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1. Letf(x)e L ( ~, 7 ) and be periodic with period 27
Let . :

(11) kzl (a"k cos ;. X+ b”k sin nkx)

be the Fourier Series of f ( x) with an infinity of gaps (# e M1 )
such that ("k-l- 1 k) - @, a5k > o,

We shall denote, as usual, by Sn the partial sums of the n’h order of (1.0

The following theorem is known, ([1], p. 256-257, Note 3).

Theorem A: If f(x) is bounded and if (1.1)is the Fourier series of Ax)
satisfying Hadamard lacunarity condition viz. ) -

(1.2) My 1/nk> r> L

then,

(1.3) - S =0(l)ak—> =
P

The purpose of this note is to examine the behaviour of the partial sums
Sn when the sequence {# k} satisfies a lacunarity condition appreciably weaker -
k
than the condition ( 1.2) of Hadamard. In fact, we shall consider the sequence
{n k} given by
K K*
(1.4) n = [a ],. a>1,and 12<a=< 1, [a 1 being the

£* L
greatest integer not greater than a . JJtiseasily scen that the sequence {7 k}

of (1.4), witha = 1, satisfies the Hadamard lacunarity condition {1.2) for all
sufficiently large k. On the other hand, when 1/2 < a < 1, we have

Kk—%—l/nk'# I,ask » =,
url2
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= O(k‘ - a), by using the well known result ([ 2], p. 413, 13.31) that
for every positive integer n,

1 sin?  nt

nm ‘f sin® 1 ¢

(24) dt =1,

and observing that » In L is bounded.

k41
If o = 1, the result ( 1.3 ) follows from our result (2.1).

The result (2.1 ) can be sharpened for a value of x for which the expres-
sion f{x - 0) -+ f{x~-0)/2 is finite, This is done in the following theorem.
Lets=f(x+0)+ f(x~0)/2

. *
Theorem 2 : Let ne= [ak Jowhere @ > 1, and 12 < a L 1. ¥ for

such a sequence { " }, the series ( 1.1 is the Fourier series of a function f(x),
then

(25) S -s=0(k'"*)asko o,

"k
for a value of x for which the expression f(x + 0) + f(x - 0)/2 is finite.
Proof : By virtue of the lacunarity of the Fourier Series, we have,

g _ 1 P sinznk+1%t—sin2nk-;-tdt
n, = 2x(n -, ) S @ (t) sin? % ¢ ’
k B+ VRO 2
where @ (¢) = f(x+1) + flx~1)- 252
Hence,
A sin? n it
S 1 T k41 %
5 1< [t oo S
1 sxn’rzk2
- -
+ Ak -—--f<p(> vk [

= AK TR AR T T,
We shall show that I; = 0 (1), I, =0 (1)
Let us consider Too Let | @ (t) | <5 for 028 It is possible to
choose such a § > 0, since ¢ (7 )~ as - 0.
sin? L 3t sin? n it
[?(t‘)l Slﬂz‘%t d+ fl(p(t)ISiDZ%t dt
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1. Suppose f(x) s L [—w,n], and periodic with period 27,

Let
{i.n - z (@, cosmx-+ by sin 1, %) = ZAn,
‘be the Fourier series of f{x) with an infinity of gaps (nk, nk+y) such that
Bfeyy — > 0. .

We shall be concerned in this note with the series

{1.2) z(s"k “J) s

e

k
where sq.== p;Z,'IA,,p and s is an appropriate number independent of n.

Let
¢ (8) = flx+£) + fla— 1) — 25}

2. We prove the following theorems.

Taeoreym 1. If f(x) is bounded and if : .

2.1) Z(nk L ﬂh) is convergent, then (1.2) is absolutely convergent
+1 " Tk
Taeorem 2. If (i) -'-i-’filal, as ko0,
- -
1~—~——-~)-—=O 1
) o " g (152 ) =0,

(131) Z'I-ii: is convergent,

\

then (1.2) is absolutely convergent, where w(9) is the modulus of continuity of S(x).
UM 16
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S, =S
hence the convergence of z "k

z(ﬂkﬂiﬂk)'

Proof of Theorsm 2.

follows from the convergence of

B

o ‘ o .
By a method similar to the one used by Tomic? and under thé condi-
tions of the theorem, we have ‘ '

|sme—s|=0(D),

S, S —0 l_)
ny, - (n ‘
5

5,
Mg

Hence the convergence of z; follows from the convergence of

N
1
"
Proof of Theorem 3.

Sng

:‘i =An1 +Anz+ . -+An;:“'.)'
; n; '
Now, under the conditions of the theorem, we have?

@y =0 (—rz}k)

and hence

Thus

5= 3] <a{Umtlngt o4 Um) +1s| -
N % ’
where 4 is an absolute constant. Therefore

SR

1. Tomié (2).
2. Noble (1).
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