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CHAPTER-III

SCATTERING OF ELECTRONS BY He AND He LIKE IONS 

3.1 INTRODUCTION:

Inspired by the success of the He related problem with EBS and all other methods, 

which are presented in the previous chapter, now we concentrate on the ion problem with 

HHOB approximation in case of clastic scattering of electros from He like +ve ions : 

Li+, Be*2, B*3 and C*4 within the energy range 200 eV to 10 keV. The present work on 

the ion is initiated with large amount of data available for He atom 

(specifically Joachain et al & Desai H.S. and Rao) for the comparison of present theory. 

From the theoretical point of view the situation is nearly identical to that of He atom with 

only difference of nucleus charge and corresponding wave functions. Hartree-Fock 

parameter for the ground state wave functions given by Climenti & Roitee are used for He 

atom and He like ions. In this e-He,Li+linteraction process, we have evaluated first 

Bom term, real & imaginary part of second bom term, ochkur exchange approximation to 

calculate DCS at incident energies 200 to 10,000 eV for the elastic process. In the 

derivation of scattering amplitude for these problems, we consider the product of wave 

functions as summation of exponential terms. In general the exponetial term is operated 

with each term of product of Fourier transforms of the potential such that the problem 

carried with the He atom is generalized to He like ions with different atomic number Z. 

The evaluation of volume integrals is made simple with applying normalization condition 

for orbital wave functions before evaluating the integral with the total wave function. 

Symmetry occurred in various integrals are taken in to account for resultant evaluation 

very carefully through out these calculations. To obtain DCS, scattering amplitudes up to

the order 0(k^2) are evaluated for He atom an ions.
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3.2 FIRST BORN AMPLITUDE :

The first Born scattering amplitude is evaluated for He and He like ions . The 

scattering amplitude is basically developed for the case of He-atom, which can be 

generalized for He like ions.

Consider Elastic Scattering of electros by Ground State (Is) of He atom :[Z=2]

e + He (1a) -> e + He (1a*) (3.2.1)

HF - wave functions for the ground state of He atom:

Helium Is (2)

Basis 
n, X

Orbital
Exponents
a,

Expansion
Co-efficients

c,
IS a, c\

IS a2 C2

IS a3

V ,He (''nTz ) = 4$ (r, )tu (r2) , (3.2.2)

where* *u(r) -C\Xl +C2%2 +QZ3 *

where % = Nxrn-' e~arYim(0,9)in’* 1,/ = 0 ,nt = 0

= N^e"*' and N. =
(2a)n+A = 2 aA

4Arc [(2 n)\f

Now *u W = !L.[Ae”“’r +Be~ttir +Ce'an-, A= C\NXi, B = C2NXi C = C3NXi.

Now product of the initial and final state is

= I VHe{rx,r2) |2=| & (r,)l2| 4? <r2) |2 

whereof W|2=#/f (r)4tf (r)

= —[AV2flr,r + bV^'C V2"3' + 2ABe~la,+a*)r +2BCe^a^r +2ACe~{a'+a>)r] 
4 n

t2 6
9

(3.2.3)
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where y, : A2 B2 C2 2AB 2BC 2AC

a,: 2a, 2 a2 2a3 a,+a2 a2 +«3 a, +a3

Now the first Bom scattering amplitude is given by equation (1.2.19).

where Vfi =< | V(rur2) | y/t > is the interaction between incident electron and target.,

=-~ fa'" fa f^t-r+in7T+ Mf(n)\2\hf(r2)? (3.2.4)
n> I'o-fi Ko-'il

Let, the contribution of nucleus to the first Bom is

fi, =~faoe"r‘ fa, fa_A-^\\C m
rQ

= ~Ur^[-~-]\dr_,\C {r,)\2 \dr2\C {r2)\2
Ltt J /q j

[ v Normalized orbital ]

1 zj elqn> I 2 1
-----dr0 = -Zx2nx-x~

2n q q2 n * rQ

v 2 = ZX-7.

q
The contribution of one electron to the first Bom is

1 f . iar.tr f . r 1

2n
re\

JB\
fa„ e1”1 f<*i ~t] I *>.? <'i>l2l *>.? (>b) I2

I'o-'t

2#

/«

\dr0e'qr° ^—r] l^(fi)P J<*2 IA*fo)P
J J |r0-r, | J

l . /?%-/?/i ,,
Kf-------
•» |r0-r,lJ

70x/,

2ar

2/r

e'9('b-'i) < re'?rNow /0 = Jp--------: *0 = J rfr

2jr n giqrcasO
SinddO r2dr

o o

(3.2.5)
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„ 2 1 „ 2 ■2ltX — x — = 2?rx —
? 9 r

Now /, = |drx e'qn | |2 = \drx e^'
™ i=i

Considering one exponential term of 14>H? (r, )|2

/r
‘

AT_
4#

2 2a a to
r, \d<px \e,qr'™°'SmO{dOx |e~x*r?drx 

0 0 0

4k

2k,q 2A,Yi x2gx—x=Ny,x-
q [k/+q^r W+q1]1

=>/,=2iV2|;r<x A;

=>/«
q
6

,212

6

E
i=i

--L(2K^I)x2N2Yrlx-~r^,
2® a2 tf ' [2?+^],2i2

r»22>, A
ml (^»+92)2

We have =/m +/j,' +/, 

= /»+2>a [■••/a = /»*?]
iZx[4]+2l-4iv2S7i2Tiw]

q q ti(k:+q)

(3.2.7)

(3.2.8)

Equation (3.2.8 ) is the generalized first Bom approximation for the elastic scattering from 

ground state of [He or Zi'+l,5e+2,5+3,...) process.

3.3 IMAGINARY PART OF SECOND BORN AMPLITUDE ;

The systematic development of scattering amplitude of the order (k,x) is carried 

out with HHOB approximation for He like ions. First beginning with the case of He-atom 

then it is applied to the He-like +ve ions due to the symmetry of electronic structure.

Now the imaginary part of the second Bom amplitude in HHOB approximation 

equation (1.6.14) can be written as
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where Uf = (y/f fiq-p-p&r^ ,r2)V(p +p&r, ,r2)\Vt)

= J \y/fVV y/'drxdr2; yft=y/f= faf (r, )^f (r2) .

Considering Fourier form of the interaction potential, V() has the following form

V(p + M;r„r2): 2 *V + A2)^ 

1

and

n\q-p\~P&rur2) = —T
' " 2a:2 (| £ - p |2 +/?, )

£(/?-£> _]}

:.VV 1
2 (| £ - p |2 +A )(p2 + A2) p 

1

'£^>
*=i

4^(1 £~P I2 +A2)(P2+A2)
2 2 2>i ki , sr „'K?-p)£/-£/Z/] i(pb,+PiZi)

a
.7=1 y=l k*j

2^e'(pbl+/1‘:,)

J=! ;=i
+ (2)2

Considering the individual terms of the square bracket. 

Square terms :

lff\ ~----5---------- 2~—2---- 2------
^ >! Istiarettnu 4/T2(|£-p|2 +A)(P +A) • 7 ’-H 

For one square term
V/k'^ |^,) = Je'^ \4tf{rx)\2drx x Jk,f (r2)|2 dr2

= — re**-[f; y,e-x‘r']dLx x 1 = — 
An J i=i An /=i

Ax*™ (Xf+q2)2 ]

Both the square terms gives the same results, thus

vf i
Square terms 4K2 (| q ~ P f +Pf )(p2 + fi, )

2X N2 !./,[■ 2X,
2X2(Xf+q<)

Similarly following the above procedure for Cross terms :

(3.2.1)

(3.3.2)

(3.3.3)

(3.3.4)

(3..3..5)
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uf
2 2

Cross terms 4* 2 (\q-p\2 +fif )(p2 + fif ) V' ' ^ t?j
-{Vf e,(£~‘+M)\¥l)

(3.3.6)
For one cross term

{v,\ site-P)bj-firj] '(pb'.+fai) k>

|^(r|)|2 dr_x Je*(£s.+A».) |^(r2)|2 dr_2

— fe't(r£)^l iy e-V, rfr X^1 fe*Ei*+M irie-**]dr2 
4 n 1 i=i 4^r J j=i J

N2 ± 21 N2 * 21,
•2y,[4*7^3-!--------- ~r xT-^^ : r: 1

4# <=i (if +1 q~p |2 +P;) 4zr ^=1 2 (l2 + p2 + /?,2)

6 6 21, 2.X,
rM-rz-----=ah T.T.V v r-'=>'=' ,rjl(X2 + \q~p\2 +P2)21 L(X2 + p2 +Pf)2 

Both the cross terms gives the same results due to symmetric integrals. 

Thus U\
Cross terms

2 AT4
4x2(\q-p\2 +fih(P2+tf) 

Similarly for Single terrnl:

r( 2) _ 1

2X, 2X,6 6

55W’J wT+i e-Ef (x)v

uf, Single terrnl 4x2 (| q - p |2 +fi? )(p2 + 0f ) ''' J ^

For one single terrnl

(Wf \e^b'+^\¥f)=\e^b^ | <t>"e (>\) |2 dr, x f|<C(r2)|2 dr2

(3.3.7)

(3.3.8)

AT2 f ,(nK^.7Ar*, _iK,, . AT2®,

4#
f xl =£L.j:ri fe>(p^+/»(z,)e-M dtx
J /=! 4tf <=i J

N2 $. rA_ 2X,
'L/tl 4^r-4*Ci''1 (l?+p2+A2)2

Both the terms gives the same results, thus

]•

£/
2Ar

Ste«fe terrnl 4#2 (| q - p |2 +/?,2 )(/H + /?2 ) '=«" "(if + P* + # )
-£r,[- 21,■,2 , „2 i />2x2 (3.3.9)
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Similarly for Single term2:

u{ 1
Smgle term2 4x2(\q-p\2 +pf)(p2 + fif) V J ^

(3.3.10)
For one single term2 :

{v, \¥j) = IC(>l) I2 dr, x J| (r2) |» dr,

i^2 6
Sr4[4^- 2A,

4^r/=i"L '(4+k-pp +£2)2

Both the terms gives the same results, thus

]

if 2 W2
Zy,[4;r- 2A,

Swgfe ter«2 4?T2 (| q - £ |2 +pf ){p2 + pf ) »=1 ' (X2+\ q-pf +Pff

Now Constant trem:

u 1
Const term 4ft2 Qq- pf +pf )(p2 + pf )

(2)2

<^/|(2)2|r/>

4^2 Qq - P I2 +Pf )(p2 + pf)‘

(3.3.11)

(3.3.12)

A

+ Tf1)
Smgte ^ \J f
term term

**.-2*U?
Him I ' ter m2 1

Const
term

i
^2Qq-p\2 +P2)(p2+P2)

66 d w d

2 iv2Er,(-~) 1
I-dZ/Xf+q2

+2isr4si r,rj(-zrXjr)
i

,=! ,=i "'/'dX/'dZ/ (Z2, + \q-p\z +pf ) (A2. + p2 + pf)

_ 6 Q 1-2x2 N2Zy,{~)
m dA, (Xf +p2 + Pf)

•2x2 N^Yti-Ar) 1
i=i ' 8X,'(X2+\q-pf+Pf)

• + (2)2

(3.3.13)
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I

Evaluation of jdp integral:

Now different integral terms of (f~£- fi,£iP + P,£) dP are evaluated in the

closed form by taking individual terms of equation (3.3.13).
Square terms;

h 2 N2 6 Q 1t y 7—r dp
Art‘(l£-£f + P;)'=' K+q

2N2 f«. , a * i i
4xa J<=1 ' dX, (\q-p\2+P?){p2+pf)(£,+q2)

dp

dp

h2N2 l _9_ 1
4*4 M/(X?+q2)JGq~pl2+tf)(P2+tf)

2N2 6 9
Ipm-

4jc -=1 DX,

Where Ip[l] = 1 dp 1
(*t+<i2)J (I q-p I2 +A2)(p2 + A2) (^2+<?2)

where Il(pf,0) = Il(p2,X2)^ is defined in appendix [Al] 

Cross terms:

W,2,o),

f
2 Na 6 6 1

(3.3.14)

14n\\q-p\2 +p?)(p2 +pf)^\riYj(<dX^dx\x2i + \q-p\2 +P?) (X2 +p2 + p2) 

2N4 £ i, , 5 w 9 . f

dp

4n Gg-Pl" +A2)(p2 + #) C^+l2-£|" +p*+Pf)

(3.3.15)
2AT4 6 6 9 9

Where lp[2] = ~ (fl2 ,0) - (/j,! ,2;) - /, (ft2, A2) + 7,(ft2,1? ,a))\,
X, Xj

Integral in the above equation is derived in the form of integral /, and /4 using the 

method of partial fraction. Integral I4(P2,X2,X2) is defined in appendix [A2],

Single terml:

f -2x2N2 Id 1 ,
]4n4{\q-p\2+P?){p2+P?)JA dX/(X2+p2+P?)
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■2x2N2 «
An* Zr,(~) J;

M 5A, J (
dp

{\<1~P\2 +fi){p2+Pl){X2l+p* +Pf)

■2x2N2l , 3 xr
—s— ?. r, (-—) ip[3]4;r4 f=i BA,

Partial fraction is used for the above integral to obtain it in the form of /, . 

Where IpP] = i[/1W2,0)-/,(A,3,Af)].

Single term2:

-2x2 N2 6 din(-™)- -rfp
4^4(i£-£l2+A2)(P2+A2)'=« ' BA, (X2 + \q-p\2+fl2)

~2*2N2Ir )f___________ ________________
m 1 8/1, J(|j-p|2+A2)(/>2+A2)(/l?+|?-p|2+/?2)4;r

■2x2N2 * . d r._

Where Ip[4] = Ip[31 = -U/,(A2,0) -1, (ft2,A?)].
X,

Because the jdp integrals in single terml & single term2 are symmetric. 

Constant term:
t 2Z ,22 r dP
24>r4(| q-pf+fiXp2+ff)

22
= J-4-IplSl 

An
Where Ip[5] = J^.O).

Finally from the equations (3.2. ) to (3.2. )

-£
4rr‘ J(l9-p|2+A2)(P2+ff)

to /&-%■

4tt3

Jt/J? (g-p-p,i>p+fr£) dE

K

2M2 6 ft 2 JV4 6 6 S3
4# 4 <=i &V

-2x2N2 & , a r„
+ -7-4— £ r. IPl3l+ 

4;r4 »=i oX,

An* »=ij=\' " J dX, dXj

.ivOftr2 6 q o2^7LI r. W1+ fr M
4#4 ,<=i ai. 4®-

Thus the final form of the imaginary part is obtained as

(3.3.16)

(3.3.17)

(3.3.18)

(3.3.19)
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Thus the final form of the imaginary part is obtained as 

,,, 9N2 6 IN4 6 s

2x2TV2 6 1
“2—Ip[3],A,)] + (2)2-j—Ip[5] (3.3.20)

nkt i=i nkk
Here D{ Ip[ ],X,) represents the first order partial derivative with respect to X, and 

accordinglyD( Ip[ ],X,yXj) represents partial derivative with respect to X, and Xs.

Now taking the case of He like +ve ions equation (3.2. ) will have the form as
follows

VV _____ 1___________
4^2(|g-£|2 +#2)(/>2+#2)

+ ]C 2}e11
7=i k*J

g«(£*t+A*i>

J=I

Zj'e,<te-rtbrf}’Zj') 

j=i
+ (Z)2

=>ui}\i-p-fi,hp+p,i)

Single
term

+t/(2) Gross Z*Uj 
term

Single ~Z*JJ 
terml

m
f,

+ T T(2*Single U f. 
terml

Const
term

4n2(\q-p\2 +P?){p2+Pf)
2N

/=i oX, X,+q

+2N4 xsl -p p +tf) (A5 + / + A2)

-Zx2N2 £r,(-^-)-5----1__
/=i SZ, (Xz+pz+/3?)

6 ^ 1
-Zx2^2Er,(-”-)~5-----------------------L-i---------------5~

«=1 ' azr (z2+i2-£|2+^2)

Thus the generalised form of the imaginary part is obtained as

... 2AT2 6 21V4 6 6Im/Z =^Zrll-D(Wl,xl)]+~XZr,rJD(ipi2],x,,xJ)
JaCf »=1 Tut, 1=17=1

7k7Nz 6 „ 1-2 -4" ■ S/.HXIpl31,A,)]+(Z)2-f-Ip[5]
/“I TtKfc

(3.3

(3.3.22)
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3.4.1 REAL PART-1 OF SECOND BORN AMPLITUDE : 0(k,)

Now the real part of the order (k, *) of the second Bom amplitude, equation 

(1.6.12) can be written as

Rel fmA = jdp |  Uf (,q-p-pj,p + pj)dpz
P*~0,

(3.4.1)

The basic difference between this real part and imaginary part is only the principle value 

integral jdp, the evaluation of volume integral jdrx and jdr2 are same as imaginary

part. Replacing fit in equation (3.2.) by pz Uffi will be obtained as

Uf(y-P~ Pz&P+Pz%)

u{(2) Smxk + U(2)

Growterm

2xU'(2)

usm\ Jl term! J> Conn.term

1
4x2(\q-p\2 +p2:)(p2 + p2) 

66 d w d

21V2 !>,(-—-)
»=i"' dA/A2+q2

+Mrz£™-Jfc7tt!r)
=iy=T " J 'dA, '"dAj' (A*+ \q-p]2 +p2) (A2 +p2+ p2)

■2x2N2Zr,(~) 1 2x2N2Erl(~>
i=i 1 8At (Af +p2 + pi) '=i ‘ dA, (A2+\q-p\2 +p2)-+(2 y

(3.4.2)

Evaluation of jdp integral;

Now different integral terms of P jdp J...Uff (q-p-pj,p + pzi) are-oo Pa Pi
evaluated in the closed form by taking individual terms of equation (3.2.).

Square terms;

dp.fj ”f dp, 2 Nl £ , d 1
1 -Ip,- A 4^(1 q-p? +ply,p2 +p?)SM'ai,VW)
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2N2 £
2V(_ )

4^r4 ‘=1 ' 5/1, (A2 +q2)
pjjp j dpz

(Pz -P,)(\q-p I +Pz )(p2+p\)

2N2 <L
4 2r,(“—

4/r4 <=i ' dA,

Where Iprl[l] =
1

a?+?2)

00?Vp f
(Px-P,y\q-pv +p2)(p2+p2)

a1 +n2\ (A +# )

where l2{Pf,0) = /2(/?2,22)|^o is defined in appendix [A3]. 

Cross terms:

dpz 2 N4
pfdpj 6 6 d dPz~0, 4x4(\q-p\2 +p2)(p2 + pl)'B^/,rj^dA,^dAJ^X

1

(3.4.3)

1

2JV4 6 6 B B - %
1 4^5 5 ^ (ST)(ar)P ^ ^ _|2._2^_2._2

^+I2~£l2 +/?2)(;l5+/,2+/>z)

dPx

Xfz-P,)(\g-p\ +pz)(p +pI)

2N 4 6 6
4>r* 55w'(«rx«:),,rtp|-

__________ 1__________________ 1

(A2+\q-p\2 +p2) (A2 +p2+p2)_

(3.4.4)

Where Iprl[2] = -l-(-i-)[/2(^2,0)-/2(^2,^)-/2(^2,^) + /5(^2,^,25)],obtained
/Lj *

using partial fraction of integral of equation (3.3. ),where the integral I5 (fif ,A2,A2) is 

defined in appendix [A4].

Single terml:

P ldt f-OQ

dPz-2x2 N2 « _5_
Pz -fit ^4(\q-p\2+p2)(p2+p2),-7'K dA/

1

(Af+p2+pl)

<fyz

(Pz “ P, XI <1 - P I2 +Pz)(P2 + Pz X*? +P2+Pz)
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•2x2 jV2£ , 
-I Y,(r
i=i

") Iprl [3]Aka <=i"' dX,'

Partial fraction is used for the above integral to obtain it in the form of I2 

Where Iprl[3] = ~\l2{p2,0)-
A.

(3.4.5)

Single term2 :

•2x2 N2 6 <3 i

Pz-p, 4x4(\q~p\2+p2,Xp2+p2z)Z''K <tf+\q-p\2+pl)

dpz 122N2 l _5_ r , °°r
' 4»4mM aV J e l(Pz~mq-p\2 +p2z)(p2+p2z) tf+\<i-p\2 +p2z)

IN2 6 d= _2^Llr((-_^)lprl[4] (3.4.6)
4k i=i o/L,

Where Iprl[4] - Iprl[3| = - WM?)]-

Because the jdp integrals in single terml & single term2 are symmetric.

Constant term :

f, aj* dpz 22

^ “J,Pz-P, 4n\\q-p\2 +p2)(p2+p2)
__2^_ p f, °rdPz 

4k4 J E l(pz-P,){\q--p\2 +P2)(P2 +pI)

= ^llprl[5] (3.4.7)

4k

Where Iprl[5] = l2(tf>0).

Finally from the equations (3.4.3) to (3.4.7)

Rel f$A = -^P \dp ]-^-rUf(q-p-pJ,p + pJ)
ki -oo Pz Pi
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An2 2N2 6 d 9 M4 6 6 a alr,(-^).pr.[11+^rzs^/|:x^)ipri[2i
4#4 »=i

-2x2N2 A , S -2x2jV2 £ a 22
—^4 •§ r' Iprlf3,+“^4 2 r' (“ a^~} Iprlw+ 4^"Iprl{51

(3.4.8)

Thus the final form of the real part-1 0(kl!) is obtained as

2N2 6 2N4 6 6-T-Znh^dprlUl^Jl-^IS^DdpriPM,,^)
n k, *=1 jt k, »=i/=i J

2x2N2 & „ .....................1
+ 2

nlkl <=i
E r,[-£>( Iprl[3],A,)] - (2)2 Ipr2[5J

n k,
(3.4.9)

Here D(Iprl[ ],Xt) represents the first order partial derivative with respect to X, and 

accordingly Z)( Iprl[ ],A(,A7) represents partial derivative with respect to X, and X}.

Now as we discussed in the case of imaginary part for He like +ve ions equation 

(3.3.22) general form of real part-1 can be obtained as

rn 2N2 ± 2N4 6 6Rel/^^—^-EfJ-^IprlllbA,)]—j-EEr,r,i)(Iprl[2],A(,A^
nlk, <=i nlkt »=U=i J

+ 2
Zx2N2 £

n k, 1-1
Er([-£»(Iprl[3],A/)]-(Z)2 1

n2k,
Ipr2[5] (3.4.10)

3.4.2 REAL PART-2 OF SECOND BORN AMPLITUDE : 0(kf)

Now the real part of the order (k~2) of the second Bom amplitude, equation 

(1.6.13) can be written as

Re 7 =-Jhea
2nr d

t2 ap
uu

P \dl J’ dpz
■P,

(p2 +pl)Uf(q-p-pJ,p + pJ) (3.4.11)

The basic difference between this real part-1 and real part-2 is fdpz integral with

additional term (p2 + p2) in numerator and the whole expression is differentiated with 

respect to average excitation energy /?,.
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Evaluation of Jdp integral:

Now different integral terms of pjdp J^Pz(P + Pz^UjP (q-p-pz£,p +pzg) are

-oo Pz Pi

evaluated in the closed form by taking individual terms of equation (3.2.).

Square terms:

pKe 1
dpz(p2+p2z) 2 N2 6 Q J

-Zr,Pz-P, Aft\\q-p\2 +P:)(p2+P2Z)‘=1 ' dl, (X2+q2) 

IN2 « , d . 1 _ f dp
tt£riC-z^TH—i?\dp J- - - —4» /=i dX, (X2 + q2) J ~ (Pz-P.Xlq-p i2 +p2z)

2 N2 6 8^~Sn(-~)Ipr2[l].
4n i---i 8X,‘

■?ldE f; dp2
Where Ipr2Il]= ,(Xf+q2) J -i(Pz-P,)(\<l-P\Z+P2z)

h(Pf,0),
af+g2)

(3.4.12)

where /3 (y9,2,0) = /3 (f2, X2 )| is defined in appendix [A5].
< X—0

Cross terms:

dp*(p2+P2)P |dp p 2NA 65 d d+p,2Xp2+7!)'W'y'<H;)<ai;)x

1 1
C^+lf-p!2 + Pr) (^5 +P2 +p!)_

2N4 2,„ 4 is^(^-)(J-)pK J4/r4 <=0=1 1 dX, dXj J ~ J,
dpz

(.Pz-P,)(\q-p\2 +p2)

(A>+11~P I2 + T’2 + pl\
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2N4 6 6 8 8

4n i=i j=i 51, oAj
(3.4.13)

Where Ipr2[2] = ~y \l2{fif , l2) - 7S(/?,2, A2, A2)], obtained using partial fraction of
Af

integral of equation (3.3. ), where the integral 75(/?,2,lf,l2) is defined in appendix [A4J.

Single terml:

~ dpz(p2+p2)

?!di J-
-2x2 N2 6 8 1 

2r,(-~r)Pz-fi, Aft4{\q-p\2 +P2)(P +P2)>=1 51, (X2+p2+p2)

An4 »=i 51,'

-2x2A/2 6 5
4 Iy,(-~)lpr2[3]

(Pz - A XI q - p I2 +p2X-*? +p2 + p2)

4#4 i=i 51,

Partial fraction is used for the above integral to obtain it in the form of I2 . 

Where Ipr2[31 = I2(fif,X2).

(3.4.14)

Single term2:

pRe J
-2x2 N2 1dpz(p2+p2) ____________

pz-fi, 4tt4(\q-p\2 +p2)(p2+Pz)'='"' 5V(^+Itf-~Pl-+Pz)
6 Q

~y 2 , 1 _ _i2,„2>

dpz 1
4ft4 »=i 51, (Pz-AXi^-pl2 +Pz) (tf+lv-pf +Pz)i2 . „2>

2AT2 6 5
= -2fVE^(-”)Ipr2[41

4^- i=i 51,
(3.4.15)

Where Ipr2[4] = \ [/3 (fif ,0) - /3 (>9,2, l2)], considering partial fraction.
X,

Constant term;

P. -A 4<r1(|j-pf +p?)(pJ+Pz)
pjrfp J'4’-0’ + A)

—03

r/p£ J
dPz

4 ft* (Pz-m^-p i2 +p2)



81

4nA
Ipr2[5] (3.4.16)

Where Ipr2[5] = /3(/*,2,0).

Finally from the equations (3.3. ) to (3.3. )

2 it1 d
kf d/3,

- 2 x IN2 «

IN1 i. 8 2N4 6 6 8 8^S^-^)II,r2'11+^S5"2(ixii),pr2[21

2/,(-—) Ipr2|3|+
-2x2N2 <

4^r4 i=i 8X,
I r, (—rr-) Ipr2[4]+-f - Ipr2[51

4^4 /=i ‘ ax, 4^

(3.4.17)

Thus the final form of the real part-2 0(k,~2) is obtained as

Re2///lif =- 2.2 ^
k k, '=i

^ £>',r/B(IprtpW,•*,,£)

n k; i=i 2=1

2W2 6 21V2 6+ -17TIy([-£>(Ipr2[31,A„^)] + ^TSy,[-D(Ipr2l4],A<,A)] 
Tt k, i=i tv k, »=i

_(2)2 l^prflS],#)
2k2K (3.4.18)

Here D( Iprl[ ],A,,/?() represents the first order partial derivative with respect to A, 

and/?,. Similarly accordinglyD( Iprl[],AI,AJ,y9,)represents partial derivative with 

respect to A,, Ay and /?,.

In case of He like positive ions above equation will have the generalized form as 

Thus the final form of the real part-2 0(k~2) is obtained as

Re2fhl ~ir,l-D( Ipr2[l) ,2„ A)]—£-5 Zr,rjD( Ipr2[2 W.A,, A)
n kf 1=1 

AT2 6

tv kf <=i 2=1 

JV2 «
+ Z-^-y S y, [-D( Ipr2[3],A,,/?,)] + r< [-/)(Ipr2[4], A,, /?,)]

ruk; 1=1 7clkf »=i

' (%)z ttttt IPr2l^l» A)
2nlkf

(3.4.19)
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3.5 AVERAGE EXCITATION ENERGY :

In this HHOB approximation average excitation energy has an important roll in the 

interaction between incident electron and target electrons, which is obtained from dipole 

polarizibility. It is necessary to get proper normalization constant while working with 

wave functions and their volume integrals. It is clear that one electron orbital wave

function <j>\se (r) must be normalized before it is used in volume integral throughout the 

calculations. Applying the normalization condition to the wave function we get 

JU"»!2 dr = \,

where <j>H (r) ■ N
4Ak

[Ae~a>r + Be~a'r +Ce~a'r]; A = C\NXi, B = C2N^ C = C3A^ .Xi x,

r^LrAV2cr'r +BV2£VCV2“3' + 2AB<r(“'+fl> +2BCe-(a*+a')r +2A Ce~{a'+a')r]dr = 1 
J 4 it

2 6

I
t=l

2 6.Ml 
4jr £>

2k K OO 00

Now je~A,r dr_= ^d<p^Sin9d9^e~x,r r2dr = 2nx2 je~^r r2dr

(3.5.1)

o o

r(3)

N2 4,
Ait

=>N =

■ An 

2_ 

1/2

K
, An-rr
3 £

mttmJl 4 J

1=1 Ai

Zl2E
(3.5.2)

Now the average excitation energy in the case of two electron system is obtained from the 

dipole polarizibility which is given as

iW-2»)i2

« = 2£- 7=1

n*0 °>n ®0

. = ±£|<0|,-(r1+r2)|n}f 
nj „

(3.5.3)

where rl5r2 -> The position vectors of target electrons,

f -> Unit vector in the direction of incident electron, 

to -> Average excitation energy.

10} -> Ground state of the target
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Using the closure approximation, equation (3.5.3) is simplified to 

a = i(0|[r.(r, + r2)]2 |0)|=i<0|(z, + z2)2 |0>

g> m

a = f<0| (z, + z,z2 + z2)2 |0)

Now (0|z,2|0> = z? Jr, =£-£?,(^'zfdr,,

1=1

00 ffwhere je^r z\dr_x = 2jv J J(rCosOfSinO dd r^'dr
0 0 
1 n

•2xjx2dx j r4e x‘rdr =2rc
-i o

2 4! _ 32#
3 A? Af

H7r 1=1 A, ;=1 A,
=>(0|z,2 + z2|0> = 16iV2£A

1=1 'h

Now <0|z,z2|0) = \\<f>"e(rx)\2 z, drx (r2)|2 z2 </r2 

| <Pu Oi) |2 z\ <*t\ = J^r, je~A,r zxdrx
M
6 ® /r

2# J Jr Cos# Sin8 dO r2e~x'r dr
»=i o o
6 1 n

][] Yt 2it Jxdx J r3e-'?,rdr = 0
<=i -1 o

G> i=i A
.*.«=£ i6iv222“

a

(3.5.4)

(3.5.5)

In the present calculation atomic dipole polarizibilities are obtained from the work 

of A Dalgamo [table 5(b)], which are more accurate theoretical values. The excitation 

energy for various ions in their ground state is calculated from HF-parameters given in the 

table-1. In the table-2 dipole polarizibility and corresponding average excitation energy for 

each target are given.



Table-1
Hartree-Fock parameters for He, He like +ve ions
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Target
Orbital exponents

«1 «2 «3

Expansion Coefficients

Cx C2 c3

He 1.45286 2.77954 4.34600 0.82958 0.18334 0.00824

L+x 2.45055 4.57259 6.67032 0.89066 0.12328 0.00088

Be42 3.43071 5.63150 7.35143 0.89855 0.09068 0.02158

5+3 4.44422 7.90274 11.31380 0.930360 0.07786 0.00013

c44 5.44726 9.80425 14.61460 0.94428 0.06328 -0.00125

Table-2

Target a (10~24cm3) co (a2)

He 0.196 1.18478

Li+ 0.0286 3.07068

Be+2 0.00759 6.0292

B+3 0.00288 9.72251

c44 0.00132 14.3096
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3.6 EXCHANGE AMPLITUDE r

Finally for the consistent picture of DCS 0(k;2) we have included first term of the 

elastic exchange amplitude, using Ochkur approximation (Joachain, 1975) given as

8eih =-(2xfTe?h , (3.6.1)

where Tefh = \eiqr' | ^0(r„r2) P drxdr2,

where | y 0 (r,, r2) |:2 =| (r,) |21 (r2) |2.

Now Ia = je,qn |^(r,)|2 dr{\\^{r2)\2 dr2 = \e'^ \^{rx)f drx-\

-Yv. le-’-'e "‘-‘dr, =

X

4artj J 4art3' ' (A2+£ )<=i
6= 2^2XrJ-

2s2~ (A +q)
]• (3.6.2)

~ochgel
0-ri)
ln2k2

:2iv2|>,[
S"^2+92)2

A.

]

[-s......2 J-
* +q)

(3.6.3)

The elastic differential cross section is then derived real and imaginary contributions of the 

second Bom amplitude fB2 = fm + / B2 and the exchange amplitude. Following the

equations (3.2.8), (3.3.22), (3.4.10), (3.4.19) and (3.6.3) differential cross section is 

calculated as

da
d&
da
~dQ.

-|/si+R'=/M + S,7""+|ta/M

/«+R»>/ia+Re2/g.+*7* +to/^| (3.6.4)

The typical calculation of the DCS is evaluated through different function programs and 

using two different packages developed in the latest programming language (i) Turbo 

C++ and (ii) Mathemalica 2.2.

3-7 PROGRAMS:

3.7.1 Programs: Ccodes A14.c,A15.c.

The computer codes developed in the latest programming language in Turbo C++ 

are presented which calculates elastic scattering cross section as a function of scattering 

angle for electrons colliding with He atom or He like +ve ions in ground state . It is
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developed for the wave function made up of three IS basis functions. The DCS is 

computed in an independent particle approach through HHOB approximation up to the 

order k~2 according to equation (3.6.4). The exact target potential (i.e. configuration 

interaction potential) is considered with the Roolhaan Hartee-Foek wave function.

Apart from partial wave analysis Bom approximation gives consistent results in the 

case of electron ion scattering which is simpler than earlier. The computations are carried 

out in non-relativistic limit. Atomic units (h-e = me = 1) are used throughout.

Proeram description'. A14.C

The program structure A14.c has two parts main( ) function program and 

functions (i.e. subroutines) defined before it. The term fm, Imf!n and RelfB1 defined 

in section 3.3 and 3.4.1 are evaluated by this code. The corresponding values of these 

terms are displayed to the out put.

Function main() : The program start execution from this function.

1. Declaration statement: Define variables, constants and array in double-precision for 

accurate calculation up to more decimal places, in static mode

2. Input for HF parameters : File having parameter values for the target wave function 

is include in function main().: e.g. “I__E.He” for which the DCS is to be calculated.

3. Calculation of normalization constant: for loop evaluate equation (3.5.2).

4. Input of incident energy and amle: Incident electron energy E in eV, angular range 

lti’ and ‘tf as well as increment ‘me’ in the angle are given as inputs for the 

program.
5. Loop over amle : Angular range for DCS is assigned.

(i) Calculation of first Born amplitude_fBl: Evaluate the equation (3.2.8).

(ii) Calculation of Imaginary part of fB2 : Evaluate the equation (3.3.22). 

Identified by flag ‘flg=0’

Function PH( l) : compute derivative with respect to / using three 

point formula =

-calling function FH( / ) : compute Ip[l] of equation (3.3.14).
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-calling function II (/): compute /, (#2,0) of appendix [A!].

Derivative procedure is computed very carefully with proper step height in 

function programs computing partial derivative.

- Function DOKJf 11,12 ) : compute derivative with respect to 11 using the

three point formula.

-calling function D0J( 11,12 ) : compute derivative with respect to / 2 . 

-calling function F( 11,12): compute Ip[2] of equation (3.3.15).

-calling function (i) II (11): compute Ix of appendix [Al].

(ii) 14 (11,12 ) : compute I4(fi?,A2,Z2j) of appendix [A2].

- Function DHi( / ) ; compute derivative with respect to / using three

point formula.

-calling function FH1( /): compute Ip[3] of equation (3.3.16).

-calling function 11(G),Ilf/): compute Ix (J32,0), 7j (/?,2,l2) of [A 1 ].

- Addition of four terms of equation (3.3.22).

(iii) Calculation ofReal part-1 of fB1: Evaluate the equation (3.4.10).

Identified by flag ‘flg=0\

The program structure is same as that of imaginary part. The only difference 

is that the function 12 ( / ) and 15 (11,12 ) are called in place of II ( /) and 

14 (11,12 ) respectively.

End of function main( ).

Program description: A15.c

The program structure of A15.e is similar to A14.c. The term Re 2 fB1 defined in 

section 3.4.2 is evaluated by this code. The main difference is partial derivative w.r. to b 

is taken in addition to partial derivative w.r.to 11 and 12.

Calculation of real part-2 of fB2 : Evaluate the equation (3.4.19).

- Function DXB f /1 : compute first order derivative with respect to / using three

point formula.

-calling function DB( l, b ) : compute derivative with respect to b .

-calling function FH (l, b) : compute Ipr2[l] of equation (3.4.12);
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compute Ipr2[3] of equation (3.4.14); 

compute Ipr2[4J of equation (3.4.15);

-calling function 13(1, b) : compute I3(fif,l2) of appendix [A5].

-calling function 12 (I, b): compute l2(fi2,X2) of appendix [A3].

- Function DXYBf 11,12) :compute derivative with respect to 11 and 12 using four point

formula d^x’y^ = * h’y + ~ /(* + hy~h)-f(x-h,y + h) + f(x-h,y-h)
dxdy Ah1

-calling function DB1( 11,12,B): compute derivative with respect to b .

-calling function FH24( 11,12,b): compute Ipr2[2] of equation (3.4.13).

-calling function (i) 12 (11,b): compute 12(J32,2?) of appendix [A3], 

(ii) 15 (11,12,b ): compute Is(fi2 of appendix [A4],

Accuracy in the evaluation of partial derivative is very important for these 

calculations. Finding the first order as well as second order derivative numerically, proper 

step height must be chosen, otherwise random values are evaluated some times. So more 

accurate mathematical procedure is needed for calculation of the partial derivative.

The latest programming language ‘Mathematica’ provides such mathematical tool. 

Enough study and exercise of ‘Mathematica’ code made above calculations possible. 

It evaluates partial derivatives of any order for the given function. Symbolic expression is 

the important feature of this software, which is very useful for complex calculations. 

Along with the Turbo C code, the Mathematica codes have been developed. It became 

very useful for testing the ‘C’ program as well as cross checking of the calculations. The 

useful characteristics of this programming language are listed here.

1. Each variable and their assigned values are treated in double precision by default

2. It can do symbolic computation
3. Analytical form of integration, derivative, power series etc. is obtained.

4. Individual parts of the program can be executed.

3.7.2 Programs: Mathematica codes Imfb2.ma, Refb2tl.ma, Refb2t2.ma

The Mathematica codes presented here perform partial differentiation very 

accurately in sophisticated manner through its built-in function. The codes evaluate second 

Bom terms Im fB2, Rel fB2 and Re 2 fin in the elastic scattering of electrons from He
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iso-electronic series as a function of scattering angle according to equation (3.6.4) 

including the exchange effect.

Program description: Imfb2.ma

The window provided to edit and execute the program is called notebook in 

Mathematics The program written in the notebook can be divided in to different cells for 

individual execution of statements grouped in a cell. The program Imfb2.ma is divided in 

to four- cells. Finally all the cells are merged to execute the program in single click.

First Cell: It contains input data for elastic scattering process..

Atomic number, Dipole polarizibility, Incident energy, Starting angle and 

HF -parameters for the target.

Second Cell: It computes Normalization constant and Average excitation energy.

Third Cell : It is a Loop over angle calculates fm and Im fB1.

The angular range and increment in the angle are defined within the loop.

(i) Calculation of first Bom amplitude_fm: Evaluate the equation (3.2.8).

(ii) Calculation of Imaginary part of fB2 : Evaluate the equation (3.3.22). 

-Function II [ x_ ] and 14 [ x_, y_ ] are defined by symbolic expressions:

compute /j (fif, A2 ) and 14 {J32, Xf, A2 ) of appendix [A1 ,A2].

-Function D[ Ip[lJ, x ] : evaluate derivative of Ip[l] w.r. to x by symbolic

computation, where Ip[ ] is defined in section 3.3. 

D[Ip[l],x]/.x->/ : Value of x is replaced by / in the symbolic form. 

-Function D[ Ip[2j, x,y ] : evaluate derivative of Ip[2] w.r. to x and y by

symbolic computation.

D[ Ip[21,x,y ] /. { \->ll,y->l2 } : Value of x and y is replaced by 11 and 12 in

the symbolic form.

-Function Sum [ ImfB2t[i], {i,l,4} ]: Add four terms of equation (3.3.22).

Program description : Refb2tl.ma, Rcfb2t2.ma

The program structure of Refb2tl.ma and Imfb2.ma are the same except the use of 

functions I2[x_ ] and 15[x_, yj in place of Il[xJ and 14 [x_, yj respectively. It should 

be noted that roll of ‘Signm’ function is important in the evaluation of 12 [ ] and 15 [ ]. It
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must be evaluated just before the use of function 12 [ ] and 15 [ ]. Because ‘function calling 

function’ algorithm is not applied in this code as in the corresponding ‘C’ code.

In the program Refb2t2.ma function 13 [ ] is used in addition to function 12 [ J and 

15 [ J in code Refb2tl.ma. The main difference is partial derivative w.r. to b in addition to 

partial derivative w.r. to x and y. To evaluate these multiple partial derivative the same 

built-in function D | expr, varl,var2,.. I is used as earlier.

-Function I2| x_,b_ J, I3| x_, b_ | and 15 Ix_,y_,bJ are defined by symbolic

expressions: compute I2(fi?,A2), ,l2)and /5(/?(2,A2,/l2).

-Function D[ Ipr2[l], x,b J : evaluate derivative of Ipr2[ ] w.r. to x and b by 

symbolic computation, where Ipr2[ ] is defined in section 3.4 

D{ Ipr2[l],x ] /. {} : Value of x and b is replaced by / and P{

in the symbolic form.

-Function D[ Ipr2[2], x,y,b ] : evaluate derivative of Ipr2[2] w.r. to x , y and b by

symbolic computation.

D[ Ipr2[2],x,y,b ] /. { \->U,y->I2,b-> } : Value of x ,y and b is replaced by

U, 12 and fi, in the symbolic form.

O
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Turbo C programs:
/* Calculation of Im £(2) & Rel £(2)for ; He-Atom A14.c */
# define PI 3.1428 
tinclude <stdio.h>
# include <math.h>
float hl=.01, /* h=.01Step hight for 1st derivative */ 

h2=.l; /* h=.l Step hight for 2nd derivative */
int fig, cd=2; /* Code no. for He-atom */
double bi,q;

/* 11(1) and 12(11,12) integral */
double II(1) 

double 1;
{ double z,q2,b2,12,n,d,f;i 

q2=q* q; b2=bi* bi; 12=1*1; 
z=sqrt(pow(12+q2,2) + 4* q2* b2 ); 
n= (q2+b2)* (z+q2+12)+2* b2* (q2-12); 
d= (b2+12)* (z-q2-12); 
f=log(n/d); 
f=PI/z * f; 
return(f);>

double 12(1) 
double 1;

{ int sgn;
double z,q2,b2,12,A,f;

. q2=q* q; b2=bi* bi; 12=1* 1; 
z=sqrt(pow(12+q2,2) + 4* q2* b2 ); 
if((12-q2)>0) sgn=l;else sgn=-l;
A=l-2* b2* pow(12-q2,2)/(pow(12+q2,2)* (b2+12)); 
f-l-sgn* ( 1/2.0-1/PI* asin(A) ); 
f=-pow(Pl,3)/z * f; 
return(f);)

double FH(x) 
double x;

{ double q2,12,f;
12=x* x;q2=q* q; 
if(flg==0)
f= ll((double)0)/(12+q2); 
if (fig—1)
f= 12((double)0)/(12+q2); 
return(f);}

double FH1(x) 
double x;

{ double ll,12,f; 
ll=x;12=x* x; 
if(flg==0)
f= (II ((double) 0) -II (11)) /12; 
if(flg==l)
f- (12 ((double) 0) -12 (11)) /12; 
return(f);}



double DH (L) 
double L;

{ double d,h=>hl;
d=(-3* FH(L) + 4* FH(L+h) - FH(L+2* h))/(2* h); 
return(d);} 

double DH1(L) 
double L;

{ double d,h=hl;
d=(-3* FH1(L) + 4* FH1(L+h) - FH1(L+2* h))/(2* h) ; 
return(d);}

/* ok 14(11,12) and 15(11,12) integrals */
double 14(L1,L2) 

double L1,L2;
{ double z,q2,b2,11,12,u2,v2,n,d,f;

q2=q* q; b2=bi* bi; ll=Ll* LI; 12=L2* L2;
v2=b2+ll; u2=b2+12;

z=sqrt( u2* u2 + pow(q2+v2,2) -2* u2* (v2-q2) );
n=(q2+v2)* (q2+v2+z)-u2* (v2-q2);
d= u2* (z+v2-u2-q2);
f=log(n/d);
f=PI/z * f;
return(f);}

double 15(LI,L2) /* 12(bi* bi,l* 1) */
double L1,L2;

{ int sgnl,sgn2;
double El,E2,q2,b2,ll,12,L,v2,u2,Al,A2,f;
q2=q* q; b2=bi* bi; 11=L1* LI; 12=L2* L2; L=ll-12;

v2=b2+ll; u2=b2+12;
if(L+q2>0) sgnl=l;else sgnl=-l; 
if(L-q2>0) sgn2=l;else sgn2=-l;
El=sqrt(pow(L+q2,2) + 4* q2* v2);
E2=sqrt(pow(L-q2,2) + 4* q2* u2);
Al=l-2* b2* pow(L+q2,2)/((pow(L+q2,2)+4* q2* 11)* v2); 
A2=l-2* b2* pow(L-q2,2)/{(pow(L-q2,2)+4* q2* 12)* u2); 
f= ( sgnl* ( 1/(2*'El)-asin(Al)/(PI* El) )

-sgn2* ( 1/(2* E2)-asin(A2)/(PI* E2) ) );
f=-PI* pi* f;
return(f);}

double F(xl,x2) 
double xl,x2;

{ double ll,12,b,f; 
ll=xl;12=x2; 
if(flg==0)
f =l/pow(11* 12,2) * (II((double)0)-II(11)-II (12)+14 (11,12)) 
if(flg==l)
f =l/pow(11* 12,2) * (12((double)0)-12(11)-12(12)+15(11,12)) 

return(f);}
double D0J(yl,y2) 

double yl,y2;



{ double d,h=hl;
d=(-3* F(yl,y2) + 4* F(yl,y2+h) - F(yl,y2+2* h))/(2* h); 
return(d);} 

double D0KJ(yl,y2) 
double yl,y2;

{ double d,h=hl;
d={-3* D0J(yl,y2) + 4* D0J(yl+h,y2) - D0J(yl+2* h,y2))/(2* h) 
return (d);}

main(){ 
int i,j,Z=cd; 
float E,t; 
float ti,tf,inc;
static double ki,s,N,r[6],1[6],S1[6],S3[6];
static double cl,c2,c3,nl,n2,n3, dE=1.187; /* a.u. *
static double zl,z2,z3,pd,tl,t2,t3,t4,Imfb2,Relfb2; 
static double fBlp,IbO,Ibl,S,fBle,fBl; 
clrscr () ;
/* Input Energy and angle */ 
printf("\nEnergy (eV) = "); scanf("%f",&E); 
printf("ti = "); scanf("%f",&ti); 
printf{"tf = scanf("%f",&tf); 
printf("inc ="); scanf{"%f",sine); 
tinclude <I_E.He>
/* Normalization Constant */
for(s=(double)0,i=l;i<=6;i++) s=s+r[i]/pow(1[i],3);
N= 1/sqrt(2* s); 
printf("\nN = %f",N); 
printf("\nE = %.2f",E); 
ki=sqrt(2* E/27.2); 
bi=dE/ki;
for(t=ti;t<=tf;t=t+inc){

printf("\n@ = %.2f ",(float)t); 
q=2* ki* sin(t* PI/360); 
fBlp=Z* 2/(q* q); Ib0=2* PI* 2/(q* q); 
for (S=.(double) 0, i=l;i<=6;i++) (
S=S+r[i]* 1[i]/pow(l[i]* l[i]+q* q,2);) 

Ibl=N* N* 2* S; 
fBle=-l/(2* PI)* IbO* Ibl; 
fBl=fBlp+2* fBle; 
printf(" fBl = %.4f ”,fBl);

flg-0; /* IMAGINARY PART */
/* Squar Terms : single derivative */

for(tl={double)0,i=l;i<=6;i++){
SI[i]=r[i]* (-DH(1[i])); 
tl=tl+Sl[i];}

/* Cross Terms : single Two derivative */ 
for(t2=(double)0,i=l;i<=6;i++){ 
for(j=l;j<=6;j++){

pd-D0KJ(l[i],l[j]); 
t2=t2+r[i]* r[j]* pd;}}

/* Single terml' & term2 : single derivative */



for(t3=(double)0,i=l;i<=6;i++){
S3[i]=r[i]* (-DH1(1[i])); 
t3=t3+S3[i];}

/* Constant term : no derivative */ 
t4= II((double)0);

/* Imaginary Total */
Imfb2= 2*N*N/(PI*ki) * tl

+2*pow(N,4)/(PI*ki) * t2 
-2*Z*2*N*N/(PI*ki) * t3 
+Z*Z/(PI*ki) * t4;

printf(”\a\nlmfb2_ = %f ",(float) Imfb2) 

flg=l; /* REAL PART */
/*Real: Squar Terms : single derivative */ 
for(tl=(double)0,i=l;i<=6;i++){ 

pd=DH(1[i]); 
tl=tl+r[i]* (-pd);}

/*Real: Cross Terms : single Two derivative */ 
for(t2=(double)0,i=l;i<=6;i++){ 
for(j=l;j<=6;j++){

pd=D0KJ(l[i],l[j]); 
t2=t2+r[i]* r[j]* pd;})

/*Real: Single terml & term2 : single derivative */ 
for(t3=(double)0,i=l;i<=6;i++){ 

pd=DHl(1[i]); 
t3=t3+r[i]* (-pd);}

/*Real: Constant term ; no derivative */ 
t4« 12((double)0); °

/*Real: Total */
Relfb2==-2*N*N/ (PI* PI* ki) * tl

-2*pow(N,4)/(PI* PI* ki) * t2 
+2*Z*2* N* N/(PI* PI* ki) * t3 
-Z*Z/(PI* PI* ki) * t4; 

printf("\a Relfb2_ = %f ",(float) Relfb2);
} getch();

}
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/* Calculation of Re2 fB2 for : He-Atom
HF-parameters, with Normalization constant NA2 A15.C */

# define PI 3.1428
# include<stdio.h>
# include <math.h>
float hl=.01, /* h=.01S tep hight for 1st derivative */
int flg,fflg, cd=2; /* Code no. for He-atom */
double bi,q;

/* 13 (1) 12(1) and 15(11,12) integrals */ 
double- 13(l,b) 

double l,b;
( double f;

f=l-2/PI * atan(l/b); 
f=-pow(PI,3) * f;return(f);} 

double 12(l,b) /* 12(bi* bi,l* 1) */
double l,b;

{ int sgn;
double z,q2,b2,12,A,f; 
q2=q* q; b2=b* b; 12=1* 1; 
z=sqrt(pow(12+q2,2) + 4* q2* b2 ); 
if((12-q2)>0) sgn=l;else sgn=-l;
A=l-2* b2* pow(12-q2,2)/(pow(12+q2,2)* (b2+12)); 
f=l-sgn* ( 1/2.0-1/PI* asin(A) ); 
f=-pow(PI,3)/z * f; 
return(f);}

double 15(Ll,L2,b) 
double Ll,L2,b;

{ int sgnl,sgn2;
double El,E2,q2,b2,11,12,L,v2,u2,Al,A2,f; 
q2=q* q; b2=b* b; 11=L1* LI; 12=L2* L2; L=ll-12;

v2=b2+ll; u2=b2+12;
if(L+q2>0) sgnl=l;else sgnl=-l; 
if(L-q2>0) sgn2=l;else sgn2=-l;
El=sqrt(pow(L+q2,2) + 4* q2* v2);
E2=sqrt(pow(L-q2,2) + 4* q2* u2);
Al=l-2* b2* pow(L+q2,2)/((pow(L+q2,2)+4* q2* 11)* v2); 
A2=l-2* b2* pow(L-q2,2)/((pow(L-q2,2)+4* q2* 12)* u2); 
f= ( sgnl* ( 1/(2* El)-asin(Al)/(PI* El) )

-sgn2* ( 1/(2* E2)-asin(A2)/(PI* E2) ) );
f=_PI* pi* f;
return(f);}

double FH(x,fhb) 
double x,f3ib;

{ double q2,12,f;
12=x* x;.q2=q* q; 
if(fflg==l)
f= 13((double)0)/ (12+q2); 
if(fflg==3) 
f= 12(x,fhb); 
if(fflg==4)



f= (13 ( (double) 0, fhb) -13 (x, fhb)) /12; 
if(fflg==5)
f= 13((double)0,fhb); return(f);}

double DB(L) 
double L;

{ double d,b=bi,h=hl;
d=(-3* FH(L,b) + 4* FH(L,b+h) - FH(L,b+2* h))/(2* h) ; 
return(d);}

double DXB(xl) 
double xl;

{ double d, h=0.2; /*step height ok */
d=(-3* DB(xl) + 4* DB(xl+h) - DB(xl+2* h))/(2* h); 
return(d);}

double FH24(xl,yl,bl)
double xl,yl,bl; «

{ double 12,f;
12=xl* xl;
f=(I2(yl,bl)-I5(yl,xl,bl))/12; 
return(f);} 

double DBl(dbxl,dbyl) 
double dbxl,dbyl;

{ double d,b=bi, h=0.01; /* step height ok */ 
d=(-3* FH24(dbxl,dbyl,b) + 4* FH24(dbxl,dbyl,b+h)

- FH24(dbxl,dbyl,b+2* h))/(2* h);
return(d);) 

double DXYB(x,y) 
double x,y;

{ double d, h=0.01; step height ok
d=( DBl(x+h,y+h) - DBl(x+h,y-h) - DBl{x-h,y+h)

+ DBl(x-h,y-h) )/(4* h* h)
return(d);}

main() {
int i,j,Z=cd;
float E,t;
float ti,tf,inc;
static double ki,s,N,r[6],1[6];
static double cl,c2,c3,nl,n2,n3, dE=1.187; /* a.u. *
static double zl,z2,z3,pd,tl,t2,t3,t4,t5,Re2fb2; 
clrscr ();
/* Input Energy and angle */
printf("\nEnergy (eV) = "); scanf("%f",&E);
printf("ti = "); scanf("%f",&ti);
printf("tf = "); scanf("%f",£tf);
printf("inc ="); scanf("%f",sine);
#include "I E.He"
/* Normalization Constant */
for(s-(double)0,i=l;i<=6;i++) s=s+r[i]/pow(l[i],3); 
N= l/sqrt(2* s);



printf("\nE = %.2f",E); 
ki=sqrt(2* E/21.2); 
bi=dE/ki;
printf("\nbi = %.4f",bi);
for (t=ti; t<*=tf; t=t+inc) {

printf{"\n@ = %.2f ",(float)t); 
q=2* ki* sin(t* PI/360);

/* REAL PART-2 */
/*Real: Squar Terms : single derivative */ fflg=l; 
for(tl=(double)0,i=l;i<=6;i++){ 

pd=DXB(l[i]); 
tl=tl+r[i]* (-pd);}

/*Real: Cross Terms : single Two derivative */ 
for(t2=(double)0,i=l;i<=6;i++){ 
for(j=l;j<=6;j++){

pd=DXYB(1[i],1 [ j]); 
t2=t2+r[i]* r[j]* pd;}}

/*Real: Single terml : single derivative */ fflg=3 
for(t3=(double)0,i=l;i<=6;i++){ 

pd=DXB(1[i]); 
t3=t3+r[i]* (-pd);}

/*Real: Single term2 : single derivative */ fflg=4 
for(t4=(double)0,i=l;i<=6;i++){ 

pd=DXB(1[i]); 
t4=t4+r[i}* (-pd);}

/*Real: Constant term : no derivative */ fflg=5
t5= DB((double)0);

/*Real: Total */
Re2fb2=~N* N/pow(PI* ki,2) * tl

-pow(N,4)/pow(PI* ki,2) * t2 
+Z* N* N/pow(PI* ki,2) * (t3+t4)
-Z*Z/pow(PI* ki,2) * t5/2;

printf("\a Re2fb2_ » %f \n",(float) Re2fb2);

} getch();
}



*Mathematica’ programs:

{*Calculation of w,fBl,Im£B2_ for He like +ve ions : 
using HP-3 parameter w.f Imfb2.ma*)

2=2;
Dpol=0.196 10A~24; (* He atom *)
Energy=200;
Theta=l;
"HF -parameters for the Target"

(♦Normalization constant*)
Nm=l/Sqrt[2 Sum[r[i]/I[i]"3,{i,1,6}]]; PI=22.0/7; 
dp=Dpol/Power[(.529 10A-8),3];
Iw=NmA2 16 Sum[r[i]/l(i]A5,{i,l,6}]; 
w=2 Iw/dp
E0=Energy;k=Sqrt[2 EO/27.2];
b=w/k;
t=Theta;
Print["Energy = ",E0," eV"j;Print[" "];
Print[”t fBl ImfB2"];

For[iO=l,t<=40,If[t<=9,t=t+l,t=t+10];i0++, 
q=2 k Sin[t 3.14/(180 2)3;

(♦First Born Calculation*) 
fBlp[iO]=Z 2/qA2,*
IbO=2PI 2/qA2;
Ibl=NmA2 2Sum[r[i] 1[i]/(1[i]A2+qA2)A2,{i,1,6}]; 
fBle[iO]=-1/(2PI) IbO Ibl; 
fBl[iO]=fBlp[iO]+2 fBle[iO];

(♦function Il[],I4[]; for 2nd Born Calculation*) 
zt[x_]:=Sqrt[(xA2+qA2)A2+4qA2 bA2);
Clear[n,d];n[x_):=(qA2+bA2)(zt[x]+qA2+xA2)+2bA2(qA2-xA2);

d[x_]:=(bA2+xA2)(zt[x]-qA2-xA2);
Ini[x_]:=Log[n[x]/d[x]];
II[x_] :=PI/zt[x] lnl[x];
Clear[V,0,El,n4,d4);
V[x_]:=(bA2+xA2)A(1/2);
0[y_]:=(bA2+yA2)A(1/2);

El[x_,y_3:=Sqrt[U[y3 A4+(qA2+V[x]A2)A2-2 0[y]A2(V[x]A2-qA2)]; 
n4[x_,y_]:=(qA2+V[x)A2)(qA2+V[x]A2+E1[x,y])-U[y]A2(V[x]A2-qA2) 

d4[x_,y_]:=U[y)A2(El[x,y]+V[x]A2-U[y3A2-qA2);
Clear[ln2,143;
ln2[x_,yj:=Log[n4[xfy]/d4[x,y3];(*0.900726*)
I4[x_,y_]:=PI/El[x,y3 ln2[x,y];

Ip[13=l/(xA2+qA2);
• Sl=Sum[r[i](-D[Ip[13,x]/.x->l[i]),{i,1,6}3II[03; 

Ip[2]=l/xA2 l/yA2 (Il[0]-Il[x]-Il[y]+I4[x,y3);
(♦Nested sum & Multiple,derivative*)
S2=Sum[r[i]r[j](D[Ip[2],x,y]/.[x->l[i],y->l[j]}) ,

U/1,6},{j,1,6}];



Ip[3]=l/11A2 (II£0]-II[11]};
S3=Sum[r[i](-D[Ip[3],11]/.11->1[i]),{i,l,6}];
Ip[4] =11 [0];
Imfb2t[1]=2 NmA2/(PI k) SI;
Imfb2t[2]=2 NmA4/(PI k) S2;
Imfb2t[3]=~2Z 2NmA2/(PI k) S3; 
Imfb2t[4]=ZA2/(PI k)Ip[4];
S=Sum[Imfb2t[i],{i,1,4}];
Printt" "}; Print[t," ”,fBl[10]," ”,S];

];
(*Calculation of w,fBl,RefB2_l HP-3 parameter w.f; 
for He-atom/He like Ions Refb2tl.ma

Z=2;
Dpol=0.196 10A-24;
Energy=200;
Theta=l;
"HF -parameters for the Target"
Nm=l/Sqrt[2 Sum[r[i]/I[i]A3,{i,l,6}]]; 
PI=22.0/7;
dp=Dpol/Power[(.529 10A-8),3];
Iw=NmA2 16 Sum[r[i]/I[i]A5,{i,1,6}]; 
w=2 Iw/dp;
E0=Energy;k=Sqrt[2 EO/27.2];
b=w/k;
t=Theta;
Print["Energy® ",E0," eV"];Print[" "]; 
Print["t RefB2_l"];
For[i0=l,t<=40,If[t<=9,t=t+l,t=t+10];i0++, 

q=2 k Sin[t PI/(180 2)3;
(♦function 12[],I5[];2nd Born Calculation*) 
Clear[zt,n,nl,n2,d,dl,d2,AS,El,E2,A1,A2]; 
zt[x_]:=Sqrt[(xA2+qA2)A2+4qA2 bA2]; 
n[xj:=2bA2(xA2-qA2)A2; 
d[x_3:=(xA2+qA2)A2(bA2+xA2);
AS[x_]:=ArcSin[l-n[x]/d[x]];
12[x ]:=-PIA3/zt[x](1+(1/2-1/PI AS[x]));

/ y.
'Y.

El [x 
E2 [x 
nl[x_,y 
dl[x_,y 
Al[x_,y, 
n2[x_,y. 
d2 [x_,y 
A2[x_,y

.1 =Sqrt[(xA2-yA2+qA2)A2+4qA2(bA2+xA2)3, 
=Sqrt[(xA2-yA2-qA2)A2+4qA2(bA2+yA2)3, 
=2bA2(xA2-yA2+qA2)A2;
=((xA2-yA2+qA2)A2+4qA2xA2)(bA2+xA2); 
=l-nl[x,y]/dl[x,y];
=2bA2(xA2-yA2-qA2)A2;
-((xA2-yA2-qA2)A2+4qA2yA2)(bA2+yA2); 
=l-n2[x,y]/d2[x,y];

Clear[12,Iprl];
For[S1=0;S3=0;i«l,i<=6,i++,
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sgn=If[(1[i]A2-qA2)>0,1,-1];
12 [x_]:=-PIA3/zt[x](1- sgn{1/2-1/PI AS[x])); 
Iprl[1]=1/(xA2+qA2)I2c;
Sl=Sl+r[i](-D[Iprl[1],x]/.x->l[i]);
Iprl[3]=l/xA2(I2c-I2[x]);
S3=S3+r[i](-D[Iprl[3],x]/„x->l[i]) ;

1;
Clear[I2x,I2y,15];
(*Nested sum & Multiple derivative*)
For[S2=0;i=l,i<=6,i++.

sgnx=If[1[i]A2-qA2>0,1,-1];
I2x[x_]:=-PIA3/zt[x](1- sgnx(1/2-1/PI AS[x]));
For[j=l,j<=6,j++,

sgny=If{1[ j ]A2-qA2>0,1,-1];
I2y[x_]:=-PIA3/zt[x]{1- sgny{1/2-1/PI AS[x])); 
sgnl=If [ {1 [i] A2-l [ j ] A24qA2) >0,1, -1] ; 
sgn2=If[(1 [i]A2—1 £ j]A2-qA2)>0,1,-1];

15[x_,y_]:=-PIA2( sgnl/El[x,y](1/2-ArcSin[A1[x,y]]/PI)
-sgn2/E2[x,y](l/2-ArcSin[A2[x,y]]/PI)); 

Iprl [2] =l/xA2 l/yA2 (,I2c-I2x[x]-l2y[y]+I5[x,y]) ;
S2=S2+r[i]r[j](D tIprl[2],x,y]/.{x->l[i],y->l[j]});

];
] ;

Iprl[4]=12[0];
Clear[S,Refb2t];
Refb2t[1]=-2 NmA2/(PIA2 k) SI;
Refb2t[2]=-2 NmA4/(PIA2 k) S2;

- Refb2t(3]=+2Z 2NmA2/(PIA2 k) S3;
Refb2t[4]=-ZA2/(PIA2 k)Iprl[4]; 
S=Sum[Refb2t[i],{i,1,4}];
Print[" "]; Print[t," ",fBl[iO]," n,S]j

3;

(*Calculation of w,Re2 fB2 for He like +ve ions atom; 
HP-3 parameter w.f: Refb2t2.ma*)

Z=2;
Dpol=0.196 10A-24; {* He-atom*)
Energy-200;
Theta=l;
"HF -parameters for the Target"

Nm=l/Sqrt[2 Sum[r[i]/l[i]A3,{i,l,6>]]>
PI=22.0/7;
dp=Dpol/Power[(.529 10A-8),3];
Iw=NmA2 .16 Sum[r[i]/l[i]A5,{i,l,6}];w=2 Iw/dp;
E0=Energy;k=Sqrt[2 EO/27.2];t=Theta?
Print[”Energy= ",E0," eV"];Print[" "];
Print ft RefB2_2"];
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For[i0=l,t<=40,If[t<10,t=t+l,t=t+10];i0++, 
q=2 k Sinft 3.14/(180 2)];
(♦function 12[],13 [],14 [] for 2nd Born Calculation*)
Clear[b,zt,n,nl,n2,d,dl,d2,AS,El,E2,Al,A2]; 
zt [b__, x_] : =Sqrt [ (xA2+qA2)A2+4qA2 bA2]; 
n[b_,x_]:=2bA2(xA2-qA2)A2; 
d[b_,x_]:=(xA2+qA2)A2(bA2+xA2);

AS[b_,x_]:=ArcSin[l-n[b,x]/d[b,x]];
El[b_,x_,y_]:=Sqrt[(xA2-yA2+qA2)A2+4qA2(bA2+xA2)];
E2[b_,x_,y_]:=Sqrt[(xA2-yA2-qA2)A2+4qA2(bA2+yA2)]; 
nl [b_,x_,y_] :=2bA2 (xA2-»yA2+qA2) A2; 
dl[b_,x_,y_]:=((xA2-yA2+qA2)A2+4qA2xA2)(bA2+xA2);
A1[b_,x_,y_]:=l-nl[b,x,y]/dl[b,x,y];
n2[b_,x_,y_]:=2bA2(xA2-yA2-qA2)A2;
d2[b tx ,y ]:=((xA2-yA2-qA2)A2+4qA2yA2)(bA2+yA2);
A2[b_,x_,y_]:=l-n2[b,x,y]/d2[b,x,y];
Clear[13,Iprl];
I3[x_,b_]:=-PIA3(l-f/PI ArcTan[x/b]);
Ipr2[1]=1/(xA2+qA2)13[0,b];
Ipr2[4]=(I3[0,b]-I3[x,b])/xA2;
Clear[12];
For[Sl=0;S3=0;S4=0;i=l,i<=6,i++,

sgn=If[(1[i]A2-qA2)>0,1,-1];
I2[x_,b_]:=-PIA3/zt[b,x](1- sgn(l/2-l/PI AS[b,x])); 
Ipr2[3]=12[x,b];
Sl=Sl+r[i](-D[Ipr2[1],x,b]/.[x->l[i],b->w/k}); 
S3=S3+r[i](-D[Ipr2[3],x,b]/.[b->w/k,x->l[i]}); 
S4=S4+r[i](-D[Ipr2[4],x,b]/.{b->w/k,x->l[i]});

3;Clear[I2y,15];
(♦Nested Siam & Multiple derivative*)
For[S2=0;i=l,i<=6,i++,

For[j=l,j<=6,j++,
sgny=If[(1[j]A2-qA2)>0,1,-1];
I2y[b_,y_]:=-PIA3/zt[b,y](1- sgny(1/2-1/PI AS[b,y])); 

, sgnl=If[(1[j]A2-l[i]A2+qA2)>0,1,-1]; 
sgn2-If[(1[j]A2-l[i]A2-qA2)>0,1,-1];

15[b,x_,y_]:=-PlA2( sgnl/El[b,x,y](l/2-ArcSin[Al[b,x,y]]/PI)
-sgn2/E2[b,x,y](l/2-ArcSin[A2[b,x,y]]/PI)); 

Ipr2[2]=l/xA2 (I2y[b,y]-15[b,x,y]);
S2=S2+r[i]r[j](D[Ipr2[2],b,x,y]/.[b->w/k,x->l[i],y->l[j]});

1;
];Ipr2[5]=D[13[0,b],b]/.b->w/k;

Refb2t[l]=-NmA2/(PIA2 kA2) SI; 
Refb2t[2]=-NmA4/(PIA2 kA2) S2; 
Refb2t[3]=Z NmA2/(PIA2 kA2)(S3+S4); 
Refb2t[4]=-ZA2/(PIA2 kA2)Ipr2[5]/2; 
S=Sum[Refb2t[i], {i,l,4}];
Print[" "];
Print[t,” ",S];

];
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3.10 RESULTS AND DISCUSSIONS :

Using the scattering amplitudes equation (3.2.8, 3.4.10, 3.4.19, 3.6.3, 3.3.22) 

the DCS (3.6.4) have been calculated at incident energies E=200, 400,800,1000 ,2000, 

4000,8000 and 10,000 eV. Average excitation energy needed for second Bom terms is 

obtained by the exact calculation (3.5.5) based on the target wave functions [58] and 

accurate experimental & theoretical values of polarizibility [59]. It is given in table-2 in 

atomic unit. The results calculated at 2006V and 400eV for ESGHe process are presented 

in tables (3.1,3.2) along with the theoretical data given by N.S.Rao [19]. Rao has 

compared his data with experimental results of Crooks et al & Register et al. 

[51-52]. Our results are found in good agreement with the compared data as well as these 

experimental data. Present DCS can be compared at different energies from the table up to 

40°, indicate change in the behavior of DCS with respect to angle and energy. Similarly 

the results for ESGHe like +ve ions are presented in the following tables 3-3 to 3.6 are in 

agreement with ionic behavior to DCS. The results given in the tables are also displayed 

graphically in fig. 3.1 to 3.8. for different targets and energies. The details of our 

comparisons are as follows.

The present results in table 3.1 & 3.2 arc slightly more thgjn that of Rao, but it 

matches with the experimental data of Croors et al. These agreement verifies our HHOB 

results for He atom. Thus the HHOB theory so far applied in the case of Ltl, Be*2,5+3 

and C*4 ions is found to be valid. In the other way more general formulation done for 

scattering amplitudes in the present work is correct. The general characteristics of DCS for 

He (atom) and He like ions (ion) are maintained properly. Final checking of present results 

is the marching of each term of column two to column six with those given by Rao. 

Accuracy of last three columns depends on the HHOB approximation, which is well 

applied at higher energies.

In the case of He atom: Contribution of real part is maximum at lower angle up to 

3° then it decreases faster than first Born. The special behavior of the DCS is observed 

within 10° at 200 eV and 6° at 400 eV with a small peak. It is also clear from fig. 3.1, that 

the peak is shifting towards 0° angle as energy increases. Finally the peak is disappeared 

nearly at 8 keV incident energy. The peak in the lower angular range is due to fluctuations 

in Re lfB2 within the region. At 200 eV for He atom DCS first decreases than increases
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and again decreases, which is quite different from ionic behavior. At 5° onwards rate of 

decrease in DCS increases with energy (fig.3.1)

In case of the ions : For a given angle and energy DCS for He like ion is more 

than He atom. Exchange effect is higher than the He atom.(table 3.3-3.6). As energy 

increases DCS decreases faster. At 0° angle DCS is large but finite. Fluctuation in Re fB2 

is observed as in case of He atom but it is not effective to DCS because of higher value of 

fm. Within 5° DCS decrease suddenly, then after it decreases slowly (fig. 3.2 to 3.5). 

Table 3.3 - 3.6 indicates that DCS increases with increasing nuclear charge. The results 

can be compared at different energies for each ion from fig. 3.2 - 3.5. (i) For a particular 

ion DCS increases rapidly as incident angle decreases, (ii) Parallel behaviour of graphs

after 8° angle show that rate of decreases in DCS is same for all energies and ions.

Behaviour of DCS for He atom with its iso electronic series is interesting within 

0°-3°at different energies. At 200 eV there exist sharp decrease in DCS, which is similar 

to that of ion. At 800 eV DCS first increases and then decreases which is dissimilar to the 

ionic case. At 2000 eV DCS increase by very small value, which start decreasing then 

onwards. At 8000 eV DCS decreases from the fixed small value. It is cleared from the 

figures that the variation in DCS is more in small angle region.

Table 3.1 - 3.6 exhibit the individual terms of the present HHOB scattering 

amplitude at 200 eV. Where the real part of second Born term account for polarization 

effect and absorption effects are taken care of by the imaginary term. Thus tables and 

Figures give the complete analysis of behaviour of DCS with different angle and energies 

except the experimental results, which are not currently available.


