
CHAPTER V

SOME APPLICATIONS OF G-SHADOWING PROPERTY

In this chapter we continue with our study of G-non wandering points, 

G-chain recurrent points of a continuous map / on a metric G-space X 

and obtain certain applications of G-shadowing property. Recall that if / is a 

continuous onto map defined on a compact metric space X and / has the 

shadowing property, then the set of non wandering points gets decomposed 

into smaller sets, called as basic sets.

In Section 1, we obtain such a decomposition for the set of G-non 

wandering points and use it to obtain a result similar to that of Theorem 1.15 

proved by Aoki [3].

In Section 2, we define the concept of periodic points on a metric 

G -space and call it as G -periodic points. We mainly study the behavior of the 

set of G-periodic points of a positively G-expansive map having the 

G-shadowing property.

In Section 3, we introduce notion of specification for homeomorphisms 

on metric G -spaces. We find conditions under which a homeomorphism on a 

compact metric G-space having G-shadowing has G-specification.

In section 4, we study relation of G-shadowing of a homeomorphism 

with minimality on G-space.
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1. Decomposition Theorem.

In this section we obtain a decomposition for the set of G-non 

wandering point of a continuous onto map defined on a compact metric 

G-space X and use it to show that (/) has the G-shadowing property, if

/ has the G-shadowing property.

The following result gives decomposition for the set of G-non 

wandering points.

Theorem 5.1.1 If a pseudoequivariant map f defined on a compact metric 

G-space X has the G-shadowing property, then QG(f) can be written as a 

disjoint union of sets Bp, where each Bp is an open subset of Q G(f).

Proof. S mce / has the G-shadowing property, by Theorem 4.4.11

QG(f)=CRc(f)■ For a given S>0, jc~G y is an equivalence relation on 

CRq(/) and Qg(/) = CRG(f) = {B p : fi e A} is the set of equivalence classes.

s
Let xe Bp then for every y<zBp, x~Qy. Take any yeBp. Then there 

exists finite S-Gpseudo orbits from x to y and y to x, say,

qx ={x=x0, x2,.........,xk=y) and 62 ={y=y0, yx, y2,.........,y,=x}. Since

0X is a finite S-G pseudo orbit for /, there is g0 e G, such that 

d(g0f(x0),xx)<S or d(g0f(x), xx)<S. This implies g0f(x)€Us(xx).

Continuity of map / implies there exists y, 0<y<j, such that 

f(Ur(x))c: gQlUs{xx). In order to show Bp is open we show that
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Ur(x)r\QG(f)<zBp. Let zeUr(x)r\ClG(f). We complete the proof by

<5
showing that y ~G z i.e. there is a finite 8-G pseudo orbit for / from y to z 

and z to y . Let y e Bp . Since dx is a finite 8 -G pseudo orbit for / from x to 

y and zel/ (x)nnG(/), therefore d[ = {z=x\,xx,x2,........,xk=y} is a

finite S-G pseudo orbit for / from z to y.

Now 02 is a finite 8- pseudo from ^ to x. Therefore there is a 

p'^ e G such that

x^<s

=> difip^y^), x) < 8, for some e G 

=> e

Observe that every point of 0X and 02 are in QG (/). For, consider a point x,

of 6,, then {x„ x,+1, xl+2,....,xk = y = y0, yi,~,yi = x = x0, x,,....,x,} is a finite

8-G pseudo orbit for / from x, to itself. Hence x, e Q G (/) .• Now 

jmgQg(/) and / has the G -shadowing property, therefore

/0)h3'w)6^g(/)' Hence /(P/_iTm)eUs(x)nQG(f). Since 7<j. we

consider the following two cases:

Casel f(p^y^)ecl[Ur(x)]nnG(f)

Then either /(pwTm) 6 U,(x) or f{Pi.xy^) is a limit point of Ur(x). If

fiPi-iyi-i)€ Ur(x), then {y=y0,yx,y2,........> yi-uz) ,s a finite ^-Gpseudo

orbit from y to z. If /(A-1T/-1) is a limit Point of UAX^ then there is 1 e ur&) 

such that d(f (Pi-i jv-i)>0 < Y ■ This implies
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d(f(Pi-1 yt-]), z) £ d(f(p,_ 1 j/w), 0+ z) < r + r < s

Therefore, {y=y0, yif y2>........ >yi-uz) |S again a finite S-Gpseudo orbit

from y to z.

Case 2. /(/?w yx.,) * cl{Uy(x)\nQa(f)

Since QG (/) is a compact subset of X, therefore cl[Ur{x)\nQG(f) is a 

compact subset of QG(f). Because f(px_ -i Tw)eQG(/) but

/CPm^m) 65 4^W]nflG(/), it follows that

dif{Pi-\ y\-1)» c/[f/r(x)] n QG(/)) > 0.

Also, there is t e cl[Uy(x)]r\QG(f) such that

d(J{p,-xyl-M<S (I)

Therefore, t e cl{Uy(x)) and z el/ (x) implies 

d(t,z) < d{t, x) + d(z, x) < 2y

Y
Since t e c/[t/r(x)]nOG(/), t t. Therefore there is a finite /-Gpseudo

orbit <93 = {/ = tQ, tu....This implies that there is q„eG such that

d{qnf{tn\t)<y. Consider

d{qnf{t„), z) < d{qnf(tn), t)+ d(t, z) < y + 2y = 3y < 8 
i-e- d(qnf(tn), z)<5 (II)

From (I) and (II) we have {y = y0, y^y^, t, tu....,tH,z} as a finite

S -G pseudo orbit y to z. Therefore in each case there is a finite

S-G pseudo orbit from j to z. Hence z e Bp which implies is open
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In the following theorem we show that if / has the G -shadowing 

property then so does /jn (/).

Theorem 5.1.2. Let f:X->X be a pseudoequivariant onto map defined on 

a compact metric G-space X, where G is compact. If f has the 

G-shadowing then so does f ,Q (/).

Proof. Let s > 0 be given. Since / has the G -shadowing property, there is a 

S >0 such that every S-Gpseudo orbit for / is ^--traced by a point of X. 

Also, G-shadowing of / implies QG(/) = CR0(f) = , where
0eA

Bp n Ba = $, a & ft. By Theorem 5.1.1, each Bp is open. Therefore, 

{Bp e A} is an open cover of Og (/). Compactness of QG (/) implies

there is a finite sub cover BUB2,.... ,Bn of Q0 (/). Hence QG (/) is a disjoint

union of open sets Bt and therefore each B, is a closed subset of Og (/) 

and hence compact. Thus 8lJ=d(Bl,BJ)> o, for all i, j, i*j. Let 

Sx = min{^ : i * j, 1 < i, j<n). Choose a such that 0 < a < min{^i, . In

order to show that /|n (/) has the G -shadowing property we show that every

a -G pseudo orbit for /jn (/) in QG (/) is e -traced by a point of Og (/). Let 

{x,: z > 0} be an a -G pseudo orbit for /jn (/) in QG (/). Then by the choice 

of a, {x,: i£ 0} c Bk, for some k. Take xp,xq e {x,: i>0}such that p<q.
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<5
Then xp, xq g Qq (f) implies xq~Gxp. Therefore there exist finite

S-Gpseudo orbits

0l={xp=yo,yl,....,yki = xg}

and

@1 = {*<, = ^0>Z1> = XP}

say. Put k = kl+k2 and construct a S-G pseudo orbit {r, :i>0} such that 

ht = XP• hi+j =yj>Q^j^k,, th+k, = xq and th+kl+J = zy, 0< j<k2. Since /

has the G-shadowing property {t, :?>0} is —traced by a point of X, say,

• This imP,ies that for each ^ 0 ’there exists l> e G such that

d(f(xpg),lltl)<~--------- (I)

=> d(fk,+J {xpq), lkl+Jtkl+J) < |, for all j,Q<j<k 

Consider the set T = cl({fh(xpq):i> 0}). Following are the two possible

cases.

Case 1. Suppose T is discrete. Then T is finite being closed subset of a 

compact set Therefore there is r> 0 such that fr(xpq) = xp q. Thus,

xP,g C/^-

Case 2. Suppose T is not discrete. Then by compactness of T, there is a 

subsequence {fk'n (xp q)} which is convergent. Let it converge to x'p i.e.

fh" (xM) -» x'pq as n -> co

=> there exists N > 0 such that d(fhn (xpq), x'p q) < ^, for all n > N.
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From (I) for each n, neN there is phn e G satisfying

d(Pki„ Hi„ > Xp,q) — ^(Pkin Gin ’ f " (xp,q )) + d(f " {xp_q X X p,q )

e s<—I— = s 2 2

But thn = xp. Thus , there is pkln e G such that d(pk,nxp,x’p>g) <s.\Ne show 

that x'pq e Q.G(f). Let p > 0 be given. Uniform continuity of / implies there 

exists an t]> 0 such that d(x,y)<T]=$d(f(x),f(y))</3. Also, 

fk'n(xpq) x’p(j implies there exists > 0 and N2> 0 such that 

d(fk‘n (xpq), x'pq) < rj, for all i„ > and d(fk'” (xpJ, x'pq) < p for all i„ > N2. 

This implies {x'Pig, fhn(xp g),x'p g} is a finite p-G pseudo orbit for /. 

Therefore x'p q e Og(/) .

Thus for xp,xg e{x, :/>0} there is a point x'pg eQG(/). Since 

xp,xg e {.x,: / > 0} is arbitrary, it follows that for each xp,xg e {*,: i > 0} with 

p<q, there exists x'pgeQG(f). Consider the sequence {x'pg} in nG (/). 

Since QG (/) is compact, a subsequence of {x’m} will converge. Suppose it 

converges to y. Since Q G (/) is a closed subset of X, it follows that 

y eQG (/). Since fK {xpq) -> x'pq and x'pq -> y, it follows that {*,: i > 0} is 

b -traced by the point y of X. Therefore /jn (/) has the G -shadowing

property.
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Let X be a compact metric G-space and f:X->X be a 

pseudoequivariant map having the G -shadowing property. Then by Theorem 

5.1.1 we have QG (/)= [JBp, where a p => BpnBa = ^. With the above
0eA

assumptions we have the following theorem.

Theorem 5.1.3. If U and V are open subsets of Bp then there is an n > 0 

and g e G such that Ung /"(F) <f>.

Proof. Let x,y e Bp such that x<=U and y e V. It is sufficient to show that 

for any £• >0, there exists «> 0 and g&G such that 

(ue(x))ngfn{UE(y))*<p. By Lemma 4.3.2 there exists an rj, 0<rj<s, such 

that for all xeX and geG, Uri(gx) cgU£(x). By Theorem 5.1.2, /,n (/)
G

has the G -shadowing property, therefore there exists a S > 0 such that every 

S-Gpseudo orbit in Bp is rj-traced by a point of Bp. Now x,yeBp<zQG(/)

implies x~G.y. Therefore there is a finite S-G pseudo orbit 

9 = {y = yQ,yx,....yk = x} from j to x. Since /|n (/) has the G -shadowing

property, it therefore follows 0 is ??-traced by a point of Bp, say, z. This 

implies that for each i,0<i<k, there exists pteG such that 

d(f'(z), p,y,) < ij. In particular for i = 0 and i = k, there are p0,pk e G such 

that d(z,p0y)<tj and d( fk(z), pkx) < rj. But d(z, p0y) < rj implies 

2 e Ujj (Poy) <= PouAy) ■ This implies
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/‘OOe/fo, 17,00).

Pseudoequivariancy of / implies there exists a peG such that

fk(z)epfk(Us(y)) (I)

Also, d{fk{z), pkx) <p implies fk(z)eUT)(pkx)c:pkUe(x) i.e.

fk(z)epkUe(x) (II)

Therefore from (I) and (II)

Pf\v,M)n

or g/k(Ue(y))nUe(x)*p, forsome geG.

2. G - periodic points.

In this section, we define the concept of G -periodic point of / a 

continuous map defined on a metric G -space X and relate it with a G -non 

wandering point of /.

Definition 5.2.1. Let X be a metric G -space and /: X -» X be a continuous 

map. A point x of X is said to be a G -periodic point of /if there is an integer

«>0 and geG such that fn(x)=gx.

Smallest such positive integer n is said to be the G - period of x. We denote 

the set of all G - periodic points of / by PerG(f).

Obviously, every periodic point of / is a G - periodic point of /. But 

converse need not be true. Refer Example 5.2.2(a) and 5.2.2(b).
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Example 5.2.2.(a) Consider the space, map and group G{ of Example 

2.1.2(c). It is observe there that X/G = {G1(O),G1(1),G1(-1)5G1(|),G10}.

Observe that ^ is not a periodic point of /. Also, /2(T)=|, /j2(i)=i.

Therefore, f2(\)= h~2 (|). This implies ±ePerG(f). Infact f2 (G(j)) =G(j)). 

Therefore by Proposition 5.2.4, every point of G(j) is a G-periodic point. 

Similarly, every point of G(j) is a G -periodic point.

5.2.2.(b)*l Note «ha, O^VV,^}. Here ,-£Pe%(/) and

{
,* I—1 I—

e'°,e 2,e,!t,e 2 .We observe that e 2 is not a G-periodic point of /.

In fact for any n, fn(e2)=e 2"+1 and for no n eN, fn(e2)=ge2, for any geG,

i.e. fn{e 2)* ge 2 for any neN and any geG. In fact Pera(f)={e,0,em}and

Per (/)={ei0}. Note that / is not a pseudoequivariant map.

5„2.2.(c) Consider S'1 and suppose G=Sl by the usual action complex

multiplication. Then for each e'e e Sl, G(e10) = Sl. If f :Sl Sl is defined as 

<?f{el0\=e2, then forg=<T^&Sl, f(e,0)= g.e10. Therefore e’9 e.PerG(f) and 

hence PerG(f)=X. Observe that here Per f={e'0}.

Remarks 5.2.3. (i) Examples 5.2.2(b) and 5.3 3(c) show that a point may be a 

G- periodic point with respect to one group but need not G-periodic with

—__________________________ _____________________________________________________________ 108
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respect another group. Thus G- periodicity of a point depends upon the 

action of the group.

(ii) If the action of G on X is transitive then every point of X is a G - periodic 

point for any continuous onto maps /on X.

(Ill) If x is a G -periodic point of a continuous onto map / defined defined on 

a metric G -space X then x is a G- non wandering point of /.

(iv) That G -non wandering point need not be a G -periodic point is justified by 

the following example.

Consider the map / on Sl and group G of Example 4.4.6. Then from from

2T 3 n
Example4.4.6 we have QG(/)={e'°,e 2,el'r,e 2} whereas PerG(f)={e’°,em}.

We first observe in the following result which relates G - periodic point 

of / and the periodic points of the induced map /.

Proposition 5.2.4. Let X be a metric G - space and f: X -»X be a 

pseudoequivariant map. If x&Xis a G- periodic point of f with period k, 

then every point of G(x) is a G- periodic point of f with period k. Moreover, 

a point x is a G- periodic point of f if and only if G(x) is a periodic point of

/•

Proof. Let x be a G-periodic point of / with period keN and let geG 

such that fk(x) Now for any teG, f being pseudoequivariant, 

fk(tx)=tfk(x)-t’gx=mx where m^t'geG. Therefore tx is a G- periodic 

point of / with period k'.
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Now if x is a G - periodic point of /, then there exists k > 0 and geG 

such that fk(x)=gx. For this k >0 fk (G(x))=G(fk (x)]=G(gx)=G(x), which 

implies G(x) is a periodic point of /.

Conversely, suppose G(x) is a periodic point of / with period k. Then,

/‘(G(x))=G(*)
=> g(/*(x))=G(x)

=> g.fk(x)=mx, for some g,me G.

=> fk(x)=lx

=> x is a G -periodic point of /.

The following result gives the relation between PerG(f) and QG(/).

Theorem 5.2.5. Let X be a compact metric G - space, with G - compact and 

let f: X -*■ X be an onto pseudoequivariant map. Suppose f is positively 

G -expansive map having G -shadowing property. Then the set of G -periodic 

points of f are dense in QG(f).

Proof. Let e be a G- expansive constant for / and s be such that 0<e<e 

and xeQG(f). We show that UE(x)nPerG(f)*0. Choose rj, 0 <rj<s such

that for each xeX and geG, gUn(x) czU£(gx). Since / has the G-
2

shadowing property, there is a £>0such that every S-Gpseudo orbit for / 

is t]- traced by a point of X. Also, G -shadowing of / implies 

Qg {f)=CRG (/) and (/) has the G-shadowing property. Since

x e QG(f)=CRG(f) there is a S-G pseudo orbit {x=xQ,xl,...,xk = x}.
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Consider the S-G pseudo orbit [y, :i>0}={* ,xu...,xk = x,xu...\ of f]sl i.e. 

for each *>0, i.e. for each /, yt = yk+l. G-shadowing property of
iGU)

implies {y, :i > 0} is tj- traced by a point of DG(/), say, y. Therefore for each

/ > 0, there exists p,eG such that d{f(y),p,y,) < tj . Also,

d(fk+,(y),pk+lyk+l) < n. But for each i> 0, y,=yk+,=Xj for' some

j, Q<j<k — l. This implies there exist Pi» Pk+i e G such that

< V and d(fk+'(y),pk.ixJ)< 77. Now, d(f‘(y),pJxJ)< tj implies

/' (y) 6U7] (P'Xj )C pJJc, (Xj )

=> d(p? f(y),Xj)<|

Similarly, d{p£k fk+,(y),Xj)<~.

=> d(p;1 f(y),pll,f(fk(y))) <s, for all i > 0.

But / positively G- expansive Therefore, G(y)=G(fk(y))

=> fk(y)=gy, for some geG 
=> y is a G - periodic point of /

Now for / = 0, there is p0eG such that d{pQy,x)<i]<s which implies 

PoyeUe{x). Since / is a pseudoequivariant map, every point of G{y) is a 

G-periodic point of /. Therefore, p0yeUe(x)nQG(f). Thus, G-periodic 

point of / are dense in Q0(/).
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3, G-specification.

In this section we discuss another application of G -expansive maps 

having G -shadowing property. We first define the necessary terminologies. 

Definition 5.3.1. Let f:X->X be a homeomorphism of a compact metric 

G -space. Then / is said to have G-specification if for any s > 0 there exists 

M = M{s) > 0 such that for any finite sequence of points

g2*2,....>gkxk eX, for some gl, g2,....,gk eG and for 2£j<k, choosing

any sequence of integers ay<b1<a2<b2<....<ak<bk such that

a} -bj__x >M{2 <j<k) and an integer p with p >M(bk -ay) there exists a 

point xe.X with fp{x) = gx, for some geG and satisfying

d(f'(x), pJ'iXj)) < s some p, eG and for a}<i<bp 1 < j < k.

In the following result we relate the G -specification with other 

dynamical properties.

Theorem 5.3.2 Let (X,d) be a compact metric G-space with G compact and 

d an invariant metric. Suppose f:X-*X is a G -expansive 

pseudoequivariant homeomorphism having the G -shadowing property. If for 

non-empty open sets U, V in X there is an N > 0 such that for all n>N

there exists g„eG satisfying Ungnfn(V) *<j>, for some p,eG then f has 

the G -specification.
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Proof. Let e > 0 be a G -expansive constant for / and take s such that

0<£r<—. Since / has the G-shadowing property, there exists £ >0 such 
2

that every 8-Gpseudo orbit for / is s-traced by a point of X. Let

5p = {Ux,U2,....,Um} be a finite open cover of X with U,*<p and diem £/,< — ,

for each i, i e {1,. By hypothesis for each open sets U„UJ there is 

Mt J > 0 such that for all n > MhJ there is g'neG satisfying

------ (I)

Let M = max{Mt J :l<i,j <m} and g\Xx,g2x2,.... ,gkxkeX, for some

£i>g2>—>gkeG ar|d f°r 2<j<,k, choosing any sequence of integers 

ax < bx < a2 < b2 <....<ak<bk such that a} -b}_x > M(2 £ j <k) and an integer

p with p>M + (bk -ax). Define ak+x = bk+x =p + ax, xk+x= f°l~°k+l(gxxx). By 

U(z) we mean an open bail U in p containing z. Since aJ+l ~b} >M, by (I) 

there is g'a x-b e G such that

U(fJ+1 (gJ+lxJ+x)) n g'aj+l_bj fa^b> (t/(/6' (gjXj))) * #

This implies there is y} e faj+1~bj (U(fbj (gjXj)))*0 such that 

faj+l~bj(yJ) = k'aj^bjy'J. Construct a 8-Gpseudo orbit {z, :/eZ} for / in X 

as follows:

z,=f(gjXj) if a j <i< bj 

%1-frP " VI G Z
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Since / has the G-shadowing property, {z, :ieZ) is e-traced by a point of 

X, say, x. Therefore for each ieZ, there is /,, l,+p e G such that

dif'&XljZ,) <s and d(f,+p(x),ll+pzl+p>) <s 

=> <s and d(f+p(x),ll+pz,) <s
=> for each / e Z, there exist /,, ll+p e G

satisfying

d{i;lpf'+p(x),i;lf'{x))<2s<e

But / is a G -expansive homeomorphism. Therefore G(fp(x)) = G(x). This 

implies fp(x) = gx, for some g e G. Also for a} < j or b<br z,= f(gjXj). 

Therefore, d(/' (jc), l,zl ) = d(f (x), /,/' (gjXj ))<s and fp (x) = gx. Therefore 

by definition / has the G -specification.

We now give a example of G -specification. We first recall the following 

terminologies from [22].

Let Z2 = {0,1}N, be space of all sequences of 0 and 1, with the metric

oo j i
rf(x,>0 = , where x = (x,), y = (y,) e Z2- Consider the natural shift

i~o 2

map a defined on Z2 by <x(x0xix2..... ) = (xjx2 ). Then it is observed that the

periodic points of a are dense in Z2 and also there is a point in Z2 whose 

<j-orbit is dense in Z2.say, y. Therefore for any open sets U and V in Z2 

there is a periodic point in each of U and V and also there is a point from the 

a -orbit of y in U and V. Hence a is a topologically mixing. Walters has 

proved in [48] that a is an expansive homeomorphism having shadowing 

property.
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Example 5.3.3. Consider two disjoint copies of Z2, say, Z1 and E2 having

one point in common, namely, 0 = (0,0,.... ). Let X = E1uZ2- We denote

points of Y! by x*, t = 1,2. Define a metric d on X by d(x, y) equal to zero

if both x = y, is Z~l, if xjeS' for same t, where l is the smallest integer

for which x? * yt, and it is one if x and y are in different Z'. Suppose

G = Z2 act on X by the action lx = x; -lx1 = x2 and -lx2 = x1. If crf denotes

the corresponding shift maps on E', then the map f:X->X defined by

fer,(x), if x e Zt _ . , , . ,
/ (x) = <{ is a Z2-expansive homeomorphism having

[(Tjfx), if x e Z2

Z2-shadowing property since induced map is expansive as well as the 

induced map has the shadowing property. Also the hypothesis of Theorem 

5.3.2 holds. Infact by the above discussion there is a point whose /-orbit is

dense each of Z'. Therefore union is dense in X Hence by Theorem 5 3.2, 

/ has Z2-specification.

4. G - minimality.

In this section we define the notion of minimality for a continuous self 

map on a metric G - space. Recall the definition of a minimal map on a metric 

space A map /is said to be a minimal map if for eachx e X, cl(Of(x)) = X.

Suppose the action of G on Xis trivial. Then for each xeX and geG,
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cl(Of(gx)) = X. This implies cl{\JOf(gx)) - X. This motivates our definition
geG

of G - minimal map.

Definition 5.4.1. Let X be a compact metric G-space and f-.X^-X be a 

continuous onto map. Then / is said to be G-minimal if for each x&X 

cHUOjteift-X.
geG

Remark 5.4.2. (i) Under the trivial action of G on X, both the notions of G- 

minimality and minimality coincides.

(H) If X is a compact metric G - space and continuous onto map /: X X is 

minimal then it is G - minimal.

Examples 5.4.3. (a) Let X = Sl and suppose G = Sl acts on X by the usual 

action of complex multiplication. We denote a point of Sl by its argument. 

Consider the map /;S'1-»S'1 defined byf(0) = 20. Also for 

0eSl,G(0) = Sl,0e[Q,2n). Now, for each 0eS\ choose geG such that 

g0 = 0', where 0' is an irrational number. ConsiderO/(^') = {/n(^')/«^0}- 

Then 0' being an irrational number, Of(0') is dense in S'1. Therefore 

X = cl(\JOf{g0)) implies / is an S'- minimal map. Since 0eSl is a fixed
geG

point of /, / is not a minimal map.
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Real Numbers {px,p2,...,pn} are said to be rationally independent if 

{px,p2,...,pn,l} are linearly independent over Q. Recall that a rotation / on 

T” defined by f{{0x,02,...,0n))={px+ px,02+p2,...,0n+pn) is minimal iff 

{px,p2,...,pn}are rationally independent [46].

5.4.3. (b) Consider n- dimensional Torus T” =Sl xSl...xSl.Suppose 

G^^ctson T” by the action 0(0x,02,...,0n)=(0+0x,02,...,0n). Defineamap 

h:T" -^T”by h(0x,02,...,0„)=(0x,02 + p2,...,0n +Pn), where {p2,p3,...,pn} are 

rationally independent. Then, since 0„(0X,02,...,0„) is dense in WxT"1 it 

follows that |JOh((0(0x,02,...,0n))) is dense in T". Therefore, h is G-
0e S'

minimal, h is not minimal as 0A((0,0,0,.»,0))is not dense in T".

Now if Gx=lk,k<n, acts on T" by the action 

(%>%>-,%) ('9x,02,...,0n) = then by a

similar argument hx: T" -> T" defined by

...,0j)= (£>,,*,,-A, + Pk+l’@k+2 + Pk+2,.-0n+Pn) where

{PM,Pk+2,-,P„} are rationally independent, is a T" minimal homeomorphism 

but not a minimal homeomorphism.

In the following result we characterize G-minimal homeomorphisms 

through G invariant, / -invariant subsets of a compact metric G -space X.
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Theorem 5.4.4. Let X be a compact metric G -space and f:X->X be a 

homeomorphism. Then / is G -minimal if and only if the only / -invariant 

G -invariant closed subset of X is either X or empty set.

Proof. Suppose G is a minimal homeomorphism and £ is a closed 

/ -invariant G -invariant subset ofX. If E = $, nothing to prove. Suppose 

E * <j> then we show that E = X. Since E is G - invariant, xeE and geG, 

gxeE. Also, E is / -invariant. Therefore f(E) = E. This implies for any xeE 

/" (gx) eE, for each geG and each n e Z.

=>Of(gx)<zE, forgeG,
=> \JOf(gx)<=.E

geG

=> cl([]Of(gx)) c E
geG

Therefore G - minimality of / implies E = X.

Conversely, suppose the only /-invariant G -invariant subset of X is either 

X or empty set. We show that / is a G -minimal homeomorphism. For 

xgX, yOy(gx) is an /-invariant G-invariant subset of X. Therefore,
geG

cl(\JOf{gx)) = X. This implies / is G-minimal.
geG

Further studying relation of G -minimality with G -shadowing, we 

observe first the following Lemmas.

Lemma 5.4.5. Let f :X -»X be a pseudoequivariant homeomorphism 

defined on a compact metric G - space with metric d, where G is compact. If

118



/ has the G - shadowing property then for given s>o and x e QG(/) there 

exists yeXand k = k(x,e)such that cl\Ojk (GO))Jc Ue(G(x)), where

Ue(G(x)) is a s-neighbourhood of G(x)with respect to metric dl on X/G 

induced by d.

Proof. Let s- > 0 be given. Since n is a uniformly continuous map, there 

exists > 0 such that for x,yeX,

d(x,y) <(3=>dx (x(x)My)) < j •

Choose an rj, o<tj<~, such that for each geG and each yeX,

gUjj(y) = Up(gy). Since / has the G-shadowing property, therefore there
1

exists d,0<S<Y< such that every 5-Gpseudo orbit for / is ^-traced by a

s
point of X. ForxeQG(/), consider the — - neighbourhood of X, say U.

Since x is a G-non wandering point of /, therefore there is an integer 

£>0and g'eG such that g'fk(U)r\U *<j>. Let z^gxfk{U)r\U, then there 

exists yeU such that z = g1fk(U)QU i.e. z- fk(gy)eU, for some g eG. 

Construct a £-periodic S-G pseudo orbit {y,: z e Z} for / as follows:

y„k = y> y»k+J = fJ (©0.1

i.e. {y,:i eZ}={...fk~\gy),y,f{gy),...,y,...}. But / has the G-shadowing 

property. Therefore {y,: / e Z} is t] - traced by a point of X, say, z. This 

implies for each / e Z, there exists p,eG such that d(f\z\plzp < rj.
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In particular for i = nk, there exists pnk e G such that

=* y « P*U,CT*(z» a f/£(d/”*(z»
2

=>4y,p-kf-(Z))<l

=>for each ns Z, d(p^fnk(z),x) < d(p~lfnk{z),y) + d(x,y)

fi S a 
<—+ — < B.

2 2
=> d\{^(P^kfnk{z)Mx))<~

^ dx{p(fnk{z),G(x))< j

=> fnk{G(z))sUr{Ct{x))
3

=> cl(0~k (G(z))) acl(Ue (G(x))) c t/(g(x))
3

Hence the proof.

In the following Lemma we observe that every point of a compact 

metric G-space Xis a G-non wandering point of a map / if / is a 

G-minimal map.

Lemma 5.4.6. Let Xbe a compact metric G - space, where G is compact 

and f-.X-±X is a pseudoequivariant G -minimal map. Then every point of 

X is a G - non wandering point off.

Proof. For a givene>0, let U = Us(x), xeX. Since /is G-minimal map, for 

eachyeX, cl(\JOf(gy)) = X. Therefore, there are g,,g2 eGand integers
geG

m,k>0with m<k, say, such that fm(giy),fk(g2y)eU 

Now, fm (gxy) e U => gt y e f~m (XJ)
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=>/‘(g^)6/*(f2gf1/-(t0)

=> fk{g2y) Ggfk~m(U), for some geG 

=$g fn(U)nU*0 

=> xeOG(/)

Since x in X is arbitrary, we obtain X = QG(/)

Theorem 5.4.7. Let X be a compact connected metric G - space with metric 

dand having more than one point, where G is compact then a pseudo 

equivariant G -minimal homeomorphism does not posses the G -shadowing 

property.

Proof. Since Xis compact therefore X/G is also compact. Let l=diamX/G

land s =-. Suppose /is a G- minimal homeomorphism by Lemma 5.4.6.

every point of X is a G- non wandering point of /. Therefore for each 

xeX, by Lemma 5.4.5. there exists yeXand k>0 such that 

cl(0.k(G(y)) a Us(G(x)), where Us(G(x)) is the s-neighbourhood of G(x)with

respect to metric dx on X/G. Since / is a homeomorphism.

LMUO,*(/’(S'))) = <;,(lku0,t(/'(S')))) = rf(U<5/(s')) = JT as / isa
7=0 geG 7=0 geG geG

G - minimal. We show that from connectedness and G -minimality we get, 

d{ U O k (gy)) = X. For suppose k=3. Let AJ = cl( [J 0 3 (fJ{gy)), j=0,1,2.
geG 3 geG

Then A1=f(A0) & A2=f2(A0). Connectedness of X implies A0,AUA2are 

not pairwise disjoint. Let zeA0nA1 then z,f(z)sA0. We claim
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thatB0 jJ/2(£0)=X, where B0 =c/(jj O 3(gz)). Let r e X be such that teA0.
geG

Then there exists {nj such that f3Pl {gniy)->t- 

Also ze^)

=> There exists {pj} such that f3p‘ {kPjy)->z.

=> f~3p' (k'Pz)-*y-

=> gnf3Pl (k'pz)-^gny. for each for some k'pj eG
=> /3"' rlp‘ *)}-*

=>

=> t e B0

Similarly if tef(A0) or /2(A0)then teB0 or tef2(B0). Hence, 

/2(B0)uB0=I. Again /2(B0)nB0#fl . Let we/2(50)n50. Then by similar 

argument we have c/((J O 3(gw))=X. But gw e 50 = c/( [J (gz)). This
geG 1 SeG

implies c/(\J O 3(gy))=X. Thus, in general there is yeX, k> 0 such that
geG 7

c/(U
geG

=> n{cl{ |J 0/fc (gy))) = zr(X) = X/G.
geG

But zr(a(lj0 .(gy)))c:C/(U^(gv)) and x(\JOfk(gy)) = Ofk(G(y)).
geG 1 geG geG

Therefore, XIGqCIO-fk(G(y))

=> cl(0}k(G(yj))=X/G
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But cl(0~k(G(y)))czUe(G(x)), implies X/GcUe(G(xj). Therefore l<2s,

which is not possible as /=j. Hence /does not have the G- shadowing 

property.
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