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CONTROLLABILITY OF 
SINGULAR SYSTEMS USING 
a-TIMES INTEGRATED 
SEMIGROUPS AND COSINE 
FUNCTIONS

7.1 Introduction

In this chapter, sufficient conditions for the controllability of two abstract singular 
systems are obtained. First we consider an n-dimensional abstract singular system 
described by the equation.

fW ~ (« ~ 1 + tA)4£ + (a - l)A®(i) = 0 ' 

.r(0) = 0; limt^or(o:)t1"'tt^x(i) = u
(7.1.1)

where, 0 < a < 1, t > 0, x(t) e Rn for each t and A is a constant n x n matrix; u is 
considered as a control applied to the system at initial time.
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Also, we consider an n-dimensional singular system described by the equation

*§? + (!- - tAx(t) - (1 - a)A Jo x{r)dT = 0

x(Q) = 0; limt_40r(a)t1_a^.'i:(t) = u,

where, 0 < a < 1, u £ Rn for each t and A is a constant nxn matrix, u is considered 
as a control applied to the system at the initial time.

Recently, Yang [139] studied the solvability of the above equations and the solutions 
have been obtained in terms of a- times integrated semigroups SQ(t) and a- times 
integrated cosine function C(i), respectively. That is, the solution of (7,1.1) is given 
by

»(*) = Sa(t)u
and the solution of (7.1.2) is given by

x(t) = C(t)u

Here we provide the series solution and then sufficient condition for the controllability 
of (7.1.1) and (7.1.2) by using fixed point theory.

(7-1.2)

7.2 Solution of Singular differential equation in 
terms of Semigroup operator

In this section we obtain the solution of the singular differential equation in terms of 
a -times integrated semigroup Sa(t).

THEOREM 7.2.1 (Yang [189]) Let Sa(t) be the a -tim.es integrated semigroup gen
erated by A for some a £ JR” and t. € R, vie have

1.

ASa(t)u = Sa{t)Au (7.2.1)

2.
Sa(t)u = .- --.tt + / Sa{x)Audr

i fa + 1) Jo
(7.2.2)

and
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3. Solution, of (7.1.1) is given by

x(t) = Sa(t)u

We have the following series representation of the solution of the equation (7.1.1).

THEOREM 7.2.2 The solution of the system (7.1.1) is given by

x(t) ta
r(cv 4- 1)

r , AtI *|- ----- ~r 4"
AH2

+
'A3*3

(a +1) (cr + 1)(g! + 2) (a 4* l)(o: + 2 ){& + 3)

(a 4- l)....(o: 4- 4) 4* u (7.2.3)

Proof :By Theorem (7.2.1), for u € Rn we have 

tax(t> = WTT)u + ls°iT)AvdT

= f(^+i)“ + /„' lp(a + i)“ + s°(s'>Auds\AdT

= f(aTT)“ + A /o' F(a7lju‘ir + Alo Ja S^S)AuisiT
t.a u+A.LftBr)ndT+AJi[i* r r s°

r(a 4-1) Jo T(a 4-1) 

4- I Sa(p)Audj^AdsdT

o Jo '■(a 4-1) u

+ A f wr“ ,,Wr + [‘ r
r(a 4-1) Jo F(a 4-1) Jo Jo r(a 4-1)

+A2 !l.[ Io + f
t<x At<x+l A2 f*+2

-u 4- 7^7-- ;—777--- -^rrU + ----- — 7---——---r(tt 4-1) r(a 4- l)(cc 4* 1) r(a 4-1) (a 4-1)(gi 4" 2)
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A3 ££*+3

U +
AA ^cH- 4

r(ct 4-1) (a 4- l)(o: + 2)(a + 3) T(a + 1) (a + 1).... (a + 4)-u

4-

x(t) ■['+ At
r(a + l)«- (a 4-1) 

AH4

+
AH2

+
AH3

(a 4-1) (a 4-2) (a + l)(tt + 2)(a + 3)

(a + 4- 4) + u

x{t) = <xta 1 r At At2 AH3
r(a' + 1) + (a 4- 1) (a + l)(a + 2) (a + l)(a + 2)(a + 3)

■j t.a r A 2AH
J T(a 4-1) I (a 4- 1) ^ (a + l)(a + 2) "**

3 AH? AAH3 i
(a + l)(a + 2)(a + 3) + (a + l)....(a 4- 4) +...... •>

a(a - 1 )A2 r At AH2 _______AH?
F(a + 1) I- (a 4-1) (a 4- l)(a 4- 2) (a 4- l)(a + 2)(a + 3)

1 2aP-: r A 2At 3AH2
J F(o: 4* 1) (a 4 1) (ct 4 l)(ct 4 2) (ct 4 l)(ct 4 2)(ct 4 3)

AAH3 i ta 2 A
**~(ct + l)....(a + 4) .... J r(o: 4 1) ‘■(ct 4- l)(ct 4- 2)

6 AH 12 AH? 1
~*~(a 4- l)(a + 2)(a 4- 3) (a 4- l)....(et 4- 4) ....

Hence,

tx(t) — (a — 1 4- tA)x(t) 4- (a — l)Aa:(t)

tA1 r 2A2 QA3t 12 AH2
r(a+l)'(a + ])(a + 2) + (a 4 1) (a 4- 2) (a 4- 3) + (a 4-1)....(a 4 4)

1 ta(a 4 3 — At) r A 2AH
+..... -> + T(a4-1) *-a 4-1 **" (a +l)(a 4-2)
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3A3*2 i Ata r At
+ (a + l)(a + 2)(a + 3) +.... JU r(a + l)Li + a + l

A2t2 AHZ i
(a + l)(a + 2) ' (a + l)(a + 2)(q + 3) +.... 3

= 0

Here, limf_,o x{t) = 0 

and

limr(a)r a—x(t) t-o w dt w

ar(“) t1-atQ~l\I +
lim_,
t-»o r(a +1)

At
+

A2t?
ol +1 (qi + l)(cr ~b 2) +.... \u = u

7.3 Controllability Result via a-times Integrated 
Semigroup

We now give the sufficient condition for controllability of the singular system (7.1.1).

THEOREM 7.3.1 Let SQ(t) be the a-times integrated semigroup generated by A. 
The system (7.1.1) is controllable to state xi during [0,T] if

rpa
l|s“(i)lll|A||r<ivTT) (7'31)

Further, the control u can be computed by using the iterative scheme

“”+i=t - \ r s^mtu- p-3-2>where k = jgjy

Proof: By Theorem (7.2.2), the solution of (7.1.1) is given by 

x(t) = .jyu + jf Sa(r)Au dr; u € Rn
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For some fixed t — T, a control u steers the system from ®(0) = 0 to x(T) = aq if

ta
T(a +1) u

+ / Sa(r)AudT 
Jo

x\ - Jq Sa{r)Audr = ku\ where k — tA/T(a + 1)

=* « = [f- - | lo Sa(T)Audr]

Define an operator N : Rn —► Rn such that

Nu = ~ l J(f Sa(r)AudT

iVtq — Nu2 | {f - l Jo Sai^Auxdr} - {f - i i0r Sa(T)Au2dT} 

11 Jo Sa(T)A(u2 - Ui)dr\\

< f /0T ||Sft(r)|| IIAll ||u2 - uAdr

Sq(t)\\ U p2-tii i0Tdr

Thus,

N is contraction if, 

Here,

Nui - Nu2I < f SJ \A
i, p\ ii i

Nu\ — iVti2| < /?

1

i«l - u2

T

; 0<1

u2-ux

0=-||S«|| ||A||T < 1

=H|S«|| \\A\\T<k
tJ'Qt

T{a +1)

Hence, if ||5a|||jA||T < k, then N is a contraction and by the Banach contraction 
principle (Joshi and Bose [78]), there exists a unique fixed point for N. This fixed 
point is the steering control for (7.1.1), steering r(0) = 0 to x(T) = aq. Moreover 
by the Banach contraction principle, the control u can be computed by (Joshi and 
George [79]).

iiji+i — Nun
Xi 1 fT

«n+l = Y~kJ0 Sa^A dT
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Note: In the system (7.1.1), if A is a real number then (7.1.1) reduces to,

tx(t) — (a — 1 + t)x(t) — yx(t) — u\ a, 7 € R

which is called confluent hypergeometric equation and its solution is confluent hyper
geometric series.

7.4 Solution of Singular Differential Equation in 
Terms of Cosine Function

In this section we obtain the solution of the singular differential equation in terms of 
the a— times integrated cosine function C(t),

THEOREM 7.4.1 (Yang [187]) LetC(t) be the a— times integrated cosine function 
generated by A for some a > 0. Then for all u 6 Rn and t 6 R, we have,

(i)
AC(t)u = C{t)Au (7.4.1)

(**) a t
C(t)u = l'(a \ 1) + J0 “ r)C(r)Audr (7.4.2)

and,

(Hi) Solution of (7.1.2) is given by

x(t) — C(t)u

We have the following series representation of the solution of the equation (7.1.2).

THEOREM 7.4.2 The solution of the system (7.1.2) is given by

ta r. At? AH? AH6
x(t) = r(a +• 1) *• (a + l)(a + 2) (a -t- 1)..... (a + 4) (a + 1)......(a 4- 6) +..... ] u

(7.4.3)
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Proof: By Theorem (7.4.1), for u E Rn we have
x(t) = r&Ti)“+((‘-TW*

r(a+l)“ + /„{t - T) [rif+I)11+/> - »)C(*M*] Afr

t.a
rU +

A A
F(a + 1) P(a + 1) 

A2 r* rT

Jo(t-rV dru

+rFi)ll(t“r|,I-‘)s*""

+A3 f f ! (t - t)(t - s)(s — v)C(v)udvdsdr
«/ 0 J 0 «/ 0

A /*
-u + /„(*-T)r“

u

r(a + i) r(o + i)7o

+n^T)LLT(t-T){T-s)s“dsdT

A3 rf /-r/ / I {t — t)(t — $)($ — v)vadvdsdTU 
J0 ./o JOr(a + 1)

+A4 ^ ^ Jo Jq^'~ T^r ~ s)(5 ~ v)(w “ p)C(p)udpdvdsdr 

Therefore we have,

ta
P(a + 1)

Ai2
i + (a + l)(a + 2) +

A2tA
(a + l)..,.(a + 4)

AH?
(a + l)....(a + 6) + u
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We now verify the solution.

x(t) at'
0-1

T(a 4- 1) 

ta

1 +
At2

4
AH4

+
AH6

(ct 4-1) (ft 4 2) (ft 4 l)....(a + 4) (a 4 l)....(ft 4 6) 

2 At AAV 6 AV

+ u

x(t) =

T{a + 1) 

a(a - 1 )ta-2

r(a + 1)
atQ~l

4 4(cv 4" l)(ft 4" 2) (cv 4 l).....(ft 4" 4) (ft 4" l)...(ft 4- 6) 

At2 AH4 AV
1 + 4 +

4-2 r(a 4-1)

ta

(ft4-l)(ft4-2) (a: 4-1)...(ft 4-4) (a 4-1)...(ft 4-6)

2 At AAV 6 AV
4- +

r(ft +1)

(ft 4- l)(ft 4- 2) (ft 4- l)....(ft 4" 4) (ft 4“ 1)—(ft 4- 6) 

2 A A.3AV 6.5 AV

4

u

4- ....

u

u

4 4_(a 4-l)(a 4-2) (a 4-1)....(ft 4-4) (a 4- l)....(ft 4- 6) 4 u

Hence,

+ ^ ~ a^JtX^ ~ tAx® ~ ^ ~ a^AL X^d7
ft (ft — L)t 

T(a+1)

atQ

a— 1
i +

At2
+

AV
4

AV

+2

(ft 4- l)(ft 4- 2) (a: 4-1)....(ft 4-4) (a 4-1)....(ft 4-6)

2 At AAV 6AV

+....] u

4 +r(ft 4" 1) (ft 4“ l)(ft 4" 2) (a 4-1)...(ft 4-4) (ft 4-1)...(ft 4-6)
4-.... n

fa+l
r(cv+l)

2/1
4

A.MV
4

6.GAV
(a-4-1) (ft+ 2) (a 4-1)...(ft 4-4) (a 4-1)...(a 4-6) + .... u

(1 — a)at

r(a 4-1)
(1 — a)t.

,+a-1
1 +

At2
4

AV
4

AV

r(a 41)

fa+1

(ft4-l)(ft4-2) (ft 4-1)...(ft 4-4) (ft 4-1)...(ft 4-6) 

2At AAV GAV

4 u

4 4(a-4-l)(ft 4-2) (a 4-1)...(ft 4-4) (a: 4-1)...(ft 4-6)

^2 ^0-4-3 ^3 ^oH-5

4 u

A 4 +r(ft 4-1) r(a-4-1) (ft 4-l)(ft 4-2) F(ft'4-1) (ft 4-!)....(« 4-4)

/l4 ^a+7
r(tt + l) (ft 4 l)....(ft 4 6) + .... u

-a-.M/;
r(ft 4- i) u
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A ra+2
:U +

A2 _a+4

r(o: + 1) (cv + l)(cv + 2) r(a + 1) (cv + l)....(cv + 4) u

A3 Ta+6

r(cv A 1) (cv + 1)—(cv + 6) u +

at° 2 At
+

dr

4 A2t?
+

6 AH5
r(cv + 1) (cv + l)(cv + 2) (cv + l)....(cv + 4) (cv + l)...(cv + 6) 

2 4.3A*2 Q.bAH4

u

fa+\
+r(^+i)

(1 — a )ta+l

r(a + 1)
£CH-1

+(cv + l)(cv + 2) (a + l)....(cv + 4) (a + l)....(cv + 6) 

2 AAt? 6AH4

+ .... u

r(« + i)
(1 - a)ta+l

r(a + 1)
AH6

A

I +

A

+ +cv + l)(cv -4- 2) (cv -4- l)....(cv + 4) (cv -4- l)...(cv -4- 6) 

At2 A2t4 AH6

+... u

+ +(cv + l)(cv + 2) (cv + l)....(cv + 4) (cv + l)....(cv + 6) + u

+
At2

+
A2t4

(q + l)....(cv + 7)

fp+l

(cv + 1) (cv + l)....(cv + 3) (cv -f l)....(cv + 5) 

+ .... u

A.Mt? 6.5 A2t4
+ +r(cv + 1) [(a+l)(a + 2) (cv + l)....(cv + 4) (cv + l),...(cv + 6)

2 AAt? 6 A2t4

+

r(a + 1)
t_a+1

+ +

AT(q' +1)

(1 - a)£Q+1 
' J(a +1)

AH6

/ +

A

(a + l)(a- + 2) (a-+ l)....(a + 4) (a 4- l)....(cv + 6)

At? A2t4 • AH?

u

+ ... u

+(cv + l)(cv 4-2) (cv + l)....(cv + 4) (a + l)....(a + 6) + u

+
At2

+
AH4

(cv + 1) (a + l)..,.(cv + 3) (a + l)....(cv + 5)

(a + !)....(«■+ 7) u (7.4.4)
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By taking the sum of first terms in each expressions in the equation (7.4.4), we get

ta+lA
T{a 4- 1) (a 4- l)(tt 4" 2) 

ta+1A

-(14-a)-
2 t,a+1A (a -1 )Ata+l

T{a + 1) (a 4- l)(a 4- 2) T(a 4- l) + r(a 4- l)(a 4-1)

“ r(a + l)(a + l)(a T2) l2 + 2(“ +]) - (“ + 1)(“ + 2) + (“ ~ W0 + 2>] = 0

By taking the sum of second terms in each expressions in the equation (7.4.4), we get

t,a+lA At2 4.3
4-

4(a 4-1) 1 — a
(a 4- 3) (a 4- 4) (a 4- 3) (a 4- 4) (a 4-3)

ta+1A 
F(a 4-1)F(a 4-1) (a 4- l)(a: 4- 2)

At2 r -i7------777----- 7777------rrr------77112 4- 4a 4* 4 — (a 4* 3)(a 4- 4) 4- (a — l)(a 4* 4)1 = 0
(a 4-1) (a 4-2) (a 4-3) (a 4-4)L N A ' v A J

By taking the sum of third terms in each expressions in the equation (7.4.4), we get,

6 ta+1A AH4
F(a 4-1) (cv 4" 1)......(cv 4" 6)

and so on.

[6.5 4- 6(cv 4-1) - (a 4- 5)(a 4- 6) 4- (a — l)(a 4-6)] =0

Thus the equation (7.1.2) is satisfied for a > 0 

As limt_o x(t) = 0 and limt_o Ttx^) 7^ 0 

If 0 < a < 1, we have 

lim,_0r(a)f1-a|(.r(t))

limF(a)t1—a ata—1
14-

At2
+ r

AH4

+
Ahe

r(a 4* l) \ (a 4- l)(a 4- 2) (ct 4 l)....(o! 4- 4)

ta f 2 At 4AH?
(ct 4* l)....(a 4“ 6) 

QA3t5
(a 4* 1).....(a 4- 6)

+.......>u4- 4-F(o: 4-1) \ (cv 4- l)(cv 4-2) (a 4-1).... (a 4- 4)

4-.....>ix
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COROLLARY 7.4.3 The Solution of

with

is given by

- tAx{t) = 0

*(°) = 0; ljtx^ = u

x(t)
+3 +5 j.7t + A- + A2- + Ait- +

u

Proof: Take a = 1 in (7.4.2)

x(t) = tu + A f (t — t)C(t)uc1t 
Jo

= t,u + A j (t — r) tu + A J (r — s)C(s)uds dr

= tu + Al (t — r)rudr + A2 j ^ (t — r)(r — s)sudsdr
+A3 [ [ f (t — r)(r — s)(s — v)C(v)udvdsdr 

Jo Jo Jo

= tu + A J (t. — r)rudr + A2 j j (t — r)(r — s)sudsdr 

+A3 J J j (t — t)(t — s)(s — v)vudvdsdr

+A4 / / / f (t — t)(t — s)(s — v)(v — p)C{p)udpdvdsdr 
Jo Jo Jo Jo

= tu + A I (t- r)rudr + A2 j J0^'~ r)(r ~ s)sudsdr

+Aa f [ [ (t — r)(r — s)(s — v)vudvdsdr 
Jo Jo Jo

rt rT rs rv
+A4 / / / / (t — r)(r - s)(s — v)(v — p)pudpdvdsdr +..

Jo Jo Jo Jo

t3 A2t5 A,t7

(7.4.5)

(7.4.6)

(7.4.7)

Therefore we have,
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We now verify the solution.

•*(*) =
4.2 4.4 4.6

i + a~ + a2~ + a*~ + u

x(t)
AH* AH5

A< + T + 'sr u

Hence,

tx[t) - iAc(t)
= + + .......... ]«~M[t + A| + | + A3^ +

= 0

(7.4.8)

u

As, limt-,o .T(f.) = 0; and limt_o 4.r(t) = u ^ 0; a = 1

7.5 Controllability Result via a—times Integrated 
Cosine Function

We now give the sufficient condition for controllability of the singular system 

tx + (1 — a).i: — tAx — (1 — a)A Jq x(r)dr = 0 )
(7.5.1)

with .t(0) = 0; linit_or(a)t1 ajt^(i) ~u\ 0 < a < l,w € Rn J 

where u is considered as a control applied to the system at the initial time.

THEOREM 7.5.1 Let C(t.) be the a- tim.es integrated cosine function generated by 
A. The system. (7.5.1) is controllable to state Xi during [0,T] if

||C(t)|| ||/t||T2 < 2—(7.5.2)

Further', the control u can be computed by using the iterative schem.e

■un+1 = x “ 7 /V “ r)C(r)Adrun ' (7.5.3)k k Jo

where k =
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Proof: By Theorem 7.4.2, the solution of (7.5.1)is given by

I(t) = F(£ry“ +/0V T)C(r)A,*ir

For some fixed t = T, a control u steers the system from .t(0) = 0 to x(T) — x\ if 

*i = f(Si)u + Jo'(T ~ T)C(r)Avdr

=$>• Xi — Jq (T — t)C(t)AucIt = ku; where k = = constant

=* u = [f ~ l IoT(T ~ r)C{T)Audr]

Define an operator N : Rn Rn such that

Nu = — 7 / (T — r)C(r)Audr
k k Jo

HiVtn - NiiaI)

(T-r)C(r)A{u2-ui)dT

xi-ilCT-T)c{T)AuA

< j j*\{T ~ ’ll I|C(t)||||^||||(uj - «0||dr 

= jI|C(t)H ||X||||(U2 - uOII J*(T - r)dr

= i||C(r)|| M ||(«2-uOII^

Tims. ||Nut - N*>\\ < i ||C|| ||/1|| ? ||(uj -tii)||
N is a contraction if

\\Nui — NvqW < 011(^2 ~ Wi)||; p < 1

/3 = j«c|IMy < i

rpa
^ ||C|MT2 < 2fc = 2^^^

where,
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Hence, if ||C'j|||,A||T2 < 2k , then N is a contraction and by the Banach contraction 
principle (Joshi and Bose [78]) there exits a unique fixed point for N. This fixed point 
is the steering control for (7.5.1), steering .t(0) = 0 to x(T) = sq. Moreover, by the 
Banach contraction principle, the control u can be computed by (Joshi and George 
[79])

i.e.,

^n+l — NUn

1 /p«n+i = Y~kJo ^T ~ dr

■


