
Chapter 3
Theoretical models

3.1 Introduction
In a typical collision experiment, a projectile with velocity (vp) impinges on a target which
is usually at rest in the laboratory frame. To interpret the experimental observations different
theoretical models have been developed over decades. Accurate interpretation of the ionization
cross sections in multielectronic target systems is a challenging task for theoretical models. The
main difficulty is caused by the many-body feature of the collision, which involves the projectile
(P) having charge state (qp), the target nucleus (T) and the number of electron(s) in the target
N . Each of the theoretical models uses some approximations that are required to solve the
many-body problem associated with the ionization process. Majority of the earlier theoretical
works were based on the Born approximation which is perturbative in nature. In this approach
the projectile exerts very small perturbation to the target system and the projectile effectively
goes almost undeflected from it’s straight line trajectory. Such an assumption is valid only for
fast moving projectiles, i.e., where the projectile velocity is sufficiently higher than the velocity
of the orbital electron in the target. In such cases the projectile is represented as a plane wave
both in the entrance as well as in the exit channel of the reaction. Here the interaction between
the ejected electron and the projectile is not considered. Such an approach, although valid for
high velocity projectiles, but fails for projectiles having intermediate collision energy or having
high charge state.

For the different collision systems studied in the present thesis, in most of the cases, the
projectile velocities were much higher than the orbital velocity of the electron in the target.
For such cases we have used the perturbative treatment, the CB1 model, discussed in the fol-
lowing section. We next move on to the projectiles which are highly charged ions or having
intermediate energy. For such cases, there exists a strong post collision interaction between
the projectile and the ionized electron. In this regard, the continuum distorted wave-eikonal
initial state (CDW-EIS) approximation is widely used, which takes into account the distortions
by both the projectile and target centers. After discussing these quantum mechanical calcula-
tions, we have discussed about the CTMC model which deals with the collision partners from
a classical point of view. All these models, obtained from different collaborators, are used to
calculate the DDCS (hence SDCS and TCS) for electron emission. The calculations using the
CB1 approximations were provided by Champion and co-workers, similarly those using the
CDW-EIS model and the CTMC model were provided by Rivarola et. al. and Tokesi et. al., re-
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spectively. The CSP-ic approximation which is a semi-empirical model has been used as a part
of this work for evaluating the total ionization cross section (TCS) in case of electron impact
ionization studies.

3.2 CB1 Model
In case of the first Born approximation (B1), the projectile is represented by a plane wave both
in the incoming and outgoing channel, whereas the electron is described by bound and contin-
uum wave functions of the target in the entrance and exit channel respectively [1]. In case of
the CB1 model, the cross section have been calculated within the framework of B1 approxima-
tion with the initial and final wave functions satisfying the correct boundary conditions (hence
named as CB1). Here, the ejected electron is described by a Coulomb wave (CW), taking care
of the long range Coulomb interaction between the projectile and the ionized electron [59, 60,
61, 62].

In the present thesis, the CB1 model calculations were used extensively to compare the
experimental results obtained for keV energy electron impact on N2 molecules. Since in this
case the energy of the electrons causing ionization are sufficiently high, one can resort to such
perturbative models. In the present quantum mechanical calculation, an effective target charge
(Z∗T ) has been introduced which is seen by the ejected electron. The effective charge is given
by

Z∗T =
√
−2n2ε. (3.1)

Here n is the principal quantum number of each atomic orbital component used in the target
description and the active electron orbital energy ε is related to the ionization energiesB of each
occupied molecular orbital by ε = −B. Further, the well known frozen core approximation was
used where the passive (not ionized) electrons are assumed to remain frozen in their molecular
orbitals during the collision. This allows one to reduce the electron target interaction potential
to a one-active electron problem. Using these conditions, the triple differential cross section,
differential in the direction of the scattered electron Ωs, differential in the direction of the
ejected electron Ωe and differential in the ejected energy Ee is denoted as :

σ(3)(Ωs,Ωe, Ee) ≡
d3σ

dΩsdΩedEe
=

N∑
j=1

d3σj
dΩsdΩedEe

. (3.2)

where N is the number of molecular orbitals used in the description of the target and
d3σj

dΩsdΩedEe
is the triple differential cross section for the j-th orbital of the target. Each ”molec-

ular orbital” cross section is expressed as a weighted sum of the atomic triple differential cross
sections corresponding to the different atomic components used in the description of the N2
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target, namely, the N1s, N2s, and N2p orbitals, given by [62] :

d3σj
dΩsdΩedEe

=
∑
i

ξj,i.
d3σat,i

dΩsdΩedEe
. (3.3)

where the effective number of electrons ξj,i and the corresponding binding energy are cal-
culated in the gas phase with the Gaussian 09 software.

Thus, in the laboratory framework, the atomic tripe differential cross sections are calculated
as follows :

d3σat,i
dΩsdΩedEe

= (2π)4kske
ki
|[Ta,b]i|2. (3.4)

where ki, ks and ke denote the wave vectors of the incident, scattered and ejected electron
respectively. [Ta,b]i denotes the atomic transition matrix element between an initial state a and
a final state b given by :

[Ta,b]i = 〈φib(r0).ϕib(r1)|V (r0, r1)|φia(r0).ϕia(r1)〉. (3.5)

where V (r0, r1) is the interaction potential between the incident electron and the target, r0

and r1 stands for the position vectors of the incident and the active target electron respectively.
φia(r0) and φib(r0) are the incoming and outgoing projectile plane waves, respectively. ϕib(r1)

represents the ejected-electron Coulomb wave function whereas ϕia(r1) represents the atomic
wave function. Using the frozen core approximation, the multi-electron problem is reduced
to a one active electron problem. Further, by using the well-known partial-wave expansion of
the plane wave as well as that of the Coulomb wave, the DDCS are obtained for each molec-
ular orbital by analytical integration of the triple differential cross section. Finally, the target
ionization cross sections are obtained by summing up the contributions from all the subshells.

3.3 CDW-EIS Model
In the previous sections we have discussed about the perturbative models which are valid for
projectiles with sufficiently high energy. However, for projectiles with collision energy in the
intermediate energy regime or when the projectile is a highly charged ion, then the ionized elec-
tron experiences the long-range Coulomb field of both the residual target ion and the projectile.
For example, in the present thesis we have performed studies on keV energy proton (interme-
diate energy regime) impact and MeV energy C6+ (highly charged ion) ion impact on different
molecular targets. In such cases, the collisional aspects are by far best explained in terms of
the continuum distorted wave-eikonal initial state (CDW-EIS) approximation, taking care of the
two center effect accurately. This model was initially introduced by D S F Crothers and J F Mc-
Cann [63]. The CDW-EIS model is valid both in the intermediate and high velocity regime of
the projectile. It takes into account the distortions both in the initial and final channels. Here the
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independent electron model is used, where the non-ionized (passive) electrons are assumed to
remain frozen during the collision process with only one active electron, thus describing single
ionization phenomena. The Coulombic behaviour due to the active electron-projectile interac-
tion is included in the entrance channel by choosing a distorted initial wavefunction where the
initial bound state is multiplied by an eikonal phase associated with that interaction [64]. In
the final channel, it is assumed that the active electron feels the fields of the projectile and of
the residual target simultaneously. So, the final wavefunction is proposed as a product of two
continuum states of the active electron : one due to the presence of the projectile and the other
due to the presence of the residual target.

In this model, the distorted wave function in the initial channel is given by :

χ+
i = ϕi(x) exp (−i εi t) exp [−i ν ln (v s+ v · s)] (3.6)

where ϕi is the active-electron initial bound state with εi its initial binding energy, ν is the
perturbation strength i.e. (qp/vp), with qp being the projectile charge and vp the collision veloc-
ity. The super-index (+) in Equation 3.6 indicates that it preserves correct outgoing boundary
condition.

Now the final distorted wave function at the exit channel is given by :

χ−f =ϕf (x) exp (−i εf t)

× N∗(λ) 1F1[−i λ; 1;−i(k x− k · x)]

× N∗(ξ) 1F1[−i ξ; 1;−i(p s− p · s)] (3.7)

Here ϕf is a free-electron plane wave with momentum k, εf = 1
2
k2, ξ = ZP/p, be-

ing p = k − v, λ = Z̃T/k with Z̃T and effective target nuclear charge describing the in-
teraction of the active electron with an effective residual-target Coulomb potential. In both
Equation 3.6 and Equation 3.7 x and s are the active-electron coordinate in a target-fixed and
projectile-fixed reference frame respectively. Also 1F1 is the hypergeometric function and
N(a) = exp (π a/2)Γ(1− i a) its normalization factor (with Γ the Euler Gamma function).

This model has a prior and post version. When the perturbative potentials are applied to the
initial channel distorted wave function it gives rise to the prior version of the transition matrix
element and similarly when applied to the exit channel, the post version of transition matrix
elements are generated. In the present thesis, the prior version of this model has been applied
extensively to check with the experimentally observed DDCS in case of ion impact ionization
of small molecules and large biomolecules.
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3.4 CTMC Model
The classical trajectory Monte Carlo (CTMC) method was introduced by Abrines and Percival
to study ion-atom collisions [65, 66]. This model provides a classical treatment to the collision
involving three particles i.e., the projectile, the active target electron and the remaining target
ion, comprising of the target nucleus and the remaining target electrons. The three particles are
characterized by their masses and charges. Here the many-body interactions are exactly taken
into account during the collisions on a classical level [67]. Newton’s classical non-relativistic
equations of motions for a three-body system are solved numerically for a statistically large
number of trajectories for given initial conditions. Using this method one can calculate the
time evolution of a classical distribution f(x,p, t) in phase space. In case of multi-electronic
target system, the independent electron approximation is employed which considers only the
active electron whereas the passive electrons along with the target nucleus formed the target
ion.

Considering a collision system consisting of the projectile of mass MP , target core of mass
MT and one active electron initially bound to the target. The Hamiltonian of the system is
written as :

H =
p2

2µT
+ VT (x) + VP (s) (3.8)

where µT = MT/(MT + 1) and VT and VP are the electron-target core and electron-
projectile interaction potentials respectively. x and s are the position of the active electron
with respect to the target and projectile respectively. Here the projectile-target core interactions
are neglected assuming that the projectile and the target core move rectilinearly. Now for a
given set of initial conditions in the phase space, the dynamics of the system is determined
from the classical Hamilton’s equations :

dxj
dt

=
∂H

∂pj
(3.9)

dpj
dt

= −∂H
∂xj

(3.10)

where (xj, pj) are phase space coordinates and j = 1, 2, 3. The equations of motion were
integrated using the Runge-Kutta method. A microcanonical ensemble characterizes the initial
state of the target. The CTMC method can be visualized as a computer experiment. The
interaction between the active target electron and the projectile is Coulombic is nature. The
interaction between the electrons and the target nucleus is described by a central model potential
which is based on the Hartree-Fock calculations [68]. In the present thesis, this model has been
used to compare the experimental DDCS investigations for keV energy electron impact on N2
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molecules. The total and double differential cross-sections for a particular process are obtained
as follows :

σ =
2πbmax
TN

∑
j

b
(i)
j , (3.11)

d2σ

dEdΩ
=

2πbmax
TN∆E∆Ω

∑
j

b
(i)
j . (3.12)

In Equation 3.11 and Equation 3.12 TN is the total number of trajectories calculated for
impact parameters less than bmax, T (i)

N is the number of trajectories that satisfy the criteria for
ionization and b(i)

j is the actual impact parameter for the trajectory corresponding to the ioniza-
tion process under consideration in the energy interval ∆E and the emission angle interval ∆Ω

of the electron.

3.5 CSP-ic Model
In addition to the models for DDCS, the total ionization cross section (TCS) for electron impact
on N2 were computed with the CSP-ic model [69]. The complex scattering potential-ionization
contribution (CSP-ic) model, a semi-empirical model is used to calculate the TCS for electron
impact on any target atoms/molecules. In this case the projectile electron energies can vary
from threshold to few keV. Initially the total inelastic cross sections are calculated based on a
spherical complex optical potential, Vopt. When the incident electron approaches the target, it
experiences both short and long range potentials. On the other hand, the target electron cloud
also feels an electric field due to the incoming electron. The potentials experienced by both
the incident electron and the target due to the presence of each other is added up together to
form the Vopt potential. This potential comprises of the real term and an imaginary term and is
defined as follows :

Vopt(Ei, r) = VR + iVIm (3.13)

Vopt(Ei, r) = Vst(r) + Vex(Ei, r) + Vpol(Ei, r) + iVabs(Ei, r) (3.14)

The real part (VR) of the interaction potential takes into account the static (Vst), exchange
(Vex) and polarization (Vpol) potentials whereas the imaginary part (VIm) comprises of the ab-
sorption potential (Vabs). The interaction between the projectile electron and the target is deter-
mined by these potentials. These potentials are constructed using the target molecular charge
density (ρ(r)) which is formulated by a linear combination of atomic charge densities and Ei
is the incident electron energy.

37



3.5.1 Static Potential

The static potential (Vst) represents the Coulomb potential that is experienced by the incoming
projectile electron while approaching the field of an undisturbed target charge cloud. The static
potential at a distance r is given by

Vst(r) = −Z
r

+ 4π
[1

r

∫ r

0

ρ(r′)r′2dr′ +

∫ ∞
r

ρ(r′)r′dr′
]
. (3.15)

Here Z is the atomic number and ρ(r′) is the charge density of the target atom. For a multielec-
tronic target atom/molecule, it is difficult to obtain an exact expression of the static potential
and target charge density. Following the prescription of Cox and Bonham [70], the static poten-
tial of target can be represented by an analytical expression comprising of a sum of the Yukawa
terms starting with Hartree-Fock and the relativistic wave functions for all the neutral atoms.
The analytic expression of the static potential is given by :

Vst(r) = − Z

4πr

n∑
i=1

γiexp(−λir). (3.16)

where λi and γi are the potential field parameters.
The Dirac-Hartree-Fock - Slater (DHFS) method is an improved version of the Roothan-

Hartree-Fock (RHF) method which takes into account the relativistic effects [71]. This approx-
imation depends on the parameters for the atomic screening function, which are determined by
DHFS self-consistent data. The analytical expression for the static potential is,

Vst(r) = −Z
r

n∑
i=1

Aiexp(−αir). (3.17)

Here Ai and αi are the atomic screening parameters. This potential is real and acts only at short
ranges.

3.5.2 Exchange Potential

This potential takes care of the exchange of the incident electron with one of the target electrons.
According to the free electron gas exchange model by Hara [72], the electron gas is considered
as a Fermi gas of non-interacting electrons when the total wave function is antisymmetrized in
accordance with Pauli’s exclusion principle. The exchange energy is calculated by summing
all momentum states up to Fermi level Ef . The Hartree exchange potential energy is given by,

Vex(Ei, r) = − 2

π
kF

[1

2
+

1 + η2

4η
ln
∣∣∣1 + η

1− η

∣∣∣]. (3.18)

Here kF is the Fermi wave vector given by

kF = 3
√

3π2ρ(r). (3.19)

38



and

η =

√
k2 + k2

F + 2I

kF
. (3.20)

This approximation is referred as the ’Hara Free Electron Gas Exchange’(HFEGE) model.
The target electron being bound has a negative energy and hence the minimum energy required
to make it zero is the ionization energy, which is denoted as I (in Hartree). Here the approx-
imation of the numerator in Equation 3.20 implies that the electron kinetic energy is given by
E + I in the asymptotic region. However, for large r this is corrected by removing the ioniza-
tion energy which further gives rise to the ’Asymptotically Adjusted’ approximation [73, 74,
75] where η is given as

η =

√
k2 + k2

F

kF
. (3.21)

3.5.3 Polarization Potential

This potential takes care of the distortion of the target charge density cloud due to the incoming
projectile. This potential is of particular importance while treating the elastic scattering of elec-
trons by atoms/molecules. The transient distortion of the target by the approaching electron is
due to the induced multipole moments and is attractive in nature, giving rise to the polarization
potential. The adiabatic expression for asymptotic polarization potential is given by

Vpol(Ei, r) = − αd
2r4
− αq

2r6
. (3.22)

Here αd and αq are the dipole and quadrupole static polarizabilities of the target atom where
the higher order multipolar terms have been neglected. The potential is attractive and long range
in nature and varies asymptotically as r−4 at r → ∞. At r = 0, there is a singularity and this
is avoided by introducing a cut off parameter (rc) in Equation 3.22 as follows :

Vpol(Ei, r) = − αd
2(r2 + r2

c )
2
. (3.23)

This is the well known Buckingham polarization potential [76]. Here the system is consid-
ered to be adiabatic, however at high incident energies the response of the target charge cloud
should also depend on the speed of electrons. So for high projectile energies, an energy depen-
dent form of the polarization potential is required which was proposed by Khare et. al. [77]
as

Vpol(Ei, r) = −1

2

[ αdr
2

(r2 + r2
c )

3
+

αqr
4

(r2 + r2
c )

5

]
. (3.24)

rc being the energy dependent cut-off parameter. Using the Born approximation [78, 79], it
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is found

rc =
3k

8Γ
. (3.25)

Here Γ is the average excitation energy of the atom. This potential is long range in nature
and so the simple r−4 behaviour does not hold for short distances. Therefore one has to account
for the electron correlation effects at short distances [79].

An approximated local density functional form of the correlation for short range (SR) and
the long range polarization potential is given by

Vpol(r) =

V corr
SR , at r ≤ r0

− αd

2r4
, at r > r0

(3.26)

where r0 is the point of intersection of the short range correlation potential V corr
SR and the

long range potential −αd

2r4
and r0 is roughly taken as the radius of the atomic short range poten-

tials. The short range part of the potential in Equation 3.26 is known as Perdew-Zunger (PZ)
form of the potential, named after the authors [80]. The PZ form is given by :

V corr
SR (r) =

0.0311lnrs − 0.058 + 0.00133rslnrs − 0.0084rs, at rs ≤ 1
γ(1+ 7

6
β1
√
rs+ 4

3
β2rs

(1+β1
√
rs−β2rs)−2 , at rs ≥ 1

(3.27)

The constants in Equation 3.27 are as follows : γ=-0.1423, β1=1.0529, β2=0.3334 in a.u.
and rs = 3

√
3

4πρ(r)
is related to the electronic charge density of the target. Thus for high incident

energies (above 100 eV) the polarization potential defined in Equation 3.24 is used whereas
at intermediate electron energies (typically below 100 eV) the correlation potential given in
Equation 3.26 for r ≤ r0 is considered in the calculations.

3.5.4 Absorption Potential

The imaginary part of the optical potential (Vopt) in Equation 3.14 consists of the absorption
potential (Vabs) which corresponds to the absorption or loss of the scattered flux into the inelas-
tic channels of electronic excitation and ionization. The modified absorption potential [81, 82,
83] which has been used in the present calculations is given by :

Vabs = −1

2
ρ(r)vlocσee. (3.28)

where vloc is the velocity of the projectile electrons and σee is the average total cross section
of the binary impact collision of the incident electron with a target electron.

The partial wave approach under the spherical approximation is used leading to complex
phase shifts δl(k) which carry the signature of the interaction between the incident electrons
and target molecule.
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3.5.5 Deriving total ionization cross section

Using the above mentioned Vopt potential and then by using the partial wave approach one
can get information about the total elastic and inelastic cross sections for electron impact on
any target atom or molecule. Now to extract the contribution of ionization cross section (Qion)
from the inelastic cross section, the complex scattering potential- ionization contribution (CSP-
ic) method is employed which is a semi-empirical model. This method uses the fact that the
total inelastic cross section contains the total cross sections for all allowed ionization processes
and all the excitation cross sections for all accessible electronic transitions summed together
which is given as follows :

Qinel(Ei) =
∑

Qexc(Ei) +Qion(Ei). (3.29)

The sum total of electronic excitation cross section is contributed mostly from the low lying
dipole allowed transitions for which the cross section decreases rapidly at higher energies [84].

The CSP-ic approximation originates from the inequality

Qinel(Ei) ≥ Qion(Ei). (3.30)

Now to extract the total ionization contribution from the total inelastic cross section, we
define a dynamic ratio given by :

R(Ei) =
Qion(Ei)

Qinel(Ei)
. (3.31)

such that 0 ≤ R ≤ 1. When Ei ≤ I , then R = 0, i.e., when ionization has not begun.
Experimentally it is observed that the ratio R rises steadily as the incident projectile energy
increases above the threshold, such that

R(Ei)


= 0, for Ei ≤ I

= RP , at Ei = EP

∼= 1, for Ei � EP

(3.32)

Here EP stands for the incident projectile energy at which the calculated Qinel attains its
maximum value or peak value. The peak of Qinel occurs at an energy where the electronic
excitation cross sections have started receding and Qion is rising. RP stands for the value of R
at Ei = EP (see Equation 3.32). The value of RP is chosen to be≈ 0.7 to 0.8. Such a choice is
made based on the general observation that at energies close to the peak of the ionization cross
section the contribution of the target Qion is about 70 - 80% of the total inelastic cross sections
(Qinel). The present value of Rp stems from the fact that as the incident energy increases
gradually above threshold, the transition to the continuum starts dominating giving rise to an
infinite number of open scattering channels. An iterative method is followed for calculating the
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value of R. For calculating Qion from Qinel, R should be a continuous function of energy (for
Ei ≥ I) and hence we represent the ratio R in the following manner :

R(Ei) = 1− C1

[ C2

U + a
+
lnU

U

]
. (3.33)

where U = Ei

I
, Ei is the impact energy and I is the ionization potential of the target.

The three constants C1, C2 and a in Equation 3.33 are evaluated by applying the conditions in
Equation 3.32 and finally R(Ei) is obtained which finally provides information about the total
ionization cross section for the collision system under investigation.
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