CHAPTER 3
EXPANSIVE HOMEOMORPHISMS ON G-SPACES

In"this Chapter we propose to introduce and study the notion
of G-expansive homeomorphism on a metric G-space. Observe that
every metric space (X,d) is a wuniform space with uniformity ¥
consisting of the sets of the form VCS =z {(x,y) € XxX|d(x,y) < & },
where & is any positive real number; and hence, the Definition 1.6
of expansive transformation group is applicable. Consequently, the
definition of an expansive metric G-space then will be as follows:
A metric G-space X with metric d is called expansive if there
exists 6 > 0 such that whenever x, ye X, x* y, one can find
a g in G satisfying (gx,gy) &« V., 1i.e., d(gx,gy) = &. However,
it may be seen th&t this concept of expansive metric G-space does
not involve any kind of expansiveness of a homeomorphism on the
underlying G-spaée. Therefore, it will be interesting to define
and study the notion ¢f G-expansive homeomorphism on a metric

G-space.

Some results of this chapter are published I 9- 1 in the
"Proceedings of the Symposium on Topology", ©Second Biennial

Conference of the Allahabad Mathematical Society, Allahabad, 1880.

1. Ge-expansive homeomorphisms.

Let X +throughout denote a metric space with metric 4,
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H(X) denote the collection of all homeomorphisms on X and G denote
a topological group. Obviously X is a metric G-space under the
trivial action of G on X, and then every expansive h in H(X) with
expansive constant &6 > 0 clearly satisfies the following
condition :"For %,y in X with distinct G-orbits i.e., G(x) = G(y),
there exists an n in 2 satifying d(h"(u),h " (v)) > & for all u in
G(x) and v in G(y). (If an h in H(X) satisfies the above condition
for a fixed positive real number &, then we say that h &-expands
each pair of distinct G-orbits.)"” However, under a non-trivial
action of a G on X, every expansive homeomorphism h on X need
not saflsfy the above condition. We consider the following

examples.

Examples. 3.1Ca). Consider the space X = { 1/m,1- 1/m | m in N }
with the usual metric defined through the absolute value. Then the
h in H(X) which fixes 0 and 1 and sends t € X - {0,1} to the point
of X which is next to the right of t, is expansive with expansive
constant &, where 0 < & < 1/6 I B 1., Let the topological group
G = 22 = {-1, 1} act on X with the action defined on X by 1t

=t and -1t =1 - t, t € X. It is easily seen that for t, s in

X

{1/2} with G(t) = G(s), there exists no integer n satisfying
th"(u) - h"(v)| > & for all u e G(t), v « G(s), whatever & > 0

may be.

However, in the following examples we see that expansive h

does S-expand distinct G-orbits.
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3.1Cb). Consider the space X = { f : 2 » {0,1} } with metric d
defined by
d(f,g)

1/[1 + max {m|f(i) = g(i) for |il < m }], if £(0) = g(0);

1, if £(0) = g(0).

Then h in H(X) which takes f in X to g where g is defined by
g(i) = f(i + 1) for all i in 2Z, is expansive with each positive
real number & less than 1 as an expansive constant. Let the
topological group G =2, act on X with action defined by
1f =f and -1f = 1 - £f. Let f,, £, be in X with distinct
G-orbits, i.e., G(f ) = G(f,). Put F} =1 - fj for J =1, 2 and
k =min { il | £,(1) # £,(i) }. Then

d(n(£,), B (£,)) = d(B°(F,),h () = 1

and

H]

d(n(£,),H"(F,)) = 4(n*(F,),h"(£,)) = 1/2.
Threfore h &-expands each pair of distinet G-orbits for each &

in (0,1/2).

3.1Cc>. Consider the space X = { ¥ 1/m, ¥(1 - 1/m) | m € N } with
usual metric. Then the h in H(X) which fixes -1, 0 and 1 and sends
te€ X - {-1,0,1} to the point of X which is next to the right of t
if 0 < t < 1; while next to the left of t if -1 <t <0, |is
expansive with expansive constant 6, 0 < & < 1/6. If we consider
the action of the group G = Z2 on X defined by 1t =t and -1t =
-t, t € X, then for any &, 0 < 6 < 1/6, h &~-expands each pair of

distinct G-orbits.
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3.1Cd>. For ann in Z, let X = {n+1/m,n+1-1/m| meN}
and consider X = u { Xg | ne 2 } with usual metric. Then the h
in H(X) which fixes all integers and sends (n + t) to (n + t’),
where n ?s an integer, te Y= {1/m, 1 - 1/m|{ me N - {1} } and
t’ is that element of Y which is next to the right of ¢,
is expansive with expansive constant &, 0 < & < 1/6. Under the
additive action of the group G = Z2 on X, it can be observed +that
for any 6, 0 <6 < 1/6, h &-expands each pair of distinct G-orbits.

21Ced. Consider the space X = R?

with usual metric and h  in
H(R®) defined by sending u in R° to @u, where @ € R - {-1,0,1}.
Then ha is expansive with any & > 0 as an expansive constant.
Let G =R act onR® by x(y, 2) = (x +y, 2), X, ¥, 2z € R, Then

for any & > 0, h &-expands each pair of distinct G-orbits.

3.1Cf>. Consider the Euclidean n-space R°, n = 1 and ha in
H(R") defined by h, (x) = ax, where @ € R - {-1,0,1}. Then h, 1is
expansive with any & > 0 as an expansive constant. Let the
orthogonal group G = O(n) act on R" with the usual action
defined by the matrix multiplication. Note +that the G-orbit of
any point x in R" is the (n - 1)-sphere with centre at origin and
radius equal to the distance of x from origin. Let & be any
positive real number. Then for x, y in R" with distinct G-orbits
G(x) and G(y), there exists u e G(x), v € G(y) sucﬁ that d{u,v) =
d(G(x),G(y)) where d is the Euclidean metric on R" and hence from

the expansiveness of ha, there exists an integer n, satisfying
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d(h"(w),h "(v)) > 6. It can be verified that d(h,"(p),h,"(a)) > &
for all p in G(x) and q in G(y). Thus h &-expands each pair of

distinect G-orbits.

3.1Cg). For each positive integer n, we define the space
X(n) = eLZﬂ()cﬂ)/h , where k = 0 1, ... ,n-1 and
teY={1/m, 1 - 1/m; me N } }

(49}

with usual metric 4 and consider hh in H(X' ") defined by

L27TGe+O /N L2+ 1
) = e , when £t = 0 or t = 1;

h (e

= 2™ )/D yhen t €Y - {0,1}
wherein t’ 1is that element of Y which is next to the right
of t. Then h.n is expansive with expansive constant <&, where

0 <& < d(ei.n/n,emﬂ/an

). Under the usual action on X" of the
group G = U(n) consisting of the nth roots of unity it is easily
seen that hﬂ S-expands all pairs of distinet G-orbits, where

0 <6 ¢ d(ei.fz/n’ei.zn/sn)'

The observations made in these examples lead us to the

following definition.

Definition 3.1. Let X be a metric G-space and h € H(X). Then h is
called G-expansive if there exists a & > 0 such that whenever
x, ¥y €« X with G(x) # G(y), there exists an integer n satisfying
d(h"(u),h"(v)) > 6 for all ue G(x) and v e G(y); & is then

called a G-expansive constant for h.
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Note Cad. Clearly the notion of G-expansive homeomorphism on a
metric G-space as defined above is completly different from +the
notion of expansive transformation group defined by Eisenberg

{ Definition 1.6 ) in [ 11 1,

Note (b>. Under the trivial action of G on a metric space X, a
G-expansive h in H(X) is expansive, However, under a non-trivial
action of a G on X, a G-expansive h in H(X) need not be expansive

as can be seen from the following example.

Example 3.2. Consider X = u { Ck | K =1,..,n } with usual metric,

where n € N and C_ is the circle in the Euclidean plane R* with‘
centre at origin and radius k. Under the usual action of G = 0(2)
on X defined by matrix multiplication, the identity map on X is
G-expansive with G-expansive constant &, 0 < & < 1, but obviously

it is not expansive on X.

Also, under a non-trivial action of a group G on a metric
space X an expansive homeomorphism need not be G-expansive. This
can be seen from Example 3.1(a). Thus the notions of expansiveness
and that of G-expansiveness on a metric G~space are independent

of each other. This naturally therefore raises a gquestion :

When an expansive homeomorphism on a metric G-space is
G-expansive and conversely, when a G-expansive homeomorphism on it

is expansive ?
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A look at the Examples 3.1(c), (e) and (f) wherein expansive
homeomorphisms do turn out to be G-expansive reveals the following
facts @

(F1) h satisfies h(G(x)) = G(h(x)), x € X;

{F2) G is a subgroup of IS0(X), the group of isometries on X ;
(F3) For each pair of distinct G-orbits G(x) and G(y) in X, there
exists a g, € G such that

(a) d(g,x,y) = d(G(x),G(y)) and

(b) for all g, in G satisfying (a),
d(h (g,x),h (y)) < d(h'(gg,x), h'(¥)), g « &, i e {-1,1}.

It is then natural to ingquire whether an expansive
homeomorphism satisfying (F1), (F2) and (F3) is G-expansive. We

show in what follows that this is indeed the case.

Here it may be noted that in Examples 3.1(c¢) and 3.1(f),
if x = 0, then G(x) = {0} and every g in G works as a £, in
(F3)(a) and all of them trivially satisfy (F3)(b), but if x, y are
different from 0, then <there exists a unigue g, - In Example
3.1(e) we get unigue g, - However, in Example 3.1(e) 1if we
consider the action on R® of the subgroup 2 1instead of R then &,
may not be unique; for instance, consider

G(x,y) and G((x +1)/2, u); x, ¥y, u<€ R and y # u,
then both 0 and 1 work as g, of course, (F3)(b) holds for all

such g, -

In view of (Fl1), we call a continuous map f from a G-space X
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t0o a G-spacce Y to be pseudoeguivariant if f(G(x)

%
all x € X. ( Recall that f is called equivariant if Mor all x in X 7/
AR R
and g in G, f satisfies f(gx) = gf(x). ) Clearly every\tmzi%rm;‘a‘ﬁf
map is pseudoequivariant but the fact that the converse is not
true caﬁ be seen by considering the map ha in the Example 3.1l(e).
The following result concerning pseudoequivariant homeomorphism
will be used for getting a sufficiency condition for an expansive

homeomorphism to be G-expansive. We study some more properties of

pseudoequivariant maps in Chapter 4.

Lgm 3.1. If h in H(X) is pseudoeguivariant, then

B (G(x)) = G(H"(x)),
for each x in X and n in 2,
Proof. When n = 0, the result is obviously +true. We prove the
Lemma for positive integers by applying the induction principle.
For n =1, it is true by definition of pseudoequivariany. For n

= 2, we have

h*(G(x))

I

h(h(G(x)))

= h(G(h(x)))

= G(h(h(x))) = G(h°(x)).
Suppose the result is true for n = m. Then we have

m+d

K" (G(x)) = h(h"(G(x)))

h(G(h" (x)))
G(h(h™(x))) = G (x)).

Therefore, the Lemma follows for all positive integers.

Now we show that h '(G(x)) = G(h *(x)). Let u e h *(G(x)).
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Then h(u) € G(x). Therefore h(u) = gx for some g in G, i.e.,
x = g 'h(u) € G(h(u)) = h(G(u)).

Thus x = h(g’u) for some g’ = d, i.e.,

. u = (g) 'h i (x) e G(h ™ (x)).

Hence hQ‘(G(x)) < G(hhi(x)). For the reverse inclusion, 1if

v e G(hfi(x)), then v ghqi(x) for some g in G. Therefore

e

g v h*(x) or x = h(g 'v).

This implies
x € h{(G(v)) = G(h(+v)).
Thus x = kh(v) for some k in G, i.e.,
v = h (K'x) € h "(G(x))
and so we get the desired containment. Hence,
h 7 (G(x)) = G(h T (x)).
This proves that f = h?t is pseudoequivariant. Therefore as proved
above, G(fT(x)) = £ (G(x)) for fqr all m in N, and hence we get
G(h ™ (x)) = h "(G(x))

for all m in N. This completes the proof of the Lemma.

Lemma 3.2. LlLet X be a metric G—space.and h « H(X). Suppose (F1),
(F2) and (F3) hold. Then whenever G(x) # G(y), we haove
d(h"(gg,x),h" (y)) = d(h"(g,x),h" (¥)) (%)
for all min Z and g in G, where g, is same as described in (F3).
Proof. Since G(x) # G(y), in view of (F3) for i =1 in (F3)(b),
there exists a g in G such that d(g x,y) = d(G(x),G(y)) and
d(h(g,x),h(y)) = d(h(gg,x),h(y)) (A)

for all g in G. We claim that pseudoequivariancy of h then gives
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d(h* (g x),h () < d(h(&g,x),h (¥))
for all g € G. For a proof of the claim we proceed as follows.
As h is given to be pseudoequivariant so for g'€e G we have
g’h(g,x) = h(gg x) for some g in G and hence by (A),
ﬂgwﬂ%xhhﬁﬁ)=<HMg%XLhW))2dUﬂ%XLhW)L
This gives
Inf { d(g’h(g,x),h(y)) | &'« G } = d(h(g,x),h(y)).
On the other hand
Inf { d(g’h(g,x),h(y)) | g’« G } = d(h(g,x),h(y))
by considering g’ to be the identity of G. Thus
d(G(h(g,x),h(y)) = d(h(g,x),h(y)).
Now by applying (F2) we get,
d(G(h(g,x)),h(y)) = d(G(h(g, x)),G(h(y)))
and as h is pseudoequivariant h(gox) = gih(x) for some g, in G,
and hence |
d(G(h(x)),G(h(y))) = d(gh(x),h(y)).

Since G(x) mn G(y) ¢ implies h(G{x)) M h(G(y)) = ¢ in view of h

being bijective, from the pseudoequivariancy of h we have

G(h(x)) n G(h(y))

1"

¢. Therefore using (F3)(b), with ¢ = 1, g, in
the place of g, and x, v replaced by h{(x) and h(y) respectively,
we get

d(h(gh(x)),h(h(y))) = d(h(g’gh(x)),h(h(y)))

{

for all g’ « G. Here gih(x)
d(h*(g,x),h"(y)) = d(g'h(g,x),h"(¥)),

h(gox) and hence

.for all g’ in G. Now for a g in G, from the pseudoequivariancy of

h there exists a g' € G such that
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(&g x) = h(g’h(g, x))
and hence we obtain

d(h’(gg,x),h"(y)) = d(he’h(g,x)),h (¥)).
This establishes the claim.

Finally, as proved in Lemma 3.1 the pseudoequivariancy of h
implies h"(G(x)) = G(h"(x)) for all n in Z and x in X. Thus, it
can be shown that (%) will hold true for m = k + 1 if one assumes
(#) to be true for m = k. Hence (#) follows for all positive
integers. Using (F3)(b) for < = -1, one can sig;larly show that
(#) holdsfor all negative integers. The m = 0 case follows from

(F3){a). This completes the proof of the Lemma.

Theorem 3.1. Under the hypothesis of Lemna 3.2, h is G-expansive
with Gexpansive constant & wvhenever It is expansive with
expansive constant 6.

Proof. Consider x, y in X with G(x) # G(y). Then from Lemma 3.2
there exists a g, in G which satisfis (*). Since h is expansive
with expansive constant &, there exists an m in 2Z satisfying

d(hm(gox),hm(y)) > & and hence

d(h"(gx),h"(y)) = d(h" (&g, "g,x),h"(¥))

d(h"(g,x),h"(y)) > &. (#)

v

for each g « G. Now for any g,k in G, using (B) and (F2) we have
d(h" (gx),k’h" (v))

d((k’) h" (gx),h"(¥))

d(h"(kx),h"(y)) > &

d(h" (gx),h" (ky))

1l

i

H

by (#). This proves that h is G-expansive with G-expansive
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constant &.

Remark. It may be observed that in Theorem 3.1 the condition of
pseudoequivariancy of h is not a necessary condition. This is seen
by considering the usual additive actign of the group Z on R and
the Z2-expansive homeomorphism ha : R + R, defined by ha(x ) = ax,
aeR-{ -1, 0, 1}, having any positive real number & as
G-expansive constant. Similarly, since property (F3)(b) is not
true for Examples 3.1(d) and 3.1(g), clearly the gondition (F3)(b)
too is not necessary. For instance, in Example 3.1(d), if we take
x = -2/3, y = —1)7 and g = -1, then g, =‘1 and therefore

d(h(gg x),h(y)) = 3/8
while

d(h(g,x),h(y)) = 5/8.

Regarding the converse of the above theorem we have the

following result.

Theorem 3.2. let X be a metric G-space and let h in H(X) be
G-expansive with G-expansive constant &. Then h is expansive with
expansive constant & if h is expansive on G(x) for each x in X
with expansive constant &.

Proof. Let x, y be in X, x # y. Then either x, y 1lie in same
G-orbit or they lie in distinct G-ﬁfbits. In case they lie in
same G-orbit, the result follows by the hypothesis. Otherwise, the

result follows by the G-expansiveness of h.
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It may be noted here that the condition of expansiveness of h
on G(x) for each x in X in Theorem 3.2 is necessary for if we
consider the identity map on X in Example 3.2, then it 1is

G-expansive but it is not expansive on any G-orbit in X.

2. Properties of G-expansilve homeomorphisms.
Here we prove some properties of G-expansive homeomorphisms.
First is an analogue of the Theorem 1.1 proved by Utz I 37 1 for

expansive homeomorphisms on metric spaces.

Theorem 3.3. Let X be a compact metric G-space and let f e H(X).
Then h is G-expansive iff £, m# 0, is G-expansive.
Proof. First we suppose that £, m = 0, is G-expansive with
G-expansive constant &. Fix some integer m in 2. Let x, y € X with
G(x) # G(y). Then by G-expansiveness of f , there exists an n in 2
satisfying

a((£™) " (ax), (M) (ky)) > &
for all g, k in G. Substituting m.n = t, we get

d(£' (gx). ' (ky)) > &
for. all g, k in G. Hence f is G-expansive with G-expansive
constant &.

Conversely, suppose f is G-expansive with & as G-expansive
constant. Since X is compact, any h in H(X) will satisfy the
following condition :

Given any & > 0, there exists an n > O such that

d{x,y) 2 &€ = d(h(x),h(y)) > n.
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Let ¢ = f", where m is an integer different from 0. Consider f,

| R

1,..... ,i*m. Then corresponding to & > 0, there exists 7, for

i+

every i € {x1,...,xm} such that

d(x,7) 2 6 = a(f (0, () > n,
for alllx, vy € X. Let x, y €« X with distinct G-orbits. Since f is
G-expansive with G-expansive constant &, there exists an integer
n satisfying d(f"(gx),f (ky)) > &, for each g, K € G. Thus,

d(f (£ (egx)), £ (£ (ky))) > min {n},

ie {*1,..,*m}, and g, k € G. Since one can find an integer r such
that 0 < |r -~ n/ml £ 1 or 0 < |rm - n|l £ im|l, therefore (rm-n)
e {*1,....,tm} and hence

a(f™ (£ (gx)), £ (£ (ky))) > min {n},
or equivalently )
d(£") (gx), (£7) (ky)) > min {n},
where i € { #1,....,*m } and g, k € G. Hence ¢ = f" is G-expansive

with G-expansive constant a, where a = min { ni}i e {x1,..%m} }.

The following result concerns the restriction of G-expansive

homeomorphism.

Theorem 3. 4. Let X be a metric G-space, h itn H(X) be G-expansive
and A be a G-nvariant subspace of X such that h(A) = A. Then hlA
ts Grexpansive on A. ‘

Proof. Let 6 be G-expansive constant for h on X. Choose x, y in A
with distinct G-orbits. Since h is given to be G-expansive on X,

there exists an integer n satisfying d(hﬁ(gx),h?(ky)) > 6 for all
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g, k in G; then A being G-invariant, G(x) € A and G(y) € A and

hence h is G-expansive on A with G-expansive constant &.

Next, we prove a result regarding product of two G-expansive

homeomorphisms.

Thercem 3.85. Let (X,d) and (Y,p) be two metric G-spaces, and
tet h tn H(X), f in HB(Y) be G-expansive homeomorphisms. Then h x f
e H(X x Y) and is G-expansive when the product space X. x Y is
given the diagonal action of G t.e., g(x,y) = (gx,8y), vhere g € G
ard (x,y) € X x Y.
Proof. Suppose D denotes the product metric on X x Y. Let h in
H(X) be G-expansive with G-expansive constant & and let f in
H(Y) be G-expansive with G-expansive constant . Obviously h x f
e H(XxY). Suppose (x,y), (u,v) € X x Y with G(x,y) # G(u,v), i.e.,
(x,y) # g(u,v) for any g in G. Then either x # gu for any g in G
or y  gv for any g in G;\In case x # gu, by G-expansiveness of h
there exists an ifiteger n satisfying d(hﬁ(gx),h"(ku)) > & for each
g, k € G and therefore we obtain

D((bx£)" (g(x,¥)), (hxf)" (k(u,v)))
D((h"(gx),£" (&v)), (A" (ku),£" (kv)))

H

172

[d(h"(gx),h" (ku))* + o(£ " (ay), £ (kv))*]

1

> 6 Z min {&,e},
for each g, k in G. In case y # kv for any ke G, we apply the
G-expansiveness of f to obtain an integer m satisfying

D((hxf)" (g(x,¥)), (hxf)" (k(u,v))) > £ 2 min {6,s}
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for each g, k in G. This proves that (h x f) is G-expansive with

G-expansive constant o, where a = min {&,2}.

Ugsing the same method it can easily be proved +that if g_e
H(X), v = 1,..... ,n; n e N, are G-expansive, then | h is also

G-expansive on [] X under the diagonal action of G on ] X.

The following result is an analogue of Bryant’s result
(refer Theorem 1.4) proved in [ 6 1 for expansive homeomorphism on

metric spaces.

Theorem 3.6. If a pseudoeguivariant homeomorphism ¥ from a
metric G-space X to a, metric G-space Y is such that ¥ s
unt formly continuous, then 'I’h‘!‘_1 is (G-expansive on Y whenever h
is G-expansive or X.
Proof. Let d and ¢ denote the metrics of X and Y respectively.
Sine ¥ is uniformly continuous so for a given £ > 0 there exists
« > 0 such that

elu,v) £ a = 4(¥ (), ¥ (v)) < 5;
where u, v € Y or equivalently

AF (W), ¥ (V) Z s » e(u,v) >a
which means for P, @ in X one has

d(p,a) 2 £ = pe(¥(P),¥(q)) > a.

Now, let h in H(X) be G-expansive with G-expansive constant &

and let u, v be in Y with distinct G-orbits. Then

Glu) N G(V) = = ¥ (G(W)) n ¥ (G(v)) = ¢.
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Using pseudoequivariancy of ¥, we have from Lemma 3.1
G(¥ T (u)) N GE (V) = o,
That is ¥ "(u) and ¥ '(v) have distinct G-orbits. Thus by
G-expansiveness of h, there exists an integer n satisfying
A" (g8 (w), 1" (kE(v))) > &
for each g, k in G. Corresponding to & there exists a ( > 0
satisfying
P (TR (g8 " (), ¥h" (k.27 (v))) > @
for each g, k in G. Another use of pseudoequivariancy of ¥ gives
e (¥R (g7u), ¥ (k'v)) > B
or equivalently
e ((¥h¥ ™)  (g’u), (¥n¥ )" (k'v)) > B
for each g’, k’ in G. Hence The ! is G-expansive with G-expansive

constant 3.

/)
We next prove a result which is analogue of TheorXem 1.10

obtained by Bryant [ 6 } for expansive homeomorphisms  on metric

spaces. Vs

Theorem 3.7. lLet X be a compact metric G-space with G compact and
let h in H(X) be G-expansive with G-expansive constant &. Then
there exists a k(?xl) in N for eachk X, 0 < A £ 6, such that
Inf { d(gx,ky ) | g ke G} > A implies d(h"(gx),h"(ky)) > &, for
all g, k e G and for some integer n satisfying inl = k(\).

.Proof. Suppose the result is not true. Then there exists a A such

that 0 < A 265 and for eachi in N, there exist X, ¥ with
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Inf { d(ex.kyv)) | g ke G} > "
and

d(h"(gx),h"(ky,)) < &
for some g, kK € G and each integer n such that In}] = i. Since X 1is
compact Qe can assume that sequences {xi} and {yl} converge
respecti;ely to some elements x and y of X.
Now using (™), one can easily conclude that x and y have distinct
G-orbits. Next; choose an integer m. Since

d(h" (gx),h" (ky,)) < &
for each t 2 [ml and some g, k « G, we have

d(h"(gx),h"(ky)) < &
for some g, k € G. But, as choice of m was arbitrary, we get a
contradiction to the fact that h is G-expansive with G-expansive

constant &. This completes the proof of the Theorem.

3. Fixed points, extension and characterization of G-expansive
homeombrphisms.

Regarding the fixed points of an expansive homeomorphism,
recall that an expansive homeomorphism on a compact metric space
can have only finetely many fixed points. However, this need
not be true for a G-expansive homeomorphism. For example the
G-expansive homeomorphism of Example 3.2 on the compact metric

G-space X has uncountably many fixed points.

We now deal with an extension problem of G-expansive

homeomorphisms. If X is a metric G-space, A € X is G-invariant and
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h € H(X), then by G-expansiveness of h on A we mean that there
exists a positive real number & such that whenever x, y € A with
with distinct G-orbits, there exists an n in 2 satisfying
d(h"(u),h"(v)) > & for all u € G(x),v e G(y). Obviously a
G-expanéive homeomorphism h on a metric G-space is G-expansive on
every G-invariant subspace A of X. Regarding the extension of
G-expansive homeomorphisms, in the following we prove a result
which gives condition under which an h in H(X) is G-expansive on

X whenever it is G-expansive on a G-invariant subspace of X.

Theorem 3.8. lLet X be a metric G-space and A be a G-invariant
subspace of X such that X — A is a union of finitely many distinct
G-ordits. Then an h in H(X) which is G-exponsive on A is
G-expansive on XL
Proof. Let & be a G-expansive constant of h on A and let

X-A = v{Gx)li=1,...,n1,
where G(x) # G(gﬁ for i # j. We need to prove that h is
G-~expansive on A U G(xi) because then the result will follow by
induction. To see that h is G-expansive on A U G(xi), first
observe that there can not exist two points p, g in A with
distinct G-orbits such that for given m in Z, one can get g, k, t
in G satisfying

d(h"(gp),h" (tx)) < 6/2
and

d(h" (ka),h" (tx )) < /2.

For otherwise, using the triangle inequality of the metric d, we
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will arrive at a contradiction to the hypothesis that h is G-
expansive on A with G-expansive constant 6. It follows that there
exists at most one point p in A such that given m in 2, one can
find g, k in G satisfying d(h"(gp),h" (kx )) < 6/2.
Noé, in case such a p exists in A, choose c such that
0 < e < Inf { d(ex,kp) | 8, keG},
otherwise take ¢ = 6/2 and observe that h is G-expansive on

A v G(xi) with ¢ as a G-expansive constant.

Since in general expansiveness neither implies nor is
implied by G-expansiveness, the following characterization of
G-expansiveness will be interesting. First we give a necessary

definition.
Throughout X denotes a metric G-space with metric 4.

Definition 3.28. Given & > 0, an h in H(X) is said to G-& separate
h-orbits if given any basis 8 = { X, | a e & } of (X,h), whenever
G(xa) » G(xﬁ) there exists an integer r satisfying
r ) of
d(h (gxa),h (kxﬁ)) > 6

for all g, k in G.

Theorem 3.9. let h in B(X) be pseudveguivariant. Then h tis
G-expansive with G-expansive constant & iLff
(i) hordbits are G~5 separated by h and

(ii) for p in X and n in Z such that h (p) =« G(p), there exists an
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integer r satisfying

d(b"" (gp),h" (kp)) > &
for all g, k in @,
Proof. From Lemma 3.1, the pseudoequivariancy of h gives

h*(G(x)) = G(h%(x)) (B)
where x €« X and g € 2. Suppose h in H(X) is G-expansive with
G—-expansive constant &. Let B = { X, ] é e« A } be any basis
of X with respect to h. Then whenever G(x,) » G(xﬁ), from
G-expansiveness of h there exists an integer «r satisfying
d(hr(gxa),hf(kxﬁ)) > & for each g, k in G. Thus, h G- separates
h-orbits. Also, if p in X and n in Z are such that h'(p) & G(p),
then we get G(h'(p)) = 9(p). Therefcre from G-expansiveness of h
there exists an integer r satisfying d(h'(gh (p)).h (kp)) > &, for
each g, k in G. Using (B), we obtain gh"(p) = h'(g’p) for some
g' in G, But this gives

&b (g’p),H (kp)) > &
for all g',k in G. This completes the proof of (ii).

Conversely, suppose both the conditions (i) and (it) hold.

Then we show that h is G-expansive with G-expansive constant 6.
For this let x, y be in X with distinct G-orbits. Then either x
and y are in the same h-orbit or they lie in different h-orbits.
We consider both the two cases separately.
Case 1. Let x, y be in distinct h-orbits say, O(x,) and O(xﬁ)

respetively. Let =x = hn(xa) and y = h?(xﬁ). ¥We put xy =

f

h@~“(xﬁ), and write y h"(xy). Now choose that basis 8 of (X,h)

which has x and x as its members. Since G{(x) = G(y), i.e.,
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G(hﬁ(xa)) " G(hh(xy)), using pseudoequivariancy of h, we have
W (G(x,)) N W' (6(x,)) =@
and hence
G(xa) e G(xy).
Now usiﬁg (i) we get an integer r satisfying
d(h (gx,), 0 (kx,)) > &
for all g, k in G, i.e.,
d(h’(gh "(x)),h (kh " (¥))) > S
for all g, k in G. Now we again use pseudoequivariance of h to
obtain
d(h’ "(g’x),h (k'y)) > &
for all g’, k' in G. Thus we get an integer t = (r - n) such that
for all g’, k’ in G
d(h'(g’'x),h' (k’y)) > 6.
It follows in this case that h is G-expansive with G-expansive &.
Case 2. Let x,v be in the same h-orbit say, O(x ). Then x = h"(x,)
and y = h@(xa) for some integers n and m. Since G(x) # G(y), i.e.,
G(h"(x,)) * G(h" (K" " (x,))),
using pseudoequivariancy of h we get
R (G(x,)) n h™(G(h" "(x,))) = @
and hence G(xd) # G(hw_n(xa)). Thus hm_"(xa) & G(xa) and hence by
(ii) there exists an integer r satisfying

m —rEr

d(h' (gx,),h (kx,)) > &,

or equivalently

m=n+r

d[h' (gh "(x)), h (kh "(¥y))1 > &

for all g, k in G. Now using the pseudoequivariancy of h we get
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d(h" " (g’x),h "(k’y)) > 6
for all g’,k’ € G, i.e., there exists an integer q = (r - n)
such that for all g*, k’ in G

d(h%(g’x),h* (k’y)) > 6.
Hence, in this case also, h 1is G-expansive with G-expansive

constant &. This completes a proof of the Theorem.

Using the above result, we prove the following result which
gives a sufficient condition for a homeomorphic extension of a

G-expansive homeomorphism to be G-expansive.

Theorem 3.10. let X be a G-invariant subspace of a metric G—space
Y and let h in H(X) be pseudveguivariant G-expansive wtth
G-expansive constant &. Then a pseudoequivariant extension f of h,
f € H(Y), is G-expansive with G-expansive constant & if

(t) f is G-expansive on Y - X with G-expansive constant &; and
(it) there exists a basis B of (X,h) such that d(g.x,(Y - X)) > &
for each g in G and x in B,

Proof. To prove that £f € H(Y) is G-expansive with G-expansive
constant &, we show that f satisfies conditions (i) and (it) of
Theorem 3.9. Let & = { Yo | ¢ € &, & is an index set } be a basis

of Y with respect to f. Let Yoo e ¥ with distinct G-orbits.

Vs
Then there are three possibilities :

[

(b) ¥

o

(a)y.yBeX;
:Yﬁ‘EY-X, and

(¢) y, € X and Vg € Y-X or y, €Y - X and Vg € X.
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In the situation (a) and (b) the Theorem follows by using the fact
that ffx and f[Y—X are G-expansive with G-expansive constant & and
also the fact that X is a G-invariant subspace of Y.

Now, suppose we are in the situation (c). Let v, € X and

Yg € Y - X. As 8 is a basis for (X,h), there exists a x in 8 such
that y_ € O(x), i.e., for some integer n, y_ = h"(x). From the
hypothesis we get

d(g'f "(y,),f "(kyg)) > 6
for each g’and k in G. Since f 1is pseudoequivariant, Lemma 3.1
gives

a(f ey ). f (kyp)) > 6
for each g, k¥ in ¢. Thus, f-orbits are G-5 separated by f. For
condition (it), let pe Y and n € Z be such that h'(p) = G(p).
Then either pe X or pe Y - X. In case p € X, X being
G-invariant G(p) &€ X and therefore by G-expansiveness of
f!x = h, there existé an integer r satisfying

d(£"" (gp), T (kp)) > &
for each g, k in G. Similarly if pe Y - X, G-expansiveness of
f on Y - X gives the required condition. Hence f in H(Y) is

G-expansive with G-expansive constant &.

Remark . If the action of G on X is trivial, then Theorems 3.8 and
3.10 reduce to respectively Theorems 1.8 and 1.8 due to Wine [42]

stated in Chapter 1.

The following example shows that the sufficiency condition
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concerning basis in Theorem 3.10 is not necessary.

Example 3.3. Let the space X and +the homeomorphism h in H(X)
of Example 3.1(c) be here denoted by W and ¢ respecctively. On
Y =W x‘W let G = Z2 act by

1.(s,t) = (s,t) and -1.(s,t) = (-s, -t).
Then

X=[ (W-{-1,0,1}) x (W - {-1,0,1}) 1}
is a G-invariant subspace of Y and the function h =¢ x ¢ on
X is a pseudoequivariant G-expansive homeomorphism on X with
G-expansive constant &, where 0 ¢ & < 1/8. Also, tﬁe function
f=¢ x¢ onY is in H(Yi and is obviously a pseudoequivarizat
extension of h to Y such that f is G-expansive on Y - X as well
as on Y with the same G-expansive constant &. But, for the
h-orbit O(1/m,1 - 1/m) of any point (1/m,1 - 1/m) with 1/m < &
one has d(gt, Y - X) =6 for any g in G and t in O(1/m,1 - 1/m).
Since any basis of X with respect to h contains a point of such
h-orbit O(1/m, 1 - 1/m), it follows that the condition concerning

the basis in Theorem 3.10 is not necessary.
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