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Appendix B

The Difference equations for a set of differential equat-
ions for a second order system are derived as follows

The difference equations (5.29) and (5.30) combined together

give
2 X 2 =
X, +A K, 4 % X, = {B.1)
where
x = £ - - -
1 e xs(l + X, xe) {(B.2)
and
Xy = Ry + X)) (B.3)

The equation {B.1) is written in a general form which can repr-
esent state variable eguations of any second order system with

R, and 0(2 chosen sultably. The two roots of eguation (B.l)

are given by

’.x [T ———————————
= -1 2 oA
Fo= 5 s u -y (B.4)
of PRS- ————
= % L fd 2
%, = = - 2\/,,42 4 (2.5)

The roots are
{a) Real s if (-—Ag - 4041) >0 R
(b) Complex : if ( okg - 4% )<0 =and

(¢) Real and Equal ; if (c(g - 40(1) = 0 .

The difference equations for the nominal trajectory for the

three cases (a), (b) and (c) are given as follows 3

(a) Difference Equations for REAL Roots
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. - . T
= {3 - 1 "‘CI2 dy -
x, (1+1) —%ﬁzhhe -q, e ) x; () +
= - gl ""q.zT waT
(e 2" . ™07y 2 (1) + u(i)(":ﬁ_ _i=-e &
2 a, )
_ =g, T - =3, T
. ufi*‘ll _ u{i) fqu 1+e?2 ) qlT i1+e?]
T L 2 2
93 =51 (B.6)
and
T =}, T -3, T -g, T
BN = g la gl - e ) R G ¢ (e~ gpe )
.-qlT
-, T =q,T _ qQT -1+ e
+u@le?2 -ty 4 Eiiil%_gj;lﬂ{ 1 -
4
-q,T .
g T -~1 4+ e
2 }' {(B.7)
9,

vhere T is the sampling period. The difference equations for
equations (5.31) to (5.34) are already given by equations {5.37)
to (5.40).

(b) Difference Eguations for COMPLEX Rootg

| Iet equations (B.4) and (B.5) be written as

q = r, +ir, | (5.8)
where X
%1 B.10)
rl = "'2"‘- ( 91
and
= L [ax -2
T, 2«/ TR (B.11)

The difference equations are given by
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- cr T gin r,T
xl(i+1) = ~{-—-sin r.T +cos r ”ix (1) + ————te 51T 5 (i}
2 2 r2 2
-, T
"'—-—(‘—'—-ul) {1- e” sianmezcosrT
r 2 2
~r. T
) -z, T Ty
u(isl)—uf(i) 2r; ol yp pop  2rge T cos T
T(rz-krz) T r2+r2 * r, ¥ rz'ﬁrz
1 %52 175 2 172
{B.12)
and
- ri -rlT ( ~r1T r,
xz{i+l) = “@iz + -5) e “.sin r, } 1) + e ;* sin rzT +
r2 - 2
uii) r T u(1+1)~u$iz
cos rzé}x~(1) + - sin rzT + {1 -
2 (r + r
wrlT r1 mrlT )
e cos r2T - e sin rzT} (B.13)

2

The difference equations for §3 ’ §4 . §5 and §6 are already

given by equations (5.37) to (5.40).

{c) Difference Equations for REAL & EQUAL Roots

The roots a and q, are egqual and given by

@G = 9, = q = 2% (B.14)
Thus, the difference equations are
- -qT_ i) (1 =
£ 34) = @rm e 5@ + T &g + B 6 e gagn) +
q
alirtlonld) frq 427 - 2~ (B.15)

Tgq
%,(i41) = ﬂ%§ﬁ§ﬁﬁ+(b@)@T%ﬁ)+T§TMﬂ+

futi+) - w1 « ST @m) /@ o) (5.16)

Other equations are the same as in case (b) .



