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1.0 INTRODUCTION

A series of the form

n=0Cn On (X, 1)

where {@,,(x)} is an orthonormal system of functions with respect to a measure p(x) and
C0» C1)C2y C3 e ver e are an arbitrary set of real numbers is called an orthogonal series. A
system {@,,(x)} is called an ONS if

b _ {0 whenm # n,
[} 80 B () A = {7 PR T

However, if the coefficients c,, are of the form,

1

= T [} F(0) 8,(0)dn(x), 1=0,1,2,3, .ovverrnnn

Cn

then the series (1) is said to be an orthogonal expansion of a function f(x) and the numbers c,

are expansion coefficients of f(x). The orthogonal expansion of a function f(x) is written as

f(X)~ 21010=0 qu)n (x)

The difference between orthogonal expansion and orthogonal series is characterized by the

following minimum property given by Gram (Szego, 1939):

Let f(x) € Lﬁ(x) and {@,,(x)} be an arbitrary ONS. Among all the partial sums of the form

n

5200 = ) 6By ()

k=0

the integral

b
[ 1760 = 5P duco

attains its minimum value when

n

5200 = ) 6By ()

k=0

that is, S, (x) is the n partial sum of the orthogonal expansion of function f(x)(Alexits G.,
1961).




The well known Bessel’s inequality

i < | "2 (0due

n=0 a

is the immediate consequences of the Gram(Gram, J.P., 1883) result. The important
consequence of Bessel’s inequality is that the expansion coefficient of LZ- integrable function

converges to zero as n— o.

This fact is an important starting point for the discussion of the convergence of orthogonal

series.

The Fundamental Riesz - Fischer theorem in the theory of orthogonal series (Riesz, 1907,

Fischer, 1907) reads as follows:

A necessary and sufficient condition that {c,} be the sequence of expansion coefficients of a

function f(x) € L%, is
M=o Cr < 0 (2)
The partial sums

Sp(x) = Xr=o k@i (x) of the expansion of f(x) then converge in the mean to the generating

function f(x).

Since the 18™ century, the research of L. Euler, D. Bernoulli, A. Legendre, P. Laplace, F.
Bessel contains special orthonormal systems and expansion of a functions with respect to
orthonormal systems in the subjects like mathematics, astronomy, mechanics, and physics.
Researches of some of the researchers mentioned below suggest the strong requirement of

development of theory of orthogonal series:

e The research of J. Fourier on the Fourier method for solving the boundary value
problems of mathematical physics

e The research of J. Sturm and J. Liouville

e The research of P.L. Chebyshev on the problem of moments and interpolation

e The research of D. Hilbert on integral equation with symmetric kernel

e The research by H. Lebesgue for measure theory and the Lebesgue integral




There was a remarkable progress of the theory of general orthogonal series during 20™
century. Several researchers have make use of orthonormal systems of functions and
orthogonal series in the most areas like mathematical physics, operational calculus,
functional analysis, quantum mechanics, mathematical statistics, computational mathematics,

etc..

Looking to this the question of convergence and summability of general orthogonal series
have made an important impact on several researchers. The researchers like Fejer, Hardy,
Hilbert, Hobson, Lebesgue, Riesz F., Riesz M., Weyl H., Alexits, Kacmarz, Steinhaus,
Menchoff D., Zygmund, Lonrentz L., Meder M., Tandori K., Leindler L., and many other
leading mathematicians have made an important contribution in the areas of convergence,

summation and approximation problems of general orthogonal series.

2.0 BACKGROUND OF THE PROPOSED RESEARCH

The convergence of orthogonal series was studied by Jerosch, F., Weyl H(1909), Weyl, H.
(1909), Hobson, E.W. (1913), Plancherel, M. (1910), Rademacher, H(1922), Menchoff, D.
(1923), Gaposkin, V.F.(1964), Salem, R(1940), Talalyan, A.A.(1956), Walfisz, A. (1940),
Tandori, K(1975) , Kolmogoroff, A., Seliverstoff, G. (1925) and Plessner, A.(1926). In

recent years significant contribution in this area is observed.

Besides the question of convergence, Menchoff, D. (1925), Menchoff, D.(1926), Kaczmarz,

S.(1929) and several others have discussed the Cesaro summability of orthogonal series.

The order of approximation was studied by Snouchi, G(1944), Alexits, G., Kralik, D. (1965),
Leindler, L.(1964), Bolgov, Efimov(1971), Kantawala (1986), Wlodzimierz, L.(2001) and

several others.

Absolute summability of orthogonal series was studied by Prasad(1960), Tsuchikura(1953),
Tandori K.(1957), Leindler L.(1961), Leindler L.(1963), Grepacevskaja(1964), Patel,
R.K.(1975) and Bhatgnar(1973), Alexits, G., Kralik, D. (1965) , Moricz(1969), Srivastava,
P.(1967), Meder(1958) and others.

It is important to note that Norlund summability, Riesz summability, (N,p,,) summability,
Euler summability, and de-la Vallée summability are discussed by several researchers.
However, it is observe that certain summability requires more study for research in

orthogonal series.




2.0.1 BANACH SUMMABILITY OF ORTHOGONAL SERIES

Let [, denotes the linear spaces of all bounded sequence on R. If all the Banach limits of

sequence X are same, a sequence X € L. is said to be Banach summable.

A series

Yn=1Un 3)

with the sequence of partial sums {Sn=).1-o U, } IS Said to be Banach summable if and only

if {sn} is Banach summable. Let the sequence {tm(n)} is defined by

m-—1

1
tm(n)=az Spin ;M EN

v=0
Then, tm(n) is called the m™" element of the Banach transformed sequence.
If lim t,, (n) = s, a finite number, uniformly for all ne N, then }77_; u,, is said to be
m—-oo
Banach summable (Lorentz, 1948). Thus, if

sup [t,,(n) =S| > 0asm - o
n

then Y.;7_; u, is said to be is Banach summable to s.

Further, if the series

D 1) = tmia (] < o0
m=1

uniformly for all ne N, then Y»_;u, is said to be absolutely Banach summable or |B|
summable.
Bosanquet and Hyslop (1937) proved the following theorem for absolute Cesaro summability

of the conjugate series of a Fourier series.

Theorem: If 0<x<1, ¥, (4+0)=0and f(;T dqi‘;(t) < oo, then

i Ba(®

is summable |C, B |att=x, B > . Here,Wy(t) = ¥(t), ¥u(t) = —

%fot(t — W W du

o> 0; ¥(t) = {f(x + 1) — f(x — )} and

i NG




is conjugate Fourier series of a function f.

Swamy(1980) extended the above theorem to generalized absolute Cesaro summability.
Similar theorems have been established by Misra and Sahoo (2002) as well as Paikray, Misra
and Sahoo (2011) for Banach summability. Paikray, Misra and Sahoo (2012) proved the

theorem for a factored conjugate Fourier series for absolute Banach Summability.

2.0.2 NORLUND MEAN OF THE ORTHOGONAL EXPANSION
We say the series (1) is (N, pn)-summable to s, if

n
1
—an_kskﬁsasn—mo
Pnk 0

where {p, } is a sequence of numbers with p, > 0 and p,, = 0 forallnand B, = Y.3_, px-
Strong approximation of Cesaro means of order «< > 0 is obtained by Sunouchi G (1965,
1967), Leindier L. (1967,1971, 1996) and Kantawala P.S.(1991,1995) have obtained the
strong approximation of Norlund and Euler means of orthogonal series.
Sunouchi G. (1965) proved the strong (C, « )-summability of orthogonal series and theorem
is as follows:
Theorem: If

Ym=1¢m(loglogm)? < oo,
then, there exists a square integrable function f (x) such that

lim = 3% A2} 155, (1) = £ ()] =0

forany o< >0and r >0 a.e. in [a,b] and for increasing sequence { n,,} .
Tiwari S.K. and Kachhara D. K.(2011) have generalized the same theorem for the Strong

Norlund summability of the orthogonal expansion.

2.0.3 APPROXIMATION BY NORLUND MEAN OF WALSH-FOURIER SERIES:

Given a function f € L!, its Walsh-Fourier series is defined by Y.>_; c,w, (x), where

o = j FOwn(t)dt

The n' partial sum of the above series is

Sa(fox) = XR25 cewy (%), n=> 1




Moricz F. and Siddiqui A.H. (1992) worked the rate of approximation by Noérlund means for
Walsh-Fourier series of a function in LP as well as in Lip(e, p) over the unit interval [O, 1),
where o> 0 and 1<p < co.

They have obtained the results of Yano Sh.(1951), Jaxfsbova M. A(1966), and Skvorcov V.
A. (1981) as a particular case for the rate of approximation by Cesaro means. The result of
Moricz F. and Siddiqui A.H. (1992) is as follows:

Theorem : Let fe LP,I< p < oo, letn=2"+k, 1< k < 2™, m> 1, and let {q«: k =

0} be a sequence of nonnegative numbers such that
n-—1

nv-1
¥ quz:O(l) for somel<y <2
n k=0

If {qx} is non decreasing, then
Ita(D-fllo<< 5272527 0wy (F,277) + 04w, (f,2™)
while if {gk } is non increasing

b 5 B (G ain = Gogions )W (F1279) + 0w, (£,2°7™)

2.0.4 APPROXIMATION OF DOUBLE ORTHOGONAL SERIES
Let ¢ = {pi(x): i€ zZ } be an orthonormal system on the unit interval (0, 1) and @ the set of

all such systems. Consider the double orthogonal series

Z a; @; (x) = Z Z QAiy iy Piy iy (%),
i1=0  iz=0

i20
Where a={a;i: i € z2} is a double sequence of real numbers (coefficients). Also, z, be set of
all nonnegative integers and z# be the set of all 2-tuples i = (i, i,) with nonnegative integral

coordinates for which

oo oo
§ 2 _ § § 2
ai - aill’z < ©
i1=0 i2=0

i=0
Let a positive double sequence A(n) = A(ny;n,) besuchthat A(n) Tooas n — oo
Put A%(X) = [f(X) -on(x)|, nezZ, xe(0,1), x= (x; ), Where g,;(x) is the Cesaro
means of the rectangular partial sums with respect to n.( Andrienko V. A. and Kovalenko 1.
G. (2004))
Andrienko, V. A.(1989) have proved the following theorem for single series and the sequence
A(n).




A(n)

Theorem: Let a sequence {A(n) > 0:n € z,} be such that - T and 20

glogn loglogn
Then if the condition Y., a? A? < o ; i € z, is satisfied, then for any «<> 0 and @e®, the
following estimate holds a. e. in (0, 1):

A%(X) =0,{ loglogn/A(n) } ,n>o0  (4)
If one of the following condition is satisfied,
A. 1 (n)exp(—log¥n) decreases for some y € (0,1)
B.u(n) =n/A(n) T oo, but u(n) exp (—log” (n)) decreases for some y € (0,1)

n
C.mi

then, the statement (4) holds.
Estimates of the quantity Ag'l)(x) for double orthogonal series were obtained in Moricz,
F.(1983), Mdricz, F.(1984), and Moricz, F.(1987).

Andrienko, V. A., Kovalenko, I. G. (2004) have obtained the estimates for AS(L“Z)(x).

2.0.5 TAUBERIAN THEOREMS FOR ORTHOGONAL SERIES
Assume that {p«} is a fixed sequence of positive numbers such that
Pr= Xk-oPk > 0 asn — ()
and
PO=Siopeth <o for0<t<1  (6)
Given a sequence {s; } of complex numbers, method (Mp) is defined by
Sn— s(Mp,) it

n
1
—Zpksk(x) —>sasn - o
P”k—o

while the method (Jp) is defined by

Sn— s(Jp) if

n
Z Pr S (OT* converges for 0 <t <1
k=0

and if
1
p(®)
Borwein D. and Kratz W.(1989) have introduced the following notion:

- —_ 3 n . —_
A, —0<1£1<flp(t)t ;n=0,1,23,4, ......

Y oPk Stk > s as tT1




The sequence (4,,) is closely related to (Pn). We always have Ph< 4,, and for many sequences
(pn) we have 4,, = Pn.

Moricz, F.and Stadtmiller, U. (1999) proved the following theorems. Theorem 1 and
Theorem 2 deals with numerical sequence and Theorem 3 deals with general orthogonal

series.

Theorem 1: Assume that conditions (5) and (6) are satisfied and that I;—“ is a moment

sequence. Then s, — s(Jp) implies sn—s(Jp 0 Mp), that is Jp<Jp o Mp.

Theorem 2: Assume that the conditions of above theorem are satisfied and that

P2n
= =0(1
po =0

Furthermore, suppose that (1) is an orthogonal series with coefficients {c,} satisfying (2) and
that E is a measurable set of positive measure. Then we have
sn(x) »s (Mp) a.e.onE
if and only if
sn(x) »s (Jp) a.e.on E
Theorem 3: Assume that conditions (5) and (6) hold.
Then

A . . .
sh—s (Jp) and Zi’(‘;op—z |ug|? < oo imply sp— s as n — o, where s, is the sequence of partial

sums of the series Y- Uy,.

2.0.6 |N,p, glk SUMMABILITY OF ORTHOGONAL SERIES
Let (3) be a given infinite series with its partial sums {sn}. Let p denotes the sequence {pn}
and g denotes the sequence {qn}. For two given sequences p and g, the convolution (p* g)n is
defined by

(P* On =Xim=0 dn-m Pm = Xm=09m Pn-m-
When (p* g)n # O for all n, the generalized Norlund transform of the sequence {sn} is the

sequence {t2"?} obtained by putting

pq__ 1 n
et _ _ S .
n ®*Qn m=0Pn-m dmSm

The infinite series (3) is absolutely summable (N, p, q)« of order k, if for k > 1 the series

oo

Z k=1 (P — (P |k

n=0



http://jlms.oxfordjournals.org/search?author1=F.+M%C3%B3ricz&sortspec=date&submit=Submit
http://jlms.oxfordjournals.org/search?author1=U.+Stadtm%C3%BCller&sortspec=date&submit=Submit

converges, and we write
Ln=1Un € N, P, qlk.
We note that for k = 1, |N, p, gl summability is the same as |N, p, | summability introduced
by Tanaka M.(1978).
Okuyama Y. (2002) adopted the following notions:
RN:= (p* QO RA= X0 Prom Gm

and

R =0

Ry = Ry
Also we put

Pn:=(p* Dn=X=0Pm and dn:= (1 * Qn=Xih=0qm

Krasniqi, X.Z. (2010) studied the |N, p, gk summability of the orthogonal series (1), for 1 <k
<2, and he deduced as corollaries of all results of Okuyama Y.(2002).
He proved the following theorem:

Theorem: If for 1< k < 2, the series

n j

- 2 “ R R 2 k
n*7& Z<_J_n_—1) la;|?}z
Z = Rn Rn—l g
converges then the orthogonal series (1) is summable [N, p, g| « almost everywhere.

2.0.7.|N, pn, 8], 1 <k <2) SUMMABILITY OF ORTHOGONAL SERIES
Let (3) be a given infinite series with its partial sums {sn}. Let pn be a sequence of numbers
such that, Yy_o px = ©asn - wo(P_; =p_; =0,i = 1).
The sequence to sequence transformation

Tn= éyﬁ:o Pk Sk
defines the sequence (Tn) of the Riesz mean or simply the ( N, pn) mean of the sequence (s),
generated by the sequence of coefficients (pn) (Tandori K,1960). The series (3) is said to be
summable | N , pn [kor summable | R, Pn, 1 |, k =1, if (Bor H.(1993))

2 pak1
2 (1) 1T
n

n=1




The case k = 1 is reduced to the absolute Riesz summability | R, Pn, 1 | and further, in the
special case pn = 1/n + 1, the summability | R, Pn, 1 | is the same as the absolute logarithmic
summability.

Dealing with the absolute Riesz summability of orthogonal series, Moricz F.(1962) have
generalized the result of Tandori K(1960). Okuyama, Y., Tsuchikura T.(1981) as well as
Leindler L. (1983) proved some results in the same direction. Okuyama Y.(1988) proved the
following theorem:

Theorem: Let1 < k <2 and {pn} be a positive sequence. If the series
" N k/2
p—(Zjn=1 sz—1|aj|2) <o

n=1 k
PpPpy

then the orthogonal series (1) is summable | R, pn, 1 |« almost everywhere.

2.0.8 LAMBERT SUMMABILITY OF ORTHOGONAL SERIES

A series ), a, is Lambert summable to A, written Y a, = A(L) , if

na,r?

rl—i>rP—(1 = 1) Zn=1 1-rn =A

Bellman, R. (1943) have proved the result on Lambert summability of orthogonal series.

2.0.9 MATRIX SUMMABILITY OF ORTHOGONAL SERIES

Let (3) be a given infinite series with its partial sums {sn} and let A := (anv) be a normal
matrix, i.e. a lower triangular matrix of non-zero diagonal entries. Then A defines the
sequence-to-sequence transformation, mapping the sequence s:= {sn} to As := {An(s)},
where

An(S) =00y Sy n=0,123....
The series Y.,—, u, is said to be summable |Ax, k >1, if (Tanovi¢-Miller N. (1979))

o)

PR

n=1
converges, where
AAn(s) = An(s) = Ap-1(S)
Krasnigi, X. Z etal. (2012) proved the following theorem for matrix summability of
orthogonal series.

Theorem. If the series

10




0 2_2 n X , , K
D ) gl lg
n=0 j=1
converges for 1< k < 2, then the orthogonal series (1) is summable |A|x almost everywhere.

2.0.10 SUMMABILITY OF ORTHOGONAL SERIES IN COMMUTATIVE L2 SPACE
Given a sequence of real numbers 0=4y; < 4; < 4, < ...... ... <A, > oasn — oo . A Series

(3) is said to be Riesz summable or (R, 4,,1) toasum s if

n

. Ak
lim ) (1- Jup =S
n-o o Ans1
Clearly, s is uniquely determined if exists.
Let (X, F, 1) be an arbitrary positive measure space, {(,:n = 0,1,2 ... ... ... ... } be a sequence

of pairwise orthogonal functions in Lo = L>(X, F,u) and set

Sp =300, 0n =30_o(1 —%)ck n=0,1,2,3.......

The following theorem is due to Zygmund A. (1927) in commutative L? space:

Theorem 1:

If a sequence {C,:n = 0,1,2 ............. } of pair wise orthogonal functions in L, = L2(X, F,u)
over a positive measure space is such that

D" (loglogha2IIG,lI? < o0

n:ip=4
Then

lim o, (x) =s(x) a.e.,
n—»>oo

where s is the sum of the series Y5, ¢, in the norm of Lo,
Gac B.L. and Moricz F. (2011) have extended the theorem for von Neumann algebra in
non-commutative space.

Theorem 2: Let M be a von Neumann algebra, ® a faithful and normal state acting on M

and {A,;;n=0,1,2..........} a sequence of real numbers satisfying conditions
lim sup%z C<oo,where0 =21y <A <Ay < ... <A, > owasn - oand if
n—-oo n
{A,:n=0,1,2...........} isasequence of pair wise orthogonal operators in M such that
> (logloghy)?0(14,%) < oo
nil, =4
Then

11




n
A
Z(l— i )n(Ak)w—>aasn—>oo

L\ e
Where ¢ is the sum of the series Yoo w(A,)w in the norm of L, = La(M, @)

Similar result was proved by Gac B.L. and Mdricz F. (2011) for L space.

Theorem 3: Let M be a von Neumann algebra, @ a faithful and normal state acting on M

and {A,;n=0,1,2..........}be a sequence of real numbers satisfying conditions
Tli_r}zlosupli{: ) Z,‘f:l% <o and where 0 =15 < Ay <A, < ... <A, ®asn - o
and if {C,:n=0,1,2............ } is a sequence of pair wise orthogonal vectors in L: = L2(M,
®) such that

> (loglogha 211Gl < o0

niAn=4

n /1k
Z(l— )Ek—>aasn—>oo
An+1

k=0

Then

here o is the sum of the series }.;°_, &, inthe norm of L

3.0 OUTLINE OF CHAPTERS

Present thesis will consist of eight chapters.

Chapter 1 will be an introduction.

Chapter 2 will cover the results on absolute Banach and Norlund Summability of orthogonal
series.

Paikray S. K. et al.(2012) have obtained the result for factored conjugate Fourier series for
absolute Banach Summability. We have generalized his result for orthogonal series.
Sunouchi G.(1965) obtained the strong approximation of orthogonal Series. Sunouchi G.
(1967) proved the approximation of Fourier series and orthogonal Series. In this chapter, we
have obtained the result with general Strong Nérlund summability of orthogonal expansion
on the line of Tiwari S.K. and Kachhara D. K.(2011) .

Chapter 3 will deal with rate of summability of double orthogonal series and rate of
approximation by Norlund means for Walsh-Fourier series.

Moricz F. and Siddigi A. H. (1992), studied the rate of approximation by Norlund means for
Walsh-Fourier series of a function in LP. In this chapter we have made an attempt to

generalize the same results for different Norlund means.

12




Andrienko V. A. and Kovalenko I. G. (2004) obtained the estimates on the rate of almost
everywhere summability of orthogonal expansions of square integrable functions by Cesaro
methods of positive order for double orthogonal series.

In this chapter, we have made an attempt to investigate the rate of Norlund Summability of
double orthogonal series in parallel to the work of Andrienko V. A. and Kovalenko I. G.
(2004).

Chapter 4 will deal with certain Tauberian theorems related with general orthogonal series.
Moricz, F.and Stadtmiller, U.(1999) proved Tauberian theorems from Jp-summability
methods of power series type and Mp-summability methods of weighted means to ordinary
convergence for general orthogonal series.

In this chapter we have made an attempt to generalize the results of Moricz, F.and
Stadtmaller, U.(1999).

Chapter 5 deals with summability of general orthogonal series.

Krasnigi X. Z(2010) gave some general theorems on the |N, p, glk, (1 <k <2) summability
of orthogonal series. In this chapter we have generalized the theorems to |N, p, ql
summability.

Sénmez A. (2008) present some results on [N, pn, 8k, (1 < k < 2) summability of orthogonal
series. In this chapter we have made an attempt to generalize the result of Sonmez A (2008)
for [N, pn, 8k, (1 <k <2) summability.
Chapter 6 will be devoted for Lambert summability of general orthogonal series.

In this chapter we have made an attempt to generalize the theorem of Bellman R.(1943).
Chapter 7 deals with matrix summability of general Orthogonal Series.

Krasnigi X.Z.(2012) et al. proved theorems on absolute matrix summability of general
orthogonal series. In this chapter we have generalized the result of Krasnigi X. Z. (2012) for
different Norlund means.

Chapter 8 will discuss the results on Norlund Summability of orthogonal series in
commutative and non-commutative L? spaces. These results are an extension of Zygmund
A.(1927), Le Gac B., Mdricz F.(2011).

REFERENCES
1. Alexits, G. (1961). Convergence problems of orthogonal series, Budapest.
2. Alexits, G., Kralik, D. (1965). Uber die Approximation im starken Sinne, Acta Sci.
Math. (Szeged), 26, No. 1-2, 93-101.

13



http://jlms.oxfordjournals.org/search?author1=F.+M%C3%B3ricz&sortspec=date&submit=Submit
http://jlms.oxfordjournals.org/search?author1=U.+Stadtm%C3%BCller&sortspec=date&submit=Submit
http://jlms.oxfordjournals.org/search?author1=F.+M%C3%B3ricz&sortspec=date&submit=Submit
http://jlms.oxfordjournals.org/search?author1=U.+Stadtm%C3%BCller&sortspec=date&submit=Submit

10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

Andrienko, V. A.(1989). On the rate of Cesaro summability of orthogonal series,
Analysis Math., 15, 263-281.

Andrienko, V. A., Kovalenko, I. G. (2004). Rate of Cesaro summability of double
orthogonal series, Analysis Mathematica, 30, 1-31.

Banach, S. (1932). Theorie des operations lineaires, Monografie Mat., PWN, Warsaw.
Bellman, R.(1943). Lambert summability of orthogonal Series, Bull. Amer. Math.
Soc., 49(12), 932-934.

Bhatnagar, S. C. (1973). On Convergence and Summability of Orthogonal Series,
Ph. D. Thesis, University of Indore.

Bolgov, V. A., Efimov, A. V. (1971). On the rate of Summability of orthogonal series,
Izv. Akad. Nauk SSSR Ser. Mat., 35(6), 13891408

Bor, H.(1993). On local property of [N, pn, §|x summability of factored Fourier

series, J. Math. Anal. Appl., 179, 646-649.

Borwein, D., Kratz,W. (1989). On relations between weighted means and power
series methods of summability, J. Math. Anal. Appl. 139, 178-186.

Bosanquet, L.S., Hyslop, J.M. (1937). On the absolute summability of the allied
series of a Fourier series, Mathematische Zeitschrift, 42, 489-512.

Cassens, P., Regan, F. (1970). On generalized Lambert summability, Commentationes
Mathematicae Universitatis Carolinae, 11(4), 829—839.

Fischer, E. (1907). Sur la convergence en moyenne, C.R. A. S. Paris, 144, 1022-1024.
Gaposkin, V.F. (1964). On the convergence of orthogonal series (Russian), Dokl.
Akad. Nauk SSSR 159, 243-246.

Gram, J.P. (1883). Ueber Entwickelung reeller Functionen in Reihen mittelst der
Methode der Kleinsten, Quadrate. J. Math., 94, 41-73.

Grepacevskaja, L.V.(1964). Absolute summability of orthogonal series, Mat. Sh.
(N.S.), 65, 370-381.

Hobson, E.W. (1913). On the convergence of series of orthogonal functions, Proc.
London Math. Soc. 12, 297-308.

Jaxfsbova, M. A.(1966). On approximation of functions satisfying the Lipschitz
condition by arithmetic means of their Walsh-Fourier series, Mat. Sh., 71, 214-226.
[Russian].

Jerosch, F., Weyl, H.(1909). Uber die Konvergenz von Reihen, die nach periodischen

Funktionen fortschreiten,Mathematische Annalen,64, 67—80.

14



http://projecteuclid.org/handle/euclid.bams
http://projecteuclid.org/handle/euclid.bams

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Kaczmarz, S. (1929). Sur la convergence et la sommabilité des développements
orthogonoux,Studia Math.,1, 87-121.

Kantawala, P.S.,(1986). On Convergence and summability of general orthogonal
series, Ph.D. Thesis, M. S. University of Baroda, 1986.

Kantawala, P.S., Agrawal, S.R. and Patel, C.M.(1991). On Strong Approximation of
Norlund and Eular Means of Orthogonal Series, Indian J. Math., 33(2), 99-118.
Kantawala, P.S., Agrawal, S.R.,(1995).0n Strong Approximation of Eular Means of
Orthogonal seies, Indian J. Math., 37(1),17-26.

Kolmogoroff, A., Seliverstoff, G.(1925). Sur la convergence des séries de
Fourier,Comptes Rendus Acad. Sci. Paris,178 , 303-305.

Krasnigi, X.Z. (2010). A note on |N, p, gl , (1 < k < 2) summability of orthogonal
series, Note Mat. 30(2), 135-139.

Krasniqgi, X.Z., Bor H, Braha, N L., Dema M(2012).0On Absolute Matrix Summability
of Orthogonal Series, Int. Journal of Math. Analysis, 6(10), 493 — 501.

Kuyama, Y.(1983). Absolute summability of Fourier series and orthogonal series,
Lecture Notes in Math.,1067, Springer-Verlag.

Le Gac B., Moricz F.(2011). Riesz Summability of Orthogonal series in
NonCommutative L space, J. Operator Theory, 65(1), 3-15.

Leindler, L.(1961). Uber die absolute Summierbarkeit der Orthogonalreihen, Acta
Sci. Math. (Szeged), 22, 243-268.

Leindler, L.(1963). Uber die punktweise Konvergenz von Summationsverfahren
allgemeiner orthogonalreihen (Oberwolfach 1963), Birkhauser-Verlag, Basel,
1964, 239-244.

Leindler, L.(1964).Uber Approximation mit Orthogonalreihenmitteln unter
strukturellen Bedingungen, Acta Math. Acad. Sci. Hung. 15, 57-62.

Leindler, L.(1967). On the Strong Summability of Orthogonal Series, Acta.,Sci. math,
(Szeged)28, 336-338.

Leindler,L.(1971). On the Strong Approximation of Orthogonal Series, Acta,
Sci.Math. 32, 41-50.

Leindler, L.(1983). On the absolute Riesz summability of orthogonal series, Acta

Sci. Math., 46.

Leindler, L.(1996). On the Strong Summability of Orthogonal Series, Acta Sci Math.,
23, 217-228.

15




36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49,

50.

Lorentz, G.G. (1948). A contribution to the theory of divergent sequences, Acta.
Math., 80, 167-190.

Meder, J.(1958). On the summability almost everywhere of orthogonal series by the
method of Euler-knopp, Ann. Polon. Math ,5,135-148.

Menchoff, D (1923). Sur les séries de fonctions orthogonales. I, Fund. Math. 4, 82-
105.

Menchoff, D. (1925). Sur la sommation des séries de fonctions orthogonales.

Comptes Rendus Acad. Sci. Paris, 180, 2011-2013.

Menchoff, D.(1926). Sur les séries de fonctions orthogonales. Il., Fundamenta Math.
8, 56-108.

Misra, U. K., Sahoo, N.C(2002). Absolute Banach Summability of the conjugate
series of a Fourier series, Journal of Indian Academy of Mathematics, 24(2), 307-
318.

Moricz, F(1962). Uber dei Rieszche Summation der Orthogonalreihen, Acta Sci.
Math., 23, 92-95.

Moricz, F(1969). A note on the strong T-summation of orthogonal series, Acta Sci.
Math. (Szeged),30 , 69-76.

Moricz, F. (1983). Approximation by partial sums and Cesaro means of multiple
orthogonal series, Tohoku Math. J., 35, 519-539.

Moricz, F.(1984). Approximation theorems for double orthogonal series, J. Approx.
Theory, 42, 107-137.

Moricz, F.(1987), Approximation theorems for double orthogonal series. II, J.
Approx.Theory, 51, 372-382.

Moricz, F., Siddiqi, A.H.(1992). Approximation by Norlund means of Walsh-Fourier
series,Journal of Approximation Theory, 70, 375-389.

Moricz, F., Stadtmuller, U.(1999). Harmonic and Logarithmic Summability of
Orthogonal Series are Equivalent up to a Set of Measure Zero, J. London Math.
Soc. 59(1),252-262.

Okuyama, Y. (1978). On the absolute Norlund summability of orthogonal series,
Proc. Japan Acad.,54, 113-118.

Okuyama,Y. (1988). On the absolute Riesz summability of orthogonal series,
Tamkang J. Math., 19 (1988), 75-89.

16



http://jlms.oxfordjournals.org/search?author1=F.+M%C3%B3ricz&sortspec=date&submit=Submit
http://jlms.oxfordjournals.org/search?author1=U.+Stadtm%C3%BCller&sortspec=date&submit=Submit

51.

52.

53.

54.

55.

56.

S7.

58.

59.

60.

61.

62.
63.

64.

65.

66.

67.

Okuyama, Y. (2002). On the absolute generalized Norlund summability of orthogonal
series, Tamkang J. Math., 33(2), 161-165.

Okuyama, Y., Tsuchikura T.(1981). on the absolute Riesz summability of orthogonal
series, Analysis Math. 7, 199-208.

Paikray, S.K., Misra, U.K. and Sahoo, N.C.( 2011). Absolute banach summability
of a factored Fourier Series, IJIRRAS, 7(3) .

Paikray, S.K., Misra, U.K. and Sahoo, N.C.( 2012). Absolute Banach Summability
of the conjugate series of a Fourier series, Gen. Math. Notes, 9(2), 19-31.

Patel, R.K.(1975). Convergence and Summability of Orthogonal Series, Ph. D.
Thesis, The M. S. University of Baroda.

Plancherel, M.(1910). Szitze liber Sysleme besehriankter Orthogonalfnnktio- nan. M.
A. 68, 270-278.

Plessner, A.(1926). Uber die Konvergenz von trigonometrischen Reihen, J. F.
Math. 155, 15-25.

Prasad, B.N.(1960).The absolute summability of Fourier series 29"session of the
National Acad.of Sci. of Indai, Gorakhpur ,Presidential address.

Rademacher, H(1922). Einige Satze Uber Reihen wvon allgemeinen
Orthogonalfunktionen. Mathematische Annalen, 87, 112-138.

Srivastava, P.(1967). On absolute Riesz summability of orthogonal series, Indian
Journal of Math., 9,513-529.

Riesz, F. (1907). Sur les opérations fonctionnelles linéaires, C. R. Acad. Sci.
Paris 144, 615-619.

Salem, R.(1940). Essais sur les series trigonometrigues. Hermann, Paris.

Skvorcov, V. A.(1981). Certain estimates of approximation of functions by Cesaro
means of Walsh-Fourier series, Mat. Zametki 29 ,539-547. [Russian].

Sénmez, A.(2008),0n The Absolute Riesz Summability Of Orthogonal Series,
International Journal of Pure and Applied Mathematics,48(1), 75-81.

Sunouchi, G.(1944).0n the Strong Summability of series of Orthogonal functions,
Proc. Imp. Acad. Tokyo 20, 251-256.

Sunouchi, G.(1965). on the strong Summability of Orthogonal Series, Acta. Sci
Math., 2771-2776.

Sunouchi, G. (1967). Strong Approximation of Fourier Series and Orthogonal Series,
Ind. J., Math.9, 237-246.

17




68.

69.
70.

71.

72,

73.

74.

75.
76.

77,

78.

79.

80.

81.
82.

83.

Swamy, N. (1980). Absolute summability of the conjugate series of a Fourier series,
Ph.D. Thesis, Utkal University, 95-105.

Szeg6 ,G.(1939), Orthogonal Polynomials, Amer. Math. Soc., Rhode Island.

Talalyan, A.(1956). On convergence of orthogonal series. Doklady Akad. Nauk.
SSSR,110, 515-516.

Tanaka, M.(1978). On generalized Norlund methods of summability, Bull. Austral.
Math. Soc., 19, 381-402.

Tandori, K.(1957). Uber die orthogonalen Funktionen. I, Acta Sci. Math. (Szeged),
18, 57-130.

Tandori, K.(1960). Uber die Orthogonalen Funktion 1X: Absolute summation, Acta
Sci. Math., 21, 292-299.

Tandori, K. (1975). A remark on a theorem of Alexits and Sharma,Anal. Math. 1,223—
230.

Tanovic-Miller, N.(1979). On strong summability, Glas. Mat., 34, 87-97.

Tiwari, S.K. and Kachhara, D. K.(2011). On Strong NOrlund Summability Of
Orthogonal Exapansion ,Research Journal of Pure Algebra -1(4), 88-92.

Tsuchikura, T.(1953). Absolute Cesaro summability of orthogonal series. Tohoku
Math. J., 5(1), 52-66.

Walfisz, A.(1940). Uber einige Orthogonalreihen, Mitt. Georgisch. Abt. Akad. Wiss.
USSR, 1, 411-420.

Weyl, H. (1909). Uber die Konvergenz von Reihen, die nach Orthogo- nalfunktionen
fortschreiten, Math. Ann., 67, 225-245.

Wlodzimierz, L.(2001). On the Rate of Pointwise Summability of Fourier Series,
Applied Mathematics E-Notes, 1, 143-148.

Yano, Sh.(1951) .On Walsh series, Tohoku Math. J. 3, 223-242,

Yano, Sh.( 1951).0n approximation by Walsh functions, Proc. Amer. Math. Soc., 2 ,
962-967.

Zygmund, A.(1927). sur la summation des séries de fonctions orthogonales, bull.
Intern. Acad. Polonaise Sci. Lett. (Cracovie)Sér. A, Cracovie, 293-308.

18




19




