Chapter VI

Absolute Indexed
Generalized Norlund
Summability of Double

Orthogonal Series
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6.1 Introduction

Let

Z Z mn (6-1)

=0n=

o

be a given double infinite series. Suppose {s,,,} be a sequence of partial sums of the
series (6-1).

Suppose the sequence {p,} and {q,} are denoted by p and g respectively. Then the
convolution of p and q denoted by (p * q),, and is defined as follows:

m n m n
n ‘= (p * Q)n zz Pm-in-j4qij = 22 Pi,j9m—-in—j
i=0 j=0 i=0 j=0

The generalized Norlund transform i.e. ( N,p,, q») transform of the sequence {s,,,} is
th1 and is defined by

m n

Zzpm—i,n—qujsi]’ (6-2)

i=0 j=0

The following notations were used by Krasniqgi, Xh. Z. 2011(2) while estimating the
Norlund summability of double orthogonal series:
m n

= Z Z Pm-in-j4ij;
i=v j=pu

00 _— .
Rmn - Rmn'

tpq —

Rin-1=Rmtin-1=0;0<v<m

mu  _ pmu —-0- .
Rm,nl Rm 1,n-1 O'OSMSn'
vu vU vu vu vU
X Rmn Rm,n Rm—l,n Rm,n—l Rm—l,n—l
A1q = - - +
Rmn Rm,n Rm—l,n Rm,n—l Rm—l,n—l

We define the following

n
zpijQij

J:

!';M§
o

i

Simillarly, the generalized (N, p,, q,) transform of the sequence {s,,,} is 5! and is

defined by
m n
pq 1
ban = 7 Di,j4ijSij (6-3)

mn =0 j=

o
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We use the following notations:
m n
ﬁfnﬁl = Z z bijqij;
i=v j=u
Eglon = Emn;

Rpmn-1=Rp-1p1=0;0<v<m

pmu _ pmu — . .
Rm,n—l - Rm—l,n—l =0 ’ 0< U =n
SUU SUU SUU SUU SVU
E <Rmn) _ Rm,n Rm—l,n Rm,n—l + Rm—l,n—l
11\ 5 -5 s -5 =
Rmn Rm,n Rm—l,n Rm,n—l Rm—l,n—l

The series (6-1) is |N(2),p,q|k for k > 1, if the series

o [ee]
k
E § k—1|+P4q p.q p.q p.q
(mn) |tm,n - tm—l,n - tm,n—l + tm—l,n—l <

] o m=0n=0
with the condition

A _ 4PA _ DA _ —
tpm—1 =t i, =t =0 mn=01..

The series (6-1) is |N(2),p,q|k for k > 1, if the series

[ee] (o]
_ _ _ _ k
k—1|FP.9 p.q D.q p.q
Z (mn) |tm.n - tm—l,n - tm,n—l + tm—l,n—l <
) . m=0n=0
with the condition
4 _ Fp4 _ Fp4 _ _
tp—1 =t 1, =t 1=0 mn=01,..

6.2 Double Orthogonal Series and Double Orthogonal Expansion

Let {¢,,,(x)}; m,n =0,1,2,... be an orthonormal system defined on an interval (a, b).
We consider double orthogonal series

[0e]

Z CmnPmn (x) (6-4)

n=0

where, c¢,,, be sequence of the real numbers. If the coefficient c,,, in (6-4) are
represented by

b
e = f () @rn () MM = 0,1, ..
a

for certain function f(x), then we say that the (6-4) is an orthogonal expansion of
f(x) and we shall express this relation by
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f)~ i i AmnPrmn (X) (6-5)

m=0n=0

6.3 Absolute Indexed Generalized Norlund Summability of Double
Orthogonal Series

Okuyuma, Y. 2002 have proved the following theorem:
Theorem 6.1

If the series

converges then the orthogonal series

o

D ngal)

n=0
is summable |N,p, q| almost everywhere.

Krasniqi, Xh. Z. 2011(2) have proved the following theorem for absolute generalized
Norlund summability with index k of the orthogonal series (6-4).

Theorem 6.2
If
k
® ® mr RVO 2 2
Z Z(mn)k_l Z A11< mn) |av0|2 )
m=1n=1 v=1r Rinn
k
[ee) o) n _ ou _2 2
_ -~ (R 2
Z Z(mn)k ! Z Ay <Rmn> |aoM| ;
m=1n=1 u=1"- mn
and
k
2
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is [N®,p, q| summable almost everywhere.

In this chapter, we have extended the theorem of Krasniqi, Xh. Z. 2011(2) which is
as follows:

Theorem 6A
If
k
00 %) r’m ﬁgnon 2 12
D> et dan (F ) Tewl?| (6-6)
m=1n=1 ly=1 Ripn |
_ Jk
[} [} n =0u 2 2
R 2
> > et Y fon (F2)} e[ 67
m=1n=1 | u=1 ]
and
k
(o] (o] m n — 2 2
k-1 R#ﬁl 2
z z(mn) z Z A1q ﬁ_ |Cvu| (6-8)
m=1n=1 v=1u=1 mn

converges for 1 < k < 2, then the orthogonal series

i i Cmn Pmn(X)
ey

n=0

is |N(2),p,q|k summable almost everywhere.

6.4 Proof of Theorems

Proof of Theorem 6A
Let 1<k <2.

The indexed generalized ( N,p,, q,) mean 5! of double orthogonal series

Z Z Cnn Pn ()

m=0n=

1 m n
_pq = ZZPUQU Sij

=

mn i=0 j=0
m n i J
1
R Z Z Dijqij Z Z Cou (pvu(x)
mnT=0 j=0 V=0 u=0
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v=0 u=0
where,
m n
pUK _
Rmn - z z pijqU
i=v j=p
Since,
puUn —_ pun — . .
mn—-1 = Rm—l,n—l =0;0sv=m
pmu _ pmu — 0 - .
Rpn-1 =RpZin-1=0;0spusmn
Now,

£b,q _ Fb.q £b.q £b.q £b.q
A11tm,n(x) - tm,n(x) t 1n(x) - tm,n—l(x) + t -1,n- 1(x)

m n m-1 n
1 ok
CU/L (pU[,L (x) m-1 nC'UH (pUH (x)
v=0u=0 m_l'n v=0 H:O
m n—-1 m-1n-1
R (x) + 1 R
mn— 1CU/,L (pUIL X E m-— l’n—lc'U,LL (p'U,LL (x)
mn 1 V=0 1=0 m—-1n-1 V=0 u=0

R;)non R;)n 1,n Rm n-—1 _;)no—l n—1
( += - CyoPuvo (x)
m

-1n Rm,n 1 Rm—l,n—l

m n — — —
R:n#n R;)n#—l n R;an,tn—l R:nu—l n—1
+ R - R - R R Cou (pUM(X)
v=1 p=1 mn m-—1,n m,n—1 m—-1,n-1
N (R
mn
= Z A11 <§ ) CuO(pvo(x) + Z All ( > COu(pOu(x)
v=1 mn Ronn
m n ﬁUH
+ Z (All <§_mn)> CopPup(x)
v=1p=1 mn
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J.|Allff,’1’gl(x)|kdx
a

b
RUO
:f 11< mn) CyoPuo(X)
a 1
k

MZ ( >C°“(p°"(x) ii(An(_ ))cw%u(x) dx

Now, we shall apply |a + B|° < 25(|a|® + |B|®) for s =1

b

< Zkf Z A11< mn) Cuo(Puo(x)
b

+22kf Z A11< )COMPOH(X) dx

k

m n Rv#
Z Z A11 <Rmn> Cuu‘/)vu(x) dx
mn

v=1pu=1

m

v=

dx

+22k

Q\w

Applying Holder’s inequality, with p = ﬁ and q = % such that % +% =1,
we have,

2
dx

N &=

Z A4 ( mn) CuoPuo(x)

b
<2k — )7 f

k
2 2

b| n _ou
2k (ﬂ) Rmn
+2°%(b —a)\ 2 fZAll 7 CopPou(X)| dx
a

=1 mn

N &

2
e

+22k(b—a)(¥) f ii (Rmn> CouPop(x)| dx
a [v=1p=1

R mn

Now, by applying orthonormality, we have

82



= mn
k
o—k n EOH S 2 2
+22k(b—a)( z) Z A11<—mn> |C0u|2
=i mn
k
2k m n RU# 2 2
+22k(b_a)( 2 ) ZZ [A11<_mn>l |Cuu|2
v=1p=1 mn

Hence,

3

1l
[y
S

1l
=
Q

k
o rmo — ) 7
2—k RUO
<2 -alZ) Y N oyt [ an (Z2)] Tewol?
Rmn
m=1n=1 Lly=1 "~ -
k
0 0 n ou _2 2
2—-k R
+22k(b—a)( 2 )z Z(mn)k‘l z An(_m") |C0u|2
m=1n=1 u=1 mn
k
2K e SO R ? 2 :
+22k (b — )2 )Z Z(mn)k_l ZE [An(_m”)l |cou
m=1n=1 v=1p=1 mn

By applying the conditions (6-6), (6-7), and (6-8)

b

— k
> j|A11t,’7’£1| dx < .

m=1n=1 a
Hence, by Beppo Levi's theorem

_ 0q K
D o,

m=1 1

converges almost everywhere.

For k=1 and k=2 we may apply Schwarz’'s inequality and applying the same
argument as above, our result follows immediately.

Hence the proof is completed forall 1 <k < 2.
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