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EXACT CONTROLLABILITY OF
GENERALIZED
HAMMERSTEIN TYPE
INTEGRAL EQUATION WITH
APPLICATIONS

6.1 Introduction

Let X and V be Hilbert spaces and I = [0,T], where 0 < T < 00. Let Y = L*(0,T; X)
be the solution space and IJ = L2(0, T'; V) be the control function space. We consider
the following nonlinear control problem:

() = [ h(t, s)u(s)ds + / k(t,s,x) f(s,z(s))ds; 0<t<T<oo.  (6.1.1)
0 o

Here, the state of the system 2(f) € X and u(t) € V is the control at time t.
The nonlinear function f : I x X — X and for each ¢,5 € I,z € Y, the kernel
k(t,s,z) : X v X and h{t,s) : V + X are bounded linear operators.
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REMARK 6.1.1 Note that in equation (6.1.1), the kernel k depends on the whole
function x, but not depends on pointwise. That is, the system has to be treated sepa-
rately if we consider the kernel k(t, s, z(s)).

REMARK 6.1.2 The equation (6.1.1) satisfies the initial condition z(0) =0 € X,
but one can incorporate any initial state x:(0) = o which will not alter the results.

We know that the system (6.1.1)is exactly controllable over the interval [0, T}, if for

any given 1 € X, there exists a control u € U such that the corresponding solution
x of (6.1.1) satisfies 2(T") = 1.

A large amount of literature is available regarding the existence and uniqueness of
the above type of equation as well as related equations. See, Petry [115], Stuart [130],

Leggett [94], Backwinkel-Schilling [8], Srikanth-Joshi [128] to name a few and the
references therein.

The corresponding linear control system

t
a(t) = /h.(t, sju(s)ds; 0<t<T < o0, (6.1.2)
0

is quite standard and one can give various conditions to ensure the exact controllabil-

ity of the linear system (6.1.2). Throughout the chapter, we assume that the linear
system is exactly controllable.

The exact controllability of related nonlinear systems are also available. See, for ex-
ample, [9], [25], [26] and for approximate controllability of non-autonomous semilinear
system [60]. In [79], Joshi- George established the exact controllability for nonlin-
ear systems in finite dimensional settings, using the monotone operator theory and
fixed point theorems. Our aim in this chapter is to generalize these results to infinite
dimensional systems. Here, we will present some abstract results along with some
useful corollaries. Numbers of well-known models of dynamical control systems can
be represented in a above frame work. The application of abstract results to specific
examples both from ordinary and partial differential equations are discussed.

The layout of the chapter is as follows. In Section 6.2, we give main assumptions
on system components and some preliminary estimates of system operators, We
transform the controllability problem to that of a solvability problem. An operator W
corresponding to the linear system will be introduced and controllability depends on
the compactness of this operator. We prove the compactness under various sufficient
conditions in Section 6.3. In Section 6.4, we establish the exact controllability result.
Finally in Section 6.5, we demonstrate some applications to illustrate our theory.
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6.2 Assumptions and Estimates

Here we provide some sets of sufficient conditions which give guarantee the existence
of the solution operator W, and study its behaviour under various assumptions.

Define the following operators

@l forxeY, K(z):Y Y by

t

(K@))(t) = [ kt,5,2)y(s)ds,

0

(2.2) H:U Y by (Hu)(t) = [ h{t, sju(s)ds,

ey e

(23) N Y — Y by (Na)(t) = f(t,2(t)) and
(24) W : U — Y by Wu = f(,,z(.)), where z(.) is the solution of (6.1.1) corre-
sponding to u € U.

First, we reduce the controllability problem to a solvability problem. The results
on solvability crucially depend on the compactness of W. We make the following
assumptions.

Assumptions [A]

[Ax] {UT [E Nk, s, 2)]P ds di}? = k(z) < ko < 00
[Az] {13 J5 1At $)[* ds d }2 = ho < co.

[As] The function f satisfies caratheodory conditions. i.e., t — f(t,.) is measurable
and z — f(.,z) is continuous.

[A4] The function f satisfies the following growth condition:

I1f (@) < ao llao]l + b(t),

where ag > 0 is a constant and bo(t) > 0 and by € L3(I).
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LEMMA 6.2.1 [Estimates:] The operators K, H and N satisfy the following esti-
mates.

IK@gly < klyly VoyeY. (6.2.1)
IHuly < hluly, vweU. (6.2.2)
INzlly < V2 (ao|z]ly +bo) Yz €Y, (6.2.3)

where by = “bOHLQ(I) :

Proof: The estimate (6.2.1) follows from Cauchy-Schwartz inequality as:

1K@l = IO
< Tkt 2 (o)l do)ods
sﬁﬂWsﬂMMUM@MM&
<Ryl

The inequality (6.2.2) follows in a similar fashion. Now

el = [INal di = ] 17 )1
<2@mwwW+%m%
< 2{af ol + ) < 2lao ol + b
Hence (6.2.3). "

Operator form of the equation: With the notations as earlier, we may write the
equation (6.1.1) as

a(t) = (Hu)(t) + (K (2)(Nz))(t) (6.2.4)
or, equivalently
x = Hu+ K(2)(Nz). (6.2.5)

The following theorem gives the existence of solution = of {6.2.5) for a given u which
can be proved along the lines as in [79].

THEOREM 6.2.2 [Ezistence and Uniqueness:] Assume the following:
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[AK1] There ezists a constant p > 0 such that

T ot Tt 2
/( fl.:(f,, s, x)x(t)ds, x(t))ds > ;1./ [k.(t,s, z)x(t)ds| di Ve eY. (6.2.6)
o D o lio

[AF1] The function f is monotone in the sense that

< ft,z)— flt,y),x—y><0 Va,y EIX,t el (6.2.7)

i.e. f is monotone.

Then, given u € U, there exists a unique solution x € Y of (6.2.5) and x satisfies a

growth condition
bo b()
ey £ = + 2t 1) ko llully - (6.2.8)

i

LEMMA 6.2.3 Under the assumptions [AK1], [AF1] and the assumptions [A], the
Nemytskii operator W is well-defined and continuous. Moreover it satisfies the fol-
lowing growth condition:

b 1
Wally, < V2 <L‘1 + 1) acho f|ully +v2 (; + 1) bo. (6.2.9)
The proof follows from the assumptions and estimate (6.2.8). .

6.3 Compactness of the operator W

We make the following further assumptions in this section to guarantee the compact-
ness of W .

Assumptions [B]

[B1] There exists k > 0 such that

< k(t-s)|zlly, 0<s<t<T

t
/ k(t, 7, x)x(r)dr

lix
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[Bs] There exists k > 0 such that

< h{t—8)ully, 0<s<t<T

‘ /t h{t, 7 u(r)dr

X

[Bs] The operators k and h satisfy the uniform continuity in the following sense:
Given € > 0 there exists h > 0 small such that

hk(’r + h, s, 33) - k(’l’, sam)“BL(X) <e
and
|(r + b, 8) = h(r,s)lprxy S 6 0Sr<r+h<T

[B4] There exists a space X such that X — X is a compact embedding.

[Bs] Assume that f can be extended to I x XAH X such that f is caratheodory and
x> f(,z()) is continuous from L*(I; X) — L*(I; X).

THEOREM 6.3.1 Under the Assumptions [B], the operator W is compact.

Proof: Let {u,} be a bounded sequence in U. We have to show that {Wu,} =
{f(.,2,(.))} has a convergent subsequence. First of all {f(.,2,(.))} is bounded in Y’
by Lemma 6.2.3. Therefore there exists a constant M > 0 such that

T

J Ut wa(®) 1 d < M2,

0

where, =, is the corresponding solution of u,. We show that the family {z,(.)} is
equicontinuous in C(I; X).

Talt) = /O kit 7 ) (7, (7)) () + ]0 * hit, Tun(r)d(r)

Let £t = r ++ hy. We have

-3

laa(t) = @a(r)ll < || [ {k(t, 7, @0) = klry7,20)} f(7,20(7))dT

0

g

+| [k, 7y 20) f((r,20(T))dr

T

i ” é {h’(t)T) - h‘(?‘s T)}un(T)dT

+ “ } hit, 7 )un(r)dr

=L+ L+ 1L+,
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Now by (Bs;) and (B;) respectively, we get

L < e({r 1f(raa(@)lydr < eriM < e MTH
and

I, <khollf(aza(Dly-

Similarly, I3 and I can be estimated as

I < eT?uylly and Iy < hhy Junlly.

The above estimates shows that {z,(.)} is equicontinuous in C(I;X) as |ju,]| is
bounded. Further, {z,(.)} is also uniformly bounded in C(I;X). Now, using the
compact inclusion X = X and applying general foxm of Arzela-Ascoli theorem [1],

we deduce that {,(.)} is relatively compact in C’(I X). Thus along a subsequence
{2, } converges in C(I; X) and so converges in L2(0,T’; X).

Then from the assumption (Bs), it follows that f(., z,,(.)) convergesin Y = L*(0,T; X).

Thus the operator is compact and the proof is complete. .

REMARK 6.3.2 If h(t,s) is a compact operator, then it is easy to show that W
is compact. In such situations, the ezact controllability in the whole space may be

impossible ( [135], [124]) for different conditions to ensure the compactness of W
with non-compact h(t, s).

Also, it is possible to give various more specific condmons under which the operator
W is compact.
When W is assumed to be compact, the assumption [AK1] can be weakened by

imposing strong monotonicity on f.i.e. by making [AK1] stronger which is shown in
the following lemma.

LEMMA 6.3.3 Assume that

[AKY] [T ( JEk(t,s,2)z(s)ds, z(t))xdt >0 VzeY
[AF2] There exists a constant § > 0, such that

(f(t.2) — ft,y) e —y) = Bllz -yl
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[AF3] Assumptions of [B] are satisfied.

Then the operator W is well defined and continuous. Further it satisfies the growth
condilion

[Wull < Co+ Cllullu,

where, Cy = by + agmbTe™T and C = aghoT e™*7T, with m is a positive constant
satisfying

|&(t,s,z)|| <K m{z) <m Vtsel
Proof : By hypotheses, the operator K(z) and N satisfies the following:
(K@)ma)y 20,  (Nz—Nyz-g) >flz—yl? VoyeY

Also [AF3] implies that K(z,)Nz, has a convergent subsequence for every bounded
sequence u,, where z, is the corresponding solution of u,. Now the proof follows
from and Grownwall's inequality and Lemma 2.2 of ([60]) and then use the similar
argument given in the Theorem (6.2.2) and Lemma (6.2.3). .
When f is Lipschitz continuous, we have the following lemma giving different condi-
tions to guarantee that W is well defined and Lipschitz continuous. The proof of it
follows from [60] and [79)].

Let us make the following assumptions on f.

[AF4] 3 o > 0 such that
IF¢2) = FE )l <ellz -yl Vo,y,eXiel
[AF5] 3 8 > 0 such that

(fta) - fty)a—y) <-Ble—ylP  VeyeXitel

LEMMA 6.3.4 In each of the following cases, the solution operator W is well defined
and Lipschitz continuous.

[Case(i)]: Assumption [AF4] holds with kear < 1
[Case(ii)]: Assumption [AF4] and [AF5] hold with- > koo
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[Case(in)]: Assumption [AF4] hold with
Nk(t,s,2)|| < m{z) <mVt,s€I,m>0

[Case(iv)]: Assumption [AF4] holds.

Further the Lipschitz constants for W in above cases are, respectively

akgh koolh koh.
0% WM gTheemoT, N2 o
1- ]f.ga ﬁ(ﬂ - k@oﬂ) l—¢
being an arbitrary small constant. n

REMARK 6.3.5 Here [AF4] is sufficient to prove the existence of W and Lipschitz
continuty of W. The additional assumptions only give better estimation on the Lip-
schatz constant of the solution operator W.

When f is locally Lipschitz continuous, then also we can show that W is well-defined,
shown in the following lemma. The proof follows along the same line as in the proof
of the Lemma 2.4 of [60].

LEMMA 6.3.6 Under the following assumptions, the operator W is well-defined and
continuous.

(i) There exists a constant a(r) such that

Wft2) = FE Ol <al)lz-yll Vr,y€ X suchthat |z|| <yl <r
(in) There exists m > 0 such that |k(t,s,z)]| <m  Vt,sel
(i) f satisfies the growth condition [A4].

Moreover, W satisfies a growth condition [A4]

lli’V’U;“y < (bo + agmbTem""T) -+ a.ghgTem‘“’THuHU‘
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Proof : Since, by the local Lipschitz condition, 3 a unique solution to the equation
(6.1.1) in a maximal interval [0, fimaz), tmaz < T If fimar < t then imy ., [|2(E, 8)]|x =
oo(refer [131]). In other words, if imy.,,,. [|2(¢, 8)||x = oo, then 3 a unique solu-
tion in the interval [0,t]. We have already shown in the proof of Lemma 6.3.3 that
[l(t, s)|lx < oo for each u. Thus W is well-defined and the growth condition follows
from the proof of Lemma 6.3.3.

We now move on to the exact controllability under the assumption that the operator
W is compact.

6.4 Exact Controllability

We first reduce the controllability problem to a solvability problem which in turn

imply the conditions for controllability of system (6.1.1). Define the control operator
C:Uw X by

T
Cu = / h(T, s) u(s) ds. (6.4.1)
0

The operator C' is bounded linear and in fact, is a control operator for the linear
system
i
2(t) = ] h(t,s) u(s) ds, z(0)=0 . (6.4.2)
b
Let N(C) = {u € U : Cu = 0} be the null space and Z = [N(C)|* = {u € U :
(u,v) =0 Yv e NC)} ‘

A bounded linear operator S : X + Z is a Steering Operator if S steers the linear
system (6.4.2) from 0 to z;. In other words, if u = Sz, (%, € X), then

2(T) = / h(T, s)(Sx1)(s)ds =z,
0

Clearly CS = I, identity operator on X. Thus, if there exists a steering operator
S, then u = Sz, acts as a control and the linear system (6.4.2) is controllable.
Conversely, if the linear system is controllable, then for any x»; € X there exists
u € U such that Cu = x4, i.e., C is onto. Thus, we can define a generalized inverse
C# = (Clz)™ : X + Z and S = C* will be a steering operator. Thus, one gets the
following result.



Chapter 6 ’ 71

THEOREM 6.4.1 The linear system (6.4.2) is exactly controllable if and only if
there exists a steering operator.

Here we note that C#¥Cu = u for Vu € z and C#Cu = v for u € U , where v is the
projection of w on z.

We now assume the controllability of the linear system and proceed to prove the exact
controllability of the nonlinear system. Define an operator F : Z +— X by
/

Fu= 0/ k(T s, ) (Wu)(s)ds,

where 7 is the solution of the system (6.1.1) corresponding to the control u. Let S be
the steering operator of the linear system. Let z; € X and ug = Sz; be the control
which steers the linear system from 0 to z;. The exact controllability of (6.1.1) is

equivalent to the existence of u € Z (let x be the corresponding solution (6.1.1)) such
that '

T T
2 = 2(T) = /k(T,s,m)(Wu)(s)ds +/h.(T, s)u(s)ds.
0 0
That is
1 = Fu+ Cu.

Applying S on both sides, we get
ug = SFu+u
in z, where wug is the control, steering the linear system from 0 to z;.

Thus, the problem of controllability reduces to solvability problem of the operator
equation :

We now state our controllability result. For the sake of generality, we state the
theorem by imposing indirect conditions on W and F. The explicit conditions on
k, h, f can be given to verify the conditions on W and F. The corollaries follow are
direct verfication of the conditions of the main theorem.

{ Solveuec Z
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THEOREM 6.4.2 Assume the linear system (6.4.2) is exactly controllable with the

steering operator S. Further assume that the operator W is well defined and compact
and satisfies

|SFull < aollull +bo, withao <1, bg >0
Then the system (6.4.3) is solvable in Z.

Proof: We look for the solvability of the operator R : Z + U, where

Ru = [I + SFu.

Then
(Ru,u) = (u,u)+ (SFu,u)

> Jull? — ao Jlull — bo Jlu],
which implies
lim (Ru,u)
lul =00 Jull

Thus, R is coercive operator. Again compactness of W implies that SF is compact.
Now, R is compact perturbation of the identity operator and hence R is of type (M).

See [78] for a definition of type(M). Since any coercive operator of type(M) is onto

[78], the proof of the theorem is complete. "

COROLLARY 6.4.3 Assume the linear system is exactly controllable with a steering

operator S. Assume the conditions [AK1] and [AF1] and the assumptions [B]. Then
the nonlinear system (6.1.1) is conirollable if

151l ko(Bo + m)agho < pe.

THEOREM 6.4.4 Suppose that the system (6.1.1) satisfies followings:

(1) The linear part is exactly controllable.

(i) W is well defined and compact.
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(iii) SF is uniformly bounded i.e.\SFu| < C, for some C > 0. Then the system
(6.1.1) is ezactly controllable.

Proof: Let R be the operator as defined in the proof of the Theorem (6.4.2). We
have

(Ru, u) > [|u® = Cllu]

= limyysco{ R, u) = 00

By following the same argument in the proof of Theorem (6.4.2), we have that R is
a coercive operator of type (M) and hence it is onto.
This completes the proof.

In the above result we do not require the Lipschitz continuity of W but we need F
to be uniformly bounded. If f is uniformly bounded then it is not hard to show that
SF is also uniformly bounded. When f is uniformly bounded, we have the following
result which follows as particular case of Theorem (6.4.4).

COROLLARY 6.4.5 Suppose that the linear system (6.4.2) is ezactly controllable
(i.e linear part of (6.1.1) is exactly controllable) and the nonlinear term. f is uniformly
bounded. Further suppose that the assumptions in Theorem (6.2.2), Lemma (6.2.3)
and assumption [B] hold true. Then the system (6.1.1) is exactly controllable.

When f is Lipschitz continuous, we have the following result.
THEOREM 6.4.6 Suppose that the system (6.1.1) satisfies the following:
(i) The linear part is exactly controllable.
(i) There exists a € (0,1) such that |SFu— SFvl| < oflu—v|| Vu,veZ.

Then the system (6.1.1) is exactly controllable. Further, if ug is the steering control
for the linear system (6.4.2), to steer the system from 0 to z1; then the control u,
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approzimated from the follounng iterative sch.en;.e, steers the state of the nonlinear
system (6.1.1) from 0 to x, in the same time interval [0, T)

u™) = g5 — SFul™
U.(O) = Ug.
Proof : Since SF is the contraction, the solvability of (6.4.3) and the approximating
scheme follow from Banach Contraction Principle (refer [78]). .
The following corollary follows from Theorem 6.4.6 using Lemma 6.3.4.

COROLLARY 6.4.7 Suppose that the linear system (6.4.2) is exactly controllable

with steering operator S. Then under each of the following cases the nonlinear system
(6.1.1) is exactly controllable.

[Case (i)]: Assumption [AF4] holds with k(z)a < 1 and
akghoko||S]| < (1 — kocx)
[Case(ii)]: Assumption [AF4] and [AF5] holds with 8 > kea? and
181 kokohoo® < B(B — koa®)
[Case (iii)]: Assumption [AF4] hold with ||k(t,s,z)|| < m Vt,s € I,m >0 and

1Sl kokohoce™®T < 1

[Case (iv)]: Assumption [AF4] folds with ||S]|-kokohoa < (1 — €) where € > 0 being
an arbitrary small constant,

Proof: The proof of all the cases follow by using proof of respective cases of the
Lemma 6.3.3 and by using [60].

6.5 Applications

One can put nonlinear evolution systems with internal control in above frame work
to study the exact controllability. It is also possible to use the above results to study
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the exact controllability problems associated with the partial differential equations
with boundary controls.

(a) Nonlinear evolution system with internal control

%'-;—; = A(t)r + B(t)u+ f(t,z);0< t,<T < 0 “ {6.5.1)
z(0)=0

where, A(t) is a linear operator for each ¢ € [0, T}, but not necessarily bounded, B(t)
is a bounded linear operator and f is a nonlinear operator in a suitable Hilbert space.
Let X and U be the state space and space of control functions, respectively. Assume
that, for each ¢ € [0, 7T, A(t) generates a strongly continuous evolution system ¢(%, s)
on X. By using the variation of constant formula, & mild solution of (6.5.1) can be
written as (refer [114], pp106) '

t t
o(t) = /0 B(t, ) (s, x(s))ds + /0 B(t, 5)B(s)u(s)ds (6.5.2)
This equation is in the form of (6.1.1) and can be written in the form
u+ K(z)Nz =0, (6.5.3)

with k(t, s, 2) = ¢(¢t, s) and h(t, s) = ¢(t, s)b(s). We apply our main result to deduce
controllability.

In this case it is easy to show that the linear part of (6.5.1) is exactly controllable if
and only if there exists A > 0 such that

([ 9T, BB () (T, S)uds, ) 2 Al ¥V € X

where ¢*(t, s), B*(s)-are the adjoint operators of ¢(t,s) and B(s), respectively.

LEMMA 6.5.1 Under the condition (—A(t)z,z)x > plz||2  Vz € D(A(t)), the
reduced form of the assumption [AK1], that is ’

[AK3] : /(;T(/: k(t, s)x(s)ds, z(t)} xdt > p./OT I /: k(t,s)z(s)ds||*dt, VzeY

holds good for (6.5.5)
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Proof: Let .
fO)= [ ot s)als),  weY (6.5.4)

= f'(t) = z(t) + Alt) /: @(t, s)x(s)ds.

Therefore,
L[ ote9patons, a)xdi = [ (700, £16) = AG) [ 606, )als)ds)a
= [0 r@yi+ [ O-A0se)E ©655)

But,
T T
[, 5/ ohat = (50, 0N - [ (70, Feat
= [0, o= S5 20
Therefore, R.H.S. of (6.5.5)

Vv
S

A"]

ﬁ-.h

(t), — A f(2))dt

vV

b [ ISP (by ypothesi)

v

uf i / 82, 8)z(s)ds, / " (¢, 8)z(s)ds) dt
Hence,

| T(./O 6(t, 5)z(s)ds, z(E))dt > 1 | B / (¢, 5)z(s)dslPdt; Vo eY

This completes the proof. =

Similarly, one can impose other conditions on A(t), B(t)andf (¢, z) to verify that the
assumptions made on system (6.5.1) are not redundant. Thus by using the main
theorem, one can obtain different sets of verifiable conditions for exact controllability
of the nonlinear system (6.5.1).

(b) The autonomous parabolic system with boundary. control

%i: = Az + f(t,z) on[0,T] xQ (6.5.6)



Chapter 6 ' 77

Br=u
z(0) =0

where, A is an elliptic differential operator (eg. second order or fourth order), f is a
nonlinear operator and f is a boundary operator(eg. Dirichlet or Neumann) in some
appropriate space. Here u is the boundary control. {2 is a bounded open domain in R®
with boundary JQ0. Assume that D(A) includes homogeneous boundary conditions
B = 0. Let L?(Q2) be the state space X and L*(T") be the control space V for some
choice of I' C 0f2. Assume that 0 is not an eigen value of A

Define a Green’s operator D : V +— X with Az = 0,8z = u. Now the standard
trace and regularity theory for these elliptic operators implies that A?D : V — X is

bounded for § < 3/4. Using the variation of parameter formula, solution of (6.5.6)
can be written as

2(t) = ](: (t — s)f(s,z(s))ds + /(: é(t — s)ADu(s)ds

where ¢(t — s) is the strongly continuous semigroup generated by the elliptic operator
A. Thus the system (6.5.6) can be represented in the form (6.5.1) with k(t,s,z) =
$(t — s) and h(t,s) = ¢(t — s)AD. Hence we can make the use of the main results of
Section 6.4 to obtain controllability criterion for (6.5.6).

(c) Nonlinear Euler-Bernoulli equation with boundary control

ES

02 .
—a—?w(t, y) = Aw(t,y) + g(t, w(t, y), wy(t,y)) in[0,T] x Q (6.5.7)

w(0,y) = w(0,)=0 inQ

w]z = u iny =[0,T]xT

Awtg = Uq nY

where § is an open and bounded domain of R® with sufficiently smooth boundary I'.
Here u; and uy are the boundary controls.

Let A: L?(Q) ~ L2(Q) be the positive self-adjoint operator defined by
Ah = A%h, with D(A4) = {h € HXQ) : h|r = Ahjr = 0}
So that AY?h = ~Ah and Ah = A%h.
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Let X = D(A) x L*(Q), where D(A) = H%(Q) N Hy(Q). Define Green's operators G,
and G as follows: Gy : H¥(T') = H**1/2(Q) is continuous such that

G1U1=h
A’h = 0 in §
h = 4 on I’

Ah = 0 on T.

Ga : H(T') — H**3/2(Q) is continuous such that

Gaup = y
A% = 0in Q
y = 0 inT

Ay = wuy; in .

Define on operator B as follows:

B { 0 ] = [ AGrin + G }

A generates a strongly continuous cosine operator C(t) on L%(§2) with S(t) = f; C(r)dr.
Define on operator A as follows:

where D(A) = D(A) x D(AY?).

A generates a unitary strongly continuouns semigroup et given by

a_| C@ S
€ _(——AS(t) c(t)]

Using variation of constant formula, the solution of (6.5.7), can be written in the form

(6.5.1), where
w(t) _ | wm)
=0 = [ wi(t) } 0= [zlm } ’
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_ At _ | St—9)AGru + Gaup) =l 0
h{t, s)u = et~ By = ol - 8)A(G11U1 +qu2) ] , fa(t) = [ g(t, w,w) ]

It is well-known that the linear part is exactly controllable (refer ([91])). Thus by
using the main results of Section 6.4, one can obtain verifiable assumptions on g to
achieve exact controllability for (6.5 7).

REMARK 6.5.2 As a particular case of the above ezample, one can also consider the
following nonlinear Euler-Bernoulli equations with boundary control only in Aw|

2
—ult,y) = Au(t,y) + glt, wlt,y) wilty) i (0,7) X Q (658)

w(0,y) = w0,y =0 nQ

w{}_‘ =0 in(0T)xT=)

Aw&E = u iny

where S 1s an. open bounded domain in R™ with sufficiently smooth boundary 0 =T.
Here u is the only boundary control. As in the case of above example, controllability
of the linear part is established in Lasiecka and Triggiani [92].

By using the main result in Section 6.4, we can get the verifiable assumptions on g
to achieve exact controllability for the system (6.5.8). '

REMARK 6.5.3 We consider the sysiem governed by parabolic initial boundary
value problem

Oy(t.a) +Ay(ta) = ulm)+olhy(a)ulee) Q=00 X2, (659
y(hx) = 0 ond_ =(0,T)x 80
y(0) = o on Q,

where Q be a bounded domain in R™ with smooth boundary 0, yo € HL(Q) and
u € LHQ). Let A be the second order elliptic differential operator given by

d 9- dy
Ay =— Z} b}:(ai,,-(m)-é;;) +c(@)y

ij=
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with the assumptions that ¢ > 0 on Q and the matriz (a;;(z)) is symmetric and
positive definite.

As an exact controllability problem of linear part of system (6.5.9), Cao and Gun-
zburger [141] proved that for given function yo,§ € L3(Q), a function y = y(t,z) and

a control u(t,z) both defined for (t, a‘) € Q such that y,u satisfy (6.5.9) together with
y(T, x) = g(x) for x € Q.

For the nonlinear portion, we can follow the method given in example (c).

(d) Consider the partial functional integro-differential system of the form

t 1

w0t) = w(t)+ e uly, )+ [ (- s} Fhdu}p(s,aly, 5))ds; (65.10)
O<y<ltel=|[0,1]

(0,7) = «(1,t)=0,t>0

where, u € L%(I,V) and X = L}[(0,1); R].

Let f(t,w(t))(y) = p(t,w(t,y)); 0 <y < 1 and Let A : X — X be defined by
Aw = w” with domain D(A) defined as

D(A) = {w € X;w,w are absolutely continuous, w” € X, w(0) = w(l) = 0}.
Then

Aw = T2 — n?(w,w)w,  w € D(A).

where wy(s) = V2 sinns,n = 1,2,3,--- is the orthogonal sets of eigen vectors of
A. (w,w,) is the Fourier expansion of w”. Here A is an infinitesimal generator of an
analytic semigroup T'(¢);t > 0 in X and is given by

T(t)w = 3, ep(—n’t)(w, wa)wn;w € X

where T'(t) satisfies |T'(t)| < M;e*;t > 0 for some M; > 1,w € R. Here h(t, s) = {9

and k(t,s,x) = (t — s){e” b =) gy} Further function p : J x R — R is continuous,
bounded and strongly measurable such that

It wit, Y < a@llw(t, vl +b(t); a > 0,b6(:) = [Ib()lz=qy.

Thus all the conditions of our main theorem are satisfied. Hence system (6.5.10) is
exactly controllable on L.



