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The work carried out in the thesis entitled “Certain generalized matriz
functions and their properties” contains matrix analogues of several polynomials
and a generalized function.

To be precise, certain properties such as the inverse series relation, generating
function relation, summation formulas involving the matrix polynomials have been
derived and for the generalized function, contiguous function relation, differential
formulas, integral forms and fractional integral and derivatives formulas have been

obtained.

The thesis comprised of total six chapters. Chapter 1 incorporates some
preliminaries of the matrix function such as Gamma matrix function, Beta matrix
function, polynomial matrix function which included Laguerre matrix polynomial,
Konhauser matrix polynomial, Jacobi matrix polynomial etc. and the matrix

analogue of Mittag-Lefler function.

Let CP*? be a family of square matrices of order p having in general, complex
entries. For a matrix A in CP*P let o(A) be the set of all eigenvalues of A. The
matrix A is said to be positive stable matrix if ®(A) > 0 for all A € ¢(A). A matrix

polynomial of degree n in z is a polynomial of the form [8]:
F(z) = Ppa"™ + Pp1a™ '+ Pyoot" > + ..+ Pz + R, (1)

where the matrices Py, Py, Ps, ..., P, are in CP*? and P, is a non-zero matrix.
If A is matrix in CP*? such that R(A) > 0 for all eigenvalue A of A, then I'(A) is
well defined as

['(A) = /e_””tA_[ dz, 24 = eaxp((A — I)Inz). (2)

0

The reciprocal gamma function denoted by T'~!(z) = (I'(z))™" = ﬁ is an entire
function of complex variable z [6, p. 253] and thus for any matrix A in CP*P the
functional calculus [5] shows that T''(A) is a well defined matrix.

If I denotes the identity matrix of order p and A+nl is invertible for every integer
n >0 then ([9])

I (A)=AA+T) - (A+ (n— 1) (A +nl). (3)



From this, the functional equation of the gamma matrix function occurs in the

form
AT(A)=T(A+1) (4)

which readily follows for n = 1. For a matrix A in CP*?, the Pochhammer matrix

symbol is defined by [9]

(A=1 " o 5)
" AA+T) - (A+ (n— 1)), if n>1.

For A is an arbitrary matrix in CP*? and using (3) we obtain
(A)mik = (An(A -+ mD)y. (6)
Also, if I — A — nl is invertible for all n > 0, then
(A)n-k = (=1)" 0l (A)y (I = A=nl);". (7)

The generalized hypergeometric matrix function is defined as follows [16, Eq. (2.2),
p. 608].

Definition 1. If {A;;i =1,2,...,p}, and {B;;j = 1,2,..., ¢}, are sequences of
matrices in CP*P such that B;+nl arc invertible for all n > 0, then the generalized

hypergeometric matrix function is defined as [16]

(Al,AQ,...,AT;Bl,BQ,...,BS;fE) (8)

T‘FS
= > (ADn(A2)n - (Ar)n [(B1)a] (Bl ™ [(Bo)al ™ -

Here, the series converges for all z if »r < s. If » = s+ 1, then the series converges

for |z| < 1. If r > s + 1, then the series diverges for all « # 0.

The following polynomials are among those occurring in the literature hith-

erto on matrix polynomials.

e Konhauser matrix polynomial [18]:

() ()

m—n)n:

DYknl +A+1). (9)

n=0



e Jacobi matrix polynomial [3]:

[n/s]
PAB) () = (=1)" [(B+I”] Z YA+ B+nl+1),
x[(BH)k]—l(l;x) . (10)

e The Gegenbauer matrix polynomials [2] :

CHw) = S (-1 e (2 (1)

From the generalized Humbert matrix polynomial studied by M.A.Pathan [11,

Eq.(2.3), p.210]. We get following generalized Humbert matrix polynomial when
a=1y=1.

e Generalized Humbert matrix polynomial :

[n/m] L A== (=11

Bl (m,x,m,¢) Ui m

YA+ (1= n+mk—k)I)
k=0

xD(A + I)(—mz)"~™*. (12)

The fractional order integral of z# is defined as follows [1].

Definition 2. Let A be a positive stable matrix in CP*? and p € C such that

R(u) > 0. Then, the Riemann-Liouville fractional integrals of order p may be
defined as follows

(2" = ﬁ /0 “(o = 1y lAdr, (13)

In Chapter-2, we introduce a general class of matrix polynomials
{H,(C,r,s;x);n=0,1,2,...} defined by

[n/s]
C+rkl),_s )
H,(C,r,s;x) = Z ( (n—slzr)' b M a2t (14)
k=0 ’



This class of polynomials encompasses many matrix polynomial such as the ex-

tended Jacobi matrix polynomial:

[n/s]
FOLA);(B) ra] = > (=nd)an(C + nD)i (Ar)i -+ (Al (B)k) ™ -+ [(Boel ™

Q?k

XH,

and hence the extension of the Jacobi matrix polynomial [3]:

n/s]
Pﬁﬁf) () = (=1)" (B ;;I)"] Z (_2{)3’“ (A+B+nl+1)y
: k=0 '
k
X[(B41)]™" (1_2”) : (15)

and several other polynomials namely, Brafman matrix polynomial, extended
Gegenbauer matrix polynomial, extended Legendre matrix polynomial, extended
Laguerre matrix polynomial etc.

The inverse matrix series of these polynomials are derived form a general inversion

theorem which is stated below.

Theorem 3. Let A and B be positive stable matrices in CP*P such that A+ 1B —
0l # O for every non negative integers j,¢, and n # sm,m € NU{0},s € N\{1},
then

In/s] (4t hB
Fim) = 3 (-1 TS (16)

Gln) = (A+kB—lZ;1F_(i)J!r snB — kI) (&) a7

and

n

(A+kB—kI)T(A+nB —kI)
(n—k)!

F(k) = O, (18)

k=0

in which the floor function |r| = floor r, represents the greatest integer < r.

From this theorem we find the inverse series of above polynomials as follows.



e Inverse series relation of H,,(C,r, s;x) :

M, x" = ,Z; (_?s; 84%'5)1) (I —C —rnl)gpp—1Hp(C, 1, 35 2).

e Inverse series relation of Fy; [(A); (B) : ] :

(m%~%%%K&%r*~WMA4%
N ((8;2. (C+ LI + KI)[(C + kI )in] ™ Fiy ([(A); (B) = ],
k=0

where L =1/s,l =r — s.

e Inverse series relation of Pﬁ ;3) (x) :

<[(A+ B+ kL + Dt (B + D] PP ()

Extended Wilson and Extended Racah matrix polynomials

It is interesting to note that the matrix extension to the Wilson polynomial
and the Racah polynomial occur as the special cases of the above theorem.

Their matrix forms together with the inverse series are stated below.

e Wilson matrix polynomial:

[n/s]

[(A+ B)a] (A + C)a] H[(A+ D)u] ™" Poga(a?)
(=n

k') (A+B+C+ D +nl+ Dy(A+izD)y(A—ixl)y

[(A+ B)i] " [(A+ O] ' [(A+ D)

=
x L

and its inverse series

(A+izxl),(A—ial),
n!

= L(A+ B+ C+ D+ (r/s)kl +1)

(A+B), [(A+C)a] ' [(A+ D)™




X[(A+B+C+D+kl4+ 1] A+ B 7 [(A+C)]™!
X [(A -+ D)k]_lpk7175(fli2).

e Rach matrix polynomial:

Ryis(x(xl+D+FE+1);A B,D,FE)

[n/s]
_ ]s

k=0

<[(A+ Dl (B +E+ D] (D + 1™

and its inverse series

(—xl)p(xl+ D+ E+1),
n!

= i%uw B+ (rk/s)I + 1) [(A+ B+ kI 4+ 1)jn4a]™"

XRp1s(x(xl+D+E+1);A,B,D,E).

(A+ D), " (B+E+I),'[(D+1),]"

The matrix analogues of Hahn, dual Hahn, Meixner, Krawtchouk, Charlier, Jacobi
etc. are occurring from these polynomials together with their inverse series.

Application

The first series of the theorem may be used to obtain the generating function
relation. From the general class H,,(C,r,s,x) of polynomials, we get one of the

following generating function relations.

oo

ZH (C,r,s,x) Z Jok 151 (C + 1L C + skI; ) [(C)e] ™* M, ((—t)°z)" .

k=

The inverse series of the theorem can be applied to obtained various summation
formulas.

For example, we find

= " " 4 (=C = (rk/s)I)
— I =€ = M, ]! [ —C —rnl),,_1_
; n! ¢ ; kO[ ] (sn — k)In! ( C=rnl)an-1

x Hp(C,r, s;z),

and



JFy (At izl, A—izl; A+ B, A+ C, A+ D:t)
L ST (snD)(R + (r/s)EDI(R + ki) (A + B)J " (A + Ol

n)' k=0
D)) Py (2?). (19)

The above inversion theorem also provides matrix extension to some inverse series

relations studied by John Riordan [13]. In order to deduce the inverse pairs, the

above theorem is transformed to the following form.

F(n) = Lnz/;sJ(_nHk(A +nB—nl +I)T

><F(f_1 + skB — skl + I)%, . (20)

G(n) = S T YA+ snB —snl +I)I'(A+snB — kI +)———~—.
k=0 (sn— k)" )

Table-1: Matrix analogue of Riordan’s Pair

O,k . _ sn—k bn,k
F(n) =3 n— skl G(k); g(n) =>2(=1) Ton — k)l F(k)

“Y(A+ skB —nl +2I)

Matrix
Citation | B np, f; bn,k analogue of
Class (No.)
Theorem I YA+ skB —nl +1) DA+ snB —snl +1) Gould
1 B XT(A + skB — skl + I) (A + kB — kI) Class (1)
xT'(A+ snB — kI)
(A+nB—nl+1) I YA+ snB —snl +1) Gould
(20) B XD "HA + skB —nl +2I) xT(A+snB —kI+1) Class (2)
xT'(A+ skB — skl +1)
Theorem YA+ skC + skl —nl +1) YA+ snC+1) Legendre
-1 C+1 xT'(A+ skC +1) X(A+kC) -Chebyshev
x(A+ snC + snl — kI) Class (3)
(A+nC+1) I YA+ snC+1) Legendre
(20) |C+1T|xT YA+ skC + skl —nl +2I)| xT(A+ snC + snl — kI + I) |-Chebyshev
xT(A+skC +1) Class (7)

The inverse matrix series relations involving finite as well as infinite series

are derived in Chapter-3. It is stated below.



Theorem 4. Let A — sI, s € {0} UN, be a positive stable matriz in C**P then

Uln) = Z n" I A+ (1 —k7!zr —brk —k)I) Vin+ bk) (21)

if and only if

Vin) = 3 (=n)F T(A — (nr — k)I) A- (’”l;'* ) tn + bk, (22)

k=0

As a particular instance, the generalized Humbert matrix polynomial is
deduced in the form:
" [n/m] kcA—(n—(m—l)k)I )
P2 (m,x,n,c) = Z n mr (A+ (1 —n+mk—k)I)

k=0

xD(A+ I)(—maz) ™ (23)

together with its inverse series relation:

, [n/m] _ _RI—
—max)" A—nl+mkI)(A—nl + kI) tend-k-A
( ) Z (_n)k( )( )

n! I = k!

XF(A + (1 +k— n)I) Pv?fmk(ma 3777776)‘

From this, the matrix polynomials of Humbert, Pincherle, Kinney, Gegenbauer
etc. can be obtain along with their inverse series by specializing the parameters
appropriately. Two worth mentioning special cases are the matrix versions of
Wilson polynomial and the Racah polynomial. They occur from the theorem with
the aid of the substitutions b = —1,7 =1 and r = 2.

e Wilson matrix polynomial and its inverse series:

Po(e)(A+B);Y(A+CO) N A+ D)t

" (—nl
- Z( Zl )k(A+B+C+D—i—n[—[)k(A—FifC[)k(A_mI)k
k=0 ’

x(A+B);"(A+C),"(A+ D).

(A + izD),(A — izl),

o (A+B), Y (A+C), Y (A+D)*




= —nl
= (—1)”*"“(n)k(A+B+C+D+2kI—I)

X(A+B+C+D+kI -7 (A+ BN A+ O YA+ D)t Pu(a?).

e Racah matrix polynomial and its inverse series:

n

Ry(x(zI + D+ E+1);A, B, D, E) = Z(Z—,)k(AJrBJrnIJrI)k(—x)k

X (@l +D+E+1)(A+1);"(B+E+ID),(D+1);"

(—xl)p(xl+D+E+1),

i (A4 D) B+ E+ 1), (D + 1))

" I
— Z(—nﬂf’ﬂﬂm +B4+2kI+1) (A+B+kI+1);,

n!
k=0

XRp(x(xl +D+E+1);A B,D,E).

From these inverse pairs, it can be readily obtained the inverse pairs of the matrix
polynomials of Dual Hahn, Hahn, Jacobi, Krawtchouk, Meixner etc. As an appli-
cation of the first series in the theorem, we find the generating function relations
where as from the second series of the theorem, we derived certain summations

formulas.

e Generating function relations:

D UMt =1 =" (A1 — 1) V (k) t* (24)
k=0

e Summation Formula:

mx - N 77 - .
n= 0 k=0
XCnl—kl+mM—AP;;x(m7 2,1, ¢) (25)
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It is interesting to note that most of the Riordan’s classes of inverse pairs assume

matrix extensions by means of the above theorem. For example, we take n = 1

and replace V(n) by T'(A — nrl 4+ 1)V (n) to get

M

['(A— (nr+brk—1)I)

2 T
xV(n + bk)
(— 1) (A— (m;{f brk)I)

M
k=0
X

YA = (nr — 1)I) U(n + bk).

(A — (nr—Ek)I)

I YA+ (1—nr—brk—k)I)

From this we illustrate the Gould matrix class, simpler Legendre class-I and Leg-

endre Chebyshev matrix class in the following table.

F(n) =3 Cni G(k);

Table-2: Matrix analogue of Riordan’s Pair

(hys=qr—s,B=A+I1,A+nl=C)

G(n) = X(=1)""* Dy F(k)

Inv. | b T A Chr Dy i Matrix class
F(B + hy k[) (A + (hfk k,)[)
26) [ —1]1— A _— —_ lud
(26) q k) k) Goluc
xIYB + hy 1) XU YB + hy,I) class
XT(A+ (hpi)1)
['(B + 2kI) (A+2kI) .
2 1] -2 A _ —_— ler
(26) = ) Simpler
xI"HB+nl +kI) xI(C'+ kI) Legendre
xI(C'+ kI) class
xIY(B +2nl)
['(B + cklI) A+ckl _
(26) -1 A —C W m Legendre
XY B+ ckl + kI —nl)| xI'(C + cnl — kI) | Chebyshev
xIY(B + enl) class
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Chapter-4 deals with extension of a generalized Konhauser polynomial to the ma-
trix form.

We define the polynomial as follows.

Definition 5. For a matrix A in CP*P,

[m/s) .
(AN L(A+rml+1) B . (AxF)
ZYM (aFor) = — ; (—=md) e DY A +rnd +1) s (27)

where m, A\, u € C; k € Ry, s € N, m € NU {0}, R(\) > 0, R(p) > —1 for
all eigen values 1 € o(A) and the floor function |u] = floor u, represents the

greatest integer < u.

For this polynomial we obtain the differential equation which is stated be-

low.

d
Theorem 6. Ifr,s € N and the operator © is defined by O f(x) = %d—f(x) then
T
U= Zﬁﬁ’k) (xF;7) satisfies the equation

H@E(@ I+ A#;jl_])}_ (i_) |
(o)

The inverse series relation is derived in the form of

Theorem 7. For a matrix A € CP*P, r A€ C, s€ N, m € NU{0},

Lm/s] kN
I'(A mi+ 1 J
Z(é’A)(xk; r) = (At rml+1) g (—=mI) ;T (A +rjl+ 1) (A?' )

m '
m! s J:

if and only if

Agkym T A—i—rm[—i—f
O

and for m # sl, | € N,

m

> (=mI); T™HA+ I + 1) ZV (aFr) = O,

=0

where O s the zero matrix of order p.
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Among the several generating function relation derived for this polynomial

the following is one of them.

Theorem 8. Let a and b be complex constants which are not zero simultaneously,

then there holds the generating function relation

i k
Z ZT(;M) <m; 7’) (a+bn)" T YA+l +1)t"

n=0

— e (1 o btebz)—l EI‘I,A+I()\Ik(_t)S€bSI)7

where
o

EZ’,SIL{+I(Z) - Z(B)snF_I(A + rnl + ])

n=0

n

z
n!

is matrix analogue of the Mittag-Leffler function [17].

One of the summation formulas implied by the inverse series is given below.

M ms

) 'T(A+rml+1 _
)\]\lka(M+1)/2[ — H m ( (m;d)T'n’ ) Z(—mSI)]Fil(A—F T]]+ I)
! =

m=1

X Z]‘é”\(xk; 7).

The mixed relation for the polynomial is stated as

Theorem 9. There holds the mized relation:

sy ! D(A+rml+1) T (A+rmlI) Zf,ﬁfl”\) (x",r) — A:(:A’IZ%”\) (", 7)
—rma? Z(A’)‘)(xr; r) + ka:A(A +mrl + I)j ZAN (z":7) = O.

m* m—1*

The Beta matrix transform of this polynomial is stated below.

Theorem 10. If A, P,Q € CP*P, P Q are positive stable matrices, for q =
0,1,2,..., the matrices P+ qI, @) are commutative, P+ ql,Q +ql, P+ Q + ql

are invertible and k,r,s,m € N, then

%{Z,Sﬁ"\)(txk;r) : P,Q} _ At Dm m') DU (P)I (P + Q)
< s;—ml >, < k; P = —t
777
X stk bk

<rA+1l = <kP+Q*;
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e Generalized Mittag -Leffer function

Chapter-5 incorporates the matrix version of a generalized Mittag -Leffer
function [10]. It is defined as follows.

Definition 11. For A, B, C' to be positive stable matrices in CP*P, a, A\, z €

C with R(«) >0, 6,u > 0,7 € {—-1,0} UN and s € {0} UN,

n!

EXSC (Aars,r) =D T Hand + B) [(A)sa]* [(C)n] " (28)

n=0

This function yields Bessel-Maitland matrix function, Dotsenko matrix function,

Saxena and Nishimoto’s matrix function and The Elliptic matrix function.

This function satisfies the differential equation which is given as

Theorem 12. Let o, 1,0 € N then Y = Efl’i’;}ﬁ()\z; s,r) satisfies the equation

TP g ¥ T — (uhe) Y A = O, (29)

wherein the matrices AC = CA.

Here

55 d - A+mI\]*
=u, — D= | | 01 = A4
e U o D, z 9, [( + 5 )] ) (30)

m=0

and

a—1 . m
T+ 51 a,Tm
<91+ +J —1> = yleTim, (31)

«
=0

.

The Eigen function property involving the operators

5—1 s
. A+ml
(8,4;—s) _ —01 7
ot =11 K S )} |

m=0

is derived as
Theorem 13. Let a,pu,6 € N then W = Efji’fm(()\z;s,r) possesses the eigen

function property given by

(/\u)_l D Tga,B;l) w T}(ﬁuﬁ;r) O©A—s) _ ¢ Effi’faj(c/\'z?S:T)a (32)

m
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where AC = CA.

e Extended Konhauser matrix polynomial

The Mittag-Leffler Matrix function (28) is capable of providing the Kon-

hauser matrix polynomial as define below.
Definition 14. For the matrices A and B in CP*P?,

(m/s]

ZTSﬁ’B’“’T)()\xk;s,p) = (A+rml+1) Z (—m)5, [(B)ﬁn]_l
n=0

(Az)

—1 N\
XTI (A+rnl +1) FNETIE

where r € C; 0,k € N, s,p >0, R(u) > —1, for all eigen values u € o(A),
A is a complex number with $(\) > 0 and the floor function |u] = floor u,

represents the greatest integer < u.

It possesses the inverse series relation which is stated as

Theorem 15. For A,B € CP*P and 6 = 2,3,...,

m*

iof and only iof

Lm/4)
Z(A,B,uﬂ“)()\xk:; 1,p) = T(A+rml+1) Z (—=mI)s, [(B)ﬁn}*lFfl(AjL rnl + 1)
n=0
(Azh)"
n! m!’
(Azym  (=mdl);

I = (B, T(A+rmI+1))

Jjp—1 .
Y (A+rjl +1)

(AvB)H’)T) k.
X Z;. (Ax¥; 1, p),

and for m # 90l, | € N,

> (=mI); T7HA + gl + 1) ZE5D (¥ 1,p) = 0.
j=0

j
Next using the L-exponential function
n

6k<x) - Z (n;E)k_H

n=0
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of order k, due to Ricci and Tavkhelidze [12], the following generating function is

obtained.

Theorem 16. If A+ 01, B+ 71 are the matrices in CP*P which are invertible for
all £,7 = 0,1,2,... and if p,r,0 € Z~q, then there holds the generating function

relation:

ST(A+ D) Z5PD (Aaks s, p) 17 = ey ()
m=0
B\"” B+ (u—1)I\" A+1 A+rl (—t)% Ak
X oF i = — ) -, , R, ; .
1 I r r ke

Among the summation formulas derived with the aid of the inverse series

relation, the following is stated below.

0o mo
,kA/2F(A_|_I JA 2xk/2 :Z Z (mg)l) (A _[) Z?B,U’f’)( xk,l,p),
m
m=0 7=0

where the function J4(2) is the Bessel matrix function of first kind defined by [15,
Eq. (1.10), p. 268]

22

Ta(z) = (%)A T YA+1) oFy (—;A+I;—Z). (33)

The last chapter, chapter-6 introduces the matrix analogue of the function[4]

Y, Yp
RQ(aaﬁ;z) = qu |a,ﬁ;z

81y .0,

(’Vp)n 2"
Zr om+5 D (6g)n 1!

where «, 5 € C, R(a), R(5), R(vi), R(9;) > 0 Vi and V5. The infinite series on the
right hand side converges absolutely if

(i) p<qg+1VzeC,

(ii) p = g + 2 for those z € C such that |z| < 1 and

(i) p=¢+2and |z| =1 for R(D d; — > ) > 0.
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The proposed matrix form is defined as follows. We use the notation (P) to denote

the array of p x p matrices P, P», ..., P, for some k € N.

Definition 17. For 1 <¢ <p, 1 < j < gq, let A, B, C; and Dj, be the positive
stable matrices in CP*? such that D; + kI are invertible for all integers k > 0.
Then the matrix function denoted by ,R,(A, B : (C), (D); z) is defined as

2Ry(A B:(C),(D);z) = ,R, | A, B; z

= Y T A+ B)(Ch)a- .- (Cy)a

n>0

n
—1Z

n

x(Dy), ... (D)

n!’
whenever the series converges absolutely.
The conditions of absolute convergence of the series on the right hand side

in the definition are determined in the following theorem.
Theorem 18. Let A, B,C1,...,Cy, D1, ..., D, be positive stable matrices in CP*P,
then

1. if p < g+ 1, the series converges absolutely for all finite |z|.

2. if p = q + 2,the series converges for |z| < 1 and diverges for |z| > 1.

3. if p > q+ 2, the series diverges for all z # 0.

This function gives rise to the matrix analogues of the generalized matrix

M-series:

p,lﬁféA’B)(Cl, R 701,,,1, Dla e ,Dq; Z)
= ) T7'(nA+B)(Ci)n... (Cou)n(D1), ' (Dy)," 2" (34)

n>0
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the Mittag-Lefler function:

1 Ro | A, B; z :ZF_l(nA—f—B) 2" = Eap(2),

n>0

the generalized Mittag-Leffler function in four parameters (cf. [14]):

C, I
2Ry | A, Bz [ =) T7'(nA+ B)(C).(D),'2" = ES5(2),

n
n>0

D

the generalized Bessel-Maitland function (cf. [7]):

ol | A,B+1;~2 :Z

etc. Besides this, the matrix polynomials those of Jacobi, Gegenbauer, Konhauser
etc. are also contained in this function. For the function (34), the contiguous

function relations have been derived; one of these is

Ol?"'70i—1a0i+Iaci+17"'70p
R(Ci+) = ,R, | A, B; 2

Di,....D,

The differential equation of the function y =, R,(A, B : (C), (D); z) is obtained in

the form:
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Theorem 19. Let o € Ny A = al, then Y=, R,(al, B : (C),(D); z) satisfies the

equation:
TP g Yy 1P — Y AC = 0. (35)

wherein the matrices C; Dy, = Dy C; for allt=1,2,....,pand k=1,2,...,q

The operators in the equation are specified below.

d p

=D, D= Q,Heuc

q a—1 B+ I

[10r+D—1)="7p, <91+ J —1) = 1P, (36)
«

k=1 =0

This is followed by the matrix differntial formulas; one of which is illustrated here.

ZA% 2Re(A,B:(C),(D);2)

- pR(I(A7B —1I: (C)’ (D);Z) - (B - ]) pRtI(A7B : (C)v (D);Z);

where D; + kI,j = 1,2,...,¢q, are invertible, A, B — I are positive stable with
AB = BA.

The integral representation occurs in the form:
1
WA, B (C), (D):2) = / o (1= )Gl R, (A, B (C),(D):t2) dt
0

X F(Dq)r_l(cp)r_l(Dq - Cp)'

Lastly, the fractional integral and fractional derivative formulas are applied to the
function ,R,(A, B : (C'),(D); z) which resulted again in ,R,[z]. They are stated

below.

I#[qu(Av B: (C)’ (D>§ Z)ZDj_I]

Ci,...,Cp
= ply | A, B; 2 ZPt I

Dl)"'7Dj—17Dj+/’L[7Dj+17"'7Dq
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and

= R, | A, B;z | ZPi— =11

xD(DH)TH(D; — pl). (37)
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