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ON STRONG EULER SUMMABILITY OF 
ORTHOGONAL SERIES

(Received August 17, 1972)

1. Let {<b„(a)} (jt — 0, 1, 2, ...) be an orthogonal and normal function 
system in the interval (a, b'). We consider the orthogonal series

(1.1) 2c„3>»,

with real coefficients sequence {C„}.
The n-th Euler mean of the first order or the (E, l)-mean of the sequence 

of partial sums {S„(x)} of the orthogonal series (1.1) is defined as

where

sk(x)~ 2 C,*,(*).
I—0

Series (1.1) is said to be strongly summable (E, 1) to the sum S(x) if

2 (?) (5/c(x)-5'(x))2 = o(2") as «->«>*.

The strong summability (C, l) .of orthogonal series, as well as that of 
Fourier series, has been investigated by several authors such as: A. Zygmund, 
S. Kaczmarz, S. Borgen, G. Alexits, K. Tandori, B. N. Prasad and U. N. Singh. 
A. Zygmund ([6] p. 356) has proved the following theorem.

Theorem A. If series (LI) by condition is summable (c, 1)
almost everywhere to a function S(x), then it is strongly summable (c, 1) to 
this function S(x).

The strong summability (R, 1) of orthogonal series has been , studied
by G. Lorentz, J. Meder, C. Patel and A. Sapre. Meder [4] has proved the 
following theorem.

R. K. Patel

* If the sequence {f, (x)!gn (x) in (a, b) is bounded or convergent to zero for n-*oo 
almost everywhere, then we shall write f„(x)*=0 {g„ (x)} or fn(x) = o {g„ (*)} respectively.
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Theorem B. If the orthogonal series (1.1) with coefficients satisfying 
condition 2c^<oo is summable (R, X„, 1) almost everywhere to a functior 
S (x), then it is strongly summable (R, X„, 1) almost everywhere to this func­
tion S(x).

The strong Norlund summability of (1.1) has been discussed by Meder 
Meder [5] has proved the following:

Theorem C. If orthogonal series (1.1) is (N, pn) summable to a func­

tion S(x) almost everywhere with {p„}^Mx* **, a> —, then it is strongly (N,pttt

summable to this function almost everywhere.
In this paper I propose to prove the analogous form for (E, l)-sum 

mibility. We prove the following theorem:

Theorem: If the orthogonal series (1.1), with coefficients satisfying con 
dition 2c«|/«<oo, is summable by the method (E, 1) to a function s(x), thei 
it is strongly summable (E, 1) almost everywhere to this function.

2. For the proof of our theorem we need following lemmas: 

Lemma 1: (refer Knopp [2] p. 136)

re nIf m -- , then

f»(m) 
2"

Lemma 2***: Writing

<20e for n= 1, 2, 3, ..,

W.
1

nk *

we have

n 2k
2" ,„0 \ i I n + 1 

W„k<0 for | — | +2

Lemma 3***:
[il

1
2" ,tb\ 1

2L ^
k2

* The sequence if {p„} is convex or concave and if

(i) 0<p„+l<p„ or 0<p„<pn+i (fl~0, 1, 2,...)
(ii) Po+Pi+---+Pn = R„ t » 

nb?Pn-
(lii) lim

«-*» Apnml
--2—a where aSO, = Apn_2—

are satisfied.
f n "I 1 n** I — I indicates, the integral part of —.

*** For the proof of lemmas, see Meder [3].
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for 1 -£kk C2 being an absolute constant and « = 1, 2, 3, ..

3. Proof of the Theorem:

We have

2nkto\k)

s- 2 2 (?) bW-sMts
2n kto\k} 2” fc=o \k !

4MI)
(3.1) ~S1 + S2-t‘S3, say.

From the hypothesis it is evident that

S3-> 0.
Coming now to Sx

(M „ Mml 1 " ,
S, = O (1)— 2 (Sk (x) ~ ak (x))2 -0(1) —-'T= 2 ($k (x) ~ ck

2n k=Q

-0(1)4= 2 (Sk(x)~ok(x))\ by Lemma
V «fc=0

2“

1.

Now,
2 kCk M-

B + i

Therefore by the orthonormality properties of {<&„(*)},

D

J (S„(x)-an

(x))2dx^~~—- 2 k2CkK (n + l)2&=t

Consequently,

1 ” ^ ~k2ti~,tjhl
= 2^cl| 4r“0(1) 2

n=& ^ *-l

(*))2

21 MaTeManrocEL bcchhk 4
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Therefore by B. Levy’s theorem (refer Alexits [1] p. 11) 

«=.! K»

Then, by Kronecker’s lemma (refer Alexits [1] p. 72)

2 (Sk (x) - (xj)2 = o {]/n),
k=X

S^O.
which proves that

Lastly let us consider S2,

4 (n
” 1 2 (ak(p0-rk(x))2 2n\mj *=o

= 0(1 >4 2 (ak (x)..xk (x))\ by Lemma 1.

Now, we have

Whence

2 ck<t>k(x)
0 ' 2* is=0 \ i J n-f 1

a

J K(x)~r„(x)fdx-

= 2 c%
k~ 1

XXC riy/»\ 2k
2n 41 i I n+1 + /C2 -1<

(•n + l)2j

[i + t
< 2

Lky { n
12" ,41* /J

4^ 12

+

± — 
2" 41 i! n+l -■y k2ci 4(»+i>2

By lemma 2,

2 c^2^ l^.'/n\ 2 k
2" 41 * / **+1 <0.

Hence,

[-:>
(x) rn (x)f dx< y Ck

k=--1

'_1_ ky ( n
2" 41*

2+v k'cl 
£an+iy
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Consequently, by Lemma 3,
b

n~iVn J

H + !
B=i \>n ftTi nz „“i H fcTi (w + l)2

so oo 1 co o’30!”!

_A»1 /I-A n ' fc- l »“* n J
where A is an absolute constant.

0(1) f Clfk<oo.

*= t
Therefore by B. Levy’s theorem,

y ^(o-n(x)-TB(x))2 converges a,e. in <«, Z>). 
n-iK n

Then by Kronecker’s lemma,

i (®*(*)-** (*))2=° a-e-
which proves that S2-> 0 a.e,
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ON VERY STRONG EULER SUMMABILITY OF 
ORTHOGONAL SERIES

R. K. Patel, Ba'roda (India)

1. Introduction

Let ON { $« ( x )} denote an orthonormal system defined in the interval 
< a, b> and {C„ } el2, that is,

00
(1.1) £ C2 < co.

. n = 0 /

Further let

00 . ' .
(1.2) E C 6 lx) 

n = 0 n n

denote orthogonal series being development of functions /( x) sL2 i.e. integrable 
with square in Lebesgue sense.

The fl'th Euler mean of the first order or the (E, 1 )-mean of the sequence 
of partial sums { S„( x ) } of the orthogonal series (1.2) is defined as

Tn(x)
n
E

k — 0 «) S. (*-), « =0,1,2,

where
k

sAx) = S c .(j>Ax).K 1 = 0 * *

Series ( 1.2 ) is said to be very strong summable (E, 1 ) to the sum S( x) if 
for every monotone increasing index sequence { vn } and for almost every x the 
relation

n
E

£ = 0 s^(*)-s(*)y as n -* co holds.

The very strong Cesaro summability of orthogonal series has been studied 
in great details by G. ALEXITS [2] and K. TANDORI [ 8 ]. Very strong 
Riesz summability of orthogonal series as well as very strong Norlund summabil­
ity of orthogonal series has been discussed by MEDER [ 6 ], [ 7 ].

In this paper, I propose to prove a theorem on very strong ( E, 1)—sum­
mability of (1,2) which reads as follows:
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Theorem : Let { C* } be a numerical sequence of positive terms such that

(1.3) VvC*=^Vv+l C*+1-(f = 1.2.3, .. ..)

and
(1.4) £C*2 Vv < co. '

Further let { C„ } be an arbitrary sequence of real numbers satisfying the 
relation

( 1.5 ) C = O / C* n v ’ n \ n )
Suppose that the orthogonal series LCn<pn{x) under these assumptions is 

(E, 1) summable to a function f(x) almost everywhere in <a, b>, then it is 
very strongly summable (E, 1 ) to this function almost everywhere in < a, b>. ,

2. Lemmas:

For the proof of our theorem we need following lemmas: 

Lemma 1 : ( Refer KNOPP [ 3 ] p. 136 ).

If m = | J ^ the integral part of then

; *(:)
< 20e for n = 1, 2, 3,

We have

Lemma 2 : ( Refer MEDER [ 5 ] Lemma 1)

1_
2" / = 0

< 0 for J +'2 ^ k < n.

Writting W , _ A ki 1 ( ?Y*
nk ; _ n \ i / n +

Wnk

Lemma 3 : (Refer MEDER [ 5 ] Lemma 1)

fjL V\ 2fi f-o C) c,
k*

for 1 ^k^ - + 1, Ci being an absolute constant and n — 1,2,3,.......

Lemma 4 ; Under the condition ( 1.1) the relation

•S - Ox) - t ( x ) = 0 ( 1 ) is valid almost everywhere for every index sequence 
nk nk x
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*4-1n,A with —i---- sS q > 1.
n,

Proof of Lemma 4 : We write

b 
ooUJ f2 I TS (*)-T (x)124y<L v v J *s

00

/[(2.1 ) S2 2 rs- (*)-<*■ (*)
* = 1 ' I “ka L

rfx 4-

00

+ 2 2 
* = 1

== I, -f I2, say.

The convergence of Ij under the assumed conditions follows from the 
theorem of A. N. KOLMOGOROFF [ 4 ]. '
For convergence of I2 
We have

a (x)-T (x) = 2 C 6 (x) 
« n v = 0 v v

Whence

1 v - 1

L 2 i = 0
2 ^ ^-----v—~ 1

i = 0v * / » + 1J

2 C2 -f — V21 ( ” } T—* V 2 * ( ” ^ —1 +

= 0 ” \ 2* / = 0 V ' / L2n /-(A* ) n + lj +

+ v2 i [3]+l ri v-i /BX-i2< S . C2v I ^ 2 (”• ) I +
I 2i — o ' 1 '(« + l)2j v=l • L. 2*

KfK
+ C2 r i v-! /«v \ 2» 2

i.= 0 OK,} +

CO v2 C2

UJll

+ s
v= 1

___ = S2, + S22 + S2s, say.
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Now ,
C *

( 2.2 ) Ssi < —- S v2 C2 , by virtue of Lemma 3. 
” v = 1 *

Again

(2.3) Ss2 =
n
S C2

ffV-ly v "|

vL2*/ = oV*/ mj’“[t]+2

by virtue of Lemma 2.
Whence from ( 2.2 ) and (2.3 ) we get 

b
f [°n(-X'> ~VX)f * < § 2 "*CV

*/ V = 1

Substituting n^ for n and summing we get

oo r
['

a l
n, ftk

. (*) 
lk

K
>

II

oo n.1 lC v2 C2X
Jfc« 1

m2 ^n\ F = 1

00 00
0(1) S Sk — 1 k n n\

v v
00

0(1) £ C2. < oo.

Hence from (2.1)

oo£

- 1 it = 1 *

b
- S

*Vc "Jfc
frs» <*)-*,, <*>?

iJ1 nk nk J dx

converges almost everywhere from which our lemma follows by B. LEVY’S 
theorem ( refer ALEXITS [ 1 ], p. 11 ). ''

3. Proof of the Theorem

Let { vn } be an arbitrary strictly increasing sequence of indices. We may 
suppose without loss of generality of theorem that Vj ^ 1.
Let2m gS v^. < 2m ** Assume that — 2m ^ * (m = 0, 1, 2.... ).

Since from the assumption { C„ } s/2 and the series (1.2 ) is ( E, 1) summable
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to a function /(x) almost'everywhere in <a, b>, so from Lemma 4 it follows 
that

lim S2m (x)=/(x)is valid almost everywhere and subsequently 
m~* 03

(3.1) lim S (x)=/(x).
k -9- oo

For every n we write

1
2” k « 1 (;)( S„ (x)-/(x) Y)!

~ s G)(su <*)-/(*>)22f* * — 1 M-Jt /,2" * = 1 ' k
Sa + S32, say.

In virtue of ( 3.1) 

Also
3 32 0.

Sn“^: 2 (?)(s (*)-S (*)Y
2* 1 = 1 ^ /

C)
0(1)

= o (1)

= 0(1)

2“ *-l ( '"is (*)-s (*)V')

V"(m) . yKm8’'00*5" (*,v7
L. £ /s, (x)-s, (x)y,i(

V ^
by virtue of Lemma 1.

As per (1.3), (1.4) and (1.5) 
b

oo 1- „ /S (x) - S (x)Y ^k=*i^k»a{\ H ) dxS (x) - S. (x)Y

“ 0(1) _ £
2_j«o i n

k *= 1 W j__\ ^ T I / . ' ' J(C. +1) +.... + (c* ) I
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, (^-'0O+1)( v>>00
0(1) E

k = 1 Vk

00

0(1) E 
k = 1

^ + I

\/k

oo kCf
= °(1) klx~W

= 0(1) E C*2Vk<<x>. 
k — 1 h

results by a simple calculation, from which we get by an application of B.

oo ,
LEVY’S theorem that the series E —77- / S (x) - S (x) V convergesk- 1 ^ ( V h )
almost everywhere. Then by KRONECKER’S lemma (refer ALEXITS [ 1] 
p. 72 )

S /S (x) - S (x)\2 A/ , .fe=i( V V ) "0(V">

which proves that
S81 —* 0.

With that theorem is completely proved.
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