
CHAPTER 6
RATES OF CONVERGENCE IN LOCAL LIMIT THEOREM FOR 

INDEPENDENT SUMMANDS - II

6.1 INTRODUCTION:
Let {Xn} be a sequence of mutually independent r.v.s 

with corresponding sequence of absolutely continuous 
d.f.s {Gn} . Suppose, for each n, Gn e {F^, F2} • Let the 

d.f. Fi belong to the domain of normal attraction of a 

stable law with index a^, 0< a^< <X2< 2.
Let Sj,Tj(n) denote the sum of the r.v.s among X^, X2, 
... , Xn which have Fj as their d.f., j = 1, 2. Here 
Tj (n) is the number of X-j/s having Fj as their d.f. for a

specified n . Therefore, Sn " S11IiW + S2'T2Cn)‘

It is known that the limit distribution of the
normalized sums (Sn-An) /Bn need not exist (see: Sreehari

(1970), Theorem 4.1). When the limit distribution of the 
normalized sums exists, for an appropriate choice of An 
and Bn> 0, Kruglov (1968) proved the local limit theorem 
(uniform version) in this set up. However, Kruglov 
assumed that the limit distribution of normalized Sn 
exist via necessary and sufficient conditions given by 
Zinger (1965).
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In this chapter, we obtain the uniform as well as 
the non-uniform rates of convergence in the local limit 

theorem, under the assumption that the limit distribution 

of the normalized sums exists.
We state our theorems first:

Theorem 6.1.1: Under the assumptions [Al]-[A5], stated 

below,

sup e Jvn{x)~v0(x) I = °( E x*-{(0£i]+1)*i + Rn) 
x e R i=i 1

as n -» u, where Kn = I {C2 (t^) /C^ (ti) }az - .

Theorem 6.1.2: Under the assumptions [Al]-[A5], stated 

below,

supx e R(1+lx*lai) lvn(x) -V0(x) | = 0( | Ti-tta1]+i)yi+
i=i

as n -» 00, where x* = rnaxdxl, 1} .

We prove the theorems in Section 6.4. We introduce 
notations and assumptions in Section 6.2. Preliminary 
results required to prove these theorems are proved in 
the Section 6.3. These results can be proved on the lines 
of corresponding results of Section 2.3 of Chapter 2.

6.2 NOTATIONS AND ASSUMPTIONS:
Let denote a stable or strictly stable r.v. with 

index a^, according as 1< oe-l< 2 (with EY^ = 0) or 0< a 
1, respectively, having d.f. Fj_ q , and let w^0 (.) denote 
its c.f., i = 1, 2. Assume that 0< a^< a2< 2- Let vio(-)
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and v^o (•) denote the p.d.f. corresponding to the c.f.s 
w10(.} and w20(.) respectively.

We assume EXn = 0, whenever it exists.
It is known from Theorem 4.1 of Sreehari (1970) that 

the limit distribution of normalized sums (Sn-An)/Bn 
exists and is a mixture of the two stable d.f.s F^q and 
F2 0 lint ci (x-;! /C^iTic) = k> 0 exists and is
finite; and in this case, we may take Bn = C^fx^), j * k 
= 1, 2. Here Cj (n) = Cj ny3, Cj being the constant of 
proportionality depending on d.f. Fj, Zj = l/aj, j = 1, 
2. Thus, the limit distribution of Sn, properly 
normalized, need not always exist.

We shall prove the results under the assumption of
the existence of the limit distribution of Sn, properly

*

normalized, or equivalently under the assumption that
lim C2(x2)/C^(x^) = X> 0 exists and is finite. We take

n-*»
Bn = C^Cxx), without any loss of generality.

Let w1(.) and w2(.) denote c.f.s corresponding to 
d.f.s F]_ and F2 respectively. Let Zn = Sn/Bn.

We write 0n(t) = E[exp (itZn)]

= ^WiCtB-^^^zCtB"1)^, n = 1, 2......

Note that we have from canonical representation of 
stable c.f.

w0(t) = w10(t)w2Q(At), for all t. ...(6.2.1)

Here wQ(t) represents c.f. corresponding to a mixture of 
stable d.f.s F1/0 and F2(0.
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Thus, in view of the discussions in Section 6.1,

lirnn a, $n{t) = wo^) for a11 t-

Let = l/a±, i = 1, 2.
Define, for each integer n and real x,

aO,T! (t,x)

“o,r2 (t,x)

“I,** (t,x)

a2, t2 (t,x)

0o,vt (t,x)

$o,x2 (t,x)

(t,x)

@2, r2 (t,x)

Ao,z1 (t,x)

ao,t2 (t,x)

Ai,r1 (t,x)

Aq *7" ** l2 (t,x)

= X e1 tu dF1>0 (u) , 
lulslxlx/1

= XeItuCl_1 dF21 0 (u) ,
I u | s | x | t2^ 2 Cl/ C2

= X eltuCl_1 dFl(u), 

|uIS|x|CiTx
= X eltuCl_1 dF2(u),

*2|u|s|x|C1t2
= X e1tu dF1#0 (u) ,

IU | > |x|1
= X eituCl“lc2dF2(0(u),

|u|>Ix|t/2 Cx/C2

X eituCl_1 dFx(u),

IU | >(X|C^T j
X eltuCl_;L dF2(u),

*2lu|>ix|C1T2

= {«0IT1(ttr7l,X)}T>(

= (“o^tTf^x) }Zz,

= }Tl,

= }Xz,

...(6.2.2)

... (6.2.3)

...(6.2.4)

...(6.2.5)

...(6.2.6)

...(6.2.7)

...(6.2.8)

...(6.2.9)

.. (6.2.10)

..(6.2.11) 

..(6.2.12) 

..(6.2.13) 

..(6.2.14)
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B, " {wlo(tTa l) } 1 A0(Ti{t,x)

Ti r *\

, xt (tTl > XM 1 J {^o, xx ^tTl Sl ' X^ } J '-*i vnJ= E ? t«o
ij=i

Bo,X2(t,x) = {W2C> (tC2C]L_1X1”^1) }Xz - A0(T2(t,x>
z2 r

= E
j=i 3

V. ^

<aO,T2(tXl"yi'X) }T2"J{^0,T2(tTl_?f^x) )J'

BlfTi(t,x) = {w]_ (tC1_1T^~^1) }Tl - A1/Ti(t,x)

Ti r -\

= E
J=1 3

\. J

{a1(Ti(tx1-3fl,x)}i:i-j{01>Ti(tTr2fl,x)}J,

= {w2(tCi"1Ti"2ri) }X2 - A2fT2(t,x)

To /*
T= E

j=i 3
V. J

(6.2.15)

(6.2.16)

(6.2.17)

<a2,T2^t'ci"ri'x) }r2”J{/32,T2<tTi~?ri'x) }J- (6.2.18)

Note that for

fn(u) = (1/271) J™ 4»n(t)eltudt, ...(6.2.19)

the inversion integral on the right hand side is 

absolutely convergent. The absolutely convergent 

integrals provide the continuous p.d.f. that we shall use 

in our theorems.
Let E = { (t, n, x) : |t|s cz^1, n^ nQ, |x|=s 1} , where e 

will be same as in Lemma 6.3.1 and nQ is large positive 

integer.
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We now make the following assumptions.

[Al] The d.f. Fj, j = 1, 2 is absolutely continuous;

[A2] The d.f. F-^, i = 1, 2 belongs to the domain of

normal attraction of a stable law F^/0 with index or 
of a strictly stable law Fi)0 with index a^, according as 
1< ai< 2 or 0< aj[S 1. Also we assume that a^< c*2 • If F^ € 
D]sjA(“i) # «i> 1 then the mean of the corresponding d.f.
will be assumed zero.

[A3] lim C2/Ci(x^) = A> 0 exists and is finite;
n -» ra

[A4] For some integer pa l, /“(w-; (t) |pdt< », j = 1, 2;
* -00 J

[A5] _ooJ'“ul“ll+1 |vj (u) - (1/Cx) v*Q (u/Ci) |du< oo 

and _ooJ'"u[0£2l+1|v2 (u) - (l/Ci) V20 (u/Cx) |du< a>;

Remark 6.2.1: It may be noted that assumption [A5]
becomes 1 v-£ (u) - (I/C2) v*Q (U/C2) !du <00, i = 1,

2, when Bn is taken to be C2(X2).

6.3 PRELIMINARY RESULTS;
Now we mention some preliminary lemmas required to 

prove the theorems of Section 6.1.
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Lemma 6.3.1: Under the assumptions [Al], [A2] and [A3], 
there exist positive constants e, d and di such that, for 

all (t, n, x) e E, we have

Proof: The proofs of (6.3.1) and (6.3.2) can be obtained 

on the lines of the Lemma 2.3.2. We shall prove equation 

(6.3.4); equation (6.3.3) can be proved similarly.

By a lemma in Gnedenko and Kolmogorov (1968, p.238), 

there exist positive constants d and dx such that in a
* I l“2neighbourhood of origin, we have |w2(t)|s e~d 1

Q£ I | 0*2

Choose 0< e< (A./C2) 2 such that |w2 (t) |s e-d 1 

whenever |t|s e/C]_. Then

IAq,ri(t,x)|s dxe . . . (6.3.1)

IA1/Ti (t,x) |s die‘d^ , 

_d 111 a2IA0/-c2 (t,x) Ss die
Ia2,t2^'x} I5 d1e'd|t| 2.

... (6.3.2)

... (6.3.3)

... (6.3.4)

£ e-d|t|a2{<A/C2)a2-e>

OLbecause under [A3], Bna2T2 -> (A./C2) 2.

Now consider,
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I W2 (tBn_1 3 |Ta"j !Pz,T2(tTiyi,x) |j 

(T2-3)/x2

* E
j = 0
T2 -i _d 11 j “2

- E (x^/j !) (e d
j=0

{l-F2 {|x|r29f2C1)+F2 (!x|x/2Ci) }j

£ e -d t
i a-> t2 *"2E^CXg^/j!) (ed't' ) {d2|xfa2x2-1C ~0!2}:i

a, 3/x

-d 11
J=0 

Ia2 T2
e ■ ’ l (x2J/j !) e

j=0

(d|t|/T1^)°£2(x1yi/x23f2)a2j

{d^xf^C ~“2}j

d|t| 2 £ [exp{ (de) tt2{ (ACa/Cj) a2+e }d2C1~a2}] J/j !i e

£ die
j=0

-d|tia2

Hence the result. □

Throughout the rest of the chapter, e will be taken as 

same as that of Lemma 6.3.1.

Lemma 6.3.2: Under the assumptions [Al], [A2], [A3] and
[A4], there exist polynomials Pi(.} and P2(.5 such that, 

for all {t, n, x) e S, we have

(i) I {“i.Xj (txiri,x) }Tl"J - {a0)Ti (txjyi,x) }Tl"Jl

s x11'ttlXll+1!Tip1(It|)e"dlt| \ lsjsxi ...(6.3.5)

and
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... (6.3.6)

Proof: We shall prove equation (6.3.6) only. Equation

(6.3.5) can be proved on the lines of proof of Lemma 

2.3.3.

As regards the proof of (ii) , the LHS can be rewritten as

Now by Lemma 2.3.3 with n and z replaced by X2 and Z2 we 

get

Now we define some functions, similar to equations 

(2.3.18) and (2.3.19), which will be useful in the proofs 

of the theorems and some of the lemmas.

Let

dl,X1 s dTj <t,x)

..(6.3.7)

so that (6.3.6)

...(6.3.8)

...(6.3.9)

...(6.3.10)
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. . . (6.3.11)

dz.rJt'X) s dx (t,x)

= *2' -XH - {«0,T2<tT^l,x) }
. -

Sl.Tj it,X) S STi (t.X)

E* {ai,T, (tx^1, x) }Ti"ra {aox (txj^1, x) }
= T<

-1 m-1

m~ 1

®2,"U,^'x) ~ ST (t,x)

E~ {«2, t J tr^1, x) } dr® {a0>x (t<r1,x) }» m-1
m=l

(6.3.12)

(6.3.13)

rropertxes of the function dTj(t,x)
Lemma 6.3,3: Under the assumptions [Al], [A2], [A3] and 
[AS],. for all x with |x|a: 1 and all values of t, 
following holds truen:

(i) |dXi(t,x) | a

(ii) Id^t.xH ^ Xii-a«,J*«r1 

(ii) |dxJ(t,x) | a Xii-‘I«iJ*DTi

(iv) |dX2(t,x) | a X21-<{0£2]+1)‘3f2

(v) |dx*(t,x) | s x^-iia2i+mz

(vi) idX2(t,x) I 5

Pl(ltl) . . . (6.3.14)

P2Uti) ... (6.3.15)

p3 (111) . . . (6.3.16)

p4 (111) ...(6.3.17)

p5(ltf) ... (6.3.18)

Pedtl) ...(6.3.19)
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Remark 6.3.1: This lemma follows from Lemma 2.3.4. It may 

be noted that the expressions at (2.3.20) and (2.3.22) 

(also other similar expressions could be combined as done 

here. Further the second derivative was not required in 

the case of 0< a< 1 although it is also obtainable as 

stated here.

Properties of the functions aj^-^ftjX)
Lemma 6.3.4: Assume that [Al], [ A2] and [A3] hold. For
each fixed n and x, ak>Tj (txj*1, x) is differentiable any 

number of times under the integral sign, k = 0, 1, 2; j = 

1, 2. For all values of t and x with |x|2: l we have

(1)(i) I^Tj (tTj
dlxl1 if 0<ai<l

* tl*1'1 Pi(111), if laa1<2,

. . . (6.3.20)

(i)Iai, ^tTi /
dlxl1 0£iti*1'"1, if 0<ax<l 

' TlTl_1 P2(lt|), if is«1<2f

(6.3.21)

(l )(li) \aQiXz ,x)
dlxl1 0£2T2*2~1, if 0<a2<l 
T23f2~1 P3 ( It | ) , if lsa2<2,

... (6.3.22)

(1 5l«2,r2 -7i
txt , x <

dlxl1 a2T2r2~1l 
t2^ 1 P4(ItI),

if 0<a2<l 
if lsa2<2,

(6.3.23)
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(iii) Icc^x, (tXi"9fl/x) |s ixl^x^-1 ...(6.3.24)

l«i^x1 (tXj^^xS |s Ixl^T^-1 ...(6.3.25)

(2) _*!
(iv) |oc0fT {txa ,x) |

S |x|2'“2r222f2"1, (6.3.26)

(2) _3Ttla2,X2(tTl 'X)|

. . . (6.3.27)

Also, for all x *■ 0, 0< ajc< 2, every large but fixed

integer s,

(v) ,
-CO

j“ lao,Xj (t/X) lTj dt =°(xD'rJ>, jl, 2; . (6.3.28)

8
C—

38i la. x (t,x)|TJ dt =
J / '*■ j

°(xj-rJ), jl, 2; . (6.3.29)

(vi) J™ |a0 x (t,x) j2s dt < oo,
-CO u t c j j = 1, 2; .(6.3.30)

- CD

2Slajt(t, x) 1 dt < 00 / j == 1, 2 . . (6.3.31)

(vii) f° Oo X (t,x) |2s
— CO ui

dt < oo - j = 1, 2; (6.3.30a)

1 8

Oj<Tj (t,x) |2S dt < *» j == 1, 2 . (6.3.31b)

Remark 6.3.2 This Lemma can be proved on the lines of

Lemma 2.3.5.
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Properties of STj(t,x) function
Lemma 6.3.5: Under the assumptions [Al],

for all (t, n, x) e H, we have

(i) |ST (t,x) |s die"d,ti ,
1

(ii) |ST (t,x) | Ixl ([0£l3+1!"0Cle~d*t' Pxdtl),
1

QC/•■■\iot2>/4- \ii .uaiWi-oi, -d 111 l_ /1, | \(in)\SX (t, x) | |x| 1 le P2(lt|),
l

_d 111 “2
(iv) |ST (t,x)N d^e

2
(v) |S-^(t,x)N |x|U0£21+1)-°:2e'd|t|a2P3(|tl},

2
(Vi) | S-^2 (t, X) | |x|([a2!+1)-a2e-d|t|a2p4 ( 11 I ) - 

2

[A2] and [A3],

...(6.3.32)

. . . (6.3.33) 

...(6.3.34)

...(6.3.35) 

...(6.3.36) 

...(6.3.37)

Remark 6.3.3. This lemma follows from Lemma 2.3.6. It may 

be noted that we have combined the two cases 0< a <1 and 
1^ a < 2 and all the results hold for |t|s ex^1 for

reasons explained in the proof of Lemma 6.3.1.

Lemma 6.3.6- Under the assumptions [Al], [A2], [A3] and
[A5], there exist polynomials Pj. {.) and P2 ( . ) such that 

for all (t, n, x) e E, we have,

(i) |A1/Ti(t,x) - A0<Ti(t,x)|

Se-dlt|%1Utl)T1,-,'“>,*,,>\ ...(6.3.38)

(ii) lAj^jdjX) - AQ^-^CtjX)!

S|x|a“>1*1,-“>e-illl“1p2(ltl)3:1,-,10<',*1,J'', ... (6.3.39)
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<2 ) ( 2 )(iii) |Aj fX (t,x) - A0i •Ci (t, x) |

<|x| {tai]+1)-aie-d|t| 1p3(|t|)T11"<IO£ll+1,ri, ...(6.3.40)
>

(iv) |A2fTa(t<x) - AQ(1-2(t,x) I

»-dltl“2p4(iti)T2''a“21*1’^, ...(6.3.41)

<v) I *-2) (C , 3C) - I

3|xl <la21*1>-“2e-dltl°:2p5 (!t! )x2'-n“2,*1>r2, ;..(6.3.42)

(2 ) (2 )(vi) |A2/X2(t,x) -A0fT2(t,x)|
slxllr“2l*I)"“2e"'1',l°!2P6 (ltl)T21_II“2l*l,r2. ... (6.3.43)

Proof: The results follow from Lemma 2.3.7 .as in the

previous lemmas.□

Lemma 6.3.7: Under the assumptions [Al], [A2] and [A3],
there exist polynomials P^ (.) , P2 (.), P3(.) and P4 (.) 
such that for all (t, n, x) e H, we have,

(i) IA^Tj (t,x) h di I x | , if 0«Xjl<1
■ ,a1P]_ (111 ) e d 1 , if l^oci<2

(6.3.44)

(ii) (l )I Aj ^ (t, x) I —
rj , . 1 - <Xi -d 11 | 1dilx| xe 1 i^i'
Pidtl) e_d|t| ,

if 0<ai<l 
if lsai<2

(2) II(iii) |A0(Ti (t,x) |s p2 (111) e"d|t| |x|2-CXl

(iv) |Ai/Xj (t ,x) p2 (It |) e“d,t| |x|2-^

(6.3.45)

(6.3.46)

(6.3.47)
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(V) I-
f , | , 1 -So -d 1114X1dilxl ze , if o<a2<l

1 iaiP3 {111 5 e’d 1 , if lsa2<2
(6.3.48)

(vi) |A2/T2(t,x) is
(A . ,l-a2 -d 1110Cldilxl ze

1 i“iP3 < 111) e"d|t| ,
if 0«x2<l 
if lsa2<2

...(6.3.49)
12 ) rf I f I p_/y(vii) |Ao(X2(tfx) |s P3(|t|)e ' ' ix!2a2 ...(6.3.50)

(viii) |A2#T2(t,x) |s p3 (111) e_d ** |x|2_a2 ...(6,3.51)

Remark 6.3.4-. This lemma can be proved on the lines of 
Lemma 2.3.8.

Lemma 6.3.8: Assume that [Al] and [A2] hold. Let e> o and 
an integer nQ be fixed. Let 0 = { (t, n, x)i|t|> e, n^ nQ, 
|x|& l}, where e is same as in Lemma 6.3.1 and nQ is 
large positive integer. Let

^(0,1) = sup 0 |a0fTi (t,x) 1, ... (6..3.52)

^{0,2) = sup 0 l«o,T2(tfx) i, ...(6,.3.53)

^(1,1) = sup © Iai, x: (t,x) 1, . . . (6 .3.53)

^(2,2) = sup © I- ... (6 .3.54)

Then, it follows that Os M(0,k)< 1 and Os jn(kk)< 1 for k
= 1, 2.
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Remark 6.3.5 This lemma is a simple modification of 

Lemma 2.3.9.

Lemma 6.3.9 Assume that [Al], [A2], [A3] and [A5] hold.
Let g-j_(t,k) be a complex-valued function such that 
|gi(t,x)|s max(l, d|x| ***), i = 1, 2, for |x|a 1 and for 

all t. Then, under assumption [Al] - [AS], we have 
(i) I_00XC°{b1jXi (t,x) -B0>Xi (t,x) }gx (t,x)e~lfcx dtl

and
(ii5 l_coJ'0°{B2>T2(t,x) -B0>T2(t,x) }g2(t,x) e~ltx dtl

= ixr^ocT,1-1^^^^),

Remark 6.3.6■ These results can be proved on the lines of 
proof of Lemma 2.3.10.

Lemma 6.3.10 For all values of t, all x with |xd 1 and 
large n,

B0>Xi(t,x) £ dlxf**1, ...(6.3.58)

Bi.Tj (t, x) s dlxf“!, ...(6.3.59)

5 dlxf®2, ..,(6.3.60)

B2,T2(t,x) £ dlxf"2. ...(6.3.61)

Proof: We prove (6.3.61) only. Other equations follow 
similarly.
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5 I h:2J/j!) {l-F2 E 1x10^2^)+p2(-|x|C1r29f2)}->

as dlxf^.a

We shall now prove a result which is an extension of 
Lemma 2.3.12 to non-identically distributed case under 
consideration.

Lemma^6.3.11: Assume that [Al], [A2], [A3] and [A5] hold. 
Then, for all (t, n, x) € E, there exists a positive 
constant d> 0 such that

Proof In view of the discussions in the begining of 
Section 6.2 of this chapter, we have

1 = 1

where xn = I{C2(r2)/C^ (ti))a2 -

I <Pn (t) - wQ (t) I

< H w! (tB^1) ^-iw2(tBn15 J-T2Hwio(t) \ "{w20 (At) }• I

!-(w1(tBn1) ^w2(tBn1) \

H W10 (tTi'^1) }Xl -j W2Q {\tX2~*2) }%2\
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*iw2 (tBn1) \Xz\

+ l^w10{tT1'yi) f-Tl-(w2 (tBn1) \%z

-■(wioCtTi"^1) \Xl •iw20{tC2Bn1) \X*\

+ Hw10(tT1"Tl) }-TMw2o(tC2Bn1)

Hw10(tri^) )-Tl ^w20{XtX2 ^2) \Xz\

= Iln + l2n +Hwio(txi"ri) ^Hw2o(tC2Bn1) ).T2

--(wioltri"71) }-Tl <jw20Utx2~r2) [Tzl

= Iin + I2n
—1 —*y OCn ,.<y Cto-d | tC2C11T1fl | T2 -d|tXT2 2| X2

+ le - e l lw10(t) I

- ^THW2 T2

= Iln + I2n

+ le - e
CCo-dSti 2x

-d|t| tx2

- Iln + I2n + de Kn

£ •{ £ + Knj. p{|t|)e'd|t|“
1 = 1

using Lemma 2.3.12.Q
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6.4 PROOFS OF THE RESULTS:
Proof of Theorem 6.1.1:
We shall prove the relation

2suPx e r I vn (x)-vQ (x) 1 =0 ( Z Tj_1"(l0Cll+1,yi+K
1 = 1 n'

Note that the inversion formula for continuous 
gives that

2ti lfn(x)-vQ(x) | s Im + I2n + I3n 

where

-In S „ I (t) - wQ (t) | dt
Itlset^Tfi

x2n = J* „ i^n^) ldt
t >ex,

*3n = S |wD(t)ldt 
111>e1

c> 0 being as in Lemma 6.3.1.
By Lemma 6.3.11, it now follows that

Iln = S I <t>nit) - wD (t) ldtItlscx/1

s i diTil-(la‘,+1)y>1 = 1

s 0( Z Ti1_t[Q:i3 + 1)ri+Kn)
i = 1 n'

There exists, for any e> 0, a c(e)> 0 such that
-C(C)|wi (t) \s e and

-C(S)wio(t)|s e , for all t with |t|> e and for i

..(6.4.1) 

i density

..(6.4.2)

.. (6.4.3)
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Therefore, using assumption [A4], we have

*2n J ^ \<j>n (t) Idt
111>cz fi

S „ IwxCtBn'1) |Tl|w1(tBn'1} |T2dt
11i>ETiyi

5 S v IwxCtBn'1) |Ti~p|w1(tBn'1) |pdt
• i111 >CT,

C1T1rie~c(c)(Tl~p) J |w! (t) lpdt
t >E/C,

s C1T1^1e_c(e) (Tl_p)

- o(ZtiH[a>W‘).

Similarly, we obtain 

I3n-

i*i

{6.4.4)

(6.4.5)

Thus, (6.4.1) follows from the relation (6.4.2) through 

(6.4.5).

Proof of Theorem 6.1.2:
Note that in view of Theorem 6.1.1, it is sufficient for 

us to prove
2sup ix|axlvn(x)-vQ(x) |=0( Z tiI'!Wi,+1)yi+Kn) ..(6.4.6)

I x | il 1 = 1
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consider, for |x|2: 1,

|x!ai|vn(x) ~vQ(x) I

s |x|aM2rr)_1| /#e',tx[{w1(tBn"1) }ti{w2 (tBn_1) }x2
-DO

-w10 (t) w20 (tA) ] dt |

* lx|ail f“e'ltx[{w1(tBn'1) }Ti-{w10(tT1_Tl) }Tl]
-00

{w2 (tBn_1) }X2dt|

+ |x|ai| £me~itx t{w2 (tBn_1) }T2-{w20(tC2T2",Jf2) }T2]
-CO

{w10 (t) }dt |

+ |x!ai| l“Vitx [■|w20(tC2Bn1) \Xz- ^w20(Atx2-^) ^
-03

Ko(tTi^) 1-Tldtl

= Tm + T2n + 0(Kn), say, ...(6.4.7)

using argument of Lemma 6.3.11.
In order to establish (6.4.6), it is sufficient to prove 

Tln = 0( S Ti1“ttai1+1)^i) ( ... (6.4.8)
i =i 

2T2n = 0 ( E xi1_([ail+1!Tl) . ...(6.4.9)
i =i

We shall prove equation (6.4.9) only. Equation (6.4.8) 
can be proved similarly. Observe that using (6.2.12), 
(6.2.14), (6.2.16) and (6.2.18), we can write
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J°Vltx [ {w2 (tBn_1) }T2- {w20 (tc2x2"2f2) }Xzl {w10 (t) }dt
-CO

= X e [A2 r,^iX) - A0 x (t,x) ] {w10 (t) }dt
-CO ^ ^

+ wJJ”e"ltX[B2fT2(t»x) - BOfTa(t,x)]{w10(t)}dt

= T2n(A) +T2n(B), say. ...(6.4.10)

Estimation of T2n(A):

We shall prove that
2|T2n(A)l = Ixl^Ot S Xi1'U0£l,+1,ri) . ...(6.4.11)

i =1
Now,

IT2n(A) I = I X°Vltx[A2tT (t,x) - A0|T (t,x) ] {w10(t) }dt|
—CO ^ *

= I X e [A2 ,c,(t,x! -Aq x (t,x)]
-00 ^ A

[A0iTi(t,x)+Bo>Ti(t,x)]dt|

“ 1 m-r°°e"ltX[A2>T2{t'X) ~AOlr2{t'X) lAO.T1<t«x)dtl 

+ | j"e-itxjA (tfx)-A0 x (t,x)]B0 r (t,x)dt|
-oa 44 * • \

= T2nl(A) + T2n2(A), say. .(6.4.12)

Estimate of T2nl(A):

First of all we consider the integral 

X°°e"ltxA' T (t,x) A2 t (t,x)dt.
_oo °» C1

Because A0>Xi(t,x), A^-j^ (t,x) , Aq^^x), A2 X2(t,x),

A^Tj, (t, x) and A2fr2(t,x) are absolutely integrable, 

simple techniques involving integration by parts give us,
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X°°e UxA0 r (t, x) A2 x (t,x)dt 
-00 1 ^
= -x”2 [ (t,x) A2 t (t,x)dt

-00 1 ^

- roo-i 1x^(1) , . s *(1> / . \ j.+ 2 S e An t (t,x) AP T (t,x)dt
_oa °» L1 *tL2

+ X°VltxA0 r (t,x) A22l (t,x)dt ]. ...(6.4.13)
-00 * 1 ' ^

On evaluating i°°e~itxA0 T (t,x)A0 T (t,x)dt on the lines 
-00 11 ' 2

of (6.4.13), we have then 

T2nl ^)

j”e"ltx[A2>T2(t,x) - Ao#T2(t,x) ] A0>Xi (t,x)dt|

-2 x + X^ Ithei/1It SCI I A2i (t, x) Aq _ (t, x) I, c2

|A^2| (t, x) |dt

+ 2x X + X Itl^ex/1 \t\>cx*1 1 A2, x2 ( ^- / ^) _A0fT; (t,x)

IA^Tj (t,x) Idt

+ x-2
111 sei 111>ci

lAzfx (t,X) - Aq2-!; (t,X)

IAo.-Uj (t,x) ldt

= (x) + ...+ Mg(x), say. ...(6.4.14)

Observe that (6.3.41), (6.3.42), (6.3.43), (6.3.44),
(6.3.46) together with (6.3.1) imply that

Mi(x) = Ixf"1 0( £ ri1-(«otil+1)2fi) f ...(6.4.15)
i = i

for i = 1, 3, 5.
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Finally, as a consequence of inequalities (i), (ii) ,
(iii} and (iv) of Lemma 6.3.4, Lemma 6.3.8 and assumption
[A2], we get for i = 2, 4, 6, as n-*»,

2Mi(x) = fxf0^ 0!ZtiH^ltll5f‘), ...{6.4.16)
i = 1

for i = 2, 4, 6.
Thus from equations (6.4.12) to (6.4.16) it follows that,

2IT2ni (A) I = W®1 0( Z Xi1"(I0£l,*1,T|) • ...(6.4.17)
i=i

Next we consider the estimation of T2n2 (A) •
Estimate of T2n2(A):
Write T2n2(A) as 
T2n2 ^)

J* + S -itx {Aa.xJt-x) -Ao,T2(t,x) }

bo,t, (t,x)dt
= T2n2(Al) +T2n2(A2), say. ...(6.4.18)
Now,

!T2n2(Al)|

= ixr“2 o(T21'![<X2]+1)2f2)

S 1 x 1_0Cl 0( I Ti1-(t«i]+i)y1) ...(6.4.19)
1 = 1

is evident from (6.3.41) and (6.3.58); whereas, as a 
consequence of Lemma 6.3.8 and assumption (A2), we get
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|T2n2(A2)|

s dilxf^t X „ { IA2 x (t,x) MA0>X (t,x) I }dt]
111 >cx^x ' 2

s dilxl'^r/i {4^2.2) J' {l«2,x2<t-x) lPdt
It | >E
+4^0,2) X {■“o.Tp^t-X) |Pdtl 

|t|>e
£ dilxf^T^i ^4^2,2)+ ^0.2)...{6.4.20)

Therefore, it follows that,
2I T2n2 (AA2) I = Ixf®1 o ( 2 t^1"'[ai!+1)*i) . ...{6.4.21)

1=1

Thus, {6.4.11) is proved.
Estimation of T2n(B):
We have T2n(B)

= (t,x) - B0 x (t,x) ] {w10 (t) }dt
-00 ^ *

= _MX“e"itx[B2iT2(t,x) - BO/T2(t,x)]A0>Xi(t,x)dt 

+ X”e"ltx [B2 x (t,x) - B0 x (t,x)]B0 x (t,x)dt.
-00 ^ *4 i

Note that Aq^ (t,x) and B0>x (t,x) are complex valued 
functions with absolute value of each of them being less 
than or equal to max{l, d|x| J) by Lemma 6.3.10. Each of 
the terms A0jXi(t,x) and B0>Xi{t,x) satisfies all the 
properties of the function gj_(t,x) introduced in Lemma 

6.3.9. We take g^(t,x) = A0(X (t,x) and g^CtjX)
Bo as <?i(t,x) of Lemma 6.3.9 and apply Lemma

6.3.9. Therefore,
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...(6.4.225

|T2n(BB)| = Ixf"2 0(T21't[a25+1,r2)

s Ixf"1 0( Z xi~{l0Cl]+Ulfl) . 
i = 1

Equation (6.4.9) now follows from equations (6.4.10), 

(6,4,11), (6.4.22).

In view of the remarks before equations (6.4.6) and 

(6.4.8) the proof of the Theorem 6.1.2 is complete.□

CONCLUDING REMARKS;
In this chapter the basic structure of non-identical 

nature of the summands is that the observations come from 

different populations according to a fixed pattern 

(sampling scheme). In real life problems this may be over 

simplification and rather unlikely. In reality the number 

of observations coming from a particular population in 

the first n observations may itself be a r.v. ; that is, 

the observations come from different populations 

according to a random mechanism. Under this assumption, 

we shall prove a central limit theorem type result.
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