
CHAPTER III

G- SHADOWING ON INVERSE LIMIT SPAC

The notion of inverse limit spaces have been studied extensively in the 

context of dynamical systems as well as in continuum theory and has been 

used as a tool to deal with many unsolved problems [24]. For instance one 

can recall that Williams [50] provides an early demonstration of the utility of 

the inverse limit constructions in dynamical systems. On the other hand in 

continuum theory many surprising and complicated examples have been 

constructed using inverse limits [24].

The inverse limit technique is particularly useful in those cases where it 

allows one to build complicated but useful structures out of simpler ones. 

Moreover, some dynamical properties of a continuous map f:X->X of a 

space X can be obtained by investigating the topological properties of the 

inverse limit space (Xf, cr), where <x is the shift map, and vice versa.

in this Chapter we relate the G -shadowing property of a continuous 

map / on a metric G -space with G -shadowing property of shift map a 

(under the diagonal action of G). We also study some maps on the closed 

unit interval I =[0,1] of R possessing / not possessing shadowing / Z2- 

shadowing property. In Section 1, we study the G -shadowing property of the 

shift map a on Xf induced by a continuous map / on a metric G -space X
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having G -shadowing property. In Section 2, observing that converse of the 

main result in Section 1 is not true, we find condition under which converse is 

true. In the last section, using results obtained earlier we illustrate through 

graphs some maps on the closed unit interval I = [0,1] of R possessing / not

possessing shadowing / Z2 -shadowing property. We also use these graphs 

to show that the notions of shadowing property and G -shadowing property 

are independent of each other.

1. G-shadowing of a from G -shadowing of /.

In this section we study the G -shadowing property of the shift map <x on 

the inverse limit space xf generated by a continuous map / on a G -space

X. Let X be a metric G -space with metric d. Recall that a continuous map 

f:X-±X is said to be a equivariant map if f{gx) = g/(x), for each geG 

and xeX. Map / being equivariant, we consider the diagonal action of G 

on Xf, defined by g(x,) = (gx,), for all geG and (x,)eXf. In the following 

theorem we derive the G -shadowing property of the shift map (X ! Xy —^ Xy 

from the G -shadowing of property /. We first observe the following lemma.

Lemma 3.1.1. Let (X, d) be a compact metric G-space, where G is 

compact. Then a continuous onto map f: X -> X satisfying the following 

property has the G -shadowing property.

“For each s> 0, there is a S> 0 such that if the points {x0, xl5....,xk} satisfy

that for each i, 0 < i < k-l, there exists g, e G such that d(gj(xt\ x(+1) < S,
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for some, then there exists an xeX such that for each i, 0 < i < k -1, there

exists p,eG satisfying d(fl (x), ptx,)<s

Proof. Let s>0 be given. By the hypothesis there is a S>0 such that if 

{x0,xj,.... ,x*} satisfy that for each i, 0<,i<k-l, there exists g,eG such

that d{gff (x^), xj+j) < 8, then there is an x in X such that

sd{f (x), p, x,) < —, for some p,eG, 0<i<k. In order to show that / has the

G-shadowing property we show that every S-Gpseudo orbit {x} :j> 0} for 

/ is e-traced by a point of X. Let {x7: j>0} be a S-G pseudo orbit for /. 

Then for each j > 0, there exists gj & G such that d(gjf(Xj), xJ+l) <S. Fix 

k > 0 and put zt=xt,0<i<k. Then {z,:0<i<k} is a 8-G pseudo orbit for 

/. From the hypothesis there exists a point zk in X such that for each 

i, 0 < / < k, there exists p* e G with

d(f'(zk)>P?z,)<~ (*)

Since (*) is true for each k> 0, we get a sequence {zk:k> 0} in the compact 

metric space X and hence there exists a convergent subsequence say 

{zkn : n>0} of {zk:k> 0}. Suppose zkn-+z as n -> oo. We show that

{Xj :j> 0} is s-traced by the point z of X. As zk z, for each j > 0, we 

have fJ{zkn) -> fJ(z) as This implies that for each j > 0 there is a

positive integer N} satisfying
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rf(/'(zO-/'(*))<§. for all "2: AO. (I)

and for any fixed k„,n>NJt corresponding to each i, 0 <i<k„, there exists 

pk” e G satisfying

Choose kn for each j > 0 such that n>N} and j<kn. Then (I) and (n) gives

This implies {x}: j > 0} is s-traced by the point z of I. Therefore / has the 

G -shadowing property.

Theorem 3.1.2. Let f be an equivariant onto self-map defined on a compact 

metric G-space X, where G is compact. If f has the G-shadowing 

property then the shift map a on the inverse limit space Xf has the G - 

shadowing property.

Proof. Let cc = diamX and let s> 0 be given. Choose iV>0 such that

(X s
0 < < —. From uniform continuity of fJ ,0 <, j <,2N, there exists y > 0

2 4

such that

(II)

d(pk/Xj, fJ(z)) < d(fJ(zkJ, pjn Zj) + d(fJ(zkn), fJ{z))

e s < — + —

d(x,y) <y=> d(fJ(x), fJO)) <f, 0<j<2N
O

(I)
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Since / has the G -shadowing property, there is a r > 0 such that every 

t-G pseudo orbit for / is y-traced by a point of X. Choose S such that

0<2NS <r. In view of Lemma 3.1.1, to show that <x has the G-shadowing 

property it is sufficient to show that every finite S-G pseudo orbit for a is 

s-traced by a point of Xf. Let {(xf): 0 <n<k} be a finite S-G pseudo orbit 

for a. This implies that for each n, 0<n<k-\, there exists gn<=G 

satisfying d{gna{x"), xf+1) < S which is equivalent to

and hence

Z-t „i,i <5

d{g„f(xn_N), xTn) , c
------------- ------------ < $2n

This proves {xf# :0<«<&} is a t-G pseudo orbit for /. Since / has the

G-shadowing property, {(x"N):0^n<k} is y-traced by a point of X, say,

y ■ Hence for each n, 0 <n£k, there exists kneG such that

d{f” (y)> kn x”N) < y (n)

Put y,^=f'(y), if iZO and yt_N e f~l(yl+l_N), for /<0. Then, y_N=y,

y^N+i-f(y),.....,yN~fw(y),....... Also for i<0, y,_N e/^Gv^) implies

/0,-x) = y,+i-N ■ Therefore, y = (y,) eXf. We show that {(xf): 0 < n < k) is 

s-traced by the point y of Xf. For each n,0<n<k, kneG, satisfying (II) 

also satisfies

d(crn(y),k„(xf)) f d(fn(yt), Kxt)Z-k ry[l\

fss-CO
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X^ld{fn{y,\kX), v <*(/"to.
” 2i o[i| A, old

i=-oo ^ »=-Af z

+ V *(/"(?»>. Mf)
2-i oi»i

j=A^+i ^
Observe that

yi1 d(/”(y,), knx") < yt1 cr 
2-i oi*l ~ 2^ ?]i| ©

/=-«5 ^ J=-00 ^ U

and

v ^totoiM)^
2L o].l g •

i=JV+l 1 5

Moreover (I) and (II) imply that for each n,0<n<k, and 0 < j < 2N, 

d(fn+J(y), fJ(k„xnN)) < |. Using successively, /(x") = x”4, we obtain
O

fJ{kn x"N) = kn x1N+J, 0 < j < 2N and hence

djf'toXkX)
L -|i|i=-N L

_d{fn{y_N),knx"N) d(fn(y_N+i),knx"N+l) 
2n 2n~1

. d(fn(y0), knx”) d(fn(yN),knxnN)
2° ......... 2n

_d(fn(y), knxn_N) , d(f"(f(y)% knx*N+l) . ,
---------------------------- --------------------------j------------------------------—;--------------- --------------r

. d(fn(f (y)\ knxn0) , , d(f\fN (y)% k„x"N)
"1------------------------------^------------------------r   . T---------------------

e/ ff/ £•/ e/ V
78 , 78 , , 78 , , 78 ^

2iv 2N~l 2° 2^ 8

Therefore for each «, 0 < n < A, there exists LsG such that
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rf(<7"00,*,K))<§ + y+§<s

Thus (Of):0<n<k} is e-traced by the point y eXf. Hence a has the 

G -shadowing property

2. G -shadowing of / from G -shadowing of cr.

Using the following result, we give an example of a map / not 

possessing G -shadowing property but a, generated by /, possessing G - 

shadowing property.

Lemma 3.2.1. Let f be a continuous self map on I = [0, 1] and let lf be the 

corresponding inverse limit space generated by f. Suppose the shift map 

cr: Iy -»lf has only two fixed points, say, p and q with p = (>,)”_«, and

q =(^,)“_00, such that p0 and q0 are the end points of /(I). Then the shift 

map cr has the shadowing property.

Proof. Since p=(pX=-*> ancl are fixed points of <r,

o-((i?,)"_co)=(p,)”_0o implies f(p,) = p, for each /eZ. In particular, f(Po) 

= p0 implies p0 is a fixed point of /. Note that p, = p0, for each ieZ. 

Similarly, for the fixed point q = , q,=q0, for each ie Z, and q0 is a

fixed point of /. Therefore p0, q0eFixf. In fact Fixf = {p0, q0}. For if 

z0 e Fixf, then that will create a third fixed point of cr which is not possible. 

Also, by hypothesis p0 and q0 are the end points of /(I). Therefore by
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Theorem 1.7 //(I): /(I) -» /(I) has the shadowing property. We consider the 

following two cases.

Case 1. Suppose / is an onto map. Then /(I) = I and p0^o,gQ=l. Thus by 

Theorem 1.7 / has the shadowing property which further implies by Theorem 

1.5 that a has the shadowing property.

Case 2. Suppose / is a non onto map. We show that there exists no (x,) e lf 

such that x, e 1-/(1). For, if such an i exists, then there exists no y e I such 

that f{y) = x,. But since (x,) elf, there is an i such that xM e I with 

f(x,_l) = xl. Therefore (x() e lf, implies x, g /(I), for each i e Z But 

4/(i): /(I) -> /(I) has the shadowing property, therefore a has the 

shadowing property.

Example 3.2.2. Consider the map /: I -> I

/(*) =

—+ if0<x<7
2 8 4

Ax-—, if l<x<-j|
4’ 4 16

13
16
X 1 3 r

• x, if — < x < 3
8

82 4
19 .. c i,-----X, lf|<x<fi16 8 16

4x-—, if — < x < I4’ 16 4

- + if | < x < 1 
2 8 4

defined by
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and suppose G = Z2 act on I by the usual action. That / is an equivariant 

map follows because -1/0) = /(I - x) for each xel. Further observe that 

/ is not a local homeomorphism as / is not an open map. Next, we show 

that / does not have the shadowing property. For an e, 0 < e < {, and any 

8 > 0, we choose a 8 -pseudo orbit (x,: i > 0} as follows: 

x0 =0, x, <=Us(f(x0)) such that xj > f(x0). Continue this process of

obtaining x,’s such that x, >x(_,, x, e £0(/0,_i)), / = 0,1,.....k-1 and

for some k. Take xw=|. Choose xk+2eUs(f(xk+l)) such 

that \ > xk+2 > f(xk+l). Continue this process of obtaining x,’s such that

I > > xm >.... > xk+l, x, e Us(f(xlAy), | xm -{|> f for some m. The

8 -pseudo orbit {x,} thus obtained is not f-traced by any point of I. Therefore 

/ does not have the shadowing property. In fact we have shown that /j[o ^

does not have the shadowing property. This further implies that the induced 

map /: I/Z2 ->■ I/Z2 does not have the shadowing property as it is conjugate 

to ./jj-Qij- Hence the map / does not have the Z2-shadowing property.

Finally, we show that the shift map a has the Z2-shadowing property. It is 

sufficient to show <r has the shadowing property. Since / is a non-onto map 

on I, (x,) e lf implies x, e /(I), for each i e Z. Also / is a equivariant map 

implies <j is an equivariant map and for <7 = cry we have But the

only fixed points of ay are Z2(\) and Z2(|), where p = p,p,p, ) for
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any pel. Also Z2{\) and Z2{\) are fixed points of /. Therefore by Lemma 

3.2.1, <j has the shadowing property and <r has the Z2-shadowing property.

Observe that the map / in above example is not a local 

homeomorphism. In the following result we obtain the conditions under which 

the converse of [Theorem 3 1 2 is true i

Theorem 3.2.3. Let f be an equivariant onto local homeomorphism defined 

on a compact metric G -space X, where G is compact. If the shift map a on 

Xf has the G -shadowing property then f has the G -shadowing property. 

Proof. Let e > 0 be given. Since o has G -shadowing property, there exists a 

S > 0 such that every S -G pseudo orbit for <r is s -traced by a point of Xf.

Choose N> 0 such that Oc^rcf, where a = diamX. Since / is a local

homeomorphism on a compact metric space, there exists y, 0 < y < f such 

that for each x e X, if U is a ^-neighborhood of x, then fp : U -» f(U) is a

homeomorphism. Also, for each j, \<\j\<N, fJ is uniformly continuous. 

Therefore there is an rj > 0 such that

d(x,y)<ij=>d (fJ (x), fJ O)) < y (I)

In order to show that / has the G -shadowing property we show that every 

rj-G pseudo orbit for / is £-traced by a point of X. Let {*”: n > 0} be a 

rj-G pseudo orbit for /. Then for each n > 0, there exists gneG such that

, (n)
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Consider the sequence {j": n > 0} constructed as follows:

y = 00 = xn,f(xn),..... ) i.e. >/, = f\xn) if i £ 0 and y, e r\yl+x) if / < 0

For each n > 0, gn e G satisfying (II) satisfies

—CO

. yr') , v J-r1)' ^ 2*
I==“ 00 

CO

+ s!=tf+l

2W

2W

We observe

-^djgJW.yr1) < -g12W
a

l=-oo

a a
-+ „2^+1 2Af+2 nN K o

Similarly, ]T ^~, Moreover from (I) and (U) for any n > 0
i=N+1

and for each j with 17 [< iV, d(fJ(gnf(xn)), fJ(xn+l)) < y < —. Since / is an
8

equivariant map, we obtain

(/(*"»,/'(*"*')) <f
O

Now consider

-(IU)

A? MOf)a
Z-i oH»=-JV z

d{gj{rN{xn)), rAv+1)) , d{gnf{rN+\xn)),rN+\xn+x)),
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oO
■ rf(g./(/'V))./V*1)) 

2“
3<? 

< —
8

This implies that {ytt:« > 0} is a S-G pseudo orbit for a. But a has the 

G -shadowing property. Therefore {yn \n> 0} is s -traced by a point of X/f 

say, y. Therefore for each n> 0, there is a Pn&G satisfying

d(cr"(y), pn yn) < s which implies £
l——CO

d{fn(yt\ Pny,") 
2W <s and hence we

obtain Pn y° ^ < s. But y[! = x„. Therefore, {xn : n > 0} is s -traced
2°

by the point y0 of X. Thus / has the G -shadowing property.

3. Maps on [0,1] possessing / not possessing Z2 -shadowing/shadowing 
property.

We study here some maps on the closed unit interval I of R 

possessing / not possessing the shadowing / G -shadowing property. First we 

give the following result which gives a class of maps on I not having the 

shadowing property.

Theorem 3.3.1. Let f be a continuous map defined on I with Fixf an at most 

countable nowhere dense set having at least three elements. For c, e Fixf, 

suppose /[c„c,+1] c [ct,cl+l], for some consecutive values of i, say n and 

n+1. If either f(x)> x or f(x) <x for all x e (c„, cn+l) u (cn+l, cn+2), then 

f does not have the shadowing property.
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Proof. It is sufficient to consider the case when Fixf = {c{, c2, c3}. Without loss 

of generality we can assume that c, <c2 <c3. Suppose f(x)> x' for all 

x € (Cj, c2)u(c2, e3). Choose an e>0 such that £<min{c2-cj.,c3-c2}. For 

a given S> 0 choose a S -pseudo orbit {x,: i > 0} as follows: Choose x0 = c,, 

xt ef/5(/(x0)), x2zlJs(f{xx)),.., such that c2 >x2 >f(xl)>xl >/(x0)>x0. 

This way we obtain an increasing sequence {x,} converging to c2 and 

therefore we find k > 0 such that xk e Us(c2). Thus we have points

x0,Xj, x* such that x, eUs(f(x,_{)), 0<i<k. We also have an i, say /

satisfying |x/-c1|>f. Next, take xk+l=c2 and continue the process of 

selecting x/s. Observe that we shall obtain m satisfying |xw-c2|>f. We 

first prove that the S -pseudo orbit {x,: i > 0} obtained in this manner is not f- 

traced by any point of I.

Obviously {x,: / > 0} is not |-traced by any point of I - C/£(q), because
4

\t~cx |>| if tel-UK{cx). We consider other possible cases:
4

Case (1) Suppose t e [cl5 cx +f). Then there is xm in (x,: i > 0} which is at a 

distance greater than f from fm(t) for any t e [c,, cx +f)

Case (2) Suppose t e (cx -f, c,]. If fn{t) e [0, c2j, for all n £: 0, then there is 

xm in {x,: / > 0} which is at a distance greater than f from fm(t). If 

f”(t) e [c2, c3], for all n> 0, then there is x{ in {x, :/>0} which is at a 

distance greater than f from fl(t).
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Therefore / does not have shadowing property.

Note. Let /: I -> I be a pseudoequivariant map such that the induced map / 

satisfies the hypothesis of the Theorem 3.3.1. Then the induced map f does 

not have the shadowing property and therefore / does not have the 

Z2-shadowing property.

The following result gives a family of maps on I having Z2-shadowing 

property. Recall the Theorem of Chen and Li [11] which says that if the only 

fixed points of a continuous map / on I are the end points of I then / has 

the shadowing property. Also, it is known that a uniformly piecewise linear 

map has the shadowing property if and only if it has the / linking property 

[10].

Theorem 3.3.2. Let / be a pseudoequivariant map defined on a Z2-space I. 

Then f has the Z2-shadowing property in each of the following case:

1. The only fixed points of the induced map f:I/Z2-»I/Z2 are the end 

points of the induced space I / Z2.

2. The map f is uniformly piecewise linear continuous having the linking 

property.
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Proof. 1. Since the only fixed points of / are the end points of 1/ Z2, by 

Theorem 1.7, / has the shadowing property. Therefore / has the 

Z2-shadowing property.

2. Since / is uniformly piecewise linear map and has the linking property, 

therefore by Theorem 1.8/ has the shadowing property and hence / has 

the Z2-shadowing property.

We now study graphs of some maps on I possessing / not possessing 

Z2-shadowing / shadowing property.

A. Consider the following graph of the map / on I defined by f{x) = x2. 

Since the only fixed points of / are end points of I, by Theorem 1.7, / has 

the shadowing property. Also / has the Z2-shadowing property. Therefore 

the shift map on the corresponding inverse limit space has the shadowing 

property as well as Z2-shadowing property.
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B. Observe that the map in the following graph has three fixed points and 

satisfies the hypothesis of Theorem 3.3.1. Therefore it does not have the 

shadowing property



C. Next is graph of an equivariant map /. Since only fixed points of the 

induced map / are the end points of I/Z2, therefore by Theorem 3.3.2, / 

has the Z2-shadowing property. From Theorem 3.1.2, we conclude that the 

corresponding shift map on the inverse limit space has the Z2-shadowing 

property.

D. Map in the following graph is uniformly continuous pseudoequivariant. 

Since the turning point j is not linked to any other turning point of / and 

hence by Theorem 1.8/ does not have the shadowing property. Since the 

induced map has the linking property, by Theorem 3.3.2 / has the 

Z2-shadowing property. Theorem 3.1.2 now implies that the shift map on the 

corresponding inverse limit space has the Z2-shadowing property.
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E. As observed in Example 3 2.2, map in the following graph has neither 

shadowing nor Z2 -shadowing property. But the shift map has the Z2- 

shadowing property.
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