, Z), (631)

which is generalized hypergeometric matrix function with p — 1 matrix
parameters in the numerator and ¢ in the denominator [26].

The Gauss hypergeometric matrix function

(A By Cs2) = Y (A (B)0

n>0
and the confluent hypergeometric matrix function
o 2"
1R (A Cr2) = (Aa(0),! ]
n>0

are the immediate consequences of the function (6.3.1).

e The generalized matrix M-series:

For C, = I, the function ,R,(A, B : (C), (D); z) yields the matrix analogue

of the generalized M-series (cf. [91]) as stated below.

Cla s 7Cp717[
Ry | A, B; z

Di,...,D,

= Y T A+ B)(Cn- .- (Cpt)n(Dr), " (D), " 2"

n>0

= p_lj\/fq(A’B) (Cl, ceey Cp—h Dl, R Dq, Z) (632)
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e The classical Mittag-Leffler matrix function:

Ifweput p=1,¢q=0,C; =1 and B = I, the function
2Ry(A, B :(C),(D); z) reduces to the matrix version of the classical
Mittag-Leffler function (cf. [71]):

I
Ry 1ALz =S T nA+1)z" = Ex(2), (6.3.3)

n>0

e Wiman’s matriz function:

For p=1,¢q =0 and C; = I, it gives Wiman’s matriz function (cf. [110]):

I
1Ro | A,B;z| = > T (nA+ B)2" = E4p(2), (6.3.4)

n>0

e The generalized Mittag-Leffler matrix function in three parameters:

The matrix analogue of Prabhaker’s generalized Mittag-Leffler function in

three parameters (cf. [77]) occurs when C; = C which is given by

C n

Ry |A,B;2| =S T '(nd+B) (C)n% — ES 5(2). (6.3.5)

e The generalized Mittag-Leffler matrix function in four parameters:

Two matrices ¢, = C, Cy = I and with a matrix D; = D, it yields the

generalized Mittag-Leffler matriz function in four parameters (cf. [84]):

=
=
=
0
I

Y T7'(nA+ B)(C), (D),"2"

n>0

= E{R(2). (6.3.6)
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e The generalized Bessel-Maitland matrix function :

For p = ¢ = 0 and replacing B by B + I and z by —z, we obtain (cf. [51])

I '(nA+B+1)(—2)"
n!

()R() |A,B+I;—Z = Z

= JE(»). (6.3.7)
We further proceed to enlist the polynomial particular cases.

e Jacobi matrix polynomial :

The Jacobi matrix polynomial (1.4.4) is the special case of

oRy(A,B:(C),(D);z)forp=2,q=1,C, =A+C+ (k+1)I, Cy = —klI,
1+

Di=C+1, A=0, B:C'+Iandz:%Whi@hisgivenas

1)k A+C+ (k+1)I,—kI 1+
P/SA’C)( ) ( k'> 2 Iy |0,C + I; 9 .
C+1
xI(C+ (k+1)1). (6.3.8)
e Legendre matrix polynomial :
1—x

Forp=2,4¢=1,Ci=(k+1)I,Co=—kI, Dy =D, A=0and z = 5
we get the Legendre matrix polynomial (1.4.6):

(k+ VI, —kI
Pi(z,D) =l | 0, B;

D

14+
2

(6.3.9)
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e Gegenbauer matrix polynomial (1.4.5):

2D + kI, —kI
2D ’ 1
CP(z) = (k—')’“gRl |0, B; % (6.3.10)
: 1
D+ -1
+ 2
e Konhauser matrix polynomial (1.4.2):
il
L(C + (km + 1)) m
Z5(x, k) = kI.C+1I;2% | .(6.3.11
m(‘r7 ) F(m—|—1) 1Ro | 7C+ 3L (63 )
e Laguerre matrix polynomial (1.4.1):
It is the instance k =1 of (6.3.11).
—ml
L(C+ (m+ 1)) m
Li(x) = I,C+1I; 312

are the particular cases of ,R,(A, B : (C), (D); 2).

6.4 Contiguous Matrix Function Relations

In this section, we obtain contiguous matrix function relations and general order
derivative formulas of the function ,R,(A, B : (C),(D);z), where A, B,CY,. ..,
Cp, D1, ..., D, are positive stable matrices in CP*P. The following abbreviated

notations will be used here. We take
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017“-702'—17Ci+I7Oi+l7"'70p
R(Ci+) = , R, | A, B;z |,

Di,...,D,

Ci,....Ci1,C; = I1,Cipq,...,C

R(Dj_>:PRq . |A’B;Z )

Ci,...,Cp
2R(A,B+1;2)=,R, |A,B+1;z |,
Dy,....D,
Ch,...,C,
2Ry (A B—1;2z)=,R, |A,B—1I;z|. (6.4.1)
Di,....D,

There are (p + ¢ — 1) number of contiguous matrix function relations occurring
which connect either R, R(C,+) and R(C;+) or R, R(C;+) and
R(D;—)1<i<pand1<j<gq.

A contiguous function relation involving the matrix C is obtained below.

R(Ci+) = Y T7'(nA+B)(Ci+Du(Ca)n--- (Cpa

n>0

X(D1),t e (D)t =



Chapter 6. A Generalized Matriz Function ,R,(A, B : (C),(D);z) 144

n
—1Z
n

<(Dy);" -+ (Dy) (6.4.2)

n!’

In general for a matrix C; with C;Cy, = CC;, i # k, 1 < k < p, we have the

general form:

R(CiH) = S T ' A+ B)CHC+nI)(Cr)n-- (Con--- (Co)a

n>0
x(Dy), b (D)t = (6.4.3)
Ifo= zdilz, then we get

O+C)HR = > T nA+ B)(Cr+nl) (C)n--- (Cp)n

n>1

x(Dy),; b (D), = (6.4.4)
In general for a matrix C; , we get the general form:

(0+CHR = D T nA+ B)(Ci+nl) (Cr)p---(Cy)n

n>1

x(Dy),; b (D), = (6.4.5)
The relations (6.4.2) and (6.4.4) together yield
0+ C1)R=Cy R(C1+). (6.4.6)
and in general from equations (6.4.3) and (6.4.5), we have
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Similarly for matrices D; € CP*P|1 < j < ¢ with

D;Dy, = DyD;,1 <k < g,k > j, we obtain a set of ¢ equations, given by

OR+ R(D; —I) = R(D;,~)(D; — I). (6.4.8)

Now, eliminating 6 from (6.4.7) and (6.4.8), we find (p + g — 1) contiguous

matrix function relations:

Next the equations (6.4.6) and (6.4.7) produce (p — 1) contiguous matrix

function relations:

(Cy = Ci)R = CLR(C1+) — Ci R(Ci4), i=2.....p. (6.4.10)

Furthermore, the equations (6.4.6) and (6.4.8) give rise to ¢ contiguous matrix

function relations:

CiR—R(D;—1I)=CiR(C1+) — R(D;—)(D; —I), 1<j<q. (64.11)

In above contiguous function relations, if the matrices A, B,C4,...,Cy, Dy, ...,
D, are of order 1 x 1, then we get the corresponding contiguous function

relations for the scalar case which are given below in the same order [23].

Y55 Vp
R = ,R,(a,B;2) = ,R, | o, B; 2

Then the following are the identities.

Yoo Yiet, Vi T L Yigt, W
R(%“") =Ry | a, Bz |,

51,0,
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Y- V-1, Y — 17")/2'-5-17' .- 77;0
R(Wz_) = qu | «, ﬁa zZ 0,

51,0,

Yiy- o5 Vp
R((sj_> :qu | a, Bz |,

51)-"75j—1)5j_175j+1a“-75q

71)"'7717
R(5+>:qu |a7ﬁ+1;z )
01,004
Y- Vp
R(B—) = ,R, la,0—1;2 | . (6.4.12)
01y .vy 04

The scalar cases of (6.4.10) and (6.4.11) are ([23])
(m —7)R=mR(n+) —vR(vi+), i=2,....p, (6.4.13)

and

(m = (6 —=1))R=mR(m+)— (5 —1)R(—), 1 <j<q, (6.4.14)

respectively.
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6.5 Differential Equation

We derive the differential equation of the matrix function (6.2.1) in this section.

For that we take

(l p

=D, 2D = 9,£}91+c

q a—1 B—I— .I

[161+Di—1) =1, <M+ Cf —I):T?ﬂ. (6.5.1)
k=1 Jj=0

In these notations, the differential equation satisfied by (6.2.1) is derived as

Theorem 6.5.1. Let « € NJA = al, then Y =, R,(al, B : (C),(D); z) satisfies

the equation:
TP g y TP - v AY = 0. (6.5.2)
wherein the matrices C; Dy = DyC; for alli=1,2,...,p and k=1,2,...,q

Proof. We first assume that the matrices occurring here are commutative with

one another, then we have

Thus,




Chapter 6. A Generalized Matriz Function ,R,(A, B : (C),(D);z)

148

Now let us take

P «

u=a- (), =P TI (B “]) — Q. and [ (D), = B,
j—O n

i=1 = a k=1
then the function (6.5.3) takes the form:

Y=T"4B)YQ;' P, R;! (“z') .
n=0 ’

n

Now,
= 1
0Y = I'(B P, R — " h"
( );Qn Ry — u" 02
—_ F_l B -1 Pn R_l (LLZ) )
Further,

oo a—1 .
B+ I PRy
ey = 17(B)Y ] (91+ - —I) Co Do By

Finally,
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Thus,

1 -1
P”'H Rn Sl

. (6.5.4)

TP oy P = 174(B)Y unt! @
n=0

On the other hand, if all C;Dy, = D,C;, forallt=1,2,...,pand k =1,2,...,q,
then

)

e S { @Hm} .

n=0 =

—_

o0 -1 -1
= I7'(B))_u" Cu Lo Bo”

n!
n=0
that is,
TP gy TP = Y AC. (6.5.5)
On comparing (6.5.4) and (6.5.5), we get (6.5.6). O

If DyB=BDy, k=1,2,...,q, then we have

Theorem 6.5.2. Let « € NJA=al, then Y=, R,(al, B : (C), (D); z) satisfies

the equation

TP 9y Yl —AY Y=0. (6.5.6)

We now obtain matrix differential formulas satisfied by the function ,R,(A, B; z)

in the next section.
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6.6 Matrix Differential Formulas

In this section, we obtain certain matrix differential formulas. We begin with

Theorem 6.6.1. Let A, B, C4, ...,C,, Dy, ..., D, € CP*? such that each
D; 4+ kI,1 < j < q is invertible for all integers k > 0 and C,C,,, = C,,,C,
ClA=AC, C,B=DBC, D;D; =D;D;,1 <l,m<p,1<4,j<gq. Then, there

hold the matriz differential formula:

(%> qu(A,B . (C)a(D)aZ) = (Cl)r"'(cp)r (Dl)r_l(DQ)T_l

Cl+TI,...,Op+T]
X, R, | A,rA+ B;z

Di+7l,...,Dy+rl
(6.6.1)

Proof. We begin with

d_dz JR,(A,B: (C).(D);2)
— Z I (nA+ B) (Co)n - (Cp)n(D1), " .- (Dg),) ! (nzn__l)y
_ Z F_l(nA + A+ B) (Ol)n+l o (Cp)n+1(D1)r_LJlr1 <o (Dq);}rl 2_7:

Cy+1,...,C+ 1
- { 11 Ck}{ 1T Dj—l}qu | A,A+ B;2

1<k<p 1<j<q

Similarly, second derivative yields

d?

dz2"?

Ry(A, B+ (C), (D); 2)
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= S I RA+ A+ B) (G- (Cohuor (D) (D)t 2 <%)

n+1 dZ
n>0

_ _ _ z
= ZF 1(nA + A + B) (Cl)n-i-l R (Cp)n-i-l (Dl)n-il-l s (DQ)n—Ql—l (TT _ 1)|
n>1 ) )
peg
= ST A+ 244 B) (Casa - (Cousa (Da)ika - (Do)l =
n>0 ’

Cy+21,...,C)+2I

1<k<p 1<j<q Dy +2I,...,D,+2I
(6.6.3)

In general, 7" order derivative leads us to (6.6.1). O

Theorem 6.6.2. Let A, B, C4, ...,C,, Dy, ..., D, € CP*P be such that each
D; £ kI, 1< j <q is invertible for all integers k > 0 and D;D; = D;D; Then,

there hold the matriz differential formula:

() G 3o

C....C,
= R, | A, B; z

Dl,...,Dj_hDj—T'I7Dj+1,...7Dq

S D~ (r+ 1)1
xX(D; —1I), o (6.6.4)
Proof. From (6.2.1) and [6], we have
d D,—1
_Z (qu(A7B : (0)7(D)7Z)Z ! )
ZDj-i-(n*Z)I

Z YA+ B) (C)n... (Co)u (D). (D)7 (D, + (n— 1)I)

>0
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— §:F4mA+BM0mV“@@“DQf“(Df—Df”(DQf

n>0
ZDj+(n—2)I
(D~ 1) ——
Cy,....C, oD =21
= Ry |A»B§Z (Dj_[) ol
Di....,D; 1,D; —I,Djs1, ..., D,
(6.6.5)
Repeating the application of d/dz, r-times say, we obtain (6.6.4). O

On the other hand, if C;A = AC; and C;B = BC;, faor all i = 1,2, ..., p, then we

have

Theorem 6.6.3. Let A, B, C4, ...,C,, Dy, ..., D, € CP*? such that each
D; 4+ kI,1 < j < q is invertible for all integers k > 0 and C;C; = C;C;
C;D; = D;C;, and (I'"*(nA+ B))C; = C; ("' (nA+ B)), 1 <i,j < p.Then,

there hold the matriz differential formula

(#4) GO R (A B (€),(D)2)

Clv"'7Oi—1a0i+r[701+17"'70p
= (Ci), 2“*,R, | A, B; 2

Dy,...,D,
(6.6.6)

Proof. From (6.2.1) and [6], we have

() O IR (4,55 (©). (D))

d ZC¢+1’LI

= D T mA+B)(Cla- (Colu (D), (D), 22

n>1

dz nl
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ZCﬁ—nI—Q—I
= YT MA+ B) (Ca - (G (D1 (D) (Ci 4 ml) —
n>1 ’
Ci,....Cio1,Ci+1,Cia,...,C,
= C; 29 R, | A, B; 2 (6.6.7)
Di,....D,
Differentiating this r-times, we arrive at (6.6.6). O

Theorem 6.6.4. Let A, B, C4, ...,C,, Dy, ..., D, € CP*P be such that each
D; 4+ kI, 1 < j < q is invertible for all integers k > 0 and A, B — I are positive
stable with AB=BA. Then the matriz function ,R,(A, B; z) defined in (6.2.1)

satisfies the matrix differential formula:

d

A—
? dz

pRe(A, B (C),(D); 2)
=pR(A,B—1:(C),(D);z) = (B = I),14(A, B : (C), (D); 2).

Proof. The left hand sides is

d

z A %qu(A’B :(C),(D); 2)

= > n AT (nA+B) (Cha- .. (Cyla (D1)," .. (D),

n>0

= Y [(nA+B-1)— (B=I)]T(nA+B) (Ci)n...(Cp)n

n>0

X(Dy), b (D) =

n

= Y A+ B—-DI)I"'(nA+ B) (Ci)n...(Cp)n (D1)," ... (Dy)," %

n>0

~(B=1)Y T7'(nA+ B)(C)a-..(Cp)n (D1);" ... (D),

n>0

= YT A+ B=1) (G- (Ca (D) (D)7 =

n>0

(6.6.8)
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~(B=1)Y I (0nA+B) (C)n- - (Cpa (D1);" - (D) =

= R A, B—1:(C),(D);z)— (B—1I),R,(A B:(C),(D);2). (6.6.9)

This completes the proof. O

6.7 Integral Representation

In this section, we derive the integral representation of the function

qu(z‘LB : (C>7 (D>§Z)*

Theorem 6.7.1. Let A, B, C4, ...,C,, Dy,..., D, be the matrices in CP*P such
that C,D; = D;C,,1 < j < q and C,, Dy, D, — C,, are positive stable. Then, for
|z| < 1, the matriz function ,R,(A, B : (C),(D); 2) defined in (6.2.1) possesses

the intgral representation:

pBig(A B (C), (D); 2)

! Ch,.. Cys
= /p_qu_l | A, B;tz |t (1 — )P Lat
0

xD(D)TYC,)T (D, — C,) (6.7.1)
Proof. Since C,, D,, D, — C, are positive stable and C,D, = D,C,, we have [53]

(Cp>n(Dq>r_Ll = F(Dq)r_l(cp)r_l(Dq_Cp>

1

. / (Ot DI(] )Pl g, (6.7.2)

0

Using (6.7.2) in (6.2.1), we get

qu(A, B (C>> (D)§ Z)
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Y T A+ B) (C)a- - (Cpt)n (D1); " -+ (D), ' T(D)IL ()

n>0

1
xI'Y(D, — C,) / Gt (DI )Pa=Co=l & =t (6.7.3)

0

In order to interchange the integral and summation, we consider the product

Su(z,t) = T' A+ B)(C)n- (Cp1)n (D))" - (Dy1) !
xT(D )T (C,) YDy — Op)% {Cot(n=1)1
X(1 =ty (6.7.4)

For 0 <t <1 and n > 0, we get

15 (2, )]
-1 —1 2" D,
< [reas By € G0t 0 S r
vaDq_ p
[l [ [C RS el (6.7.5)
The Schur decomposition (1.3.8) yields
L= (@ = )P
r—1
_ (1Cy —I|| 12 Int)k
< 9C1(1 _ oDe-Co)- (Z (l
k=0
r—1
(I1Dg = Cp — I|| 7'/ In (1 — )"
X (Z o . (6.7.6)
k=0

Since 0 < t < 1, we have

O e e R (R &
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where

r—1 Il Y2 1n r—1 O Tl P2 In (1 — )k
(Z (G, =11l 2 1 )(Z Dy =Gy =11 2 ln(1— 1) )(.6_7&

Thus, the matrix series Y. I'''(nA+ B) (C1)n -+ (Cp-1)n (D1), - (Dyo1), Z—'
n>1 n.
converges absolutely for p < g + 2 and |z] < 1. Suppose it converges to S’, then

from (6.7.7 )and with

Cy,

we get

SISz, 1)l < £(t) = NS'AC1 (1 g)e(P=Co-1, (6.7.9)
n>0
Since a(C,) > 0 and a(D, — C,) > 0, the function f(t) is integrable and by the
dominated convergence theorem [30], hence the summation and the integral can

be interchanged in (6.7.3) to get:

This gives (6.7.1). O

The scalar case of (6.7.1) is the following integral representation [23].
If p<qg—+2andif R(5;) > R(y) > 0.Also R(«), R(B) > 0 and no one of the

1,02, ..., 0, is non negative integer or zero then for |z| < 1 [23],

. _ F(51> / y1—1 1—1-1
Rios2) = poore = | 700
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Xp—qu—l | Oé,ﬁ;tZ dt. (6711)

6.8 Fractional Calculus of ,R,/(A, B: (C),(D);z2)

We establish fractional order integral and derivative of matrix function

»Ry(A, B :(C),(D); z) in the following two theorems.

Theorem 6.8.1. Let A, B, C4, ...,C,, Dy,..., D, such that
D;D; = D;D;,1 <1i,j < q be the matrices in CP*? with 1 € C and R(p) > 0.

Then the fractional integral of the matriz function ,R,(A, B;z) is given by

I[,R,(A B+ (C),(D); 2)z" ]

Chy. C
= ply | A, B; z | 2Pit=bI

Dy,....Dj 1, Dj+ pl, Djya,..., Dy
xD(D)T YDy + ). (6.8.1)
Proof. From Equation (1.6.1), we have

Pl Ry(A, B (C), (D); )=~
1 : n—1 . . D;—1I
_ m/0 (2 — D\ L Ry(A, B - (C). (D); )P dt

— ﬁ D (Ci)n- (Cy)n (/Oz(z — t)“‘ltDj+(”‘1)Idt>
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= D (Ci)n. . (Cy)y (I 2P0y
n>0
<(D2)" (D) (652)
1)n - q)n n' .0.
Using the Lemma 1.6.1, we get
I"[,R,(A, B : (C),(D);z)z"1]
1 _
— m; (C)n - (CT(Dj +n)THDy +nl + pl)
(i _ 1
XZD]—H M I)I(Dl)nl (Dl]>n1 ﬁ
Cy,....C,
= R, | A, B; =
Dla---ij—laDj +[L],Dj+1,...,Dq
x 2Pt u=DID (DT YD, 4 ). (6.8.3)
This completes the proof. O
Theorem 6.8.2. Let A, B, C4, ...,C,, Dy,..., D, be matrices in CP*P and
p € C such that D;D; = D;D;, 1 <i,5 <q and R(u) > 0. Then
D*[,R,(A, B : (0),(D); z)z" 1]
Cy,....Cp
= pliy | A, B; 2 | 2Pi—(=DI
D17...,Dj_1,Dj —/LI7Dj+1,...,Dq
xD(Dj) T (D; — ul). (6.8.4)
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Proof. From the fractional derivative operator (1.6.2), we find

D#[qu(Aa B (C>7 (D), Z>2Dj_1]
(I""D"[, Ry(A, B : (O), (D); 2)2"71]).

Now using Theorem 6.8.1, we get

D"[,Ry(A, B : (C), (D); 2)2"~]

d 123 C’l,...,Cp
= <—> Ry | A, B; 2

Dlv---;Dj—lij + (7'-”)[,Dj+1,...,Dq
x 2Pt == DI (DAT™Y(D; + (r — p)I). 6.8.5
j J H

Now, proceeding in the same manner as in Theorem 6.6.2, we get (6.8.4). O



