CHAPTER 6

RATES OF CONVERGENCE IN LOCAL LIMIT THEOREM FOR
INDEPENDENT SUMMANDS - II

6.1 INTRODUCTION:

Let {X,} be a sequence of mutually independent r.v.s
with corresponding sequence of absolutely continuous
d.f.s {Gnp}. Suppose, for each n, Gy € {F;, Fp}. Let the
d.f. F; belong to the domain of normal attraction of a
stable law with index ay, 0< aj< ap< 2.

Let Sj’tj(n) denote the sum of the r.v.s among X1, Xj,

+ Xp which have F4 as their d.f., j = 1, 2. Here
T4(n) is the number of Xj's having F4 as their d.f. for a

specified n. Therefore, S, =

It is known that the limit distribution of the

s + S .
17Ty (n) 21 Tyln)

normalized sums (Sp-Ap)/Bp need not exist (see: Sreehari
(1970), Theorem 4.1). When the limit distribution of the
normalized sums exists, for an appropriate choice of Ay
and Bp> 0, Kruglov (1968) proved the local limit theorem
(uniform wversion) in this set wup. However, Kruglov
assumed that the limit distribution of normalized Sp

exist via necessary and sufficient conditions given by

Zinger {1965).
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In this chapter, we obtain the uniform as well as
the non-uniform rates of convergence imn the local limit
theorem, under the assumption that the limit distribution
of the normalized sums exists.

We gtate our theorems first:

Theorem 6.1.1: Under the assumptions [Al]-[A5], stated

below,

g _1-(lo1+1)¥
sup _ 1vp(x)-vo(x)| = O(iglti ! '+ Kp)
as n » », where kn = |{Cy(ty)/Cq(t1)}%? - A%y,

Theorem 6.1.2: Under the assumptions [Al]-[A5], stated

below,

» 2 _
sup .~ (1+lx fhdlvn(x)-vo(x)l - 0(.Z‘Cilta“*“7‘+ k)
i=1

*
as n -» o, where x = max(Ix{, 1).

We prove the theorems in Section 6.4. We introduce
notations and assumptions in Section 6.2. Preliminary
results required to prove these theorems are proved in
the Section 6.3. These results can be proved on the lines

of corresponding results of Section 2.3 of Chapter 2.

6,2 NOTATIONS AND ASSUMPTIONS:

Let Y; denote a stable or strictly stable r.v. with
index o4, according as 1< aj< 2 (with EY; = 0) or 0< ajs=
1, respectively, having d.f. Fj g , and let wjo(.) denote

its e¢.f., 1 = 1, 2. Assume that 0O< aj< ap< 2. Let vhﬂ.)
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and v;O(.) denote the p.d.f. corresponding to the c.f.s
wio(.) and wys(.) respectively.

We assume EX, = 0, whenever it exists.

It is known from Theorem 4.1 of Sreehari (1970) that
the 1limit distribution of normalized sums (Sp-Ap)/Bp
exists and is a mixture of the two stable d.f.s Fp,6¢ and
Fp,o Aiff limnﬁij(tj)/Ck(tk) = A4,k> O exists and is
finite; and in this case, we may take Bp = Cyxltyx), J # k
= 1, 2. Here Cj(n) = Cy nVJ, Cj being the constant of
proportionality depending on d.f. Fy, 74 = 1/aj, i = 1,
2. Thus, the 1limit distribution of 8p, properly
normalized, need not always exist.

We shall prove the results under the assumption of
the existence of the limit distribution of Sp, properly

normalized, or equivalently under the assumption that
1imnamC2(t2)/C1(t1) = A> 0 exists and is finite. We take
Bp = Cp(ty), without any loss of generality.

Let wyp(.) and wy(.) denote c.f.s corresponding to

d.f.s F; and Fp respectively. Let Zp = Sp/Bp.

We write ¢n{t) = Elexp (itZp)]

= {wy (tB") }*Ywy (eBRH 12, n = 1, 2,

Note that we have from canonical representation of

stable c.f.
Wolt) = wolt)w,g(Aat), for all t. ... (6.2.1)

Here wg(t) represents c.f. corresponding to a mixture of

stable d.f.8 F;, o and F, o.
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Thus, in view of the discussions in Section 6.1,
limpy 5 o ¢plt) = wel{t) for all t. ... (6.2.2)

Let 74 = /o3, 1 =1, 2.

Define, for each integer n and real x,

%o,y (E,X) = f e'" ary o (u), ... (6.2.3)
s
lul=lxlt, !
-1
Ao, g, (t,x) = Jetticr dFy, o (u), ... (6.2.4)

lul=lxiT," 2 /c,

-1
ay, g, (£,x) = 5T aFy(u), ...(6.2.5)
¥4
-1
ag, ¢, (t,x) = 5 et arp (), ... (6.2.6)
Ya
lul=lx|CyT,
' itu
Bo'ti(t,x) = I e dFllo(u), ...(6.2.7)
. 7
lut>ixlt,
-1
Bo,z,(t.x) =  J et C2ar, J(), ...(6.2.8)
¥
lul>ixlT, ° C1/Cy
-1
Bi,z,(t,x) = § et 1T ar (), .. (6.2.9)
L&
-1
B2,t,(t,x) = J e““clar dFy (u) , ... (6.2.10)
2
lul>ix|CyT,
- %1 T,
Ao,'tl(tlx) = {aO,'Ci(t-cl ,X)} ’ ... (6.2.11)
AO,'L‘Z(t!x) = {ao,tz(tt1‘71:X) }tzp ... {6.2.12)
Ay g, (6,%) = {og, g, (€T, 71, %)} 0, ... (6.2.13)
By, 1, (t,x) = {o,¢,(tT, 71, x)} "2, ... (6.2.14)
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- T
Bo,ti(t’x) = {wlo(ttl 1)} 1 - Ao'tl(t,X)
Ty

=} {‘t,l](ao,'cl(tt1—xllx) }tl-j{BQ,tl(ttl—wl,X)}j, (6.2.15)

j=1

-1 =¥ T
Bo,r,(tix) = {wao (£C2Cy "7y "1} 72 - Ag, g, (E,X)

T2
=7 [t:’*] o, 7, (6T, T x) )2 B, ¢, (tT T ) (6.2.16)
j

j=1

By,z, (£.%) = {wi(tCy e D) }T - A ¢ (£,x)

Ty

=¥ [t.l] {a‘l,'cl (tt1-71lx) }tl-}{Blitl (trl_yl,X) }j, (6.2.17)
J

3=1

Ba,z,(t/x) = {wy(tC1 e3P 1) }%2 - By ¢ (£, %)

o
= [t?](ozzltz(tr{“,x) }'Cz-l{letz(t.cl-%,x) }. (6.2.18)
3=1

Note ghat for

fn(u) = (1/2m) _J® ¢p(t)e’ ' "dt, . (6.2.19)

the inversion integral on the right hand side is
absolutely convergent. The absolutely convergent
integrals provide the continuous p.d.f. that we shall use
in our theorems.

Let £ = {(t, n, x): Itl= 8t171’ n= ng, x|z 1}, where ¢
will be same as in Lemma 6.3.1 and ng is large positive

integer.
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We now make the following assumptions.
[A1] The d4.f. Fy, j = 1, 2 is absolutely continuous;

[A2] The d.f. F;, i = 1, 2 belongs to the domain of
normal attraction of a stable law Fj o with index aj or
of a strictly stable law Fj o with index aj, according as
l< aj< 2 or O< aj= 1. Also we assume that aj< an. If Fj €
Dyaf{aj), aj> 1 then the mean of the corresponding d.f.

will be assumed zero.
[A3] lim Cy{Ta)/Ci1(T1) = 2> 0 exists and is finite;
n->ow

[A4] For some integer p= 1,_mImPWj(t)!pdt< ©w, j =1, 2;

[as] __sfu'®’™

o0 [C(2]+1
_.w‘r u

* *
vy (u) -(1/C1) vy (u/Cq) Idu<c o
* *
and vy (u) ~(1/Cq)van(u/Cq) |duc o;
Remark 6.2.1: It may be noted that assumption [A5]
becomes _mjwuun]“[vz(u)~(1/C2)v:0(u/C2)ldu < w, 1 = 1,

2, when By is taken to be Cy(Tsy).
6.3 PRELIMINARY RESULTS:

Now we mention some preliminary lemmas required to

prove the theorems of Section 6.1.
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Lemma 6.3.1: Under the assumptions [Al], [A2] and [A3],

there exist positive constants €, d and d; such that, for

all (t, n, x) € E, we have

—afe]®
lAp, ¢, (£, %) = dye .

~dhia1
*Ax'ti(t,X)ls die '

—ale| %2
iAo, 7, (t,x) s age™!t

—dh!az
lAQ,tz(t,x)lﬁ die .

.(6.3.1)

.(6.3.2)

. {6.3.3)

..(6.3.4)

Proof: The proofs of (6.3.1) and (6.3.2) can be obtained

on the lines of the Lemma 2.3.2. We shall prove equation

(6.3.4); equation (6.3.3) can be proved similarly.

By a lemma in Gnedenko and Kolmogorov (1968, p.238),

there exist positive constants d and dj such that in a

-

neighbourhood of origin, we have

o
Choose 0< &< (A/C3) 2 such that
whenever |t|s €/Cq. Then

o
-1, , T2 ~d]t]| 2 p_~Up
lwg (EB Y | 2 o dItIE B2 Tp

oo a,
- e-d{tl ((AsCy) "2-E)

£

because under [A3],

»dhlaz

= e for Itl= et,?1.

Now consider,

lAZ,'CZ(t'X) Is laz,ta(t’c;allrx) Ita

= lwp (EBy ™) - B, g, (T 1, %) |2
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A

T N .
y [tz] lwp (£Bn™) 172718, ¢ (£7; 71, %) I

i=0

T2-J
Ez( j ~d|t§a2)( #I /e

1A

T,9/41) (e

§=0

{1-?2(|x1r272cl)+F2(txlt272c1)}j

j/'c2

o T, . o, .
~d|t dlt -0 -1 -0
goltl 5 w2, e %)

T (291 (e
j=0

1A

_ o T : Ty U Yy Ty oy
editt Z (rzj/j!) e(ditl/-C} ) (rl /’Cz ) j

}=0

1A

{dzixl_aztaulcl_az}j
—ale]*2 oty oy ~0lpy 1 3 /2
< e ¥ [exp{ (de) 2{(AC,/Cy) "2+£}d,Cq  2}1°/3!
=0

—ale1%2
= dje alt .

Hence‘the result. o

Throughout the rest of the chapter, & will be taken as

same as that of Lemma 6.3.1.

Lemma 6.3.2: Under the assumptions [Al], [A2], [A3] and
[A4], there exist polynomials Py(.) and P3(.) such that,

for all (£, n, x) € Z, we have
(i) ‘{al,'fil (tt'{wllx) }T-'1"J - {aO,'Cl (t"C;wl,X) }T:l".ll

1- (104 1+1) Y -a{tlal
=T 1 1P1(ltl)e

=T, S e ...(6.3.5)

and
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v o - - - ’C -~
(1i) l{txz'tz(ttl”,x) }":zj - {ao'tz(ttlwi,x)} 27

o
T 1"([0‘2””72132(ltl)e altl

5 , 1=j=To5. ...(6.3.6)

Proof: We shall prove equation (6.3.6) only. Equation
(6.3.5) can be proved on the lines of proof of Lemma

2.3.3.

As regards the proof of (ii), the LHS can be rewritten as

- - . _ -
oz, ¢, (£77372, %) } 7270 - {ag, ¢, (£75572,%) } 27 .. (6.3.7)
where t° = tty Y17, %2,
Now by Lemma 2.3.3 with n and 7 replaced by Ty and 7, we

get

o, 7, (£75572,30 1727 - {ag, 7, (67572, %) )27

az
1:21—5[0121+1)'¢;r2 Py “t”e~ditl

' ...(6.3.8)
for |t'|s 81:272. ... (6.3.9)
But t'|= e‘c272 is same as |tl= 61171 so that (6.3.6)

7y

follows for Iti= etrq"l.o

Now we define some functions, similar to equations
(2.3.18) and (2.3.19), which will be useful in the proofs

of the theorems and some of the lemmas.

Let

dy, g, (t,x) = dg (£,x)

= fi{{ai,tl (tr]?1,x)} - {ao, ¢, (tT;%1,x) }}, ...(6.3.10)
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dp, g, (t,X) = dg, (t, %)

- rz{{aa.-szttr;’axn - (oo, (£, %) }}, 6.3

S1;r1(t:x) = Stl(t,x)

Ty
-1 - Ty- - -1
= o T {a,g, (e )T o (6T 00 )7,
m=1
.{6.3.
Sz,tz(t,X) = S'Cz(t'X)
L
-1 - To- - m-1
= T3 z {GZ,Tz(ttl’Jllx)} Ch {ao'rz(trlgl,}{)} .
m=1
(6.3

Froperties of the function drj(t,x)

Lemma 6.3.3: Under the assumptions [Al], [A2], [A3]
[A5],. for all x with x|z 1 and all wvalues of
following holds truen:

1- (101141074

(1) Ide (E,x) =T Py (ltl) ... (6.3.
1 1

. (1) 1-(la, 1+ ¥

(ii) ldg (e,x)) = T, 1 1 py(itl) ...(6.3

. s (2) 1-(lo, 1+ 1) Y

(1i) ldg (£, x)] = T, 1 1 Py(ltl]) ...(6.3

(iv) ldg,(t,x) | = ¢, 7%z

1A

1-(la1+1) Y
T T2 po () (6.3

A

(1)
(v)  ldg, (£, x)| =T

(2) - +
(vi) ldg,(t,x) | = 7, 71972 pe ey ... (6.3

1A
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and

14)

.15)

.16)

17)

.18)

.19)



Remark 6.3.1: This lemma follows from Lemma 2.3.4. It may
be noted that the expressions at (2.3.20) and (2.3.22)
(also other similar expressions could be combined as done
here. Further the second derivative was not required in
the case of 0< a< 1 although it is also obtainable as

stated here.

Properties of the functions ak’tj(t,x)

Lemma 6.3.4: Assume that [Al], [A2] and [A3] hold. For
each fixed n and x, ak,—cj(tt;wi,x) is differentiable any
number of times under the integral sign, k = 0, 1, 2; j =

1, 2. For all values of t and x with |xlz 1 we have

Lo (1) -7, dlx) %1 Y17t g O<aq<l
(1)!050.,1;1“:'51 ,X) | o= 3'1.-1 .
Tq Py (lt]), if l=0q<2,
... (6.3.20)
(1) 7y d!xllnaltlyl‘l, if O<aqp<i
lal,'Cl (’C'C1 ,X)i = 71_1 ,
T Pz('t[), if 15a1<2,
... {6.3.21)
.. (1) 7y dlxll—a2r272"1, if O<ap<l
(ii)leg, ¢, (kTy 7, x) | = ¥3-1 )
To P3“t”, if lsan<2,
... {(6.3.22)
(1) ' alx1t 720,727 i geagel
l(xz'-tz(t'tl ,X)l = 71_1 .
Ty Pglitl), if 1=ay<2,
... {6.3.23)
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s (2) -4 -0y 2% -1
(1ii)leg, ¢, (tTy ,x) 1= Ix] ltl"‘ .

t2) -7y -0, 29,-1
lal,fl(trl X)) = Ixd 1t !

{(2)
(iv) lag, ¢, (€T, %) |

2~ 2 ~1
= x| %eg P2
(2) %
la, ¢, (ETy "/ x) |
2-0 2751
< ‘x[ Z-L- W2

2

Also, for all x # 0, 0O< oag< 2, every large
integer s,

00

(v) I laoltj(t,x}lTJ at =0(ty %9, j1, 2;

17 ey, (8,315 de = o(zy™T), 31, 2

-

-~

(viy _J% |a0,tj(t,x)1"’s dt < w, § =1, 2;

0

o ey, (6,0 1% de <, § =1, 2.

(vii) _ 1% 1B, r (£, x)1% dt < », j =1, 2;

Im ]Bj"[‘](tlx){zs dt < m, j = l’ 2_

— 00

.. (6.3.24)

... (6.3.25)

(6.3.26)

... {6.3.27)

but fixed

... (6.3.28)

... (6.3.29)

... (6.3.30)

... (6.3.31)

... (6.3.30a)

.{6.3.31b)

Remark 6.3.2 This Lemma can be proved on the lines of

Lemma 2.3.5.
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Properties of Stj(t,x) function
Lemma 6.3.5: Under the assumptions [A1l], [A2] and [A3],

for all (t, n, x) € Z, we have

&
(1) 1ISg (t,x) 1= drelth) ... (6.3.32)
1
- (1) (lotg i) -0ty _-alt]| %1
(ii)Is¢ (£, x) lixl le Py (ltl), ... {6.3.33)
1
- (2) (tay1+1)-0ty_~a]t|®2
(iii} IS¢ (&, x) Iixt le P, (Itl), ... (6.3.34)
1
oy
(iv) IS¢ (£,%) 1= dgeith ™ ...(6.3.35)
2
(1) (latyl+1) -0ty _-d|t]%2
(v) 18¢ (£,x) s ix|'% 2e Py (lt]), ...(6.3.26)
2
. 2 (log) 1) -ty _-dle ]2
(vi)Isg (t,x) x| 72 Ze Py (ltl) . ... (6.3.37)
2

Remark 6.3.3. This lemma follows from Lemma 2.3.6. It may
be noied that we have combined the two cases 0< « <1 and
1= a < 2 and all the results hold for lItis etry’! for

reasons explained in the proof of Lemma 6.3.1.

Lemma 6.3.6- Under the assumptions [Al], [A2], [A3] and

[AB5], there exist polynomials Pj(.) and P5(.) such that

for all (t, n, x) € Z, we have,
(1) |A1,t1(t:X) - Ao,rl(t,x)l
~d{tid1 1- ([0 J+1) Y
=e Pl(]t!)tl 1 1, ... {(6.3.38)
. (1) (1)
(11) 1Ay, ¢, (t,X) - Bg, g, (L, x)]
((0q1+1)-X -dltlal 1~ ([ 1+1) Y
=|x| ! le Palith) T, ! 1, ... (6.3.39)
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(2) (2)
(1ii) 18y ¢ (£, %) - Bg g (€, %)

[0 4
({alhl)-(xle-dltl 1 -0 1+ Yy

s|x| P3(Itl)T,

:

(lV) IA2,'C2(t‘x) - AO"CZ(CIX)I

o
- 2 -
< dlt] Py 1 ([a21+1)12,

ltl)tz

(1) (1)
(V) IAZ,tz(t‘x) - Ao"‘cz(tlx)l

o
(tapl+1)-ap -dlt] 2 1-([0)+1) ¥ 5
7

<|x| Ps(ltl)T,

' (2) (2)
(Vl) IAZI’CZ(trx) - AO,’Cz(t'X)I

o
<| x| ([l -0 d|t] P6([t|)t21 (Lo1+D Y

...(6.3.40)

... (6.3.41)

...(6.3.42)

...{(6.3.43)

Proof: The results follow from Lemma 2.3.7 as in the

previoug lemmas.o

Lemma 6.3.7: Under the assumptions [Al], [A2] and

there exist polynomials Pq(.), Pp(.), P3(.)

such that for all (t, n, x) € Z, we have,

1-o ~d|t|a1
, (1) dylx|™ "le , if O<ay<l
(1) 1By, g, (€, %) I= ~ale]®1
Py (it]) e , if 1saq<2

1-0q -ale]®1
(i (1) dplx|™ "le , if O<aq<l
i1) 1Ay, g, (E,x) = e—dltla1

Py (itl) , 1f l=aq<2

(2) - alel®r e
(111) 1Ag, ¢, (£, x) 1= pp(ltl)e fx|= 1

2~y

x|’

{2) - oy
(iv) 1Ay, ¢, (£, x) = ep(lt])e dh!
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1~azeﬂﬂa(a1

(1) dylxl , 1f O<ag<l
(V) IBg, g, (t,x) = ~afe|®
P3(ltl) e , if 1=ap<2
...(6.3.48)
(54
(1) dllxl1_0‘263_“'“l 1, if O<ag<l
(Vi) 'Azl"cz(tlx}[s “dlt(al
Py(ltl) e . if 1=ap<2
...(6.3.49)
. (2) “ale]®, oa
(vii) IAolT_-z(t,x)ls r3(ltl)e {x1972 ... (6.3.50)
t2) - oy _
(Viii) 1A, ¢, (t, ) 1% eg (1e) et T ix 2% ... (6.3.51)

Remark 6.3.4: This lemma can be proved on the lines of

Lemma 2.3.8.

Lemma 6.3.8: Assume that [A1] and [A2] hold. Let e€> o and
an integer ng be fixed. Let ® = {(t, n, x)!{ltl> €, n= ng,
Ix]z 1}, where € is same as in Lemma 6.3.1 and ng is

large positive integer. Let

M1y = sxép ‘%,rl(t:X”' ... {6.3.52)
Ho,20 = SEP %o, 7, (£, x) 1, ...(6.3.53)
Mei,1y = sgp tay, ¢, (€, 201, ...(6.3.53)
Hz,2y = Sép lazlta'(t,x)l. ...(6.3.54)

Then, it follows that 05 < 1 and 0% pg < 1 for k

= 1, 2.
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Remark 6.3.5 This lemma is a simple modification of

Lemma 2.3.9.

Lemma 6.3.9 Assume that [Al], [A2], [A3] and [A5] hold.
Let gj(t,k) be a complex-valued function such that

lgi(t,x) 1= max (1, dix| %)

, i =1, 2, for |xlz 1 and for
all t. Then, under assumption [Al] - [A5], we have

(1) 1_J%{By, ¢, (£, %) -Bg,z (£,%) }a; (£, x) e dt]

= x| % (g, 1D Ty

and

(1i)1_I%(Bs ¢, (£, %) ~Bo, 7, (t. %) }ga(t, ) e '™ at|

- lxl’azo{rzl—([az]irl)?Z) .

Remark 6.3.6- These results can be proved on the lines of

-

proof of Lemma 2.3.10.

Lemma 6,3.10 For all wvalues of t, all x with Ixi= 1 and

large n,

Bo,z, (t, %) = dlx|™, ... (6.3.58)

By,r, (£,%) = dlxI™1, ... (6.3.59)

Bo,t, (t,x) = dlx|™2, ... (6.3.60)
_az

Ba,r, (t,x) = dlx] 72, ...(6.3.61)

Proof: We prove (6.3.61) only. Other equations follow

similarly.
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Ba, ¢, (£, %) |

L
=T (T/30) g, g, (et T, x) 17270 18, o (e T )
j=1

Ty
s ¥ (T0/1) {1-Fo (IxiCyt972) +F5 (-1x1C1T272) )
J=1

Ty
s ¥ (/91 dalxl %y %, )

j=1

o, ¢, %2

s dix| T2e?
= dlxl_az.m

We shall now prove a result which is an extension of
Lemma 2.3.12 to non-identically distributed case under

consideration.

Lemma 6.3.11: Assume that [Al], [A2], [A3] and [A5] hold.
Then, for all (t, n, x) € Z, there exists a positive
constant d> 0 such that

2 1-lo 1+ ~ale|®y
fon(t) - wolt)l=s { = T3 ! Vakpt PlitD e .

1=1
where kp = 1{Cy(T5)/Cq(ry)}%2 - 2%,
Proof In view of the discussions in the begining of

Section 6.2 of this chapter, we have

lgn (£) - wolt)l

A

[{w1 (£BRY) 15wy (£BRY) 4524 wyo (£) } {wag (AL) }i

A

{wy (£BR") " wp (£BRY) 472

~{wyo (ET1 7T} o (AtTy 72) $E2
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A

[{wq (tB5Y) 5wy (£BLY) T2
~{wyo (£T1 71) 1 {wy (£BRY) $52
+ {{wio(trl'vi)}ti{wz(tBﬁ})}tz
o (£ 7T T Jwyg (ECBLY) $R2
-CZ

+ Hwyo (£t 770 1wy (CyBRY) }

“{W]bo(t‘Cl—Xl) }’Cl {Wao(lt’tz_yz) }’Eal
= Iin + Ion +|{WuﬂtT1-W” paiwmﬂtczBﬁl)}ta

~{wio (£T1 7T 11 Jwyo (atTy 2) P2

= Iin + I2n
g ey, O oy, O
-dltcgaltlyll 2r2 —dltktzvzl ztz
+le - e [ lwyo(t) |
= Iin + Io2n
a g oy, O a, o
~d|t] 2{C2r272C1L51?1} 2 —altl oA @
+le - e I
o
] 2
= Iip + Iop + de Ky

2
1-(10, 1+ Y ~a]e %
=zt 'y kpb P(IED e

using Lemma 2.3.12.o
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6.4 PROOFS OF THE RESULTS:
Proof of Theorem 6.1.1:

We shall prove the relation

SUPy ¢ g |vp(x) -vg(x)1=0( £ ¢y 7O,y ... (6.4.1)
1=1

Note that the inversion formula for continuous density

gives that

2m £ (x)-vo(x)l = Iyp + Igp + I3p .. (6.4.2)
where
Iin = J . 1¢n(t) - we(t)ldt
ftl=et?
Ion = J . I¢nlt)ide
ti>eT,
Ian = J . lwgl(E)ldt
ftl>eTy !

€> 0 being as in Lemma 6.3.1.

By Lemma 6.3.11, it now follows that

Iin = 1 én(t) - wole)lde
i

2
SNk TRt S A PP ... {6.4.3)
=1

There exists, for any £> 0, a c¢{e)> 0 such that

~-C(&)

lwi (E) (= e and

fwi (L) = e—me)’ for all t with [ti{> ¢ and for i = 1, 2.
io
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Therefore, using assumption [A4], we have

Izn = f ¥ I¢n(t)§dt
Jtl>eT,?
= 7 lwy(eBpT) [“1{wq (tBy ) 1 T2de
Iti>ety 1
= T lwy (B ) 151wy (£By ) 1PdE
ft]>et,"1
= 0T, 71 TP p gy (1) 1At
ftl>es¢y
< Clrlwlé{(SHtfw)
2 1-([0;1+1)
< of T gy TNy .. (6.4.4)

Similarly, we obtain

Taps Cptqt1e C(8) (TP

i1«({ai1+1wi)_ ...(6.4.5)

Thus, (6.4.1) follows from the relation (6.4.2) through

(6.4.5).

Proof of Theorem 6.1.2:
Note that in view of Theorem 6.1.1, it is sufficient for
us to prove

2
sup ixiallvn(x)_vo(x)izo( 5 ti1~na,u4>z

4K ) ..(6.4.6)
Ix |21 i=1 n
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congider, for |xlz 1,

%1%t vy (%) -vg (%) ]

A

Ix1 % 2m) 7 SPe T Y [{wy (£B T )T {wy (£B T ) T2

-00

“Wlo(t)wao(t)t)]dt‘

1A

Ix1¥1) fPe ™ [{wy (€87 }F1- {wyo (£ 7)) F1

{wy (tBy ™) ) F2dt |

J.,oo

-0

(Xll

+[x| e'“x[{wz(tBrfl)}tZ—{wao(tC2t2~72)}tz]

{wyo () }dt]

A1xIML 7™ [{ugg (£CoBRY) F12- {wag (LT 72) }12

-0

{wo (ETy 71 $T1at)

= Tin + Ton + Of{kp), say, .. {6.4.7)

using argument of Lemma 6.3.11.
In order to establish (6.4.6), it is sufficient to prove

A ...(6.4.8)

=]

2

2
Ton = O( % vy & ITy ... (6.4.9)

We shall prove equation (6.4.9) only. Equation (6.4.8)
can be proved similarly. Observe that using (6.2.12),

(6.2.14), (6.2.16) and (6.2.18), we can write
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-0

J.,t:r:) -—itx{{wz(tBn )} 2. {wao(tc2t2~?2) }"52] {Wm(t) }dt

- fm itX[AZ _Cz(t X) - Aoltz(t,x)] {wlo{t) }dt
00
. e s, 7, (t,X) - B g, (t,x)]{wy(t)}dt
= TZH(A) + T2n(B): say .- T (6.4.10)

Estimation of Tpnh(A):

We shall prove that

I Ton (A)] = txl‘“io(élri"”“i““?’i) . .. (6.4.11)
Now,
[Ton (B) | = z_mf“’ e Ay, 1, (£,%) - Bo,,(t,x)]{w(t) }dt]

m ~-itx

—CO

[Bp,, (£, %) -Bo, 7, (t,%)]

-

[Amtl(t,x)+Bolt1(t,x)]dti

= | J7eT By ¢, (£,%) -Rg, 1, (£,%) 1Ag ¢, (£, x)dE]

-

o ~itx
+ | Je

[Az T, (t,x) AO T, (t,x ]BO T, {t,x)dt]
-0
= Top1(A) + Topa(A), say. .(6.4.12)

Estimate of Typi(A):

First of all we consider the integral

0 -1tx
_wf e "By ¢, (L,x) By g (t,x)dt.
Because A (t,x) alt) (t,x), A(m {(t,x}, A (t,x)
0, Ty ‘LX), 0,T, 0,T, 2, T, b Xy

AS%Z(t x) and Ag% (t,x) are absolutely integrable,

simple techniques involving integration by parts give us,
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0 itx

_mf e By, (£,%) Ay ¢, (t,x)dt
= -x2 [ J%e'AR) (t,x) A, . (t,x)dt
® Ty 1 T
+ 2 Ime_“fo,fél(t,x) Aéffcz(t,x)dt
-0
0 -1tx (2)
v I%e7A, o (t,x) AL (e,x)dt ). ... (6.4.13)
-00
On evaluating J‘we_“on'rl(t,x)Aoltz(t,x)dt on the lines
-
of (6.4.13), we have then
- |~mj.ooe—1tx[A2,»C2(t,X) - Bg, 7, (£, %) 1R, ¢ (£, x)dt]
B )
=X {Itlss'cl"y1 ltl>et171]|A2't2(t’x) Ao, T, (/%)
132, (£,%) ldt
-2 I + J (1) (1)
ex [ltaserfl 1tl>crﬁl]‘A2'Tz(t'x’ Ro, T, (E/x) ]
Bgrr, (€. %) [dE
-2 J + J (2) (2)
T [ltlse'ciar1 lt|>8t171}m2'"‘:2(t’x) “Bo, 1, (E,x) |
‘Ao,tl(th)‘dt
= My (x) +...+ Mg(x), say. ...(6.4.14)
Observe that (6.3.41), (6.3.42), (6.3.43), (6.3.44),
(6.3.46) together with (6.3.1) imply that
g piy
2
Mi (x) = Ix|™%1 of Zti1—(ra,1+1)a’,)’ ...(6.4.15)
i=1
for i = 1, 3, 5.
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Finally, as a conseguence of inequalities (i), (ii),
(iii) and (iv) of Lemma 6.3.4, Lemma 6.3.8 and assumption
[A2], we get for 1 = 2, 4, 6, as n-om,

2
1" o Z"cil'”aimw‘), ...{6.4.16)

i=1

M (x)

It

for i = 2, 4, 6.

Thus from equations (6.4.12) to (6.4.16) it follows that,

2
[Topg (A) ] = [xI™®1 o x ¢! &Iy . (6.4.17)
=1
Next we consider the estimation of Tgpo(A).
Estimate of Typo(A):
Write Topp (A) as
_ J + J ~itx
- { |t|5m;171 It!>st171]e {Azﬂ'cz(t’x)_AO:fz(t'x)}
" Bo,'cl(th)dt
= Topp (Al) + Tppp(A2), say. ...(6.4.18)
Now,
- 1x|"% O(_Cza—uocz]n)arz)
-0 2 -ty e
= |x]™% o( x gy GIT ... (6.4.19)

1=1
is evident from (6.3.41) and (6.3.58); whereas, as a

consequence of Lemma 6.3.8 and assumption (A2), we get
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[Topo (A2}

s dqIxI™[ 7 g U1Bo 7, (£,%) 1418, ¢ (£,5) 1}dt)

—ay ¥ g, TP p
= dplxl Tt {ua I {leg g, (e, x) 17dE

{t|>e
To-p
(g T {lag ¢, (t,x)1Pde}
[t]>e

- To-p To-p

= dpixl™T M Ju G ot nGa - ...{6.4.20)

Therefore, it follows that,

2
ITops (RA2) | = IxI™®1 o( 5 ¢! 10Dy, ... (6.4.21)
171

Thus, (6.4.11) is proved.
Estimation of Tpp(B):

We have Top (B)

J,\ine—ltx [Bz,tz{t’x) - BO,TZ(t'X)] {Wlo (t) }dt

-0

0 ~-itx

J‘ e [Bz"cz(tlx) e BO,"CZ(t'X)]AO,”Cl (tlx)dt

i

~00

+ J%e[By ¢, (£,%) - Bg, g, (t,x)1Bg ¢ (£,x)dE.

-

Note that BAg ¢ (t,x) and Bg ¢ (t,x) are complex valued
functions with absolute value of each of them being less
than or egual to max(1, dix| %) by Lemma 6.3.10. Each of
the terms Ay ¢ (t,x) and Bg ¢ (t,x) satisfigs all the
properties of the function g (t,x) introduced in Lemma
6.3.9. We take gj3(t,x) = BAg g (t,x) and gpp(t,x) =
Bo)tl(t,x) as gp{t,x) of Lemma 6.3.9 and apply Lemma

6.3.9. Therefore,
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ITon (BB) | = lxi'“z O(rzl-(laz}ﬂ)'yz)

2
- 1-(f 1)
s |x1™ o gy
t=1

... {6.4.22)

Equation (6.4.9) now follows from equations (6.4.10),
(6,4,11), (6.4.22).
In view of the remarks before equations (6.4.6) and

(6.4.8) the proof of the Theorem 6.1.2 is complete.no

CONCLUDING REMARKS:

In this chapter the basic structure of non-identical
nature of the summands is that the observations come from
different populations according to a fixed pattern
(sampling scheme). In real life problems this may be over
simpl;fication and rather unlikely. In reality the number
of observations coming from a particular population in
the first n observations may itself be a r.v.; that is,
the observations come from different populations

according to a random mechanism. Under this assumption,

we shall prove a central limit theorem type result.

149



