Chapter VIII

Generalized Product
Summability of an

Orthogonal Series
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8.1 Introduction
Let

i Un (8-1)

n=0

be a given infinite series and {s,,} be its sequence of partial sums.
Let {p,,} and {q,,} be two sequences of real numbers and let

n
Pn=po+p1+---+pn=2pu

v=0
n

On=qo+qs+ - +qn=2qv
v=0

Let p and q represents two sequences {p,,} and {q,,} respectively.
The convolution between p and g is denoted by (p * q),, and is defined by

n n
Ry=@*xq)n = z Pn—vqv = z Pvdn—v
v=0 v=0

n
Riz = Z Pn-vqu
v=j

The generalized N6rlund mean of series (8-1) is defined as follows and is denoted by
th 9 (x).

Define

n
1

tg'q = R_Z Pn—vqvSu (x)
n v=0

where, R,, # 0 for all n.
The series (8-1) is said to be absolutely summable (N, p, q) i.e.|N,p, q| summable, if
the series

[ee]
> Jep = e < oo
n=1

If we take p, =1for all n then, the sequence-to-sequence transformation t2
reduces to (N, g,,) transformation
n *— Qn L qUSU

If we take g, = 1for all n then, the sequence- to- sequence transformation t2
reduces to (N, p,,) transformation

n

1
t, = P—Z vaU
n

v=0

(See Krasniqgi, Xh. Z. 2013(2))
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8.2 Product Summability
Das, G. 1969 defined the following transformation

1 n p v
U :=—Z "_”z Si,
n P"uzo QU & qU—] J

The infinite series (8-1) is said to be summable|(N,p)(N, q)|, if the series

ZIU‘I‘L - Un—ll <o
n=1

Later on, Sulaiman, W. 2008 considered the following transformation:

1 n q v
n Qn ij=0iy ]

v=0
The infinite series (8-1) is said to be summable|(N, g,)(N,p) i, k = 1, if

Z k1Y, = Vg K < o0

n=1

Krasnigi, Xh. Z. 2013(2) have defined the transformation which as follows:

n v
S 2
D == R Pjquv-jSj»
n b= v —
v=0 j=0

The infinite series (8-1) is said to be [(N,pn, qn) (N, @n, Do)k, k = 1, if

Z nk_lan — Dy <0

n=1
We have defined the transformation as follows:

n v
I N2
TR LR, LU
n &= v
v=0 Jj=0

The infinite series (8-1) is said to be summable [(N, pn, ) (N, G, )i, k = 1, if

(o]

z n*E, —E,_1|¥ < o

n=1

8.3 Product Summability of Orthogonal Series

Let {p,(x)};n=0,1,2,... be an orthonormal system defined in an interval (a,b).
Consider the orthogonal series

co

Z Cn@Pn (%) (8-2)

n=1
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where {c,} be a sequence of real numbers. If ¢, is according to the following
expression

b
= ff(x) P,(x)dx, n=0,1, ..

a
then (8-2) is an orthogonal expansion of f(x) and it is denoted by

o

FOO~ ) 60, (8-3)

j=0
Okuyama, Y. 2002 has proved the following two theorems:

Theorem 8.1
If the series is

S5 ()

—1

converges, then the orthogonal series

(0]

z Cj§0j(x)

j=0
is summable |N,p, q| almost everywhere.

Theorem 8.2
Let {2(n)} be a positive sequence such that { ;)} is a non-increasing sequence and
the series

; n!)l(n)

converges. Let {p,} and {q,} be non-negative sequences. If the series

> lenlP2mo® )
n=1

converges, then the orthogonal series

e}

Z Cj‘Pj(x)

j=0
is |N,p,q| summable almost everywhere, where w® (n) is defined by
oo : ; 2
J J
w®@() =j1 Z n? (& — h) )
nej Rn Rn—l

Krasnigi, Xh. Z. 2013(2) has proved the following theorems:
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Theorem 8.3
If for1 < k < 2, the series

N =

z nZ % (RRR Rl 1Rn 1> |}|
i=1 n

converges, then the orthogonal series

o

PN

n=0

is summable |(N, pn, gn) (N, Gn, Pn) |k, k = 1 almost everywhere.

Theorem 8.4
Let 1 < k <2 and 2(n) be a positive sequence such that { (o )} iS a non-increasing
sequence and the series

(0]

z 1
nf(n)

n=1
converges,

Let {p,,} and {q,,} be non-negative sequences.
If the series

Z|cn| 05 (RO (n)

converges, then the orthogonal series,

oo

> @

n=1

iS |(N, P, @) (N, g, Pn) | Summable almost everywhere, where

© e . i 2
R (i) = 21 E nk RwRy, _ Rn_1Rn—1
ix 1 Ry Ry—1
Lk n=i

In this chapter, we have extended the result of Krasnigi, Xh. Z. 2013(2) to
(N, Pn, @) (N, @, P2) ks k = 1 summability. Our theorem is as follows:

Theorem 8A

If for1 < k < 2, the series
k
2

Z nZ—EZ(R_R R,_ an 1) | | < o (8-4)
R, i

n=1 i=1
converges, then the orthogonal series
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oo

PRES

n=0

is summable |(N, pn, Gn) (N, gn, Pn)lx, @lmost everywhere.

Theorem 8B
Let 1 <k <2 and 2(n) be a positive sequence such that {%n)} IS @ non-increasing

sequence and the series

o

z n[)tn)

n=1

converges.
Let {p,,} and {q,,} be non-negative sequence. If the series

> lea20E RO () < oo @5

then the series,

o

> @

n=1
is |(N, Pn, ) (N, @, )| SUmmable almost everywhere, where R®)(n) is defined

by

® SiF 5 F
iﬁ(k)(i) — 1 z n% <Ran _ Rn:an—1>

l

&N
3

Proof of Theorem 8A
First, we shall consider 1 <k < 2.
We use the notations,

n
Ro=)T%  R-0; RO=R,
v=i v
We have;
1 n p q v
vH1v
En(x) = E_Z R p]Q]S](x)'
ny=0 Y j=o
n v J
I Oy
_E_z R PjCIjZCKPi(x)'
ny=o Y j=o =0
n v v
IOy
_R_Z R cipi(x) P;q;,
ny=o0 v i=0 j=i

Refer equation (3-6), we have
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Now;

n .= n—-1

RIR,
= Zﬁ—nciﬁﬂi(x) - z

i=0 i=0

n —.~l — ~I
_ Z <R711Rn RTll—lRTL—1>
=0 Rn Rn—l
Using Holder’s inequality and orthogonality, we have

b

j— =~

n —. =i — ~I
Z eran R‘IL‘L—]_RTL—].
En Fn—l

i=0

J

a

b
f A, (Olkdx =
a

>Ci‘pi(x)

| <O (RIR,
<h-a)? z L

i
Ry 1Ry
nﬁ—nci%’(x)
n—1
c;ip;(x)
k

dx

2 nk_lj AE,, () |*dx < (b — a)l‘iz nZ‘Ez (
n=1 n=1 i=0

a

Using condition (8-4),
had b
>k [ 1aE,olkdx < o0
a

1

S
1]

Hence, by Beppo Levi’'s theorem,

co

an‘llAEn(x)I" < o

n=1
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Hence, the series (8-1) summable |(N ,p,, ¢,.) (N , ., P») |, almost everywhere.

For k =2; we may apply orthogonality and for k =1, we may apply Schwarz’s
inequality and the proof follows on the same line asinthe case of 1 <k < 2.

Hence, the proof follows immediately for 1 < k < 2.

Proof of Theorem 8B
Consider,

o

b
Zn"_lfIAEn(x)l"dx
- " REOR_F
Sznk_l Z( i n_ n:l n—1> |Ci|2
n Rn Rn—l
kS 1 2 RiF, RuiR,
-3 o) Homo bt (B B
(b—a) Q) (n (n)) R R |cil

n=1 i=1

L4
2

Hence, by Holder’s inequality

(o]

Z o) “ Z("Q("))" 1 Z<F§‘ﬁﬁﬁl> ol

< (- a)l__

Since

=1

<
ann) @
n=1

We have

k[ - 2 ,2(RE, R_R
<(b-a)z Z|ci|22(nn(n>>r1n2-z( 2 St H)
i=1 =i " -t

{%} iS non-increasing
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=

© 2
<h-w'z {Zm|2(sz(i))%‘ln%‘l(i)i)‘%(’f)(i)}
i=1

where

Hence, by (8-5),

M1
3
&
L

8 _iU‘
>
:D'J
2
=

N/
=
&
R
AN
8

Hence by Beppo Levi's theorem

(0]

Z k1 AE, (x)[* < oo

n=1

Hence the proof follows.
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