
CHAPTER - IV

SCATTERING OF ELECTRONS BY 
HELIUM ATOMS

4.1 Introduction :

Inspired by the success of the hydrogen related 
problems, which are presented in the. previous chapter, 
now we turn our attention to the scattering of electron 
by helium (He) ( z = 2 ) atom, where there is a very 
large amount of data ( Bromberg , 1969 ; Crooks and 
Rudd, 197d ; Oda et al, 1972 ; Bromberg, 1974 $ Jansen 
et al, 1974 ; Sethuraman et al, 1974 ; McConkey and 
Preston, 1975 ; Jansen et al, 1976 ; Byron and Joachain, 
1977 ) available for the comparison of present theory .
From the theoretical point of view the situation is nearly 
identical to that of atomic hydrogen, with the only impo­
rtant difference being that for helium we must rely on 
approximate wave functions in the various models described 
in chapter II. If one uses a Hartree - Fock functions to 
describe the ground and excited states of helium, then 
all the quantities evaluated for atomic hydrogen (Chapter - 
III ) can be handled in the same manner as for helium. In 
the present helium related problems we consider the follo­
wing e - He collision processes.



i) Elastic scattering of electrons by the ground 

state of helium atom using the Hartree - Fock 
wave functions and with the two types of closure 
approximations in the second Born approximation 
( equations 2.55, 2.56 ) ( Is - Is ).

ii) Elastic scattering of electrons, by helium atom

- in the ground state using Hylleraas wave function.

iii) Inelastic scattering of electrons by .helium atom 
using Hartree - Fock wave functions ( Is - 2s ).

In these e - He interaction processes, we calculate 
DCS ( equation 3.2 ),TCS ( equation 3.3 ) at incident 

energies 100 to 700 eV for the elastic process and at 

200 and 400 eV for inelastic process. In the derivation 
of scattering amplitudes ( equations 2.12, 2.57, 2.36, 
2.45 ) for these problems, first we consider a typical

C

exponential term from the product of the wave functions. 
For this term we construct the scattering amplitudes, 
from these closed forms, we extend these results to the 
remaining exponential terms of the product of the wave 
functions. Since the helium atom is a two electron system 
the interaction,(.equation 2.24 ) between the incident 
electron and the target is complicated, than the hydrogen 
( equation 3.7 ) atom. The evaluation of the volume 
integrals are difficult due to the coupling of the radial



144

coordinates and r2 of the target electrons. These 
difficulties are removed in the present study.

4.2.1 Elastic scattering of electrons bv the around (is) 
state of helium atom (ESGHe) s 

( Rao and Desai, 1981 )

e + He (Is) —> e + He (is) (4.1)

Similar to hydrogen atom ( Sec. 3.2.1 ) here also the final 

Hartree - Fock state function of the target helium atom is 
same as the initial ground state function. The well known 
Hartree - Fock wave function for the ground state of helium 

atom can be written as

f ^ ( rr r2 ) = 4>0 ( rx ) 4>0 1 r2 >

= (P..+ Q). (R + S)
f4 7i tf4 %

(4.2)

where P 

and R

A exp (~ y r^ ) , Q 

#A exp (“ y r2 ) » S

/ 11 \B exp (- y r^ ),

B exp (- y r2 ).

The normalization constants, and exponential parameters of 
these defined quantaties for ( equation 4.2 x) can be given 

as

A = 2.60505, B = 2.08144, y' t ft1.41 and y = 2.61.

Now the product of the initial and final states is
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W . ( rx , r2.
1

) ? f ( rx , r2 )
16 n

2 2 ( P + Q ) ( R + S ) ]

16 it

V" [ ( P2 R2 + Q2 S2 + 4 P Q R S ) +

2 2 2 2 2 2( P S + Q R ) + 2 ( P Q S + Q R S )

+ 2 ( P R2 Q + p2 R S ) ]

16 it'
C ( P2 R2 + Q2 S2.+ 4 P Q R S ) + ( 2 P2 S2)

+2(2PQS2)+2(2PR2 Q)] (4.3)

All the terms in this expression can be written in the 
derivative form like equation (3.6) • Now consider a typical 
term of equation (4.3).

2 P R2 Qa 2 A3 B exp (-(y + y ) r^ ) exp ( - 2 y r2)

= k exp ( - y (I) rx ) exp ( y (J.) r2 )

■ k D n (y^) exp (-y^^ rx) D m (y2) exp (- y2 r2 )

where m = n 1, k = 2 A3 B
.....(4.4)

i 11 11yx ° y + y . y2 = 2 y »9
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like this all the terms in ( equation 4.3) can be 
obtained. Through-out this chapter , we will consider 
type of equation like (4.4) for the evaluation of scatt­
ering amplitudes ( equations 2.12, 2.57 , 2.36 ). Finally 
we extend these results to equation (4.3).

The interaction between the incident electron and 
target helium atom can be written as

V (4.5)

0where rQ , r and r^ are the position rectors of the’
incident electron and target electrons with respect to the
target nuclei. Substituting the equations (4.3) and (4.5)
in the scattering amplitudes ( ^eqations 2.12, 2.57, 2.36)

—2we will obtain the DCS ( equation 3.2) 0 ( k^ ) . The
evaluation of these amplitudes is as follows .

(1)
i—>f

^ / drQ exp (,1 3.ro) Vfi ( rQ ) (4.6)2 %

where

Vfi C ro ) = —~2 / S d £l a r2 £ - ~f“ * 1--- ----16 it 1 o | rQ- rx

+ ----------- ] ( ( p2 R2 + Q2 S2 +
t £0 - i
4 P Q R S ) + ( 2 P2 S2 ) + 2 ( 2 P Q S2)



(4.7)+ 2 ( 2 P FT Q ) )

/ / d £l d r2 ? ± ^ , r2 ) Vd <p * ( rx , r2 )

where
2 2 P R

2 2 Q S

2 2 Pz S

2-P QS

4 1A exp ( - y y ^ ri + r2 ' '

B4 exp ( - y y ( ri + r2 ) )

2 2 ' 11 = A B exp ( - y ( y rx + y r2 ))

.2 Jl 1114PQRS = 4A B exp ( - y y ^ rl + r2 ^ )

2B3 A exp ( - y ( y *' r2 + y * ** r. ) )

t • i2 P R Q = 2A° B exp ( - y ( y r2 + y r^ ) )

111 11here y =2, and y = y + y /2 . For the evaluation
°f d rc , d £l and d r2 integrals in equations ( 4.6 )
and ( 4.7 ) consider a typical exponential term of equation 
(4.7).

f fPS = A B exp ( - y ( y rJ_ + y r2 ) )2 n2 .2 2 = A B
= V exp ( - y ( M r, + N r2 ) ) (4.8)

Substituting this term for ( ) terms in equation
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(4.7), we will obtain the closed form of equation (4.6) 

for equation (4,8).

t
f

i
•V

2 5! 16 JI
/ d exp i q*rQ ) / / d rx d r2

[ ]

exp ( - y ( M ^ + N r2 )

+ V
2 51 y4 M3 Nj- / d rQ exp ( i cje£o ) [ ( M + )

exp ( - y M rQ ) + ( N + exp ( - N rQ y ) ]
o

2 V r ( 8 h? + a2 ) . ( 8 H2 H- a2 ) -i

y M N ( 4 h? + q2 ) ( 4 N2 + q2 )

.(4.9)
if N M

4 v r J*JLML±jcu)„ . t
4~T3“m3’ L o o 2 •*y M M (4 M2 + q2 )

(4.10)

Using equations (4.9) and (4.10) we can get the closed 

form of equation (4.6) . The reduced form of this Born 

amplitude can be obtained as



f
(1)

i-f

A o 2 PC B
2 *' 

y y
2 «3 ||3

y y y

A3 B
»3 *»»3

y y y

*2 2
r C 8 y + q ) ^

C 4 y + q )

a2 2..4....a,,
2

y y y
3 "3 +| (O 2

y y

^ +
B3 A
t»»3 113

y y y

* 2 v( 8 y + <■ > ] +
, -;.a 2 2
( 4 y + q )

B3 A
1113 i ,3

y y y

9 2PC B+ J" T
!tl«

A3 B
|3 ii»3

y y y

/ • • *3 o .
r ( 8 y 4- q ? j
*• o 9it o . •( 4 y + q )

3
£ C,k=i *

/ _ 2l 2 \( 8 yk + q )
[ 2 7 5~T"

( 4 yk + q )
(4.11)

i iwhere Cv s and y, s are constants given as

Cx = 2.420884 ; C, 0.2336732 ; C3 = 1.33543

Y1 = 1.41 ; y3 = 2.01; y^ = 2.61

Equation (4.11) is the first Born approximation for the 

ESGHe process.
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Now the imaginary part of the second Born amplitude 
equation (2.60) can be written as

Im f
(2)
HEA

/I -n-3 (2)
Aj”“ / d E u f. ( <L“ E “ Pi U E + Pi y)

...(4.12)
where 
(2) ,

U ( q - P 
fi li y ? E + pi $ ) < v * ( » r2 >

v ( a “ e - Pi y •* ri t r2 } v ( e - Pi 'y ; ri * r2 J

| f _ ( rx , r2 ) >

V ( —---- ) s can be substituted from equation (2,53) in
the above expression

----------------- 1 ---------------------  / / dr, dr,
4 ( I C| - £ I + ), ( p + p/ )

? f ^ rx * r2 ^ ^ i ^ rl » r2 ^

[ exp ( i ( 3 - g ) , bx - i Pt Z1 ) +

exp ( i ( g- g ) ,b2-iPiZ2)-2]

[ exp ( i p . bi + i Pi ) + exp ( i p . b2 + i p. ^ ) - 2 ]
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- --------- - ---------------:----- -- // d£i dfe
4 n4 ( I 3 - E | + f^2 ) ( P2 + p*2 )

V - ( r! * r2 > f ( rl > r2 J
r x

[ exp ( i 3 . bj ) - 2 exp ( i ( g - g ) . - i ^ Z^ )

- 2 exp ( i £ • + i (3^ Z^ ) + exp ( i g • b2 ) -

2exp ( i ( g - £ ) . b2 - i Zg ) - 2 exp

(i£.b2+ip^Z2) + exp ( i ( 3 - £ ) ♦ b +

i + i p . b2 - i P| ) + 4' + exp ( i

(g-g).b2+iPiZ1+ip.,b1.iPiZ2)]

..................... ...(4.13)
Substituting a typical exponential term ( equation 4.4 )for 
the product of the wave functions ( equation 4.3 ), we can 
evaluate the d ^ and d r2 integrals in ' equation(4«13).

t k D ( y1 ) D ( y2 )
fl 4 %4( | 3 - g | + p±2 )( p2 + p±2 )

// exp ( *1 Z-1 exp ^2 r2

[ ] d r^ d r2
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The integral procedure for d r^ and d r2 is similar to 

that of ESGH process ( given under equation 3*10 ).

The closed form of the above integrals can be obtained as

2
----------------------------  [ a ( Y ) —£■

Y1

k> ( 4 % )

4 W ( 1 3 - 2 i + P-* ) ( P + Px )

D ( y2 ) (

q + y2

+ “iZ

y2

D ( y2 )

C I 3 - E l + + Y2 >

D ( y2 ) ) , ,1
------------------2__ + D ( y2 5 ~t
,2 2 2 s 1 Yo( p + p. -i- y2 ) 2

D ( Yx )

( D ( Yi 1
( T2 “T + 5“ “ :^ + Y1 yl C | 3-2 I + ^ + )

D ( y, )
2 o" 2 2 N 

C P + Pi + Yjl )

1 ' \ + ( 
) + (

D ( Yx ) D ( y2 )

0 ( yx ) D ( y2 )

~ *2 ~
yx y2

D ( yx ) D ( y2 )

, , i2 2 2» 2 Y1 ( p2 + p.2+ y<? )
( [ q - p 1 + px + yx ) y2 * 2

D ( yx ) D ( y2 )

(I q - p I + Px2 + yx2) ( p2 + Px2 + y22 ) J;
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t (
D ( y2 ) D ( yx )

-j— j
y2 Yi

D ( y2 ) d ( Yi )
( 1 2 - E r+ Pi2 + y/ )

D ( ) D ( yx )
2~-—2   ■ '2'”----------T~ +

D (2y2 ) D ( Yx ) )
yn ( p + 8. + y, ) /i I. , c2 2W 2 2 2vy2 F pi yl ( I 3 - E r + Pi +y2)(p +I3i+Yi)

]

.... (4.14)
Substitution of equation ( 4.14 ) in equation ( 4.12 ), we 
will obtain this closed form for a typical exponential term 
equation ( 4.4 ) of the product of the wave functions equation 
( 4.3 ).

Im f
HEA

( 4 % ) k 
% / 3 B

/ 2 0 2 w | | „ 2 \( P + )(I S “ E I + )

1 ( q2 + 2 y 2
[ D ( y, ) —2 D ( y2 ) ( —u-----1 Yi <i + y2

D ( y2 ) 0 ( y2 ) |
2 .~T2~. ~2)( I q - P I + Pi2 + y22 ) ( p + ?! + y2 )

(+ D ( y2 ) —2 D ( y . ) (
Y2

/Ml dStoiq +2y,
~2—---------2q + Yx

“(Yl>
—z----

D ( y, )
mMtm./ i i - 2 2v( I q “ p I + Pi + Yx ) , 2 2 2 v 1( p + 8. + y. ) >
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+ ( d ( yx ) (
yi

^ -

( I 3 - E .1 ' + Pi + Yi )
)D ( y2 )

y2 p + Pi + y2
rr—t ) | + [ d ( y2 >■ (-L

/i i 2 2 v( l S * E l '+ h + y2 )
) D( y j ) ( .g 11 -

~7Zp . + P< + y~2 t) j 3 (4.15)

Using the results of ESGH (equation 3.11 ) and ESEH 
(equation 3.24 ).processes this can be obtained as

t - -^r “<y2> H (I2 >- -
i yx3 2 y2

o H ( y. )—D ( y ) ---- + 2 0 ( y, ) D ( y2 )
y2 ’ yl

4 ( Yj>y2 >
, 2 2‘■ yl y2

(4.16)

if yl = y2
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.k.
% k.

J_ D( v , H ( 1
3 D ' ^2 9

V2 y2

f 2 D. ( y2 ) D ( y 2 ) A ] (4.17)

Y2 Y2

t 2 2where the defined quantaties H ( ) and I ( , y2 )

are given as

H ( y ) = 2 1 ( (Sj.2 , YX2 ) - -g 3 2' T ( i^.O)
( q + y1 ) 1

, T ^ { 2 2 , r and 1 ( yx , y2 5 = / d £
/{ | D 2 2 \ / 2 0 2 2\( 1 3 - E I* Pi + Yi Kp + Pi + Y2 )

These are given in ESGH ( equation '3.11 ) and ESEH (equation 
3.24 ) processes and the closed form of these will be derived 
in appendix using the results ( equations 4.13 to 4.17 ) 
of the typical exponential term ( equation 4,4 ) we can 
obtain the closed form of ( equation 4.12 ) through the 
equations ( 4.3 and (4.13) . The final form of the imaginary 
contribution in this ESGHe process can be obtained as

Im f (2)
HEA

4 2 2 3r / 4 A* ■ . 4 A Br . 8 A"3rr l - ( — + j— + —:1 Yj Y2 Y3
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D ( y, )
- ^ Y1 ^ / 4 B4 , 4 A2 B2

(. + 
Y2 Vi

8 B3 A 
3

v3

d ( y2 )
H ( y2 )
' 2 

V2

16 A2 B2 , 8 A3 B +' 8 AB:
( + -------3

Vl v2

D ( y3 )
H ( v3 }

■ -g-
v3

+ 2 A4 D ( yx ) D ( y ) —
Vi yx

1 ^ Y12 * yx2 X + 2 B4 D ( y2 ) D ( y2 ) -----?j—
4 V2 V2

I* ( y92 , yo2 ) + 8 a2 B2 D ( y. ) D ( y. ) —
4 y3 v3

1 ( y32, y32 ) +- 4 A2 B2 D ( Yl ) D ( Y2 } -----2^—2
4 Vl Y2

l' ( yx2 » y22) + 8 B3 A D ( y2 ) D ( y )-------1---- 2
4 V2 V3

2 21 < V2‘ * V3 ) + 8 A'3 B D ( y3 ) D ( yx ) 2 2
Vl V3

i* ( yx2 , y32) 3
4X0

n ki k=l,2,3 
J=2,3,1

H ( y j
\ D ( y, ) —-j- + Bkk 0 ( yk >

yk
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j * / , 2 2

D ( )  4 - gfc * —?■ + BfcJ D ( y t ) D ( y T )
”2-- Tyk yk k

t * / 2 2 \*4- ( Ylc ’ Yj >
(4.18)

yk Yf
t i i «s , B^s and yfe s , Bfcj s are constants given as

yl =s 2,82, = 13.573, Bii= 92.1074 ,
/

B12 * 117.604

y2 = 5.22 ,Ao, «
\

8.665 , B22 = 37.5392 , B23 " 187.931

y3 s 4 *021 = 21.689, B33 “ 235.208, B31 = 294.376

Now the real part of order k^.""1 of the second 
Born amplitude ( equation 2.58 ) can be written as

Rel (2)f
HEA

d p-?
( Pz “ Pi~T

U (q-p-pzy> £ + Pz y ) (4.19)

The basic, difference between this real part and imaginary 
part equation (4.12) is only the principal value inte­
gral d p^ , the evaluation of d r^ and d r2 integrals 
are same as imaginary. Replacing in equation (4.15)
by p^ and following the results of ESGH ( equation 
3.13 ) process, we will obtain the closed form of equation
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(4.19) for a typical exponential term ( equation 4.4 ) of 
the wave function product equation ( 4.3 ).

V t t
Rel f

HEA

L40%_ t ^ D (Y2 ) +

% k. ~i yl y2

o H ( y.. )
■h D ( Vi )-----T-----2 D ( Yl ) D l y2 )
y2 Yi

t / 2 2 \J4 n >Y2 >
2~

yl -Y2
(4.20)

If Yi = y2 a similar type of expression can be obtained 
as equation ( 4.17 ) for equation ( 4.20 ). Where the 
H ( yj, ) and *4 ( » y| ) are given as

H ( yx ) = 2 I2 ( p.2 , Yl2 ) * 27 27 2s h. 9 ( q + yx )

2 2 N “ d PZand *4 ( Yi » Y2 ) /
co Cpz -

/ d P
(h - pI + + Yi2)(p2 + pz2 + y22)

X2 ( Pi2 * yl2 ) and J2 < Pi2 0 ) are given in ESGH



'fX

2 2( equation 3.13 ) process. And *4 0 » Y2 ) is
2 2similar to Ig ( ) > the dosed form of this

is given in appendix. Now using the results of equa­
tion ( 4.20 ) , and substituting the equation ( 4.3 ) in 
equation ( 4.19 ), we will obtain the real part contri­

bution in this ESGHe process as

Rel f
(2)
H£A k=l,2,3

J=2,3,l

r , x H ( Vk ^[ \ D ( y, ) ----
Vk

' 7 ( 2 2\
V n ( \ n ( — } ~4 yk * yk *Bkk ° ( Yk } D C yk } * ”2 2

yk yk

vk) D (yj) x-} ]

....(4.21)
All the constants in this amplitude are some as given

under equation ( 4.18 ).
\

-2The real part of order k. of the second BornX
approximation equation ( 2.59 ) can.be written as

Re2 f 02)
H£A

2 if
k 2 ki

D
(P r , n ? d pz (p2 + pz2) 
0 ^ 2 Joo X Pz - )

(2)U ( q
fi E pz y 9 p + pz y )A (4»22)



By comparing the ESGHe amplitudes ( equations 4,18, 
4*21 ) with the ESGH amplitudes ( equations 3.11 , 
3.13 ) we can directly obtain the closed form of 
equation ( 4.22 ) for a typical, exponential term 
( equation 4.4 ) of the wave functions product equation 
(4.3).

t 2
Re2 f = K. D* [ D ( y2 ) H*’( y2 )

HEA 2 is Yjl3 4 2

i <+ D ( yx ) H ( Yjl ) - D ( y1 )
^2

T / 2 2 \D ( y2 ) h ( *1 ’ J2 ) ■,
" Vi2 v22 - (4.23)

I 9 2 2where H ( y2 ) and ( y^ , y2 ) are given as

11 I 3 l , 0 )H ( y ) = -- 2----*-----  +
( q + yx )

» yi ) 
“ ~~2 

Yl

and

12 ( P/ , Yx )

" dp.I5 ( y/ , y/ .) -■ (P_ / r
PZ

/
, / 2 2 yd £ ( P + p2 )

/ | | , 2 2\ / 2 2 2.(I q - p I + pz + yx )(p + p2 + y2 }
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f / d p„
/

, / 2 2,d 2 C P + p7 )
( P2 » ^ ) (Is- p| + pz2+ y2) (p2 + Pz^+'y^)

J3 ( pi2 » yr } - h ( yi" ’ y2^ > < y/ + y2z 5

+ I3 ( f^2 , y22 )

The above three terms are obtained by adding and deducting
2 2 2 2 y^ and y2 in the preceding two terms of % ( y^ , y2 ),

and making use of the previous results . Using equation
(4.23 ), the real part ( 4.22 ) can be obtained through the
equations ( 4.3, 4.12 ).

Re 2 f
(2)

H£A 2 22
Z D 

k=l,2,3
J=2,3,l

[ D ( yk )H ( yk )

Bkk
D

T / 2 2 x/ \ t \ b *k 1 yk( yk ) D ( yv ) —---- J--- 7T2 2 Yk yk

BkJ D ( yk ) D ( yj )
T / 2 2 xh ( Yk > Vj >

2 2 yk yJ

..(4.24)

After obtaining these scattering amplitudes ( equations 

4.11, 4.18, 4.21 and 4.24 ) for Hartree Fock wave



functions, we can extend these results to the Hvlleraas 
wave function. The product of the ground and final 
Hylleraas wave functions for helium atom is given as

A-J

*
rl ’ ?2 > V f ( rl - r2 ) =

[ -J* exp (-yti^+rj))]

6 t= —1^. exp (- y ( r, + r2 ) ) (4®25)
% x

»

where y = 1.69, y = 2 y = 3,38 . Substituting 
M = N = y and V = 16 y in equation ( 4.10 ) we will 

obtain the first Born amplitude for Hylleraas wave 

function.

Cl)
-> f

4 C ( 8 y" 2 \q )
t „ 2 2x2( 4 y -4- q )

(4.26)

Similarly the imaginary and real parts can be obtained by 
substituting k = y J % and = y in equations
(4.17, and 4,20 , 4.23 ). The corresponding scattering 

amplitudes for Hylleraas wave function are

Im
(2)

f
HEA

iT-t - A1 D ( y’
X

+ A2
y
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t |2

, * . , * , 1a C y ’ y )D ( y ) D ( y ) ---^--- ^-- ] (4.27)
y y

Kel f (2) i >
HEA 2 , 

%

[ A1 D ( y' ) -— A2

,2 ,2
. 1 % / \ h ( y » y )D ( y ) D ( y ) -a----^------------

y y

.... (4.28)

(2)Re 2 f
HEA

-2-
r\ 2 2 %

[ A1 D ( y' ) h" ( y' A2
2

D(y' ) D(y' ]

....(4.29)
where A1 = 38*615 ; A2 = 745.539 ; y\ = 3.38 . All

these derived amplitudes equations ( 4.11, 4.18, 4.21, 
4.24, and 4.26 , 4*27, 4.28, 4.29 ) correspond to the 
Hartree - Fock and Hylleraas wave functions in this 
ESGHe process.

The TCS ( equation 3.3 ) can be obtained for these 
wave functions by substituting equations ( 4*18, 4*27 ) 
in equation ( 3*3 ) . Fox the Hartree - Fock wave function



the TCS can be derived through the equations (4.17, 4.18)

He

tot
4 % 
ki

(2)Im f ( q = 0 )
HHA

4 n y 
ki2 k=l,2,3 

J=2,3,l

[ - 2Ak D ( vk ) -t

y, + (3.log—1s--- 2^ + Bkk D ( Vk > D ( Yk }

~S 2,2 ZT + BkJ D ^ Yk 5 D ( Yj )Vk *k ‘ Pi + vk )

~Z---T,-- h.----- Z7 l09( ---^2 ) 1 (4.30)
Vj vk ( yk = y,j ) Yj + Pi

Using this expression TCS are calculated at incident 
energies 100 to 1000 eV ( Rao and Desai, 1983c )and 
are tabulated in Table (4*2) . Similar type of TCS 
expression can be obtained for Hylleraas wave function 
through the equations ( 4.17, 4.27 ). These TCS results 
are also given in Table ( 4.2 ).

The first order exchange ( equation 2.36 ) scatter­

ing amplitude can be obtained by using the Ochkur 
approximation, through the equations ( 3.17, 4.2 , 4.3).



1fi5

9 och

27" T“24 n,ki

f /- d £i d £2 exP( i 3 r^ )

V . ( rl ’ r2 > f . (rl > r2 > |

/ d r1 exp ( i q. ^ ) p2 + q2 + 2 PQ )

3 ' 2= --4- 2 A ( k ) / ( q2 + y ( k )2 ) (4.31)
1 k=l

where A(l) = A2 y , A(2) = B2_y A(3) =

AB ( y + y ) and y ( 1 ) = 2.82, y ( 2 ) = 5.22 ,
y ( 3 ) = 4.02 .

The third GES term can be obtained by using the 
equations ( 2.43) , (4.3 ), and (4.5 ). This term was 
evaluated by Singh,and Tripathi , (1980 ).for elastic and 

inelastic scattering of electrons by helium atoms. The 
simplified form of this third GES term was given as

GES
22 ‘ 2"3 n k±

X31 + 3 x32 (4.32)

where X31 and X^2 are defined quantities ( Singh and 
Tripathi , £ 1980 ).

So far we obtained the second Born scattering ampli­
tudes ( equations 4.18, 4.21, 4.24 ) originated from
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equations ( 2.55 to 2.60 ), where the distortion 
term ( n = 0 ) was included in the infinity summation 

over the intermediate atomic states, for the simpli­
fication of the calculations. In the ESGHe process we. 
Mould like to exclude this distortion term ( n = 0 ) 
in the second Born approximation ( equation 2.47 )*

fi->f = l 1 d£° exp(i3-r0) viJo)
/ d £o exp ( 1 ii • £o > Vno 1 £o ) G „( i' ) 

' n -o.)

.. .(4.33)

where the prime on summation denotes that the distortion
term ( n = 0 ) is excluded. Now following the procedure

for the evaluation of the d r , d r ( Sec. 2.3.5 ), we
—o —o

will obtain the corresponding l'

(2)
U ( -----,------ )

fi
in the real, and imaginary parts of the, above second Born 
approximation ( equation 4.33 ). In the case of ESGHe 

process this function can be obtained as 
((2)

u’f ( 3 - E ~ f3! Y * E + Pi y » rr r2 )

= < u ( rx-,r2 ) | v ( c^- 2 - p.y ; rx r2 )



A p

» ( t + Pi V > tj r2 ) | » i I Tj r2 1 ) -

- c V fl ri(*2 ) |' V ( 3 - g + p. y , rx ) |'

< f t( 5lt-2 ) > < f f ( Svli J | V

( e + -Pi y« ii )| V ( £2 ) > (4.34)

Now the imaginary ( equation 4,12 ) and real parts 
( equations 4.19, 4.22 ) can be derived for equation 
(4.33). Using equation ( 4.34 ) in the ESGHe process. 
Making use of symmetry and normalization of the wave 
functions ( equations 4.2, 4.3 ), the imaginary (equation 
2.60 ) and real parts ( equations 2.58, ,2.59 ) of the 
second Born term can be simplified . The closed form of 
the imaginary part in the ESGHe process can be obtained 
as

Im f (2) 4 -r
HEA

/ d E U .(2)
fi

A( 3 - E - Pj y i

1
n /

p + y , r^r^ ) (4.35)
d £ ____________ _______________

(I q - £ I + P/) ( P2 + P^)

/ d rx /dr2 [ exp ( i 3 . bx ) - exp ( i
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( S • Si + Pi h ) V y* f * E 1 f * *2 exp ( 1 

( S ~ E )• £2 + 1 Pi ^ } ^ V. V * (4.36)

Substituting the product of initial and final states of 
Hartree* Fock wave functions ( equations 4.3, 4.4 ) and 
following the procedure for evaluation of d , d r2 
and d £ , we will obtain the above equation (4.36 ) as

Im f (2)
HEA

1 3 , A. ( p.2 , 0 ) _
inrr ,E, D < y± > ~ *—5-7-

1 1=1 ( q + yi J

it k. . f ^ aij D ( Yi ) D ( yj ^
1 1=1,3

J=l,3
Ii ( lC » 0 ) - I± ( |3.% y.")I____ ( „* , „ 2 2 2

2 2 ( 1 v i
yi yJ

_ / a 2 2 , ' , 2 2 . < 1^1 ^i * Yj ) ■*" -^4 ( Yj_ », Yj ) ) ■*

... .(4,37)

Similarly real parts of the second Born can be derived 
through the equations ( 4.3, 4.4, 4*36 ) * The closed 
form of these can be obtained as

(2) 1 3
Rel f = S D ( y. )

HEA % k- i=l 1
\ x2 < Pi2 - 0 )
(2- 2s( q + Yi )
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z £
% i=li3

J=l,3
[ A±J D ( y1 ) D { yj ) 2 2

( -r * / (1 2, r\ \ T / D 2 2 \ T / Q 2 2\^ » 0 ) — X2 ( ) ~ I2 ' » Yj /

+ I4 ( , Yj2 ) ) 3 (4.38)

and

Re 2 f (2)
HEA 2 , 2 * ki

32i=l
. , , i3 ( Pi2, 0 )

A D D ( y. ) -f-2-1--- 2~x
1 ( q + yA )

2 %
2 A.z D D ( y. ) D ( y.. ) i=l,3 1 J

J=l,3
t i2 ( Pi , y±2 ) - i4< y/ , Vi" ) ]

Vj
,(4.39)

All the constants Ai , y^ and A^j yj can be obtained 
from equation (4.2).

A1 = 6.7863, h- = 4.3324, = 10.845

*1 = 2.82, y2 = 5.22, y3 = 4.02
A11 = 46.0537, ^2 = 18.7696 A33 = 117.60341

to 11 29.4009, h.\ = 29.4009, A^ = 73.5939
A13 “ 73.5939, . ^23 = 46.9827, A32 = 46.9827
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4.2,2 Comparison of present ESGHe results with the

recent theoretical and experimental data :

Using the scattering amplitudes equations ( 4,11, 
4,18, 4,21, 4S24, 4,31, 4,32 ) we have calculated the ECS 
( equation 3,2 ) at incident energies E = 200 and 400 eV 
and the TCS ( equation 4.30 } are calculated in the 
incident energy range E = 100 to 1000 eV. We have used 
an average excitation energy DE = 1,20 a.u ( Byron and 
Joachain, 1977 ). These calculated results for ESGHe
process are presented in the Tables ( 4,1, 4.2 ) as well 
as in the form of graphs shown in figures ( 4.1, 4,2 ) 
along with the recent theoretical and experimental data. 
Our DCS results are found to be in good agreement with the 
compared data in the angular range © < 50° , TCS results

are also found to be in very good agreement with the comp­
ared theoretical and experimental data. The details of 
our comparisons with the present DCS and TCS are as 
follows .

Fig. (4.1) shows two sets of DCS results at 
incident energies E == 200 and 400 eV. In set A (E = 200 eV) 
present DCS ( solid curve a ) are compared with recent 
theoretical results, + —- EBS results of Byron and Joachain 
(1973a,b), and experimental results, » -—Register et al 
(1980), 0 — Crooks and Rudd (1971), at incident energy
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E = 200 eV. Set B ( E = 400 eV ) shows present DCS at 
E = 400 eV along with the GES results ( dashed curve 5 
of Singh and Tripathi (1980). The rest of the represent­
ations in this set B are same as in set A. It can be 
noted from these comparisons that the present DCS are 
in better agreement with the experimental data than the 
compared EBS and GES results in the angular range 
» < 50° .

Fig. (4*2) shows the comparison of present imagi­
nary part ( (solid curve) equation 4.18) with the imagi­
nary part of GES ( dashed curve ) of Singh and Tripathi 
(1980). This comparison was a checking of our present 
calculations, and also shows that the effect of in
imaginary part ( equation 4.18 ) was negligible, which was 
the basic difference between the corresponding terms in 
GES and HEA approximations ( Secs. 2.3.4 , 2.3.5 ).

Our present Hartree - Fock scattering amplitudes 
( equations 4.11, 4.18, 4.21, 4.24, 4.31, 4.32 ) are listed 
in Table (4.1) at incident energies E = 200 and 400 eV in 
the angular range 6 < 130°. Similar to ESGH ( Sec.3.2.1,
Table 3.1 ) process here also fluctuations are observed 
in the real part of the second Born term ( equation 4.24 ). 
The DCS are listed along with the GES results of Singh 
and Tripathi (1980). Very slight variation was observed



between the DOS's calculated by using Hartree - 
Fock ( equations 4.2, 4.3 ) and Hylleraas (equation 4,25) 
wave functions ( Rao and Desai, 1981 ). Table (4,2) shows 

the present TCS ( equation 4.30 ) at incident energies 
E = 100 to 1000 eV ( Rao and Desai 1983c ) along with 
the compared theoretical ( Byron and Joachain , 1975,

1977 ) and experimental (de Heer , 1975 ; Dalba et al ,

1979 } Blaauw, 1980 ) data. Our TCS results are found 

in good agreement with the measured values of Blaauw 
(1980) and nearer to the results of Byron and Joachain 
(1975).

It can be noted from the Figs. (4.1, 4.2 ) and

Tables ( 4.1, 4.2 ), that the present ESGHe results are

better than GES and nearer to EBS and experimental

data.

As in the case of ISH process ( Sec. 3.4.1, 
Tables 3.5, 3.6 ) here also we have observed the sensi­
tivity of second Born amplitudes ( equations 2.58, 2.59, 
2,60 ) and DCS with respect to the choice of the excita­
tion energy DE . The ESGHe scattering amplitudes 
corresponding to the equations ( 4.37, 4.38, 4.39 ) are 
used at incident energies E » 100 to 800 eV with 
DE « 1,20 ( Byron and Joachain, 1977 ) and DE =* 1.10
( Byron and Joachain, 1977 ) respectively for those
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observations. And the corresponding DCS (neglecting, 
exchange and third GES ) are calculated at incident 
energies E = 100 to 800 eV. These DCS results are listed 
in the Table (4*4) and the scattering amplitudes 
( equations 4.37, 4.38, 4.39 ) at E = 200 eV are given in 
Table ( 4.3 ). The DCS at E = 200 eV along the recent 
theoretical and experimental data was shown in Fig. (4.3).
The details of these Tables and Fig. are as follows.

Fig. (4.3) shows, the present DCS ( solid curve 
and dashed curve ) at incident energy E = 200 eV obtained 

by using the scattering amplitudes ( equations 4.11, 4.37, 
4.38, 4.39 ) with DE = 1.20 and DE* = 1.10 respectively, 

and the recent theoretical ( + — EBS ( Byron and Joachain
1973b ) and experimental ( ® --- Register et al, 1980 ;
A — Bromberg , 1974 ) results. These present DCS are 

found to be in good agreement with the compared data.

Table ( 4.3 ) shows the second Born, real parts 
(equations 4.38, 4.39 ) and imaginary part ( equation 4.37)

fdue to excitation energy DE = 1.20 and DE = 1.10 respe^
ctively at incident energy E = 200 eV. The DCS with 

these type of scattering amplitudes are listed in Table 
( 4.4 ) in the energy range E = 100 to 800 eV . In the 
Table ( 4.4 ), we listed two DCS ( upper and lower ) 

results at each scattering angle 0 and incident energy E,
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corresponding to the excitation energy DH = 1.20 and 
1.10 respectively. It can be observed from this table 
that the variation in the DCS was more in the small 
angle region than at large angles ( fixed E ), and 
this variation was negligible at higher incident ener­
gies ( fixed © ). It can also,be noted from Table 
( 4.3 ) that this choice of excitation energy was more 
effective, in the real parts ( equations 4.38, 4.39 ) 
than in the imaginary part ( equation 4.37 ).

A careful comparison of Tables ( 4.4 and ( 3.6 )
shows that the excitation energies play<s an important
role in the inelastic process ( ISH Sec. 3.4.1 ) than
in the elastic process ( present ESGHe Sec. 4.2.1 ). And 

*comparison of Tables ( 4.1 ) .and ( 4.3 ) for ESGHe process 
shows the effect of distortion term ( n = 0 ) in summ­
ing over the atomic states on the scattering amplitudes 
equations ( 4.18, 4.21, 4.24 ) and equations ( 4.37, 4;38,
4.39 ) respectively.

i

4.3.1 Inelastic scattering of electrons bv helium atom 
( ISHe ) :

e + He ( Is ) —-—> e '+ He ( 2s ) (4.40)

Various transitions in the, helium atom are of great



interest, not only because there is in this case a rather 
large body of precise experimental data which can be 
compared with theoretical predictions, but also because 
much more detailed information has been obtained so far 
from the experiments performed in helium than from those 
carried out in atomic hydrogen.

Now we consider inelastic scattering ( equation 
1.2 ) of electrons by helium atom. Like in the case of 
ISH ( Sec. 3.4,1 ) here also final state of the helium 

atom is different than the initial state. The scattering 
amplitudes of ESGHe process ( equations 4,11, 4®18, 4.21, 
4,24, 4.32 ) can be extended to this ISHe process. In 

this inelastic process the momentum transfer to the target 

is 2 2 1/2 
q = ( + kf " 2 ki kf coS ® ) (4.41)

Using the energy conservation the final momenta k^. of the 

scattered electron can be derived as,

kf = ( kj_ - 3 )
1/2 (4.42)

The initial ground state and final excited state of Hartree 
- Fock wave functions for the helium atom can be given as

IfJ ( r. , r9 ) = <t> ( r. ) $ ( r9 )
i * Is 1 is

= 4^ (P + Q) (R+S) (4.43)
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P, Q, R and S are defined in ESGHe process equation 

(4.2).

( rx , r2 ) 
f

------- *------ 172 [ $
(2 (i + d) )

r, ) ( t0 )

+ $ ( ) 4^ ( r., ) (4.44)
1 'Z 2

where

d =

<j) ( r ) =
1 ~

<j) ( r ) =
2 “

0.00534

M
l/2

(4 u)

N
172

(4 ti)

exp ( - 2 r )

[ exp ( - x^ r ) y

exp ( - x2 r ) r ]

Now the product of the initial and final wave functions can 

be written as

yj ( r , T9 ) if ( r , r2 ) = -----5—7 [ ( PR + PS +
i f x ( 4 it ) d

QR + QS ) ( ( Tx V2 + T2 Vx ) - y ( ^ ^ + T2 V^) ) ]

= _MN-----  ----^ [ pRT v + P3T- V0 + CftT. V0 + QST. V0 +
( 4 7i )2 d 12 12 12 12

PRT2 + PST2 VjL + QRT2 Vx + QST2 V1 3 -



177

—Y‘-~^--- r [ PRT W2 + PST w2 + Q&T W2 + Q3T VYA +
4 n ) d ^ 1 A A

PRT2 >1 + PS12 Wx + QRT2 1h + qst2 Wx ]

i .(4.45)
where = exp ( - 2 ri ) , T2 = exp ( - 2 r2 >

< li exp ( - X1 rl ^ , V2 = exp ( - X1 r2 >

££
H
* II exp ( “ x2 rl )» W2 = er.2 exp ( - x2 r2 )

and M = 5.656854 , N'= 0.61280 , x^ = 0.865 , x2 = 0.522

t 1/2
y = 0.432784 , d=(2(l+d)) = 1.41799

By symmetry of the terms in equation(4.45), this can be 

reduced as

PRT1 V2 + PST1 V2 + QRT1 V2 * ^T1 V2 ) “ 

PRT1 W2 + PST1 W2 + (3^ W2 + Q3T1 W2 ) ]

....(4.46)

process ( sec. 4.2®! ) here also we 

will consider a typical terms of equation ( 4.46 ) for the 

evaluation of all the scattering contributions to the DCS 

( equation 3.2 ). And then we extend these results to

2 M N r /
7 r2T'“T L v
( 4 if ) d

y (

Similar to ESGHe



equation ( 4*46 ). Now a typical term of the above 
equation can be given as

PET^ V2 - y ( PET^ W2 ) » kx exp ( - y^ ) exp ( - y2 r2)

■ y ^ exp ( - yx rl ) r2 exp ( - y2 r2)

= [ D ( yx ) expc' (:p- yx rA ) D ( y2 ) exp ( y2 r2 )
rl r2

+ y D ( yA ) exp ( - yx ) D2 ( y2 ) exp (- y2 r2)
rl r2 J

....(4.47)
2 * * where *= A , y^ = y + 2 ; y2 = y + x^^ ,

i ty2 * y + x2 . In this way all the terms in equation 
( 4.46 ) can be written as equation ( 4.47 ). It can be 
noted from equation ( 4.47 ) the first term of this is 
similar to (equation 4.4 ) and the second term is 
similar to first with only one additional derivative .
Except for the constants all the ESGHe process amplitudes 
( equations 4.11, 4.18, 4.21, 4.24 ) can be used to 
obtain the ISHe scattering amplitudes respectively.

The first Born approximation in this ISHe process 
can be obtained easily through the equations ( 4.6, 4.9 
and 4.45 ).



f U)

i—>f
TT * d £0 exp ( 1 3 * E0 > / / d £i

r - 2 1. . 1d r2 [-----j— + -----------------. +
£o “ -i ‘ l £0 " -2

V ( £i » £2 ^ V ' ( £1 » £2 ^ (4.48)
i f

jVUM *■> , / \ ^
7~------- 75---------T J d r «P l 1 2 . r ) / /( 4 s ) 2 * d 0 o

dr. d r0 [ - —~ + ----------------“1 -.2 *■ r 1 _ ,,o r - r,• ~o -1 £0 “ £2*

| ( PRTX V2 + PSl^ V2 + QRTX V2 + QST^ V2 +

PRT2 Vx + PST2 Vx + QRT2 V1 + QST2 Vx ) - y 

( PRTj. W2 + PSI1W2 + QRT^ W2 +QST W2 + 

PRT2 Wx + P3T2 Wx + QRT2 Wx + Q3T2 ) J

■m
( 4 % ) 2 '% d

8
2

1=1
J*1

/ d rQ exp ( i q v r )

IS dr, d r9 [
r — r, -o -1' I £0 " £2
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[a ( I ) exp (-(y1(l)+y2(l))) + B(J )

D ( yx ( -I ) ) exp ( - ( Yi ( J ) + y2* C J ) ) ) ]

t tIn this expression all the constants A ( I ) s and B ( J ) S 
and exponentials values ( I ) y2 ( I ) » y^ ( J ) , 

y2 ( J ) can be obtained from equations ( 4*43 , 4,45 )
The drQ , dr^ and dr2 integrals are evaluatedn for a 
typical term ( equation 4.9 ) in the ESGHe process, these 
results can be used to get the closed form of equation 
( 4.48 ).

(1)f
i->f

where

F1 * F2

F = 1
2 M N 821=1

(4.49)

A.1JLI
( yx ( 1 ) y2 ( 3 ) )

( 8 y, ( I ) + q ) ( 8 y2 ( I ) +q )
[ ----- ±------ 2—2—2 + —^------2---- r-2 3( 4 y. ( X ) * 1 ) ( 4 y2 ( X ) + q )

F2 = 2 M N 82J=1
B( J ) D ( yx ( J ) )

, 3 , 3y2 ( J )
( 8 y ' ( J ) + q2)

L -------------- ---’-----Q +I 4- A( 4 y. ( J ) + q )

Y1 ( J
( 8 y2*( J )2 + q2 )

+ q )( 4 y2 ( J )
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The imaginary part in the - ISHe process can be obtained 

as
(2) 4 * 3 (2) A

Im F = / d P u ( 3 “ 2 “ '8i Y »
HEA 1 fi

2 + y ) (4.50)

= — / d p < V * ( r, , r2 ) j
i ” f

v ( 2 - E “ Pj_ Y * Ei» £2 ^ v ( 2 + $ *

Jl'fz > I 'Vi ‘ £1 • J2 > >

= £ d r-j, ’ / d r2 V ( g - £ ~ Pi ? ;

’ f2 ^ v ^ £ + y * ri * r2 )

V i ( fi * f2 ) fl ( fi »3 } (4«51)

Substituting equation (4.47) instead of equation (4.46)

in the above expression , and following the procedure

( equations 4.13 to 4. 17 ) for the evaluation of dp, 
d , d rg we will obtain the closed form of equation 
(4.50) for a typical, term (equation 4.47 ) of equation

(4.46).
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t

Xm F
HEA

(4 n ) k
it k,

l r ( D < <*,. > D ( s H C y2 )
[ ---------- D ( y2 ) 5—

Vl Y2

D( V, )
+ -----2----

Y2

D ( y2 >

v
H ( y. )

D ( Yx ) --- -2 — + 2 D ( yx )

V1 ^l2 > Y22) ) .. ( D,( Vi )
----- 2--- 2--  ) Y i ^ 2yl y2 ^ Vi

2 / « x H ( y2 ) °2 ( y2 )
-T~ + f2D2 ( y2_ 5 D y, )

*2 y2

H ( y^ 5
+ 2 D ( yx ) If ( y2 )

* 2J4 ^ Y1 * Y2 ) )
2

Y1 Y2
)

( 4 ft ) kj [ j - d ( y2 ) H ( y2 5

D ( Yi )
Y2

H ( Y» ) ' + 2 D ( y. ) D ( y2 )

*4 C yl2 « V22 ) ) , ( 2 n 2 '
:2 ) + / ( - J u v y2 ^Vl Y2 Y1
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h ( y2 ) 6
,2

y2
,4

H ( y. ) .D ( y1 )-----g--  + 2 D ( Yi )
y2

t . 2 \„2 / * % *4 ^ Y1 * y2 ^
D l Yo ) ----- -------- ----

2yi y2
) 1 (4.52)

where H ( yk )'s and I4 ( yfc2 , yj2 ) 's are defined
differentiable expressions ( given under equation 4.17 ). 
Now the complete imaginary part ( equation 4.50 ) can be 
obtained by substituting equation ( 4.46 ) in equation (4.51) 
and making use of the result ( equation 4.52),

Im F
(2)
HEA

2 MN r ( ( _ 2 a2 
y2

2 A B
% k. dl

3y3
H ( yA ) + c - 2 a2 2 A B2.. 3yl yl y4

) D ( yj_ )

H ^ y2 ^ . / 2 A B
...r O..‘ "r V. “ o
y2 *1

2 ) D ( y, )
y4

H ^ y3 ^ / 2 B2 .
—~----- + i - 3~~
y3 y3

) D ( y4 ) 
Yo

H ( yA ) 9
---- if— + 8 A E) ( yx ) D ( y2 )

y4



, » ( 2 x4 v yA 2 N» y2 >
+ 8 A2yl 2y2

• , 2 *4 ( YL - y3 ) + 8 A2yl 2y3

i 2X4 ^ y2 2 \» Y4 > + 8 B‘
2y2 2y4

' / 2 < y3 » y4 ) ) .
2y4 2y3

) +

D ( y2 ) H ( yx )
2Y1

+ (

h ( y4 ) + ( ~ 2 A2
2y4 yl3

H ( y2' )
»2Y2

+ (~ 2 A B 
3yl

H ( y.,’ )
O A2 D (

y3^ “ “ o

h -< Vi
f2» y2 >

2yl
,2

y2
1 "" <M» |

+ 8 A B D ( ) D ( y2 )

+ 8 A B D ( y2 ) D ( y4 )

+ 8 B2 D ( y3 ) D ( y4 )

( / 6 A . 6 A B >
\ A /. 4

Y2 y3

6 AB B'
,4

y2 y3

2 A B

T" } D C y4 )

) D 2 ( y2* )

2 B ^ n 2 / 1 xt— 5 D ( y3 )
y4

D ( y1 ) D 2 ( y3' )8 A B 2
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i 2x4 C Yi » y3 ) 

2 »2 
Y1 Y3

* 2 *2*4 < y/ ■ y2 )

y4 y2

8 A B D ( y4 ) D 2 ( y2’ )

SB2 D C y4 ) D 2 ( y3' )

t , O ,14 < y4 ’ *a >
2 '2 

*4 V3
I 3

The simplified form of this can be written as

% k. r
4[ £ (

k, = 1
A ( k ) D ( y . ) H C Yk )

+ 2 (
L = 1

B ( L ) D ( yL ) H ( yL )
,2 )

YL

4
<c-»

u

L = 3
( B ( L ) D ( y. ) H ( ) 

' ,2 
YL

C ( M, N ) D ( y M ) D ( y N )
M = 1,1,2,3 
N = 2,3,4,4

N

T ' / 2 2*4 1 V M , V N )

2 2... Y m y n
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- z
m = 1,1,4?4 
n = 2,3,2,3

E(m,n)D(ym ) D 2 ( y n )

i . «2 t2i. ( y rn , y ~ )4 n
,2 t2

] , (4.53)

m n
where A ( k ) s , B ( L ) s , C ( M , N ) s and

E ( m , n ) s are constant which can be obtained from
t fthe equations ( 4.43 to 4.46 ) , and y^ s and y m s

are exponential parameters of the wave functions
( equations 4.43, 4.44 ). All these constants can be

obtained as

A (1) = 6.97273 , *1 — 3.41 1yl = 3.41
A (2) = 2.23828 , Y2 = 2.275 f

tiCM 1.932
A (3) = 1.78839 , y3 = 3.475 9

1y3 = 3.132
A (4) = 5.57122, y4 = 4.61, y4’ = 4.61

11

* <
“>£3 6.97270, C (1,2) = 4.45743, E (1,2) = 116.0981

B (2) = 5.57120, C (1,3) = 1.52646, E (1,3) = 92.76262
B (3) .» 0.77399, G (2,4) = 1.94868, E (4,2) = 92.76262
B (4) = 0.96869, C (3,4) S= 0.66733, E (4,3) « 74.1174

Similarly real part equations ( 4.19, 4.22 ) can be obtained
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through the equations ( 4.19, 4*21, 4*47, 4.46 ) . Like 
in the case of ESGHe process ( equations 4.18, 4.21, 
4.24 ) , here also can write directly closed form of 
the real parts, by making use of the imaginary results 
( equation 4.53 ).

Rel HEA
12

% k.

43E ( A ( k ) D ( yk 
k = 1

)
H' t Yfc ) 

2 Yk

( B ( L ) D ( yL' ) 

( B ( L ) D 2 ( yL‘

H C YL* > 

YL
) +

I . f .h ( yL )

yL
,2

£ C ( M
M = 1*1,2,3 
N = 2,3,4,4

N ) D ( y ) D ( y ) 
M N

*4 ( y
M N

M N

87



Re 2

m ™ ljJLy4y4
n = 2,3,2,3

E(m,n) D ( y )Dz(y )
m n

,2 ,2
x4 ( y , » y )^ m______ n

,2 ,2
y ym n

] (4.54)

(2)
HEA _ 2 22 n k.x

4 f t£ A ( k ) D ( yk ) H ( yk )
k = 1

i t i i£ B ( L ) D ( yL ),H ( yL )
L = 1

4 » it+ £ B(L)D (yL ) H ( yL )
L = 3

- C ( M . N )
L - 2
M = 1,1,2,3
N = 2,3,4,4

D ( y )
m;:

D ( y ) 
N

_ (2 2S(y , y )0 M__ -N

M N

+ £
m = 1,1,4,4 
n = 2,3,2,3

him. jn 
2 D (y ) 

m
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D ( y ) 
n

• 2
^•5 ( y t y
_______ m_______ n_ (4.55)

1** »'

y y
m n

. ,2 ,2All the functions H ( y. ), I. ( y , y ) and
m n

1 1 ,2 ,2
H ( yk ) , I5 ( y , y ) in the equations (4*54,

m n

4.55 ) arecsimilar to those in ESGHe -process ( given 

under equations 4.20, 4,23 ), and all the Constants, in 
equations ('4.54, 4.55 ) are same as given under equation 
(4.53).

4.3.2 Comparison of present ISHe results with the other
data :

Using the ISHe ( Sec. 4*3.1 ) process scatter­
ing amplitudes ( equations 4.49, 4.53, 4.54, 4.55 ) we 
have performed the DCS calculations at incident energies 
E = 200 and 400 eV . We used an average excitation 
energy DE = 1.20 a.u ( Byron and Joachain , 1977 ) in 
the calculation of second Born scattering amplitudes 
( equations 4.53, 4®54, 4e55 ). These DCS results and 
scattering amplitudes are listed in the Table (4.5 ). In 
Fig. ( 4.4 ) we have shown the DCS with and without real
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part ( equation 4.55 ) in the DCS calculations . The 
present ISHe DCS results are found higher than the 
compared data. The discription of the Table and Fig. 
was as follows.

Fig. ( 4.4 ) shows present DCS ( without 
exchange correction in equation 3*2 ) at incident
energies 200 and 400 eV. Set A ( E = 200 eV ) shows 
present DCS ( solid curves a and b ) at incident 
energy E = 200 eV. Set B ( E = 400 eV ) shows
present DCS at E = 400 eV. It ©an be observed
from these sets, that the variation of DCS due to
real part ( equation 4.55 ) was more at 200 eV than
at 400 eV.

Table ( 4,5 ) shows the ISHe scattering 
amplitudes ( equation 4.49, 4.53, 4,54, 4.55 ) and DCS 
at incident energies 200 and 400 eV along with the 
compared theoretical results of Singh and Tripathi 
( 1980 ).

The present ISHe results are found to be very 
much higher than the GES results of Singh and Tripathi 
( 1980 ).
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