Chapter 2

Embedded Ensembles for Fermion and

Boson Systems

n random matrix theory, the statistical properties of isolated finite many-particle complex
Iquantum systems can be investigated by representing its Hamiltonian by a random matrix
that contains all the information about the system. Depending upon the symmetries imposed
on the system, we have tripartite classification of classical random matrices viz. Gaussian
Orthogonal Ensemble (GOE), Gaussian Unitary Ensemble (GUE) and Gaussian Symplectic
Ensemble (GSE). This classification was given by Dyson on the basis of symmetries and

angular momentum values of particles.

However, constituent particles of various finite interacting many-particle quantum sys-
tems like nuclei, atoms, quantum dots, etc. interact via few body interactions in the presence
of an average field generated by other particles. This motivated French and co-workers to
introduce random matrix ensembles with few body interactions called Embedded Ensem-
bles (EE) which are now well established models to represent these systems [52, 53]. For
two body interactions in the presence of an average field, their orthogonal variant called
Embedded Gaussian Orthogonal Ensemble (EGOE) is denoted by EGOE(1+2). In these
ensembles, the two particle Hamiltonian matrix is defined using the classical GOE and the
m > 2 particle Hamiltonian matrix is generated using the concepts of direct product space
and Lie algebra. They are generically called EE because of the fact that the two parti-
cle Hamiltonian matrix is embedded in the m particle Hamiltonian matrix. Recently these
models have also been used successfully in understanding high energy physics related prob-
lems. EGOE( k) for complex fermions are known as complex Sachdev-Ye-Kitaev models
in this area [85—-87]. In this chapter we define and describe the construction of Hamilto-
nian matrix of various EE for fermion and boson systems with and without spin degree of

freedom used in this thesis. For spinless fermion and boson systems they are denoted by
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2.1. EGOE for Spinless Systems

EGOE(1+2) and BEGOE(1+2) respectively.

2.1 EGOE for Spinless Systems

The definition and construction of EGOE(1+2) and BEGOE(1+2) are clearly described

in detail in [31]. However, for the sake of completeness we describe these EE here.

Let us consider a system of m fermions (or bosons) without spin and which are to
be distributed in N sp states and interacting via (1+2) body interaction. Let these N sp
states be denoted by |i) where ¢ = 1,2,3,..., N and the corresponding sp energies are
€; . This distribution of m fermions (or bosons) in /N sp states generates a many particle
configuration space with dimension dz(N,m) for fermions (or dg(N,m) for bosons). For
fermions, dr(N,m) = (). For example for (N, m) = (12,6) we have dr = 924, for
(N,m) = (13,6), dp = 1716 and for (N, m) = (14,7), dr = 3432. On the other hand
for bosons, dg(N, m) = (Ntffl) . For example for (IV,m) = (4,10) we have dp = 286,
for (N,m) = (5,10), dg = 1001 and for (N, m) = (7,14), dp = 38760 . A basis state in
m -particle space, due to product nature of the states in occupation number representation,
is denoted by ’Hfil mi> = |my, ma, ..., my), where m; is the number of fermions (or
bosons) in ¢ ’th sp state. For fermions, we have m; = 0 or 1 and for bosons m; can take

any value from 0 to m with > . m; =m.

With random two-body interactions V' (2), we can define the Hamiltonian of
EGOE(1+2) as follows,

H = h(1) + MV(2)}. @.1)

In the above Eq. (2.1), h(1) represents the mean field one-body Hamiltonian given by
h(1) = Zf\il e;n; . Here ¢; are the sp energies and n; are number operators acting on sp
states. For fermions n; = FZ-TFi where F; and F; are the fermion creation and annihila-
tion operators respectively for the sp state |i). Similarly, for bosons n; = BiT B; with BiT
and B; are the boson creation and annihilation operators respectively for the sp state |i) .
A is the two-body interaction strength and notation { } denotes an ensemble. The dimen-
sionality of m -particle Hamiltonian matrix H(m) is d(N,m) = dp(NN, m) for fermions
(d(N,m) = dg(N,m) for bosons).

12



Chapter 2. Embedded Ensembles for Fermion and Boson Systems

For fermion system, one can define the two-body Hamiltonian matrix as follows,

V)= Y. (MIV©Q) ) FFEE 2.2)

1< g, k<l

These fermion creation and annihilation operators obey the following anticommutation
rules, {F;, F]} = 0;;and {F},F;} = {F/,F/} = 0. InEq. (2.2), (k| V(2)|ij) are
the two body matrix elements (TBME) which are anti-symmetric for fermion systems with

the following symmetries,

(kI V(@) i), = = (k1] V()] ), 3
(kI V)] i), = (il V()| ki),

For boson system the two-body hamiltonian V' (2) is defined in terms of the matrix
elements in the two particle basis states |i,j) = |m; = 1,m; = 1) if i # j or |m; = 2) if

=17,

= Y (il V) kD, B!B!B,B, (2.4)
\/1 + 5@]\/1 + 5kl
1< 7

k<l

For a system of bosons the TBME (ij| V(2)| ki) are symmetrized with the following sym-

metries,
(ej| V(2)| k), = (k| V(2)] i), = (Ji| V(2)| Ik), = (ij| V(2)]| Ik),. (2.5)
These boson creation and annihilation operators obey the following commutation rules,
[Bi,Bﬂ — $;and [B,, B,] = [BJ,BJT] —0.

Action of the two body Hamiltonian operator V' (2) on the many particle basis states
i) generates the EGOE(2) (or BEGOE(2)) ensemble in m fermion (or boson) spaces.

The Hamiltonian matrix is a d(N, m) x d(N,m) matrix and it is symmetric because
of the presence of time reversal symmetry with the number of independent matrix elements

ime(N) given by,

d(N,2)[d(N,2) + 1]

ime(N,2) = 5

(2.6)

The m -particle Hamiltonian matrix H (m) is then defined by m particle matrix elements

(m'y,m's,...,m'y|H|myi,ma, ..., my). Many of the matrix elements of H(m) for m >
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2.1. EGOE for Spinless Systems

2 are zero due to two-body nature of the interaction. The non-zero matrix elements of

H(m) are linear combinations of the sp energies and the TBME.

For fermions, the non-zero matrix elements are obtained as follows [31],

(V103 - . U] V(2)| 0102 .. . Um) = > (wiv;| V(2)] viv;)
v; < v < Uy
(Wpv2v3 - | V) 0102 o) = Y (upu| V()] vrs) 2.7
V; = V2

(UpUgV3 . . U | V(2)] 110203 . .. Um) = (0p04] V(2)] v109) .

In the above equation Eq. (2.7), | vivy...v,,) represents the orbits occupied by m

fermions.
For bosons, the non-zero matrix elements are obtained as follows,
/ / /
<m 1,m2,...,mN|H\m1,m2,...,mN>

_ ) "R R. (i3 |V(2)|kD) ! Tt
- %« <Hmp|BZ- BZ|Hmp> +A iggglm o <Hm B BjBkBl|Hmp> .

(2.8)

where B!|m;) = v/m; + 1|m; +1) and B;|m;) = \/m;|m; — 1) . The ensemble of H(m)
is obtained by taking the defining TBME as Gaussian random variables with

(KIV(2)[if) = 0 and [(kIV (2)[i)]" = v* (L + 8,a) - (2.9)

where the bar indicates an ensemble average.

Thus V' (2) is a GOE in two-particle space and H(m) is EGOE of two-body interac-
tion with strength A\ plus the single particle hamiltonian A(1).

For realistic finite interacting particle systems like atomic nuclei, quantum dots, nano-
metallic grains, ultracold spinor gases etc. in addition to particle number m , spin quan-
tum number (S') is important. As group symmetries define various quantum numbers,
in general, one has to consider EGOE with group symmetries. The most trivial spin EE
are EE with spin 1/2 degree of freedom. It is very important to study these as they
have many applications. They are denoted by EGOE(1+2)-s (or BEGOE(1+2)- F') for
fermions (or bosons) [64,65]. In BEGOE(1+2)- F', F' is fictitious spin-1/2 degree of free-
dom. EGOE(1+2)-s is used to study universal conductance fluctuations in mesoscopic
systems and BEGOE(1+2)- F' may be useful in exploring general structures of spinor con-
densates [31]. For boson systems with spin one degree of freedom, EE model is denoted by
BEGOE(1+2)- S1 [66]. The definition and construction of EGOE(1+2)-s, BEGOE(1+2)-
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Chapter 2. Embedded Ensembles for Fermion and Boson Systems

F' and BEGOE(1+2)- S1 are clearly described in detail in [64], [65] and [66] respectively
and also in the book [31]. However, for the sake of completeness we describe all these EE

here.

2.2 Embedded Fermionic/Bosonic Ensembles with Spin

2.2.1 EGOE for Fermion with Spin 1/2 Degree of Freedom -
EGOE(1+2)-s : Definition and Construction

We consider a system of m (m > 2) fermions distributed in {2 number of sp orbitals
each with spin s = % so that number of sp states is NV = 2(). The sp states are denoted
by |i,ms = j:%) with ¢ = 1,2, ...,€) and similarly two particle antisymmetric states are
denoted by |(ij)s, ms), with s = 0 or 1. A complete set of basis states spanning the
Hilbert space can be generated by distributing these m fermions into /N sp states. As
fermions have s = %, the two-fermion spin is given by s =0 or 1 and m fermion spin S
is givenby S =m/2, m/2—1, ..., 0or 1/2. The two-body Hamiltonian V'(2) is defined

by the two-body matrix elements,
i = ((Kl)s,ms | VI(2) | (if)s, ms) (2.10)

with the two-particle spins s = 0,1; note that for s = 1, only matrix elements with
i #j and k # [ canexist. V(2) = V*=(2) & V*=1(2). As two-particle spins can take
two values, the two-body Hamiltonian V'(2) is a direct sum matrix of matrices in spin 0
and 1 spaces with dimensions Q(Q2 + 1)/2 and Q(2 — 1)/2 respectively. Thus, V(2)
is defined by two-body matrix elements that are independent of the m, quantum number.
With V5=%(2) and V*=1(2) being independent GOEs in two-particle spaces, the many
fermion Hamiltonian H for EGOE(1+2)-s can be generated by propagating the {V'(2)}
ensemble to the m -particle spaces with a given S by using the direct product structure of
the m -particle spaces. Then EGOE(1+2)-s is defined by the Hamiltonian /1,

H = h(1) + X{V==(2)} + M {V=(2)} . (2.11)

where )y and \; are the two-body interaction strengths of the s = 0 and s = 1 parts re-
spectively. The 1-body Hamiltonian h(1) is defined using sp energies ¢; , with unit average
level spacing, as h(1) = > .¢; n,;. Here, n; are number operators acting on the sp states

i, my = £1).
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2.2. Embedded Fermionic/Bosonic Ensembles with Spin

For EGOE(1+2)- s, the dimension of H matrix given in Eq. (2.11) is,

(25 +1) (Q+1) (Q+1)
d(m, $) = m(m/2+5+1) (m/2—5) ' 2.12)

They satisfy the sum rule Y ¢ (25 + 1) d(m,S) = (Y). For example for m = 6 and
() = 8, the dimensions are 1176, 1512, 420 and 28 for S =0,1,2 and 3 respectively.

The many particle Hamiltonian matrix for a given (m,S) can be constructed as fol-
lows: first we consider the sp states |i, mg = i%> which are arranged in such a way
that the first ) states have mg = % and the remaining ) have mg = % so that a state
Ir) = }izr,msz 1) for r < Q andfor r > Q, |r) = ’i:r—Q,mS:—%>. Now
the m -particle configurations m due to product nature of the states in occupation number

representation, is denoted by

N=20
H mr> = |my,ma, ..., mq, Mmar1, Mare, ..., M), (2.13)

r=1

where m, can take values O or 1. The corresponding mg values are,

1 [2 20

=3 [Z me— mr/] : (2.14)
r=1 r'=Q+1

Here, for even values of m, the m’s with mg = 0 will include states with all S values

and similarly with mg = % for odd m. Therefore, the m -particle Hamiltonian matrix

is constructed using the basis defined by m’s with mg = 0 for even values of m and

mg = % for odd values of m.

Moving further, the (1+2)-body Hamiltonian defined by (¢;, V(Q)f;?’l) ’s is converted

into the = i%> basis by changing ¢; to ¢, with the index r defined as above and

. s=0,1
Changlng V(2>z’jkl to Vimujmj,k‘mmlmz where

\/(1 + 0i5) (1 + Owr)
Vl kil = Vzgkz aVz——j—— k—11-1 = Vwkz aVl,j Lriil- ]2 { zykl

i3,
(2.15)

with all other matrix elements being zero except for the symmetries,

‘/imi,jmj,kmk,lml = _‘/imi,jmj,kmk,lml = V;mi,jmj,kmk,lml = Vkmk,lml,imi,jmj . (216)

Using (€, V;mi’jmj,kmk’lml) ’s, construction of the m -particle H matrix in the basis
defined by Egs. (2.13) and (2.14) reduces to the problem of EGOE(1+2) for spinless fermion
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Chapter 2. Embedded Ensembles for Fermion and Boson Systems

systems. For the S? operator, it is easy to recognize that ¢; = 3/4 independent of i,
Vi = —3/2 and V55" = 1/2 independent of (7, ) and all other V*’s are zero. Using
these, for the S? operator, the m -particle matrix with mg = 0 for even m (and mg = %
for odd m ) is constructed and diagonalized. This gives a direct sum of unitary matrices
and the unitary matrix, that corresponds to a given S is identified by the eigenvalue S(S +
1). Applying the unitary transformation defined by this unitary matrix, the m -particle
Hamiltonian matrix with mg = 0 for even m (and mg = % for odd m) is transformed to

the basis with good S values.

2.2.2 EGOE for Boson with Spin 1/2 Degree of Freedom -
BEGOE(1+2)- F' : Definition and Construction

One can also define embedded ensemble for bosons with fictitious spin f = 1/2 degree
of freedom denoted as BEGOE(1 + 2)- F' with s replaced by f , with two-particle spin
s replaced by f and many-particle spin S replaced by F' in the previous section. For
BEGOE(1+2)- F', the spin algebra remains same as in fermion EGOE(14+2)-s case with
V(2) defined by two-body matrix elements given by,

Vi = (R) f.omy | VI(2) | (i) f,my) (2.17)

and dimensions of spin f = 0 and f = 1 spaces being (2 — 1)/2 and Q(2 + 1)/2
respectively. For BEGOE(1+2)- I, the dimension of A matrix given in Eq. (2.11) is,

d(m’F):M((Q—l)+(m/2+F+1)—1)((9—1)+(m/2_}7)_1>.

(Q-1) m/2+ F +1 m/2 — F
(2.18)

satisfying the sumrule > . (2F'+ 1) d(m, F) = (NJFTZL*I) . For example for m = 10 and
) = 4, the dimensions are 196, 540, 750, 770, 594 and 286 for spins S=0, 1, 2, 3,4 and 5
respectively. In order to construct the many particle Hamiltonian matrix for boson systems
for a given (m, F'), m, can take values between 0 to m/2 (for even m ) and m/2 + 1 (for

odd m) with SN m, =m.
For boson systems the (1+2)-body Hamiltonian defined by (e;, V(Q){;?’l) ’s is con-

verted into the

i,mg = £1) basis by changing ¢; to ¢, with the index r defined as
above and changing V(Q)Zji?’l 0 Vi jmy kmpimy, = (img, jmg| V(2)] kmy, lmy) using

the Eq. (2.15) with all other matrix elements being zero except for the symmetries,

V;mi,jmj,kmk,lml - V;cmk,lml,imi,jmj = ‘/jmj,imi,lml,kmk = V;mi,jmj,lml,kmk . (219)
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2.2. Embedded Fermionic/Bosonic Ensembles with Spin

Using (€, Vim, jm, kmy,im,) > construction of the m -particle H matrix in the basis
defined by Eqgs. (2.13) and (2.14) reduces to the problem of BEGOE(1+2) for spinless boson
systems. The construction of F'? operator is similar to that of S? described in the last
paragraph of the previous section. Using F'? operator, the m -particle matrix with mp = 0
for even m (and mp = % for odd m ) is constructed and diagonalized. This gives a direct
sum of unitary matrices and the unitary matrix, that corresponds to a given .S is identified
by the eigenvalue F'(F + 1). Applying the unitary transformation defined by this unitary
matrix, the m -particle Hamiltonian matrix with myp = 0 for even m (and mp = % for

odd m ) is transformed to the basis with good F' values.

2.2.3 EGOE for Boson with Spin 1 Degree of Freedom - BEGOE(1+2)-

S1 : Definition and Construction

Let us consider a system of m (m > 2) interacting bosons distributed in {2 number of
single particle (sp) orbitals each with spin s = 1. The number of single particle states are
N = 3Q). The single particle states are denoted by |i,ms = 0,+1) with i = 1,2,...,Q
and the two particle symmetric states are denoted by |(ij)s, m,), with s =0,1 or 2. The
total dimensionality of the two-particle space with the matrix dimension for space s = 0,
s=1and s =2are QQ+1)/2, QQ—1)/2 and Q(Q2 + 1)/2 respectively. The two-
body Hamiltonian V'(2) preserving m particle spin S is defined by the symmetrized two-
body matrix elements V(2);;,, = s ((kl)s,m, | V(2) | (ij)s,ms), with the two-particle
spin s = 0, 1, 2 and they are independent of the m, quantum number; note that for s = 1

only i # j and k # [ matrix elements exist. Thus we have
V(2)=V(2)="+V(2)*=" + V(2)*= (2.20)

The sum here is a direct sum. Now, by defining the two parts of the two-body Hamiltonian
to be independent GOE’s in the 2-particle spaces [ each one for V(2)*=° |, V(2)*=! and
V(2)*=2], BEGOE(2)- S1 for a given (m,S) system is generated and then propagating
the V(2) ensemble {V(2)} = {V(2)*=°} + {V(2)*=! + {V(2)*=?} to the m -particle
spaces with a given spin S by using the geometry (direct product structure) of the m -
particle spaces; here { } denotes ensemble. The embedding algebrais U(3) D G D G1 ®
SO(3) with SO(3) generating spin S. For one plus two-body Hamiltonians preserving

m particle spin S, the one-body Hamiltonian is given by,

hl)= Y en (2.21)

i=1,2,...,Q
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where the orbits ¢ are three fold degenerate, n; are number operators and ¢; are sp ener-
gies. Then BEGOE(142)- S1 is defined by

{H}BEGOE(1+2)-81 = ML) + 2 {V(2) ™} + M {V ()"} + 2 {V(2)"*}. (222)

Here {V(2)*=°}, {V(2)*='} and {V(2)*=%} are GOE’s with unit variance and )y, A\
and ) are the strengths of the s = 0, s = 1 and s = 2 parts of V/(2), respectively.
The mean-field one body part h(1) in Eq.(2.22) is a fixed one-body operator defined by sp
energies with average spacing A . Without loss of generality we put A = 1 so that Ay, A\

and )\, are in the units of A.

The H matrix dimension d(m,S) for a given (m,S), i.e. number of states in the
(m, S) space [with each of them being (2S5 + 1) -fold degenerate], is given by

d(Q2,m,S)
::d@h@mﬁﬁ+;Q+SLﬁ%E+mL%%Q+nﬁS+uJ]
y L[Q —2m/|T[Q + 5]
T[QPPT[T + 2m/|T[S + 1]
—JgHQm{+%m{+LQ+S+1}{%%g+nﬁigg+nﬁs+?}{

LQ—2m —1T[Q+ S +1]
T[QPT[2m/ T[S + 2]

(2.23)

where m' = £ . They satisfy the sumrule Y (2S+1) d(m,S) = (V*"'). pFg and
I’ are the hyper geometric function and gamma function respectively. For S = S, = m
second term in the above expression is taken to be zero. For example, for m = 5 and
) = 5 the dimensions are 126, 600, 525, 525, 224, 126 for spins S =0-5 respectively. For
m = 10 and (2 = 4, the dimensions are 714, 1260, 2100, 1855, 1841, 1144, 840, 315 and
165 for spins S =0-10 respectively. Similarly, for m = 5 and 2 = 6, the dimensions are

336, 1386,1260,1176,504 and 252 for spins values S =0-5 respectively.

With sp energies ¢; and two-body matrix elements V'(2)7;;, , the many particle Hamil-
tonian matrix for a given (m,S) can be constructed using the Mg representations and
a spin projection operator, S? as described in [64] or directly in a good S basis using
angular-momentum algebra. We have employed the Mg representation for constructing
the H matrices and the S? operator for projecting states with good S as described in [64].
The dimension of this basis space is ) ¢ d(m,S). for example for (m = 10,Q = 4)
we have ) ¢ d(m,S)=10234, for (m = 5, = 5) we have ) ¢ d(m,S)=2126, for
(m = 80 = 6) we have ) ¢ d(m,S)=155217, for (m = 5,Q = 6) we have
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2.2. Embedded Fermionic/Bosonic Ensembles with Spin

> s d(m,S)=4914. In order to construct the many particle Hamiltonian matrix for a given
(m, S), first the single particle states |i,ms = 0, £1) are arranged in such a way that the
first {2 states have mg = 1, the next () states have mg = 0 and the remaining ) hav-
ing mg = —1 sothatastate |r) = [i=Q,mg=1) for r < Q, for Q < r < 2Q,
r) = |i=r—Q,mg=0) and for r > 2Q |r) = |i=r—Q,mg=—1). Now the
m -particle configurations m due to product nature of the states in occupation number rep-

resentation, is denoted by

N=3Q

H mr> = |m1,m2, <oy M, MO41, MO42, - - -5 20, 2041, 72042, - - - >m3§2> , (2.24)
r=1

where m, can take values between 0 to m with Eiv m, = m. The corresponding mg

values are,
Q 30
ms = [Z me— Y mr/] : (2.25)
r=1 r’'=20+1

To proceed further, the (1+2)-body Hamiltonian defined by (e;, V(Q)f;?’l’Q) ’s is con-
verted into the |i,ms =0, +1) basis by changing ¢; to ¢, with the index r defined as
above and changing V(Q)E;?’l’Q 0 Vim, jmg kemyimg = (M, jmy| V(2)| kmy, Imy) using

the following equations

_ _ s=2
‘/il,jl,kl,ll - V;fl,jfl,kfl,lfl — V;jkl

Vio,jo.ko,10 = { e 2Vl

Vioj1,k001 = Vioj—1,k00-1 = VL 5i;)(1 ) {mGl Vzgkl (2.26)
Victjie—11 = vy 5%)(1 + 0u) {2V3 ”kl ij VZ?ZQ

Vic1j1,k000 = @{ng Vzgkl

with all other matrix elements being zero except for the symmetries,

‘/imi,jmj,kmk,lml == Vkmk,lml,imi,jmj = ‘/jmj,imi,lml,kmk = ‘/imi,jmj,lml,kmk . (227)

Using (&, Vi, jmjvk'mkylml) ’s, construction of the m particle H matrix in the basis defined
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Chapter 2. Embedded Ensembles for Fermion and Boson Systems

by Eq. (2.24) reduces to the problem of BEGOE(1+2) for spinless boson systems. For the
S* operator, it is easy to recognize that ¢; = 2 independent of i, V70 = —4, V5ot = =2
and Vijfjo = 2 independent of (ij) and all other V* are zero. Using these, for the S2
operator, the m particle matrix with mg = 0 is constructed and diagonalized. This gives
a direct sum of unitary matrices and the unitary matrix that corresponds to a given S is
identified by the eigenvalue S(S + 1). Applying the unitary transformation defined by this
unitary matrix, the m particle H matrix with mg = 0 is transformed to the basis with

good S values.
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