
CHAPTER 8

A LOCAL LIMIT THEOREM WHEN SUMMANDS COME RANDOMLY
FROM r POPULATIONS

8.1 INTRODUCTION AND STATEMENT OF THE MAIN RESULT:
Let {xn} be a sequence of mutually independent r.v.s 

with respective d.f.s (Gn|, all of which belong to the 
domain of normal attraction of a symmetric stable law G 
with index a, 0< a< 2. Suppose further that at most two 
of the d.f.s {Gn} are distinct, i.e. Gn e {F]_, F2}.

Without loss of generality assume that EXj_ = 0, i = 
1, 2, ... whenever it exists.

For each n, let x^ (n) be the number of r.v.s among 
Xj_, X2, ... , Xn which have F]_ as their d.f. Assume that 
Ti(n) and {Xn} are independent.

If x^{n} is a non-random function of n such that 0< 
limn 00 x^(n)/n = A< 1, then from the Theorem 5.1.1 it 
follows that

supx e R|vn(x) -vQ(x) I =o(l) ...(8.1.1)

where vn and vQ denote the p. d.f.s of Sn, properly 
normalized, and symmetric stable law with index a 

respectively.
In case x^ (n) is not random, say X]_ (n) = k(n), as pointed 
out earlier the limit distribution of Sn, properly 
normalized always exists. In case the original r.v.s have
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an absolutely continuous distribution, the p.d.f. vn>]c(n) 

of Sn, properly normalized, will converge to vQ.

In this chapter, we take (nj as r.v. satisfying 

the conditions:

[Al] Tx(n)/n A in probability, 0< A< 1, A. constant.

[A2] G]_ and G2 are absolutely continuous d.f. belonging 

to the domain of normal attraction of a symmetric stable 

law with index a, 0< a< 2.

[A3] for every n and k(n) = k, lvn/k(x) M M for some 

positive constant M and for all x e R.

[A4] _Jmnl0tU1\ vk* (u) -v0(u) ldu< 00, v£ being the p.d.f. 

corresponding to the d.f. Fk, k = 1, 2.

[A5] If wj (t) represents the c.f. corresponding to the 
d.f. F-j then for some integer p^ 1, X°°Iw-, (t) |pdt< <», j

J -03 J

= 1, 2.

We prove the following theorem:

THEOREM 8.1.1: Under the assumption [A1]-[A5], 

supx € Rl vn (x)-vQ (x) I =o(l) as n -4 00.

We prove this theorem in the Section 8.2.
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8.2 PROOF OF THE THEOREM:
Let 0< X< 1. Let e< min(X, 1-X) .
then given 6> 0, there exists positive integer N(c) such
that, for all na N(e), we have P{|X]_(n)/n - X|== c}> 1-5. 

That is,
P{Iti(n)/n - X|> c}< 5 or
P-{r1(n)<j(X-c)norx1(n)> (X+c)n}-^6. ...(8.2.1)

Consider Ivn(x)-vQ(x)|

= EP!ii(n) = k) |vn(k(x)-v0(x) |
k=l

[{X+G)n]
^ 2M5 + £ P (xx (n) = k) |vn/k (x)-vQ (x) | ,

k=[(X-E)n]
using (8.2.1), where M is the bound on the p.d.f. 

t(X+e)n]
2M5 + £ P(Ti(n) = k) supxeR| vHj k (x)-vQ (x) i

k=[(X-e)n]

Here last but second inequality follows from the 
assumption [A3] and the fact that all stable densities 

are bounded; whereas the last inequality follows from 
Theorem 5.1.1.
Thus we have,
supx6R| vn (x)-vG (x) | s 2M6+Cin1-(tal+1,y = o(l).a

Remark 8.2.1: This result can be extended, in general, to 
r (finite positive integer) populations.
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