
CHAPTER-6
CERTAIN RESULTS INVOLVING THE POLYNOMIAL g°(x,r,s;q)

6.1 INTRODUCTION
In view of the general nature of the class of polynomials 

<g^(x,r,s)} introduced by Rekha Panda [1], it is natural that its 

q-analogue (gn(x,r,s;q)} introduced in chapter-4 would yield the 
q-analogues of a large number of polynomials included in
Qgn(x,r,s), A systematic and detailed study of the class of 

polynomils (g^(x,r,s;q3} is , theiefore, very much desirable and 

needed. Motivated by such a need we present in this chapter 
certain miscellaneous results involving the polynomial

(x, r, s; q). n
In what follows we shall make use of the following known 

results in this chapter.

(6.1.1) (x;q) s [X] * E (-l)k [fj xk
n k=0 K

(6.1.2) [al2k “ (a.*qz)k (aq.-q2)^ 

2(6.1.3) (a;q ). « (Va;q). (-Va,q). , Va = q_ a/2
1 a-1 KJI* [qCHf\>

(6.1.4) X t [tq] d t - ----------------- - (Hahnf 1 ]. [2] )° P q £<?).

l [q](6.1.5) X ta E (tq) d t - (1-q)
o q q tq ](D

oo , . [ql(6.1.6) X t0*-1 e (-t) d t » (1-q) ---2 (Hahn [2])
° Q q <q ^
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(6.1.7) xn {l-q)n a>” f(x) = (-l)n g-^0-1*/2 £ (-1)K qk(k“1)/2.
q k=0

■ C k 1 f (xq )

where the q-derlvative operator 5)^ is defined by

f(x)-f(qx)
D f(x) = ---------- , q is fixed.

x (1-q)

co n(6.1.8) fCrcrrrrT^ - £ atx-fy^ ^10 n [x-|y]n

CD
(6.1.9) f(t[x-Jy]) =E an [x-jy]n t

n=0
n (Khan [1])

00 nwhere f(x) = £ a x , and (Jackson [5]) n=0 n

[x-Jy] * (x-y) (x-yq) (x-yq2).. , n—1(x-yq )

N k tt]sk(6.1.10) FN€z[l-tW ck z*

N zk
in which F.. (z) = E c. -----” k=0 11 [g]„

N-k

[n/s] k tn/s] [n/s]-j
(6.1.11) £ £ A(n,k,j) » £ E A(n.k+n.j).

k=0 j=0 j-0 k=0

N [n/s] [N/s] N-sk
(6.1.12) E E A(n.k) = E E A(n+sk,k).

n=0 k=0 k=0 n=Q

It may be seen first that in view of the definition of [x-jyln
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and, the relations (6.1.1) and (6.1.11),

g^<[x-|y] ,r,s;q) Cn/s)
Ej=0

(-1) j qC(rs-s2 + l) j2 + (r-s~l) j-2(r-s)nj)/2

yj [n/s] j gX(S]<-2n+2sj+1 )/2
"■Jj Jo q*

[cq rk+r
n-sj-sk

(Q4 ) n_g j-gk
[q)T-T11 **
[q]. k+j

wherein qj » ^(r s)/s

particularized by means of 
and

This polynomial representation when 
the substitutions s=l. r=2, c=l+a+(3,

[<*/3qLk (-D*
6 . --*--E«q]k [q]k

yields the corresponding expression involving little q-Jacobi 
polynomial as given below.*
to^q3n n i*-n i-T7,i- Pn C[x-|y];a,^;q) «EqJ 2 
LMJn j=0

[o^q]mi yj

[aqlj £<33n-j fq3j

n-j
• Ek=0

[c^?qn+^+1 ]k k k
------ ------------  X q .I«qJ 3k Eq]k

Since, the inner series in this last expression also 
represents the same 'little polynomial’ of degree (n-j). one 
obtains

(6.2.1) pn <[x-|y];a,ft;q) n .2£ qJ “nj
j=0

[«flq n+Hi 
taqlj

yj

■ Pn-j{X;a+j*^+j;q)•
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Next, we prove the summation formula

(6.2.2) E gjxqsn sN S,2s,s;q) q° = gjj+1 (x. 2s ,s -,q 5 , 
n=0

by making use of the easily verifiable (by induction) result

N [a]n n taq]N (6.2.3) 1 + E -T—1 q -n-1 [q3n [q) N

In fact, in the light of the relation (6.1.12). it is not

difficult to see that
N .._ c , sn-sN—s _ , nE gn Cxq ,2s,s;q) q

n=0

2 sic_ ^ ^sktsk-zN+l )/2 ^cq 3n-sk & xk gn-sk
n=0 k=0 [q] k

n-sk
,,ai , .. . , N-sk [cq 2 j
E q(S *-*sN+s>k/2 * xk E —----2 qn.CH/b]
E

k«=0 n=0 fq] n

The inner series occuring in (6.2.4) above may be further 
simplified with the aid of the result (6.2.3), in the form

[cq2sk+1]
N-sk

Cq]N-sk
and thus, one obtains

E 9^(xqsn-sN-s.2a.s;q) ,» tC« 6„xk
n=0 n k=0 iqj N-sk K

c+1. _ .= gN (x,2s,s;q),

and hence the proof of (6.2.2).
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A worth mentioning special case of the result (6.2.2) 
corresponding to the polynomial p^Cx jo ,/3;q) may be deduced by 
taking s=l, c = ct+/3,and

[o/3q]2k (-1)*
K [aq]k [q]k

In this case, one obtains after some simplification.

N [a/?] nE ----2 E
n=0 [q] k=0n

[q"n]k t«^qn]k [«^q]2k

[«/312k (aq]k [q]k
. . k n(xq) q

_ a 4/3+1- gN (x,2,1;q)

£a/5q]N
“W PN(x;a,/3,-q),

which with an appeal to the formula (6.1.2) and (6.1.3). leads to 
the summation formula :

N [o/3] [q](6.2.5) p (x;o,/3;q) - £ ---- 2---£L_ .
n=0 [o^q]N [qJn

q~n, a/3qn, q/aft, -qVa/3; q, xq 
• 4^3 aq, VS/?, -VS/?;
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6.3 BASIC DIFFERENCE OPERATIONS

Let
(f. q x«./3,v „ _ ^ ,h , sk(sk-2n+l )/2(6.3.1) X (x,r,s,(a ),(li.);q) = J] q n,c pi k=0 1

[cqr^3 , [(a )] ,
• n-sk *• p ak

[<VW tq]k <Wn-sk
(q = ,|M|/'|

The basic polynomial in (6.3.1), henceforth abbreviated as
Xa,^(x;q), is a special case of the general class {gC(x,r,s;q)} 
n, c n

when
[(a)]p ak with [(ap)]n= [ax]n [a2]n ... [apJn-

Now, in view of the definition of the q-derivative operator 

given by (6.1.7), it follows that

(6.3.2) x(l-q) (x.q)) = ^<x:q> - ^<xq:Q) •

But since,
„ (n/s] . , . ... [cq rl) . [ (a )) . 3 x

x(l-q) 3 (X“^(x;q)> - E qf1" ------SIS*----P 9.
1'-° “VWWn-B* [q)k
s(s-2n+i)/z ^ap^a sk(sk-2n+2s+i )/2

£ <k=0

r rk+r. r, , ,, ktcq ]n-s-sk »V«?]qk X
[(bi^)] (^ ;)n-B-sk ^k
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s(s-zn+i)/2 ^aP^a , sz
qi f(bi55^ n-s,c+rlXqi 'q '

the expression in (6.3.2) assumes the form :

(6.3.3) S(s-gn«)/a x“4 (xq°.r.s. (a «>.«,,«*) :q>
[(b4)] n s'c+r 1 p 1

..a . ‘ sa,ftX ' (x.-q) - X ‘ (xq.-q) n, c n, c

The relation (6.3.3) may be put in a more general form by
applying the operator 3> (m-1) - times. In fact, one finds ing
this case that
(6.3.4) <l-q)m xmrf> (\“-'5(x;q)) - “V

n’C * Kb,)]

Xa'^ (xq1110 ,r,s.(a +mct). (b.+ntf?) ;q)
n-ms.c+mr p a T ^

which with an appeal to the formula (6.1.7), becomes

(6.3.5) J-C°»-«n«)/. t(ap)1nP x“xa-P fxqf.r.s. (._««,).
x .n-ms, c+inr t *■*

(bi+m(3) ; q)

m(“1 )m q £ (-l)k qMk-0/* [J, X“'^(xqm~k;q) .
a T* , Ck=0
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6.4 BASIC INTEGRAL FORMULAE

In this section, the basic integral formulae (6.1.4) to 
(6.1.6) will be used to derive the following basic integral 
representations of the polynomial g^(x,r,s,-q) for r>s.

(6.4.1) (1-q) [q]^ g^(x,r,s.q)
= T tC+n“1(l-t)"1 G*/®(xtr~S[l-t] )d t,

n, c <s> qo
i _(6.4.2) (1-q) [q] g^(x,r,s;q) = S tC+n 1 E (tq) f^'®(xtr S) d t,

cd it cj n, c

and

oo(6.4.3) (1-q) [q]^ g£(x.r,s;q) = / tC n 1 e (-t) .
o H

. <'®(x(t/qC)r-S) d t. 
n, c q

where

(6.4.4) Gr's(xtr“s[l-t] ) n,ciXt lx tJ(s>;
r . , r rk. r sk.[n/s] gjj^gjj-an+i )/z Ec(l 3n [Q 3^
^ q‘ ««.*«.w

/ c. * cs tJr.s. ,r-s, (6.4.5) F (xt ) n, c

and

[n/s]
Ek=0

, k .rk-sk ,. .**k X t (t;q)sX .

_sk (sk-2n+*) /2 ^ q ^oo k k jrk-sk 
q ----------  x ti iqi;qi'n-sk

(6.4.6) H*'*®(x(t/qC)r S)
u # c

(c+n) (c+n+i)/2 ^ck-rck ^rk-sk
k“0

z 22 r car*1 xk_C(zrs-2 s -r )k +(r-s)k-4(r-s)n}/2 j. 1 q Joo
* Q Oj^ —.— . .

(ql*qi}n-sk
where, as before, q^»q^r-s^s*

The proof of the formula (6.4.1) as sketched below, uses the
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notation cited in (6.1,10).
Let 'I* denote the right hand member of (6.4.1). then in 

view of (6.4.4), one gets

I
[n/s]
Ek=0 qsk(sk -2n+i )/2

i

rl5„ ^ , k
------ --------- 6. xk* qi;%5n-sk

„ ,c+n+rk-sk-1 r. , . *• S 1 ttC|1Sk-l d t.
o

In this, the q~integral on right hand side may be evaluated 

with the help of the formula (6.1.4).

Thus,

I
[n/s]

(l-q)[q]m E00 k=0 qsk(sk-an+i )/z
i

. rk r sk r c+n+rkl=q \ tq [0 1 6, x 'co k

. . r c+n+rk-sk , r sk 1(Wn~sk [q 3cd [q 3

k

CO

[n/s]
= d-q)[q]a) Ek=0

gSk(sk-2n+i )/2
[c<] r^n-sk 

(Vqi}n-sk
, k \ x

■ (1-q) [q]^ g°(x,r.s;q).

which proves (6.4.1).

In a similar manner, the results stated in (6.4.2) and
(6.4.3) may be proved by employing the formulae (6.1.5) and 
(6.1.6) respectively.

The particular instances of these results (i.e. (6.4.1) to
(6.4.3) ) corresponding to the reducibi 1 ities of g^(x,r,s,-q) to 

the different polynomials, may be obtained by specializing the 
various parameters involved therein.
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For example, the formula (6.4.2) when specialized by setting
s*l, r*2. c=l+oHf?, and

to^q]2k (-l)k 
k [«qlk [Q]k 

gets reduced to the form :

[o^qn+1]
(6.4.7) p (x;a,/?;q) n

in which

oo(1-q) [qn+13^ t«qln °
/ ta+ft+n E (tq) .

q

L(“)(xt) dt 
q n q

L(“)(x) 
q n

n
Ek=0

t«q]n
[q]k [aqJk

(xq)k

is another basic analogue of the Laguerre polynomial 
(Khan [1]).

(x)
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