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CHAPTER - III

SCATTERING OF ELECTRONS BY 
HYDROGEN ATOMS

3*1* Introduction :
Electron scattering from atomic hydrogen ( H ),

( z s= 1 ) is one of the most basic problems in atomic 
Physics. In this case all the states of the target 
( hydrogen ) are known exactly so there can be no uncerta
inty in the amplitude arising from the use of bound state 
wave functions. On the other hand experiments in atomic 
hydrogen must be performed in a crossed - beam configura
tion. Because the tendency of atomic hydrogen to form 
molecule of Hg , it was difficult to do precise experiments. 
This difficulty was resolved in the recent years. We have 
now the experimental results for DCS .

In the present study^first we consider all types of 
collision processes for the interaction of electron with 
the hydrogen atom, at the incident energies 100 to 700 eV. 
Two basic approximations ( Yates 1974, 1979 ) are used in 
these studies. The exchange effects are included in the 
DCS calculations. Ochkur (1963) approximation is used to 
calculate the exchange scattering amplitudes. The DCS*s
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-.2are calculatdd through 0 ( ki ) in the present 

investigations. The scattering amplitude for DCS is

given as
(1) (2) (2) (2)

F = f + Rel f + Re2 f + 2m r--
HHOB i->f HEA HEA HEA

+ goch

(3)
+ f

GES

—2The DCS 0 ( ) is approximated from (3.1) for fixed q.

do
d-n-

2l F |- HHOB
(3.2)

In the above equation (3.1) first term is the usual first 
Born amplitude (2.12) second, third and fourth terms are 
.the real and imaginary parts of the second Born approxima
tion ( equation 2.57 ), fifth and sixth terms are the 
exchange ( Ochkur, 1963 ) (equation 2.36) and third GES 
term ( Yates, 1974 ) ( equation 2.45 ). The following 

problems for e - H atom collision processes are studied 
in the present chapter.

i) Elastic scattering of electrons by the ground 
state of hydrogen atom ( Is - Is )

ii) Elastic scattering of electrons by the excited 
state of hydrogen atom ( 2s - 2s )



iii) Inelastic scattering of electrons by hydrogen 
atom ( Is - 2s )

iv) Born exchange amplitudes in HEA .

The total collisional cross sections are calculated using 
the optical theorem ( Taylor, 1972 ), The TCS*s are 

obtained from the following expression*

c - Xm f(2) ( 0 ) (3*3)
Ki HEA

The TES*s are calculated through equations (1*7) and (3*2)*

3*2*1 Elastic scattering of electrons bv the around ( Is ) 
state of hvdroaen atom ( ESGH )•

e + H ( is ) —> e + H ( Is ) (3*4)

In the elastic process equation (1*1) the final state 

function of the target hydrogen atom is same as the initial 
ground state function. The ground state wave function for 
the hydrogen atom can be written as

ip ( rx ) = .-j^2 exP ( - ri ) » A exp ( - rx ) 13.5)

The product of the wave functions for initial is and final 

Is states can be written as



P l *x ) y . C ) ■ A exp ( -2rx )

2 n exp ( -yr. )■A D ( y ) ---r---4—

■ -A
d" exp ( -yrx )

dny
n®1» (3,6)
y=2

For the convenience for the study of the scattering
processes, the product of the wave functions was written

nin the derivative form. D ( y ) stands for the differen
tiation w.r.t y and n stands for the order of the
corresponding differentiation. At the end of calculations

2 -1the values for A ( ** % ), y ( = 2 ) and n=l are
substituted.

The interaction equation (2.24) between e - H atom 
can be written as

V
d

(3.7)

where rQ and r^ are the position vectors of the incident 
electron and target hydrogen w.r.t the target nuclei. 
Substituting equations (3.6, 3.7) in the equations (2.12, 
2.57, 2.36, 2.43 ) we will obtain the corresponding scatt
ering amplitudes for the DCS equation i3.2). All these 
contributions to the DCS can be obtained as follows.



%

i->f

(1) 4-/ d r exp (i q.r ) V ( r )
271 —o --0 -O

- -, -fe // d Eo d £l exP (i 3*E0 * v

? f ( rl J f i 1 rl 5

a22* i£*j£i(>+y2)'

= 2 (q ^8)
( q2 + 4

(3.8)

This expression is the first Born approximation for 

hydrogen atom. Now the imaginary and real-parts of the 

second Born approximation are obtained as

(2) 4** „ (2) , A A %
Im f • / dp U ( q - E - M )

HEA Ki *" fi ~ l-i

4nki / <Je < f f ( rx )t V ( 3 - E * rl 1

V ( b + Pj$ ; )| If { rk ) > 13.9)

Using the equation (2.53) for V ( )'s in the above

matrix element, it reduces to
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JL
7tk~ $> dp / d£x [ exp ( i ( q-p

[ exp ( i £»fc>x +, iPxZx )-l]

|) ( ^ ) jll ( Xx )/( |g - g| + i\ )C P2 + ^ )

dgA
TEk, D ( y )/

( Is - p I + P? ) ( p2 + P2 )

exp ( -yr^ )

[ exp (i(g-g).bj'- )-l]

[ exp ( i p.bx + ip.Zx )-l] (3.10)

The typical solution of the dr^ integral is

/ exp ( -yr ) exp ( i Q.r ) = -   .. % 
rl 1 ---- x (Q + y )

Using this the above dr^ integral can be evaluated very 

easily.
2

1-A__ 0.(..Y..)„ r
h

dE

( Is - p I + P2 X p2 ♦ P2 )
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[ \ 2A - ( l<I • E |2 + Pi + Y2 )_1y ( q + y )

- ( p2 + P2 + y* ) 3

dE
... ....... ,y*......... ..( Is - g I + P2 )( p2 + P2 )

-1

4 A D ( y ) /

( q2 + 2y2 )
y^( q2 + y2)

2 . „2 . .2 -1( p + p. + y ) 3

4 a D ( y ) dp
s.

( Is - p l + P2 > y2

[ 2 2 . £( P^ + Pi + y^ ) (q2 + y2)(p2 + p2 )

This integrand is obtained by using the partial fraction 
technique. Few integrand terms are cancelled with the 
opposite same type of terms after partial fraction. After 
the evaluation of the two dimensional dp integral ( given 
in the appendix ) the closed form of the imaginary contri
bution can be given as
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Im f (2)

HEA
±_A_ D ( y ) -J* [ 2 IA( pj , y2J

R l’( pf , .0) ] (3.11)
(q2 + y2) 1 1

where I^(p^ > Y ) is a function of p^ » q and y , and
to 2 2I. ( p. , 0 ) is a function of only pf and q . These

are given as

T ( r2 2 . ^*2, ' * y ) % log
(q2 + P?)(E + q2 + y2) + 2p2 (q2 2* y )

/ J1 2l\ / 2 2 %( Pt + y )( B - q - y* )

2 rt a 2 o oE = ( + y ) + 4q pf

and
ij (fs2 . o ) = I, o? , y2 )'1 'ri y = 0

In the forward direction ( q = 0) the TCS expression 
is obtained from equations (3*3) and (3.1l).

H a, ,..r (jLllJ. ]
a » - D ( y ) —^j* log [
tot PT

(3.12)
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The TCS results are shown in the table (3.4).

The dr^ evaluation of the real part of order 
kT1 (equation 2.58 ) is exactly same as imaginary part. 

Using the above results of imaginary part, the real part 
0 ( kT* ) is given,as

Rel (2)f
HEA

, 2 
4 A
*kx

00o ( y )(p / /
— oo

dpZ
7

C 2
T( |q-E I +P2 ) ( P +PZ + Y }

Z

/ _2 . 2 w 2 ■ 2 v( p + p )( q + y ) 
Z

After, performing the dg and <%>z integrals ( given in 
appendix ), the closed form of this scattering amplitude 
can be obtained as

Rel f (2)
HEA

4 A 
itk. D ( y ) [ 2 I (p* , y*)

x

-g2-..ir U.i3)
(q + y )
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where

T /q2 2»^2 » y ) —

Y

Sgnly2 - q2) =

12 (Pi . 0) =

ur r „ / 2 2% / 1f [ 1- Sgn(y - q ) (-£

1 -
2pj.( Y2 2^q )

(y2 + q2) (p? + y2 )

+ 1 y > q

- 1 y < q

ys!0

sin"‘3Y\-i
15

Now the integrals in the real part of the second Born
Aterm of 0 ( k£ ) equation (2.59) are same as real part 

of 0 ( k”1 ) . Here the integrand is simpler than the 

real part of 0 ( k^* ) because of the cancellation of 

( p + pz ) term with the sane type of denominator,teJ3ni:>This 

corresponding form of the real part after the dr^ integra

tion, is given as

Ee2
(2)

f
HEA

D ( y ) D*(p/ dg /

mm <

dp2

(pz - Pi)

1 r ( g2 + 2y2)
2 n L 2/2 2» “*

( |3 - P I + pz ) Y ( q + y )

(la - E |2+ p2 + y2 f1- (p2 + p| + y2)"1 ]

Zi
........... (3.14)
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Following the same procedure for dg and dgz integrals 
as discussed above, the closed form of this real part can 

be obtained as

Re2 f
(2)
HEA Mr D c y ) D* [•Jtkf

(Pi » o)
2 2q + y

(Pi , y)
...2.... (P? , y2) ] (3.15)

where

I3 (Pi » y) = — ■re3 ( 1 — tan”1 )

I3 (Pi » 0) = 13(^1* y) iy=0

tD is differential operator w.r.t p^ .

The third GES term equation (2.45) given by 

Yates (1974) is reformulated in a convenient form for 
the purposq of the present study. This term was given 
with a differential operator acting on a dimensionless 
vector T ( = q/y ). In the present study we have introduced 
the D ( y ) operator using the partial differentiation 

technique, instead of the T differentiation. The 
modified form the equation (2.45) is obtained as

(3)

GES
4y % A
16k7— D ( y ) (q + y ) [4 jlog (

2 2q + y
yq
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“§-- 2A (q , y ) ] | 2

A 2 D ( y ) F (q , y)
16 kj (3.16)

where

A (q , yJ
2 2 

%
y * 6

2 / 2 n2 ( log -2- ) + -§- + 2 ^~q /y ^ -SL < x
n=l n

~ f 2, 2*n\ ±l£±,

n=l n
-J9- > i
y

—2Finally for the consistent picture of DCS 0 ( )

we have included the first term of the exchange amplitude 
equation (2.36) using the Ochkur approximation ( Joachain ; 
1975 ). This exchange contribution is obtained as

bch
---/ dr2 exp ( ig.a^ ) ^ ( ri ) V ' ( )

kj
*
f

8 V. D ( y ) (q2 + y2>
-1

k

- 2§ (q2 + 4)
kI

-2 (3.17)

3*2.2 Comparison of present ESGH results with the other 
data s

Using the scattering amplitudes ( equations 3.8, 3.11,



3*13, 3*15, 3.16, 3*17 ) derived under the assumptions 
of HEA ( Sec. 2.3.5 ) and GES ( Sec. 2.3.4 ), I have 
performed detailed calculations ( DCS , TCS ) for the 
ESGH process ( Sec. 3.2.1 ) in the energy range 100 - 
700 eV. I used an average excitation energy DE = 0.465 a.u 
( Byron and Joachain, 1977 . ) in the calculation of second. 
Born term ( equations 3.11, 3.13, 3.15 ). Our HHOB DCS 
and TCS are presented in the Tables ( 3*1, 3.2 } and 
( 3.4 ) as well as in the form of graphs shown in 
Figs, ( 3.1, 3.2 ) along with the other theoretical and 
experimental data. As it was expected the present results 
are found to be in good agreement with the compared data 
in the angular range 0 < 50 . The details of our compari
sons with the present DCS and TCS are as follows.

Fig. ( 3.1 ) shows the present DCS ( Solid curves a,b ) 
along with the recent theoretical and experimental data 
at incident energy E = 100 eV. The solid curves a and b
are obtained by using the results given in Table ( 3.1 ) 
with and without real part 0 ( k? ) in the DCS ( equation 
3.2 ) calculation. These two curves are compared with 
the recent experimental data, ,0 - Van Wingerden et al , 
(1977) and theoretical results, + — EBS ( eikonal Born 
series ) of Byron and Joachain ( ,1981 ), © *— UEBS 
( Unitarised eikonal Born series ) of Byron et al , (1982)



and • — EOM ( Elicit Optical Model ) of Mc Carthy
et al , (1981). It can be observed from the figure that
curve a approaches the compared theoretical results in
the absence of real part Q ( kj ) ( i.e. curve b ).
But curve b is away from the compared experimental data,

, —2 \
which shows the importance of real part, 0 ( k^ ) in the 
small angle region. The present DCS curve a is found 
to be in good agreement with the. compared data at scatter
ing angles 9 < 30° , and satisfactory in the angular
range between 30 and 60°,

. - iFig. ( 3.2 ) shows the present DCS ( Solid curve § 
without exchange ( equation 3.17 ) in ( equation 3.1 )) at 

incident energies 100 ( set A ), 200 ( set B ) and 400 
( set C ) eV in the angular range © < 60° . This figure

represents three sets of results. In set A, the present 
DCS are compared with the recent theoretical results ,

4 C C S ,0 P M ( Coupled - Channel Second Order Potential 
Model ) of Bransden et al , (1982), and the experimental 

results, 0 — Van Wingerden et al , (1977) ( renormalised 
results of Lloyd et al, 1974 ) and • — Williams (1975) 

at incident energy E = 100 eV . Similar type comparisons 
are shown in set B and set C at incident energies 
E = 200 and 400 eV respectively. With respect to the 

experimental data the present results are better than the
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compared theoretical results . Again in the absence of 

exchange ( equation 3,17 ) and real part ( equation 3.14 ) 

contributions to the DCS ( equation 3.2 ) the present 

results fall considerably under the compared experimental 

and theoretical results (not shown in the Fig. 3.2 ).

This can be noted from a careful comparison of Fig.( 3.1 ) 
and Fig. (3.2) at 100 eV.

Figs.. (3.1) and (3.2) show the important of exchange 
•*2and real part .0 ( ) to obtain agreement with the

recent experimental data. Even with the Ochkur,(1963) 

exchange first order correction, the present DCS results 
( curve a ) are found slightly lower than the recent 

experimental results. These present DCS results can be 

improved by the inclusion of higher order exchange corre
ction , ( Solid curve C in Fig. 3.2 shows these results 

which.will be discussed later ) to the direct scattering 
amplitude ( equation 3.1 ) of HHOB .

Our HHOB results for ESGH process are listed in 
fables (^3.2 and 3.4 ) in the energy range 100 to 700 eV. 

Table (3.1) shows all the scattering amplitudes i.e. first 
Born ( equation 3;8 ) real parts of second Born ( equations 
3.13 , 3*15 ) and third GES ( equation 3.16 ) and First 

order exchange ( equation 3.17 ), and the imaginary part 

of the second Born ( equation 3.11 ), in the angular range



© < 120° , and at incident energies 100, 200, and 400 eV.

The DCS ( equation 3.2 ) calculated using all these scatt

ering amplitudes without and with Ochkur exchange term 
( equation 3.17 ) are also listed. Table ( 3.2 ) shows only 

DCS without exchange correction in the angular region 
© < 60°, and at incident energies 100 to 700 eV. Table

( 3.4 ) shows the present TCS ( equation 3.12 ) at the 

incident energies 100 to 700 eV., along with the compared 
theoretical and experimental data. The present DCS and 
TCS are found to be in good agreement with the compared 

results. And this agreement was better at higher incident 
energies than at 100 eV.

From Table (3.1 ) it can be observed that the real
—2part ( equation 3.15 ), 0 ( 5 behaves entirely diffe

rent than the remaining terms. This term is fluctuating 
in the entire scattering angular,region. This is due to 
the presence of oscillating terms in equation ( 3.15 ). In 
real part (equation 3.13 ), 0 ( k^1 ) also slight fluctua

tions are, observed,, but these are comparatively negligible 
than in equation ( 3.15 ). More or less equation (3.15) is 
behaving like third GES term equation (3.16). These 
points will be discussed,, in the last chapter.

So far we considered the ESGH process. The DCS and 
TCS results for this process are very encouraging for the
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further study of the collisional processes. This gave us a 

scope to study the scattering of electrons from the meta
stable 2s state of hydrogen atom ( Rao and Desai, 1983a).

This type of elastic process plays an important role in the 
plasma and astrophysics. In the recent past, very few appro
ximations were applied for this process ( Joachain et al,
1977a,b £ Joachain and Winters, 1980 ; Pundir et al, 1982 ).

In this work we made an attempt for the study of this process, 

which is described in the following section.

3.3.1 Elastic scattering of electrons bv the excited (2s) 
state of hydrogen atom ( ESEH ) :
( Rao and Desai, 1983a ).

e + H*(2s) ---- > e + H* (2s) (3.18)

The approximation, methods applied for ESGH study discussed 

in the above sections can be applied to this scattering 
process ( equation 1.3 ), in which the target hydrogen atom 
is initially in an excited 2s state ( equation 3.18 ).

The scattering amplitudes in ESGH ( equations 3.8, 3.11, 3.13,
* } J

3.15, 3.16 , 3.17 ) can be extended to this present ESEH 
study . Here it is assumed that the target electron is 
initially in the 2s excited, state of hydrogen atom. The 
wave function corresponding to this state is

Iff ( r, ) = —---’\yT2 C 2 - r, ) exp ( - r, /2 )
T 2s 1 4(2 « r'* 1 1



where

- (B + A i| ) exp ( - r^ /2 ) (3*19)

B m 0.19947, A = -0.099736.
The final state . of hydrogen atom is assumed as initial 2s 
state. The product of the initial and final wave functions

88

can be obtained as
V , c ri ) V *

i , f
( rx ) = IP „ l ri ) v * i

2s A 2s
rl >

'

=
2( B + A r^ ) exp ( - rA )

=
( B2 + 2ABr1 + A2r2 ) exp(-r1)

• '
2where B , 2AB and A2 are constants that can be

obtained from the normalisation coefficients of the 2s 
wave function of target hydrogen ( equation 3.19 ). The 
product of the wave functions ( equation 3.20) can be 
written with the differential operator Dn ( y )(equation 
3.6 ).

= [ - B2 D 1 ( y ) exp ( -y rx ) + 2 A B D 2( y ) 

exp ( - y ^ ) - A2 D 3 ( y ) exp (- y

= -1 EBjDn(y)exp C-y r,)/^] |y=1 (3.21)
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t . .
where Bn s axe constants given in equation ( 3.20 ). 

The differences between the wave function products of 
hydrogen Is and 2s ( equations 3.6 and 3.21 ) are the 

multiple coefficients and the order of n. The nature 

of the differentiable function equation (3.21) in the 

present case is similar to that of equation (3.6) in 

ESGH process .

The interaction is same as given in the ESGH

process. Substitution of the equations (3.7 and 3.21) in 

the scattering amplitudes equations ( 2.12, 2.57, 2.36, 

2.43 ) we obtain the corresponding contributions to the 

DCS equation (3.2). These scattering amplitudes are 

given as

£
(i)

i—>f
1
2u // <£0 ? ( *x ) E Co l£o" ill ]

( rA ) exp ( i 3*ro )

2 « 

1

“ // ( B2 + 2 ABr. + A2 r? ) [ -

lEo-£il
] exp ( i a.ro) exp (-y rx) drQ drx

16« [ B2 - 2 ABD 1 ( y ) + A2D 2( y )] |
y (q +y )



(3.2,2)* E A D n (y ) [ 
n=o n
2 (q2 + 2y2) 

y3(q2 + y2)2 y=l

where AQ = 2, » 2 and Ag 0.5, D 0 represents

the case without differentiation. The closed form of
Ithe first Born term ( equation 3.22) in the ESEH process 

is similar to that of ( equation 3.8 ) in ESGH process.

Now the imaginary part of the second Born term can 
be obtained by analogy of the results of the ESGH &ro<3,ess 
( equations 3.9, 3.10, 3.11 ). The imaginary part in the 

present process is

(2) 4 3 , d£
Im f .... = - 4“ 2 Bn: D ( y ) ■/ .. *....M... g-.2

(13 - E l + y 
2q......  i.

(q + y Xp +

....«(3.23)

HEA 1 n=l

[ (p2”+p2 + y2 )

The two dimensional g -integral procedure is given in 
the appendix. The closed form of the equation ( 3.23 ) can 

be obtained as
(2) i3 1 00Im f , = - -r- E » D n ( y ) -V [ 2 I (Bf , yz) -
HEA Ki n=l n y 1 1
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a2—
+ y ) o) 3 (3.24)

2 2 2 2 2 where 1^ ( ^ , y. . ) is a function, of p^ , q and y
t 2 2 2and ^ ( p^ ,0 ) is only function of q and p^ . The

integral form of these functions is given as

, 02 2 \ - ( P± » y. •) • ■ /
( | q- £ | + pj ) ( p" 2h + y

and
ij ( -0? , O ) = I ( P? , y2 ) I 
A x 1 1 'y*p

The solutions of these integrals are given in the ESGH 
, process ( under equation 3*11 ). Now the coefficients 

in the scattering amplitude ( equation 3,24 ) are

Bx = 0.159 , B2 = 0.159, B3 *> 0.0398 .

Now following the same procedure, we will obtain 

the real part ( equation 2.58 ) of the second Born term 
using the results of equation (3.13) and the product of 
the wave function ( equation 3.21 ). This real part 
contribution to the DCS can be given as



Eel f (2)
HEA \ Z D n ( Y ) (P f dE /" . y—~~r"5~Ji" n=l n - » v PZ pi'

» dpZ

2 . 2 . 2Y2 US - E I + pf ) t P + PZ + Y )

- , 2 ,2.-. ] (3.25)( p 4- p7 ) C q + y )

The evaluation of the principal value integral, dp^ is 
same as discussed in the ESGH process, The closed form 
of this ( equation 3.25 ) is similar ,to that of the real 
part ( equation 3il3 ).

(2) i 3 . o n
Rel f = t a D n ( y ) [ 2 I,(f5‘ , /) -

HEA n=l n ■ y ■ Z 1
2

-- g.-.—g.;----- I* ( , 0 )] (3.26)
( q + y )

tThe constants BR s in this amplitude are same as in
imaginary amplitude ( equation 3.24 )* Here also

2 2 2 2 2 
I2 ( Pi > y ) is function of q , Pi , and y , and| f\ A ft 'I2 ( §£ , 0 ) is function of q _and ^ • The integral 
representation of these functions are given below and the 
solutions of these are given previously ( under equation 
3.13 ).



93
‘te ?pz

i2 (P2, y2) • Q> ff ---------------------------5
(pr Pi> ( la - E I + p^Hp2 + Pz + y2)

i2 (P2 , 0) h (Pi . y2>
y=0

By a carefull analysis and comparison of the derived 

scattering amplitudes ( equations 3.8, 3e22, 3.11, 3.24 , 

3.13 and 3®26 ) in the ESGH and ESEH processes, we can 

obtain the real part ( equation 2,59 ) in the closed form 

through the equations (3.21, (3.14) is given as

(2) 
Re 2 f

HEA 2 « L

3 n, 0)
S B D»{y) D [

n=l ( q + y )

■^3(^1* y) - i2 (^i » y2)3

,(3.27)

where the constants B s and the closed form of the 

functions in the above equation are given previously. The 

integral form of the function (^ , y) is

CO

VPi ,.y) = (p / dP /
— OO

dp 7
.......................... ..................1—rnr---------- 1 - ---------- - » '* 1 " ■ IT

(pz ” f^) (p2 + Pz + y2 ^



! It,

and I

‘ h y=0

The analysis of the GES term ( equation 2.45 ) in
this ESEH process is similar to that of the ES0H
(equation 3.16 ). The- third GES term ( equation 3.16 )

was given for a typical wave function of the type 
2* ' A exp ( - y r^ ) '* . By the substitution of y = 2 

we got the amplitude, corresponding to ESGH process.
The reformulated equation (3.16) can be used !.?ve to obtain 
the GES in the present case. The closed form of this 
which can be obtained through the equations ( 2,45, 3,16 , 
3,20 ), is given as

(3)
f
GES - -

4 Q y u 3
16 k

7- S D " ( y ) F ( q, y )
a n=l n

n
16 kj

I C D n ( y ) F ( q, Y ) i 
n=l n <y=ly=

(3,28)

where F ( q, y ) is a function of q and y which was 
given in the ESGH process ( equation 3.16 ). Aid the

iconstants C ^ s are obtained as C. as 0.0398 ,• n x ,
C2 * 0.0398 and C3 = 0.00995 ..
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In the final stage of this ESEH process we derive 

the expression for the first order exchange scattering 

amplitude through the Ochkur , (1963) approximation. This 

exchange scattering amplitude can be obtained easily 

from the equation (3.17) . Now substituting the product 

of the wave function ( equation 3.20 ) in the integral form 

of equation (3.17) we will obtain this exchange contri

bution as follows.

9
och

2 2 —/ d r^ exp ( i cj.r^ ) ( B +2 ABr^
ki

,2 2 \ / \+ A } exp l - y J

—Z S n|0 Bn D n ( y ) exp ( i q.r1 )
ki

exp ( - y r. ) dr.

Z B,* D n ( y ) / exp ( i fl.r, )
n=0 n

exp ( - y r^ ) d r^

By analogy of the expression ( equation 3.17 ) we can 

write the solution of the above integral as



96

n ( y ) C y ( q2 + y2 ) ]

goch
d n ( y ) [ y ( q2 + y2 ) 2 ]

(3.29)
where A n s are constants defined in equation (3.22).

3.3.2 Comparison of present ESEH results with the other 
theoretical results :

Similar to ESGH process, we have calculated DCS, 
TCS using the HHOB scattering contributions equations 
( 3.22, 3.24, 3.26, 3.28, 3.29 ) at incident energies 
100 to 700 eV and in the angglar range © < 120° . We
used an average excitation energy DE « 0.05556 a.u 
( Jpachain et al , 1977b ) in the calculation of the second 
Born term ( equations 3.24, 3*26, 3*27 ). The present 
ESEH results ( DCS, TCS ) are listed in the Tables (3*8, 
3.9 and 3.4 ). And the DCS at incident energies 
E m 200 and 400 eV are shown graphically along with 

the other theoretical results. Unfortunately so far no 
experimental data was available for comparison. As it 
was mentioned very less attention was paid by our ppjfneer 

workers to study this type of ESEH process. A large



deviation of DCS was observed from one approximation 
to another approximation in this process. As in the 
case of ESGH here also we observed that the present 
DCS agrees well with compared EBS results in the 
angular range @ < 50° , which is a direct checking

of our calculations.

Fig. (3.3 ) shows the two sets of results with 
the present DCS ( solid curves a and b ) along with 

the recent theoretical results. The meaning of curves 
a and b was same as given in Fig. (3.1). In set A 

the present DCS at incident energy E = 200 eV are 
compared with the theoretical results, + — EBS results 
of Joachain _et al, (1977b ), * — simplified second 
Born approximation of Joachain et al, (1977a), 0 —'TPE
( Two - potential eikonal ) approximation results of 

Bundir et al, ( 1982 ). In set B the present DCS at 

incident energy E = 400 eV are compared with , 
static approximation results of Joachain et al, (1977b),

• — OM ( Optical Model ) results of- Joachain et al,
( 1980 ). The rest of the representations in this 

set B are same as in set A .

It was observed from the Fig. (3.3) that the effect 
of rest part ( equation 3.27 ) is very less at 400 eV than 
at 200 eV in the aogular region © < 25°. This was



also observed in ESGH process ( not given specifically, 
but. can be identified from Table 3.1 ). And the 
exchange contribution to DCS is almost negligible 
over the entire angular region ( specifically given 
by Rao and Desai, 1983a ) in this ESEH process. In 
anticipation of experimental data in.the near future 
and. according, to our ESGH analysis, we are expecting 
that the present DCS will give good comparison in the 
angular range © < 50° ,

The description of the Table ( 3.8 ) was same as 
Table ( 3.1 ). This, Table.( 3.8 ) shows all the scatter
ing amplitudes ( equations 3.2j6, 3.27, 3.28, 3.29, 3.24) 
in the ESEH process at. incident energies E = 200 
and 400 eV . In the Table ( 3.9 ) we have listed the 
DCS ( without exchange ) in the energy region 
E'= 100 - 700 eV, over the angular range © & 60° . .
In this table at each angle © , and energy E, two 
DCS results are given, corresponding to the inclusion 
of real part ( equation 3,27 ) of 0 ( k72 ) ( higher

DCS ) and exclusion of this real part ( equation 3,27 )
( lower DCS ) in the DCS ( equation 3.2 ) calculation. 
Table ( 3.4 ). shows the present ESEH , TCS in the 
energy range 100 to 700 eV. The ratios of ESEH, TCS to 
the TpS of ESGH process are also listed.in this Table (3.4).



From the Table ( 3,8 ) it was observed that the 
exchange contribution ( equation 3.29 ) to the DCS 
( equation 3.2 } is negligible over the entire angular 
range. And Table ( 3.9 ) shows that the effect of real 
part ( equation 3.27 ) in the DCS is more as @ incre
ases ( for a particular incident energy ), and is less 
as incident energy increases ( for a particular scatter
ing angle © ) . These variations reveal the poor 
convergence of ( equation 3.27 ) at large moment transfer 
( q ) ( fixed k. ) and good convergence at higher incident

X '
energies ( . fixed 0 ) respectively. This was the reason 
for the considerable separation observed between /the 
curves a and b (Figs. 3.1 and 3*3 ). .The ratios of 
TCS’s for ESEH and ESGH are observed ranging nearly 
from 20 to 18.at incident energies 100 to. 700 eV„respecti
vely ( this type of observation was noted previously by 
Pundir et al f 1982 ).

The results obtained in ESGH and ESEH are very 
encouraging in the angular region 9 < 60° and at

incident energies E » 100 to 700 eV. The first order
exchange effects to the DCS are found more in ESGH than 
in ESEH process. The ESGH results can be improved 
further by the inclusion of higher order exchange terms 
( Sec. 2.3.1 ). We will deal this point in the last sec
tion of this chapter. With the success of these elastic



processes, we would like to extend the present approxi
mations to the inelastic scattering process.

3.4.1 Inelastic scattering of electrons bv hydrogen 
atom ( ISH ) :
( Desai and Rao, 1983a )

e + H ( Is ) —> e + H* ( 2s ) (3.30)

Most of the experimental evidences on this process refer 

to the excitation of the 2s and 2p states. TCS have 

been measured by looking at radiation emitted from atoms 
following excitation, both for the 2p state ( Long et al, 
1968 ) and the 2s state ( Kaupilla et al, 1970). Very 

recently absolute angular distributions of scattered 
electrons have been measured by Williams and Willis 
(1975). Since the 2s and 2p states are degenerate 

Williams and Willis were able to determine only the sum 
of the 2s and 2p differential cross sections by looking 
at the energy loss spectra. '

The theoretical picture is complicated than for 
ESGH ( Sec. 3.2.1 ) process , due to the oSsypmetry of 

the initial and final wave functions. The results obtained 
in the HHOB approximation ( Sec. 2.3.4 ) can be valid ; 

for the inelastic process«S



In this ISH process ( equation 1.2 ) the final 
state of the target atom . ( H (2s) ), equation (3*19 ) 
is different than the initial.state ( H (is) ), equation" 
(3.5). And.the momentum transfer 3 to the target dur
ing this collission process is

s- - .*i - Sf

.2 2I 3 I - 1 .J5i - if I
q2 * k2 + kj - 2 k±kf cos 0 (3.31)

here k^ *£ kf and. the value of k^ can be calculated 
using the energy conservation. This final momentsrwof the 
scattered electron can be given as

o 1/2kf « ( kj - 3/4 ) (3.32)

The initial and final wave functions ( equations 3.5 and 
3.19 ) of the hydrogen are given as

If ( T ) is A 111/2
exp ( “ r2. ) (3.33)

If ■ C r, )2s 4(2 %)1/2
(2 - r^) exp ( - t± /2 ) 

.... (3.34)

arfd the product of these wave functions can be written in 
differentiation form



n/v

V * ( ri ) V ( r. ) = » 2 [ a' D n ( y )' 2s 1 7 is 1 n=l n

exp (~ y rj/r, ]| (3*35)
x x 'y=1.5

where the constants A^ s can be obtained from the 
equations ( 3.33, 3.34 ). Substituting the equations 
(3,7) and (3,35) in the scattering amplitudes ( equations 

2.12, 2.57, 2,36, 2.43 ) we can obtain the corresponding 

scattering amplitudes for ISH processes follows.

The first Born inelastic amplitude can be derived 
through the equations (3.35) and (3.22).

. (1)
i—>f A„ D n ( y ) t (-4, 2 f-A ]n=0 y (q + y ) y=1.5

(3.36)

where A = 5.65685 , A. = 2.92843 are constants. The o 1
imaginary part of second Born for ISH can be obtained 
from the equations (3.24) and (3,35).

(2) ,2 JIm f = - -r— 2 B D n ( y ) —-*r [ Hi ( q, p. , y)]
HHA Ki n=l n i

.......(3.37)

where Bx = 0.45016 , B2 = 0.22508 , and H1(q,pi,y)

is a differentiable function, similar to that of 
corresponding square bracket terms in equations(3®ll), 

(3.24). In the similar way the remaining scattering 
amplitudes which can.be obtained from equations (3.26,
3.27, 3.28 ) and (3.35) are given as



1C 3

(2)Rel f
HEA

... (3.38)

(2)Re2 f
HEA 2% n=l

... (3.39)

and
(3) -&—2 1 C D n (y ) [ F ( q, y ) ] (3.40)16 n=l nf

GES

Here the square bracket functions are similar to that of 
the respective scattering amplitudes in ESGH and ESEH 
( Secs. 3.2,1 , 3.3.1 ) processes . And the constants 
in ( equation 3.40) are obtained as = 0.56973 ,

C2 * 0.28487 • First order exchange term can be derived 
easily for the present ISH process, using the ESGH,
ESEH expressions ( equations 3.17, 3.29 ).

3.4.2 Comparison of present ISH results with the other
theoretical results :-

Similar to ESGH and ESEH processes, here also 
we have calculated DCS at incident energies E = 100 
to 700 eV, over the angular region 0 < 120°. HHOB 

scattering amplitudes equations (3.36, 3.37, 3.38, 3.39, 
3.40 ) are used in these calculations. In order to study



the sensitivity of DCS and real part ( equation 3®39) 

with respect to the choice of the excitation energy DE , 
we have' performed the detailed calculation of DCS and 
second Born term ( equations 3.37, 3.38, 3.39 ) at two 

different excitation energies , DE = 0.375 a.u and
DE = 0.250 a.u ( Byron and Latour, 1976 ). And these 
results are presented in the Tables ( 3.5 to 3.7 ). In 
Table ( 3.7 ) a we have given recent theoretical 

results along with the present DCS . And the results 
at incident energies E = 100 to 300 eV are shown in 
Figs, (3.4 to 3.6 ). Satisfactory agreement was observed 

when the present results were compared with other 
results .

Fig. ( 3.4 ). shows two sets of results with the
/ 1 * . present DCS ( solid curves a and b ) along with

s r '

the recent theoretical results. Set A ( Fig. 3.4A ) shows 
the present DCS ( calculated using DE = 0,375 ) at 
incident energy E » 100 eV, over the angular range 
0 < 30° . These results are compared with the recent
theoretical results, * — CCSOPM ( Coupled - Channel 
Second Order Potential Model ) of Bransden et al ( 1982 ),
-—------ — of Unnikrishnan and Prasad ( 1982 ) and
• — results of Glouber ( 1959 ). Set.B ( Fig. 3.4B ) 
shows the present DCS at incident energy E = 200 eV.



The compared results are same as in Fig.(3.4A). The 
DCS results are found in good agreement at incident 
energy E « 200 eV than at 100 eV.

Fig. ( 3.5 ) shows the present imaginary part 
( equation 3.37, with DE * 0.375 ) ( solid curve )
at incident energy E « 100 eV, This imaginary part

compared with that of Byron and Latour (1976) (solid 
circles ), This comparison was a direct checking of 
our calculations.

Fig. ( 3.6 ) shows two sets of results with the 
present DCS ( solid curve a ) and the experimental 

results. Set A shows present ECS at incident energy 
E = 200 eV, and the experimental data • — of Williams 
(1975) .(, for n=2 ). Set B shows same comparison as 

set A,, at incident energy E = 300 eV. These comparisons 

are made only to show that the present ECS are within 
the limits of experimental data.

In Table (3.5 ) we have listed the ISH amplitudes 
( equations 3.37, 3.38, 3.39,,3*40 ) calculated with 

DE =0.375 and . DE = 0.250 , these amplitudes are
given ( denoted without and with prime respectively ) 

at incident energies E = 100 and 400 eV. Table ( 3.6 ) 

shows the present DCS in the incident energy range E = 100



to 700 eV. It was noted from the Tables (3.5 and 3.6) 
that considerable variation was observed in the scatt
ering amplitudes for a difference of 0.125 in the excitation 
energy, over the angular range © < 60°. Real parts
( equations 3,38, 3.39 ) are more effective than imagi
nary part ( equation 3,37 ) for this difference of
excitation energy. Correspondingly variation was observed 

, ‘ / in the DCS , In Table (3.7 ) we have compared our DCS
at incident energies E = 100 and 200 eV, with the recent
theoretical results ( Bransden et al, 1982 ; Kingston et al,
1976 ). Satisfactory agreement was noted in these
comparisons.

Finally it was noted from the Figs. ( 3.4 to 3*6 ) 
and Tables ( 3.5 to 3.7 ), that the present results are 
satisfactory, and within the limits of theoretical and 
experimental comparisons . And the choice of excitation 
energy was important in the ISH process • Second Born 
term was very sensitive for the excitation energy. The 
variation of DCS ( for DE = 0.375 a.u , DE*= 0.250 a.u) 

was negligible at higher incident energies than at lower 
incident energies.

After this ISH process we would like to study the 
exact DCS with higher order exchange terms. This idea 
was introduced in the ?,Sec. (3,3.2) for the improvement of 
ESGH process results (Sec,23.2.2 ).



3.5.1 Born exchange amplitudes for HSGH process :
( Desax and Rao, 1982 )

e ( rx ) + H ( rx ) —> H ( r2 ) + e ( r ^, )

.... (3.41)

Until now, we have restricted our attention to collisions 
[ ISH (Sec. 3.4.1), ESEH (Sec. 3.3.1), 'ESGH (Sec.3.2.1)] 

in which all of the particles involved are distinct.
Since the majority of interesting experiments do not 
satisfy this condition -electron - atom collisions involve' 
several identical electrons, nucleon - nucleous collisions 
involve several identical nucleous and so on. There were 
several ways to set up a scattering theory of identical 
particles ( Heep, 1965 ). The actual scattering states, 

properly symmetrized for the identical particles can be 
obtained from those of the distinguishable @as<( Chapter II ) 

by using the appropriate symmetrizing projection operators. 
This in turn will mean that the scattering amplitudes for 
identical particles ( identified by F ) can be expressed 

as sum or differences of certain related amplitudes, for 
distinct particles. Thus, it follows that all of the 
approximations ( Chapter II ) for distinct particles can 
be immediately applied to the identical particle problem.
As an example the exact scattering amplitude for ESGH 
process ( Sec. 3.2.1 ) can be given as



Here first term of right side is the direct amplitude 
( equation 2.33,.and Sec. 2.3.1 ) for the incident electron 
- treated as distinct from that in the target atom ( ESGH,

tSec. 3.2.1 ) to scatter elastically with momentum P , and 
the second term is the exchange amplitude ( equation 2.36 ) 
( approximated as 9oCh in Sec. 3.2,1 ) for the process

tin which the target electron is ejected with momentum P , 
while the incident electron is captured. Since the elec

trons are indistinguishable in reality, these two processes 
cannot be apart, and since the electrons are Fermiolas, 
the appropriate .observed amplitude is the difference of 
the two amplitudes ( equation 3.42 ).

.The exchange scattering amplitude ( ^equation 2.36 )
was approximated through the first order term ( equation
3.17 ). using Ochkur (1963) approximation,, for the consis-

—2tent expansion of the ECS ( equation 3.2), 0 ( kT 5 in 

atomic hydrogen ( Sec. 3.2.1 ). This approximate exchange 
amplitude may not given ( Byron and Joachain , 1977 )

leading contribution of the exchange amplitude.

In,the present study we made an attempt to derive 
the second term of the exchange amplitude ( equation 2.36 )



using the HEA ,( Sec. 2.3.5 ) and Ochkur (1963 ) approxi” 
mations for the ESGH process ( Sec. 3.2.1 ).

The second Born approximation ( equation 2.57 ) for 
the direct scattering process was given as

(2)
HEA 2n k. f drQ exp ( i g.ro ) < f l Vd ( rQ ,.r2)

/ dZo H ( Zo ) exp ( - i ZQ )

[ V ( r - Z y 5 r ..., r ) + -—&d -o o 7 -1 -z 2 k.

Dr, Vd ( £0 " £o > £l £z)]l V , > Ii bo

....(3.43).

Now the second Born exchange amplitude can be obtained 
from the equation (2.37) as

2( 2% ) < f
pb

I la > (3.44)

Taking the permutation of the electron and target wave 
functions in the final channel, we will obtain ( equation 
3.44 ) in HEA ( Sec. 2.3.5 ). Now the second Born 
exchange amplitude of 0 ( k’1 ) ( equation 3.44 ) for 
hydrogen atom can be obtained from ( equation .3.43 ), 
given as



HEA
(2)

0 2.2% k.
1/ drQ exp ( i j^.r, " y0 rc ) vp < £0 - £j.)

/ dZo H ( z' ) exp ( - i p, .z' ) Voo o O 10a
( r - z' $ , r. ) -o o -l

/ d £1 exp ( - i kf.r1 - ^ ) (3.45)

where y = y. = 1 , and V ( r , r, ) is the interaction *o ’1 p -o 7 -1
between the incident electron and target hydrogen in the 
rearranged channel. This interaction can be obtained 
taking the permutation of V d ( equation 3.7 ) in the 
initial channel .

V P ( r-o » -1 ^ 1
l *r

(3.46)

substituting the fourier form of the interactions for 
v p ( , £i ) and V d ( rQ - 2^ $ , rA ) through

equations ( 2.52, 2.53 ) in ( 3.45 ) , it will reduce to

(2)
HEA

i
2® k±

{

f

d r exp ( i k..r -y r ) “0 -i-o 1 o o

d K [ exp ( i K.r^ ) - 1 ].

exp (- i K.r, )
------------ 2— -------2 % K
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00 I I

/ d £l exp (- - Yj, rx ) /' dZ0 H( ZlQ)

;exp ( - i Pi ZQ )

1 - * . » it.—r—rr—^----—g™ j d pz exp i t - pz ZQ + p^ Z )
J^i p'Vp' y-"

Z

/ dp exp (ip . bQ ) [ exp ^ i P . ) - 1 ] (3.47)

(where P = g + pz y ) .

After ther evaluation of, dZQ integral ( given in Sec.

2.3.5 ) the real and imaginary parts of the equation

(3,47) can be separated as
• t

Ee g
(2)

HEA dtfk.
dp.

(Pz “ Pj
— [ /dr
) -°

exp ( i ~ Y0 r0 ) / d K exp ( - i K.rx )

[ exp ( i K.ro5- 1 ) -Ay / d
K

exp ( - i * Yi ri ) / <*£* exP (- i e'*>0 )

[exp ( i + i Pz Z, ) - 1 3 ---- 5—^—5------  ]

(p + pz )

.....(3.48)



1m (2)
g HEA

i
8 ft5 k.

Jt»

[ /. /_____ _ /_______/.

[ exp (i g'* bx + i P^)-!] --5—— 3
(p + Pi )

• • • • (3.49)

The p2 variable in real part ( equation 3.48 ) is 
replaced by in the imaginary part ( equation 3.49 )
( See equations 2.58, 2.60 ). First we consider the 

integral evaluation of imaginary part, because these 

results can be easily extended to real part integrals. 
From equations ( 3.48 ) and ( 3.49 ) the imaginary part 
equation (3.49) can be written as

(2) ±
1,0 3 HEA = 7JT 1 SXP ( 1 -l’-°

I Ji|_ / ---/ dr^ exp(-i - y^)
K" Cp' + #

[ exp (-i(K-P).(r1-ro)- l

exp ( - i K •( r. - r ) - i P*. r ) -
«*1 “»0 — “O

}exp (-IK.r^+iP . ( " £0 ) ) +

exp (-i ( K . + P . £o ) ) ] (3.50)
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= rfi11 *<>exp c 1 -!• ■ y° ro
s

r d£J ——. / dr^ exp ( - i k^,. )
(p' + Pi )

[ A - B - C + D ] (3.51)

where A, B, C and D are the respective exponential 
terms in equation (3.5o) . Now consider the integrals 
with the first term ( A ) of equation (3.51).

yo ro >

yl rl)

)

* 2 ^ 
|K -p + kf1 )

Substituting , Q = K - S and S m P* - in the 

above integral

r dE d £

8 *- ki .(p'% ' -/ / drQ exp (

exp ( i ( £ - P + )• r )• / dr^ exp ( -

exp ( - i ( K - P*+ kf ). r.

8 i
„3 .n k. / dp / dK

,2 2 . * v2(p + P7 ) K

< yo *. I £ 2 2 2 ;£+Ii I ) _(yj +

)l dK
K
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8 1 
it3 k. f

d£-

/v »2 2 s(P * )

/ d Q
(q i-s )2 (y2 + cp)2 (y? + l S + s J2 )

in the large incident energy region ( Ochkur, 1963 )
’ ' ' s

this integral can be written as

8 i
it3 k. / _______ d 2______ ■

( p + p2 ) C | P - k. | )

f
d Q

2 2
( 1 + Of. ) .( 1 + | Q + q | )

using the integral techniques ( Gradshteyn. and Ryzhik, 
1965?; Joachain , 1975 ) for the evaluation of d Q ,

we will obtain this as
-b’

1 ~r~z------------r-
16 i

* k± ( q + 4 ) (p* + j32 ) ( | p* - ki i )

16 i

n { q + 4 )

2 71 /

/
o

* * l1p dp d §
.2 ,2( p' +'&l) ( p' + ^ + k? 2 k.p. )xri



The integral procedure for dp ( given in appendix )
2. 2is similar to that of 1^ ( , y ) integral in the

ESGH process ( Sec. 3.2.1 ) and denoting the final 
closed form of the above as El

El 32 log
■4 ( q + 4 ) ( k. - 2 p. )

Similarly , the closed form of the integrals with the 
other terms ( B, C, D ) in equations ( 3.50, 3.51 ) can 
be obtained.

15 kl ( ^ - 2 )
d 1 ( y ) t ix ( Pi . y2 )

i, ( u2 , v2 ) ]
A n

E« « A
it k4

„ l , *N 1 
D ( y ) ( kj - 2 k± + y*2 )

,2 1/2 
( y + ( k.~ p, ) ) log ( ———---3---- 3-----  )

^i

1
ki ( ki " 2 ) log (



lie
E4 =

8
% k. 1

J- D XC y’)[
< k± “ 2 kl Pi +Y’2 >

o o 1/ ^, ( y'2 + ( k± - |3 )2 )
log ( ---------- i—~i—■—- 5 ]

Pi
where y = 2, u2 = p^2 + y2 ; v2 = ( )2, y’ = 1

(2)
* Im g = El -L-E. + E, (3.52)* • HEA ’^34

9 2 2 2The integral form of , y ) , 1^ ( u , v ), and

the solutions of these integrals are similar to those given 
in ESEH ( Sec. 3.3.1 ) and ESGH ( Sec. 3.2.1 ) processes. 
The TCS ( equation 3.3 ) corresponding to the exchange 
amplitude ( equation 3.52 ) can be obtained in the forward 
direction ( q = 0 ).

ex A IT (2)
a = “Im g ( 0 ) (3.53)tot Ki HEA

This exchange correction ( equation 3.53 ) is included 
to the direct TCS ( equation 3.12 ). These results are 
given in the Table (3.4).

The real part exchange amplitude ( equation 3.48 ) 

can be expressed in a similar way of imaginary part 
( equations 3.50, 3®51 ).



"3

Re g (2)
HHA 8 %6 k. 9 / dp.’Z

Cp ’
z

0* )
/ dr.

d K
2¥T

f d £'
/ ,2 .2\( P' + P* h

[A-B-C+D] (3.54)

Here A, B, C and D represent the first, second, third 
and fourth , exponential terms in the square bracket of 
equation (3.50) with P = p + p^ y . The computation 
of the integrals d rQ , d r^ and d K is similar to 
that of imaginary part ( equation 3.50) . Consider the 
integrals ( equation 3.54) with a typical term A.

■■ v1 
8 k. f f d p£

ft(PZ - Pi>
r d £' r US fJ J ~ 72~ J T2~ J d -o
(P + PZ ) K

exp ( - y0 rQ ) exp ( i ( K - P + £* ) • £0)

/ d r^ exp ( - y^ r^ ) exp (- i. ( K - P + kf ). r^ )

Using the old results of the integrals ( d r , d r, , d K ) 
given under equation (3.51) , we can with this as



>32
2 . „ ^ oit k^ ( q + 4' )

f t/ P d p <P/ pz
(pz - Pi )

7? ,2 . . ,2( p + pz ) (p + C Pz - ki ) )

-32
7t kt ( q + 4 )

/ p dp pz
°° (p^ " Pi)(k?- 2pz k^

____JL __
p + Pz 2 , 2p + ( pz - kj. )

+32
2 kf 7t ( q2 + 4 ) 0

~ i » f) °
/ p dp r /

d p,

(pz - Pi )(PZ - ax)

,2 ,2 
p + pz

,2 , :p + ( pz - k± )

+16 ________k2 % (q2 + 4)^ ( Pi - ax ) o t •/ P dp pz

pz - Pi Pz - al

•72 75. - —7 ; ; 7P + P P + ( P7 “ P* )^ **
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The closed form of the above integrals can. be obtained 
by expanding the square bracket terms, and making 
use of the I3 ( > Y ) and I2 ( ,0^ , y ) solutions
given in appendix ). Similar type of computation can 
be done for B, C and D terms in equation (3.54) • The 
final closed form of the equation (3.54) after the compu
tation can be obtained as

He g (2)
HEA (Pi - ax ) n kj

D 1 ( y )

[ I, ( P,2 , Y2 ) - \ ( a* , V2 ) ]

2 t 2/0 xU k* ( ^ r 7*

C I* (y , kA - a2 ) - I, ( y , k,. - ) ]i ri

(3.55)

,2
where a0 » ...Y..4 2k. V. .2 *

fi

a ss 1 y ss 2

i 2 2The integral representations of I ( a. , y )
j 2 *

Ig, ( y1” ) k^ - a2 ) in ( equation 3.55 ) and the correspon
ding solutions are given in the appendix .
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The first 
from ( equation

Born exchange amplitude 
2d37 )♦

can be obtained

gB1
—/ d r exp ( i k. . r - r ) V or V, 2ijr “° “i -o o p c

/ d £l exp ( - i kf . £l - rx )

where T2 is the approximated, first order term using the
Ochkur , (1963) approximation for the electrostatic
interaction term of V, or V ( equations 3.7, 3.46 ).

d p
And term corresponding to the nuclear interaction 
term of . The final closed form of these two terms
can be obtained as

3+ l)
32________
/ 2 . \ ( q + 4 )

(3.56)

Now the exact scattering amplitude ( equation 3.42 ) 
can be formulated using the direct ( equations 3.8, 3.11 , 
3.13, 3.15, 3.16 ) and exchange ( equations 3.52, 3.55, 
3.56 ) scattering contributions to the DCS for ESGH 
process ( Sec. 3.2.1 )
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(3.57)

(3.58)

EF = Fd * Fg 

2
EDCS = j EF | (3.59)

These cross sections are calculated at incident energies 
100 to 700 eV , given in Table (3.2).

3.5.2 Comparison of present ESGH ( included higher 

order exchange amplitudes ) results with the 

other data :

Using ithe exchange scattering amplitudes ( equations 
3.51_, 3.55 ,3.56 ) and.direct scattering amplitudes 
(equations 3.8, 3*11 ,3.13, 3.15, 3.16 ) we have calcu

lated EDCS ( equation 3.59 ), TCS ( with exchange term* 
equation 3.53 ) and, TES ( with exchange ) in the energy 

range E = 100 to 700 eV. These results are tabulated in 
the Tables (3.2), (3.4) • EDCS ( equation 3.59 ) results 

at incident energies E » 100 , 200 and 400 eV are shown in 
Fig. (3.2) along with the recent theoretical and experimental

(1) (2) (2) (3)
f , .+ Rel f + Re2 f + f
i“>f HE A HE A QES

+ Im f
(2)

HEA

gB1 + Re g
(2)

HEA
+ Im g

(2)

HEA
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data. Considerable exchange correction was observed 
to the direct DCS ( using , equation 3;57 ), TCS 
( equation 3.12 ) and TES ( no exchange ) . Present 

results ( with the inclusion of second order exchange 
amplitude ( equation 3.58 ) to that of ESGH process 
direct amplitude, ( equation 3.57 ) are found in good 

agreement with the recent experimental data.

Fig. (3.2) shows the present EDCS ( equation 3.59 )
( solid curve C ) . This figure shows three sets of 
results ( Set A, Set B and Set C ) at incident energies 

100, 200 and 400 eV respectively. The notations used 
for the compared data ( theoretical and experimental ) 
are same as given earlier ( Fig. 3,2 ) . It can be obser
ved from the figures (3.1, 3,2) that the present EDCS 
results ( curve C ) agree very nicely with the recent 
measured values ( Williams , 1975 ; Van Winger den et al, 
1977 ) than the earlier DCS calculations ( curves a or a), 

and these exchange corrections to the direct scattering 
amplitude equation (3.57) are smaller at higher incident 
energies ( Set B, Set C ) than at lower incident energy 
( Set A ).

fFig. (3.7) shows the area under the closed curves C 

( obtained by EDCS ( equation 3.59 ) X 2 n sin Q ) and
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td ( obtained by DCS ( equation 3.2 ) X 2 m sin 0 )
corresponding to the second order ( equation 3.58 ) and 
first order ( equation 3.i7 ) exchange corrections to the 
direct scattering amplitude ( equation 3.57 ) at incident 
energy E » 100 eV. It can be noted from this figure 
that a good amount of exchange correction obtained by the 
second order exchange term ( equation 3.58 ) than the first 
order exchange term ( equation 3.17 ) to the TES.

We have displayed our present results in the 
Tables( 3.3 , 3.4 and 3.2 ). Table (3.3) shows exchange 
scattering amplitudes (equations 3.56, 3.55 , 3.52) 
in the incident energy range E = 100, 200, 400 and 600 eV. 
It can be observed from the Tables(3.3 ) and (3.1) that 
the absolute value of exchange real part (equation 3.55 ) 
was less than the direct real part ( equation 3.13 ) at 
0 < 20° and greater at 0 > 20° , but the exchange 
imaginary contribution ( equation 3.52 ) was always less 
than that of direct imaginary ( equation 3.11 ) over the 
entire angular region. Table (3.2) shows the DCS in the 
incident energy range E = 100 to 700 eV. At each scatt
ering angle 0 and incident energy E , two DCS results 
results are given corresponding to without ( lower results) 
and with ( higher results ) exchange terms ( equations 3.56, 
3.55, 3.52 ) to the direct scattering amplitude (equation



3.57 ). It can be observed from this table that the 
present exchange corrections are small, at 9 > 50°
( fixed energy ) and at E >. 600 eV ( fixed angle)
Table (3.4) shows the TCS ( with exchange correction) 
and TES ( with exchange ) in the incident energy range 
E = 100 to 700 eV. These results are found to be in 
good agreement with the compared theoretical and experi
mental data.

Finally it was observed from the Tables (3.2, 3.3, 
3.4) and Fig. (3.2) that the higher order exchange 
amplitudes ( equations 3.52, 3.55, 3.56) are more impor
tant than first order Ochkur exchange amplitude (equa
tion 3.17 ) to the direct scattering amplitude. And 
the present results are found to be better than the 
ESGH ( Secs.3.2.1 , 3.2.2 ) process results.
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XafeJft-T. .3„t.3

Behaviour of the exchange amplitudes ( equs. 3*56, 3,55, 

3.52 ) from E a 100 to 600 eV.

E 0 %1
(2)

Re g
HEA

(2)
Im g

HEA

5 -0.23709 -0.12999 0.09967
10 -0.21653 -0.12235 0.08732
20 -0.15477 -0.09964 0.05274

30 -0.09463 -0.07819 0.02374,

40 -0.05114 -0.06378 0.00713

100 50 -0*02336 -0.05567 -0.00048

60 -0.00630 -0.05158 -0.00335

80 0.01078 -0.04893 -0.00399

120 0.02105 -0.04903 -0.00235

5 -0.12457 -0.04518 0.04242

10 -0.10591 -0.03957 0.03322

20 -0.06114 -0.026263 0.01350

30 -0.03037 -0.01760 0.00299

40 -0.01424 -0.01361 -0.00060

200 50 -0.00621 -0.01204 -0.00142

60 -0.00209 -0.01151 -0.00138

80 0.00142 —0.01141 -0.00091

120 0.003190 -0.01169 -0.00036
•••.Contd



Table - 3*3 Contd...

E 0 «B1
(2)

Re g
HEA

(2)
Im g

HEA

5 -0.06041 -0.01576 0.01698
' 10 -0.04486 -0.01212 0.01086

20 -0.01853 -0.00608 0.00218

30 -0.00114 -0.00370 -0.00023

40 -0.00288 -0.00299 -0.00057

400 50 -0.00177 -0.00280 -0.00049

60 -0.00041 -0.00277 -0.00036

80 0.00018 -0.00282 -0.00019

120 00.00044 -0.00289 -0.00066

5 -0.03841 -0.00834 0.00958

10 -0.02526 -0.00573 0.00511

20 -0.00817 -0.00242 0.00049

30 -0.002723 -0.00149 -0.00029

40 -0.00102 -0.00128 -0.00024

600 50 -0.00040 -0.00124 -0.00021
- 60 -0.00014 -0.00124 -0.00015

80 0.00005 -0.00126 -0.00007

120 0.00014 -0.00129 -0.00003
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