CHAPTER VI
SHADOWING PROPERTY ON TOPOLOGICAL SPACES

In this Chapter we define and study the notion of shadowing property
on topological spaces. We recall the definition of §-pseudo orbit for a

continuous map f defined on a metric space (X ,d). A sequence {x, :i>0}
of points of X is said to be a §-pseudo orbit for f, if for each
i20, d(f(x,),x,,)<d. But this is equivalent to saying (f(x,).x.,)e 4s .
where 45 ={(x,y)]d(x,y)<5}. Observe that 45 is a subset of XxX

containing the diagonal. Similarly we observe that if a 6§ —pseudo orbit for f is
e-traced by a point x in X, then for each i20, d(f'(x),x)<¢e or

equivalently (f°(x),x,) e 4,, where 4, ={(x,y)|d(x,y) < €}. Thus we can say
that map f has shadowing property if for given £ >0 there is a 6 >0 such
that for every 4; -pseudo orbit {x, :i>0}of f, thereisapoint x in X 4,-
tracing {x, :i=0}.

Above observations motivate definition of shadowing property for
continuous maps on general topological spaces. In Section 1, we define the
notion of shadowing property in topological setting, give examples and study
properties of maps possessing 4 -shadowing property. In Section 2, we define
the concept of positively expansive maps termed as positive A -expansive

maps on a topological space X, study examples of such maps and observe

their properties. Recently Wiseman and Richeson [37] have defined the
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concept of topologically positively expansive maps. We show that every
topologically positively expansive map is positively 4-expansive for some
subset 4 of X xX containing the diagonal of X but converse need not be
true. In Section 3, we define the concept of topological stability for a
continuous map on a topological space. We recall that [5] topological Anosov
maps (positive expansive maps having shadowing property) defined on
compact metric space are always topologically stable in the class of
homeomorphisms. We obtain similar results for positively 4 -expansive maps

having 4 -shadowing property.

1. 4-shadowing property: Definitions, examples and properties.
In this Section, we define the notion of shadowing property in

topological setting, give examples and study various properties of such maps.

Definition 6.1.1. Let X be a topological space and let /: X > X be a

continuous map. Suppose 4 and B are subsefs of X xX containing the

diagonal {(x,x):xe X}of X .

(a) A sequence {x, :a<i<b} is said to be B-pseudo orbit for f if for each i,
a<i<b-1 we have (f(x,),x,,) €B.

(b) A B-pseudo orbit {x, :a<i<b} for f is said to be A-fraced by a point x of
X ,ifforeach i, a<i<b, (f'(x),x,)e 4.

If £ is bijective then —w<a<b<w, otherwise 0<a<b<w.
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(c) Map f is said to have A4-shadowing property if there is a subset B of
X x X containing the diagonal such that every B-pseudo orbit for f is 4-

traced by a point of X .

If a continuous map f defined on a metric space (X,d) has
shadowing property, then by definition for any £>0, f has 4, -shadowing

property. We observe through examples that converse need not be true. That
is there are maps on a metric space which do not have shadowing property
but has 4 -shadowing property for some subset 4 of X x X containing the
diagonal. Before giving examples we discuss some properties of maps

possessing A4 -shadowing property.

Theorem 6.1.2. Let X be a fopological space and let f:X > X be a

continuous map. If f has the A4-shadowing property, then f* has the A-

shadowing property for every k > 0.

Proof. Choose & >0 and fix it. Since f has the 4-shadowing property, there

is a subset B of X x X containing the diagonal such that every B -pseudo

orbit for f is A-traced by a point of X . We show that every B -pseudo orbit
for f* is A-traced by some point of X Let {x,:n20}be a B-pseudo orbit

for £*. Then for each n >0, f k (x,),x,.1) € B. Construct sequence {y,:i >0}

as follows: {y,:i=0} =
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Vim, =f7(x,), for 0<j<k-1 and each n>0. We show that {y,:i20} is
a B-pseudo orbit for f. In fact, if 0<i<nk-2,n>0, then (f(3),5,41)=
(fM'x,), /7 (x,)) € B, as B contains the diagonal and if i=#in-1, then
GOy =0 "(x,,),xm,)eB because {x,:n>0} is a B-pseudo orbit for
f k. Since S/ has the 4-shadowing property, {y,:i>0}is 4-traced by a point
of X, say y. Thus for each i>0, (f'(y),y,)e 4. In particular for each

i=kn, n20, (f’m(y),y,m)eA. But y, =x, implies ((fk)”(y),x,,)eA. This

proves {x,:n>0}is A-traced by y.

Next result relates the 4-shadowing property of a homeomorphism

defined on a topological space with 4 -shadowing property of its inverse.

Theorem 6.1.3. Let X be a Hausdorff topological space and let f:X > X

be a homeomorphism. If f has the A-shadowing properly, then so does
s
Proof. Since f has the 4-shadowing property, there is a subset B of X x X

containing the diagonal such that every B-pseudo orbit for f is A-traced by

a point of X'. We can assume without loss of generality that B is symmetric.
We complete the proof by showing that every (7~ x 7' )( B)-pseudo orbit for
flis A-traced by a point of X . Let{x, :ieZ}bea (! x f1)(B)-pseudo

orbit for 1. Then (f7'(x).x.)e(FIxfYB) which implies
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(%, f(x,41)€ B and hence for each ieZ, (x_,f(x_,)eB. Put x_ =y, for
each ieZ and observe that (f(y,,),»,)e B since B is symmetric. This

proves {y,:ieZ}is a B-pseudo orbit for f and hence is 4-traced by some

point y of X. Thus for each ieZ, (/™)' x)=("(),y_,)e 4 and

therefore {x, :ie Z}is A-traced by y.

Following theorem shows that A4-shadowing is a dynamical property

since it is preserved under topological conjugacy.

Theorem 6.1.4. Let X be a topological space and let f:X —>X be a
continuous map. Suppose Y is a topological space and h:X —»>Y is a
homeomorphism. Then f has the A-shadowing property if and only if
g=hm"1 Y > Y has the (hxh)(A)-shadowing property.

Proof. We denote (hxh) by H. Suppose f has the 4-shadowing property.
Then we show that gzhﬂ%‘1 has H (A4)-shadowing property. Since f has

the A-shadowing property, there is a subset B of X'x X containing the

diagonal such that every B-pseudo orbit for f is A-traced by a point of X .
We complete this part of the theorem by showing that every H(B)-pseudo
orbit for g is H(4)-traced by a point of Y. Let {y, :i>0} be a H(B)-pseudo

orbit for g. Then foreach i >0

() yu) € HB) = (B (), i (v e B.
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Set 1~ (y,)==x,. Then for each i>0, (f(x)), x,,1) € B and therefore {x, :i>0}
is A4-traced by some point x of X . Hence foreach i>0,

(f (x),x;) € A= (hf" (x), h(x,)) € (hx h)(4) = (&' (h(x)), y,) € H(4).
This proves pseudo orbit {y, :i>0} for gis H(4)-traced by the point A(x) of

Y.

Example 6.1.5. (a) All the spaces consider here carry usual topology. Let
X =[0,1) and define f:X - X by f(x)=z—%-—. We show here that f has
~3X

the 4-shadowing property, where 4 is a subset of XxX containing the

diagonal and 4 does not contain 4, for any £>0. Observe that fis a

homeomorphism. Consider the homeomorphisms #:[0,%) —[0,1) defined by

2

h(x)=—
x“+1

and g:[0,0)—>[0,:0) given by g(x)=x/2. Then g being a

contraction map has the A4.-shadowing property for any £>0. Set
A= (hxh)(4;). Observe that by Theorem 6.1.4, hgh~1 :[0,1) »[0,1) has 4-

shadowing property. Since hgh"l =f, f has A-shadowing property. Note

that

A=hxh)(4)={(u,v):u= X—g<y<x+eg,x,y20}

x°+1 ye+1

does not contain 4, forany £>0.
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Recall that shadowing property of a map f defined on a compact
metric space (X,d) is preserved under conjugacy. Example 6.1.5(b) justifies
the necessity of compactness in the above phenomena. But the situation is
different here. Following example shows that 4 -shadowing property can be
preserved under conjugacy for non compact metric space, where 4 is a
subset of X'xX containing the diagonal and 4 does not contain 4, for any
£>0. Note that if f has 4-shadowing property, then f has D-shadowing
property forany Do 4.

6.1.5(b) Consider the topological space R and (-1,1) with the Euclidean

-2 ifx<0 .
topology. Define 2:R —» (-1,1) by A(x) = x= andmap g:R->R
X if x20
x+1

by g(x)=2x. Then g has the A4;-shadowing property for every 6 >0 as it

has the shadowing property, where 4;={(x,y):x-d<y<x+56}. By
Theorem 6.1.4, hgh™':(-1, 1)~ (-1,1) has the Bj;—shadowing property,

where Bs=(gx g)(4s). Note  that hgh™\(x) is given

2x .
-—,if x<0
byhgh™ (x) = o and is a homeomorphism on (-1,1). Define
=X if x20
x+1
hgh (%), f xe (-1, 1)
Fi-L1-[-1,1 by f(x)={-1, if x=-1 . Then f has the 4-

1, if x=1
shadowing property, where 4=B;=(gxg)(4;) v{LD.(-L-D}. Now
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Fixf ={~1,0,1} and f satisfies the hypothesis of Theorem 3.3.1. Therefore
f does not have the shadowing property but f has the A -shadowing
property for some subset 4 of [-1, 1]x[-1,1] -containing the diagonal of

[-L1].

We now study condition under which product map has the A-
shadowing property.
Theorem 6.1.6. Let X, Y be fopological spaces, f: X —>X and h:Y —> Y be

continuous maps. Suppose f has A -shadowing property and hhas B-
shadowing property. Then fxh:XxY-»XxY has the g (4xB)-
shadowing  property, where g:(XxY)? - X2xY? is defined by

g(x:ysusv) = ((xau):(ysv))'
Proof. Since f has the 4-shadowing property, there is a subset C of X x X
containing the diagonal such that every C-pseudo orbit for S is A-traced by

a point of X'. Similarly B-shadowing property of 4 implies there exists a
subset D of ¥YxY containing the diagonal of Y such that every D-pseudo

orbit for 4 is B-traced by a point of Y. In order to show that fxh has the
g”'(4x B) -shadowing property, we show that every 2 1(Cx D) -pseudo orbit
for fxhis g7'(4x B)-traced by a point of XxY . Let {z,=(x,,3,):i>0}be a
g (CxD)-pseudo  orbit for fxh. Then for each i> 0,
((f xhXz,),2,1) € g7 (Cx D), which implies

g(f(xz)3h(y;)5xz+lsy¢+l) € CXD
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and hence foreach 120

(fG)x) e C and (B(y,),y) € D.
Thus {x,:i=0}and {y,:i20} are C-pseudo orbit and D-pseudo orbit for f
and h respectively. Hence there exist xe X and yeY suéh that {x, :i>0}is
A-traced by x and {y,:i20}is B-traced by y. But this means that for each
iz0

(f'(x).x)ed and (h'(y),y,)eB
which implies

(fxB)'(x,3), (%,,,)) €€ (4% B).

This completes the proof.

2, Positively A4 -expansive maps.
Recall that the notion of expansive homeomorphism is defined and
studied on topological spaces in [16]. We define here the concept of positively

expansive maps on topological spaces.

Definition 6.2.1. Let X be a topological space and let f:X—>X be a
continuous onto map. Map f is said to be positively 4 -expansive if for each

pair of points x,yeX with x# y, there exists a non negative integer » such

that (f*(x), /") e 4.
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Example 6.2.2. Consider the family of tent map {f| :se[ﬁ, 21}, where

. s if x€[0,1]
£, 110,21 > [0, 2] is defined by f(x) = {S(z x fre[L2]
Let 4, be the subset of [0,1]x[0,1] containing the diagonal of [0,1]and

s+1 4

bounded by the curves f](x)=~—2—~—x and f,(x)= %x' Similarly 4, is a
S Ay

subset of [1, 2]x[1,2] containing the diagonal of [1,2] and bounded by the

4S+2x~-~i‘?—. For each s,
s+1

4s s+1 5
+ x* and x) =
4s+2 4s+2 J4®) s+1

curves fi(x) =
se[ﬁ, 2], f, is a positively 4-expansive map, where 4= 4, U 4,. Infact

(x, f(x)) € 4, for x such that 1 <x <2. Observing that whenever (x, y) e 4,

then y,>.i?:—'”—}—x2 and yzs%x we obtain an »>0 such that
5 8

"), ") e d, for x=y,x,yel0,2].

We now state some properties of positively 4 -expansive maps without
proof as they can be proved easily [16].

Theorem 6.2.3. (a) Let X and Y be topological spaces and let f: X — X be
a continuous onfo map. Suppose h: X — Y is a homeomorphism. Then f is
positively A-expansive if and only if g = Whl Y 7Y s positively (hx h)(A4)-
expansive, where Ac XxX.

6.2.3. (b) Let X, Y be topological spaces f:X - X, g:Y — Y be positively

A-expansive and positively B-expansive maps respectively. Then
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fxg:XxY > XxY is positively C-expansive, where C=h"'(4xB) and

hi(XxY)? - X2xY? is defined by h(x,y,u,v) = ((x,u),(y,v)).
6.2.3. (c) Let X be a paracompact Hausdorff space and let X be a uniformity

on it consisting of all neighborhoods of the diagonal. Suppose h: X — X is a

continuous onfo map such that K™, m=0 is uniformly continuous with respect

to X. Then h is positively A-expansive for some A in X implies h™, m#0 is

positively B -expansive for some B in X'.

Let f:X — X be a continuous map on a topological space X . A set
S is said to be invariant if f(S)=S. For a given subset 4 of X, let Inv4
denote the maximal invariant subset of A then

Invd = {x € 4|there exists....,x_;,x;,X;,...., € 4,
where x = x,and f(x,) = x;,, foreachk € Z}[37]. In the following result we

show that if f is positively 4-expansive, where 4 contains the diagonal,

then the largest invariant set in 4 is the diagonal of X .

Proposition 6.2.4. Let X be a fopological space and f:X > X be a

positively A-expansive map, where A is a subset of X x X containing the
diagonal. Then the largest invariant subset of A4 is the diagonal of X .

Proof. Set F = fx f. Then the maximal invariant subset of 4 is given by

InvA ={(x,y) e A|there exists...,(x_;, ¥_1),(Xg, Y0 )se-erees (X s Vi dpoen- € A
with (x,y) = (xq,¥,) and F((x,y)) = (¥441,Y4y) fOr €ach ke Z}.

Observe thatforall n>0
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F((xn-—layn-l)) =(fn(x):fn(y))=(xnayn)'
Suppose (x,y) e InvA. Then for each n20, (x,,y,)=(f"(x),f"(»)e4. But

f is positively 4-expansive and thereforex =y . Hence Inv4 c A, where A

is the diagonal of X . The reverse containment is obvious.

Recall that [37] a continuous map f on a topological space X is said

to be topologically positively expansive if for any neighborhood U of the
diagonal, there exists a closed neighborhood N cU with the property

NcInF(N) and InwN < A, where F= fx f. In the following theorem we
show that if f is topologically positively expansive, then f is always
positively A4-expansive f, for some subset 4 of XxX containing the

diagonal.

Theorem 6.2.5. Let X be a fopological space and f:X > X be a
continuous map. If f is topologically positively expansive, then f is always

positively A -expansive for some subset 4 of X xX which is a closed
neighborhood of the diagonal.

Proof. Let U be a neighborhood of the diagonal. Since f is topologically

positively expansive there exists a closed neighborhood N of the diagonal,

N c U with property N c ImF(N) and InvN < A. We show f is positively

N -expansive. Let x, ye X such that (f"(x),f"(y)eN for all n20. In

particular, x,yeNcImF(N). Therefore we get a sequence
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----- :(x—~2>y—2)a(x—1:y-—l)a(x05y0) =(x,y) in N such that

F((xg, 1) =g 1-¥141) Tor all k<0. Also by hypothesis for each k20,

Geroyi) = (F¥ (%), F¥()eN. This proves (x;,y;)e N for each integer k.
Hence as discussed in the proof of Proposition 6.2.4, (x,y) elnvN. But we
know InvN < A, therefore (x,y)e A. Hence x=y. This proves f is positively

N -expansive.

Recall example 6.1.5(a). The map [ defined there is a positively 4-
expansive map on the unit interval. But there do not exist any positively
expansive maps on the non trivial interval. Also for compact metric spaces the
notion of positively expansive maps and topologically positively expansive
maps coincides [37]. Therefore there exists no topologically positively
expansive map on a non-trivial interval but there exists a positively A-

expansive map on the interval.

Following is an example of a positively 4 -expansive map which is also
topologically positively expansive, where .A does not contain 45 for any
& >0. The topology taken on R in the following example can be referred from
[40].

Example 6.2.6. Consider the set of real numbers. For each irrational number
x, let {x,;} be a sequence of rational numbers converging to x in the
Euclidean topology. We define the topology = on R by declaring each {x}, x

a rational number open and basic open sets about irrational number x is
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given by U,(x) = {x,}, U{x}. Then intersection of every open set with respect
to = with R-Q is singleton. Therefore R-Q is a discrete subset of R.

Consider the product space Rx X with the product topology. Then for any

neighbourhood U of the diagonal let N; denote the & -neighbourhood of the
diagonal in the usual topology on R. The set
N=AURxR-QxQ)NNs U(RxR-Qxg)n N, is a closed neighbourhood
of the diagonal with respect to the topology = on R. Observe that N < N;
and N does not contain points of N; whose both the coordinates are rational
numbers. The map f:R — R defined by f(x)=2x is an N,-expansive map

and hence is N -expansive. Note that N does not contain N; forany 6 >0.

3. Topological A - stability.
Recall that topological Anosov maps defined on compact metric spaces
are always topologically stable in the class of homeomorphisms. A

homeomorphism f: X — X defined on a compact metric space X is said to

be topologically stable if for given £ >0 there is a § >0 such that for any

homeomorphism A: X — X with d(f(x),h(x))<J, for each x in X , there
exists a continuous map g:X — X satisfying d(g(x),(x)) <¢ and gh=/fg ie.
for any homeomorphism 7%, (f(x),h(x))e€ 45, where As; ={(x,y):d(x,y)<5}
there exists a continuous map g:X —> X satisfying gh=fg and

(g(x), x) € B, where B; ={(x,y):d(x,y) <&}.
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This motivates the following definition of topological A -stability. We define the

concept for continuous onto maps.

Definition 6.3.1. Let X be a topological space and f:X —» X be a

continuous onto map. Suppose 4 is a subset of X'xX containing the

diagonal. Map fis said to be fopologically A-stable if there is a subset B of

XxX containing the diagonal such that for any continuous onto map

h:X - X with (f(x),h(x))eB, xeX, there exists a continuous map

g: X — X satisfying (g(x),x)e 4, foreach xe X and gh=/g.

We prove the following theorem which relates positively 4-
expansive maps having B-shadowing property B -stability of the map. Recall
that in a topological space X, for subsets 4 and B of XxJX,
Ao B ={(x, z):there exists y ¢ X with (x,y) € B,(y,z) € 4}.

Theorem 6.3.2. Let X be a first countable Hausd‘orff space and g be a
uniformity on X consisting of all neighbourhoods of the diagonal. Suppose for
Aegp, f is positively A-expansive maps having B - shadowing
property, where Be g in such that BoBoBc A and Bis a symmetric
neighborhood of the diagonal, then f is topologically B - stable.

Proof. Since f has the B-shadowing property, there is subset C of XxX
containing the diagonal such that every C-pseudo orbit for f is B- traced by
a point of X. We show that tracing point is unique. Suppose a C- pseudo
orbit {x, : n=0} is B- traced by points x and y. Then for each n>0,
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(f"(x),x,)eB and (f"(y),x,)eB. But B is a symmetric subset of XxX

containing the diagonal. Therefore,

(f"(x),x,) B and (x,,/"(y)) €B
= ("), f"(»)e BB

Therefore for each n20, (f"(x),f"(¥)) € Bo Bc 4. By positive A-
expansivity of f, we have x=y. Thus, a C-pseudo orbit for f is uniguely
traced by a point of X'. Now we show that f is topologically B -stable. Let
h:X—>X be a continuous onto map such that for each xelX,
(f(x),h(x)) eC. Therefore for each n>0, (f(r"(x),h"™'(x))eC, which
implies {#": n>0} is a C-pseudo orbit for /. But f has the B-
shadowing property. Therefore there is a unique point p(x)e X such that for
each n=20, (f"(p(x),h"(x))eB. This is true for all xe X. Define map
p:X — X by x p(x). Since the tracing point of {A"(x)} is unique p is well
defined. Now for each xe X and all n20, (f"(p(x)),h"(x)) € B. In particular
for h(x)eXand for each nz20, (f"(p(),h(h"(x)))e B which implies
(S (p())h ™ (x) e B.

Also for each n>0, (f ™ (p(x)),h " (x)) € B i.e. (f*"(f(p(x),h " (x))eB.
This further implies (f"(p(x),f"f(p(x)))e BoBc C. Since f is positively
A- expansive, we get ph(x)=f(p(x) for all xe X and thus ph= fp. Again,

for each n>0 (f"(p(x)),h"(x))e B. Therefore in particular for. n=0,

(p(x),x) € B. Finally we prove that pis continuous. In order to show that pis
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continuous we show that if {x,} is a net in X such that x, »x then
p(x,)—> p(x). Since x,—»>x and # is a continuous map we have
h(x,) - h(x). This implies that there exists 4 such that (x,) e B[a(x)] for all
a = S, which implies (h(x,), h(x)) € B. Now, consider

(f(p(xy), f(p(x))=(p(h(x,)), p(h(x))
=(p (B (%)), h(xg))o (h(x,), h(x))
o(h(x), p(h(x)), forevery a>p
€ BoBoBc A, forevery a>p
Since p is a uniformity of all neighbourhoods of diagonal, for xe X, Ue g,

U(x) is a neighbourhood base at x. Therefore, if Ue p is suchthat 4cU,
then f(p(x, Nedlf(p(NIcU(f(p(x))), for all a=>p. This implies
f(p(x,)) = f(p(x)). But fis continuous, therefore p(x,) > p(x).

Thus whenever x, — x then p(x,) — p(x). Hence p is continuous.
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