CHAPTER -7

CERTAIN RESULTS INVOLVING THE POLYNOMIAL fi{x.y,r.m[q)

7.1 APPLICATION OF AN INVERSE RELATION
In chapter~3, a basic analogue of a general class of

polynomials {fﬁ(x,y,r,m)} was obtained in the form

. X (n/m] . {q—«r:—m*‘-ﬂnr'}';—k+1}00 a“ xn-—mk
(7.4.1) £ (x,y.r.m|q) = £ vy
n ~c—nr+mrk+1 mr-1 mr—1
k=0 {q ]00 (g HI | )k
together with its inverse series relation
-c—nr+mrk -c~-nr+1
[n/m]} - _ (1-q PR ]
(7.1.2) a x" = T (—y)k q(mr 1X(k-1)k/2 o .
n = ~c-nr+k mr-1 mr-1
k=0 (q J,td :q )
c
£ ok (x.y.r.mlq)

If c=d and r=r7, then (7.1.2) reads as

~d-nre +mr- k

{n/m] L . (1-q )

(7.1.3) ax" = [ () gim7 D 1Ik/2 T R
k=0 (q ; )y
[q—d~nr +1]m

~d-nr' +
lq d-nr k]m

It is interesting to see that the inverse relation (7.1.3)

when combined with the polynomial

. k
{n/s} B feqg**1__
(7.1.4) gg(x,r.s:q) = I (;((r s)k (sk-zn+l)/z _"° 'n-sk 6k xk
k=0 (qt;qi)n—sk
(q, = ¢'¥7®)/8),
gives
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c {n/s] [(k/s] j
gn(x.r.s;q) = T r (-1)- g
k=0 j=0
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(cq ]n—sk (1-q ) ék fd
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(q = q

This, with the help of the relation

[n/s]l [k/s] {n/s] [(n-sk)/sm]
E L A(k.j) = L ) A(k+m3. j)
k=0 j=0 k=0 J:—.O

may be expressed as

c [n/s]
(7.1.7) g (x,r.s:q) = L
k=0

grTOK(skEnt)/z Qi y s mlq),

in which

o :[(n—sk)/sm] sgkmj~smnj+smj(smj+z)/z qj(j~s)/z (-y)j
2

) q )
k j=0 t k+mj

~-d-rsk

(1-q ) {cqu+rm31n

-smj-sk 6k+mj

—d—kr'—mrfj+j}
>

[q (q,:9, ) gmj-sk (qz;qz)k+mj

(r-s8)/8 mys—~3

q, = q

The expansion formula (7.1.7) serves ag a tool through which

where, as before, q1 = q

a basic polynomial belonging to the class- (gﬁ(x.r.s:q)}-may be
expanded in a series of a polynomial which is contained in the
class {f_(x.y.r.m|q)}.

As an illustration, set s=y=r-=1, r=m=2, d=1/2, and also
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(-1) X -1) Ra+g) ¥

6 B et dnd @ = e
X ’ X

leqly (aly [aly

and make ¢ - ®. Since, under the above substitutions, gg(x.r.s:q)

reduces to the polynomial qLéa)(x) given by (Khan [1]).
-n k
{aq] n [q ] x
(at) - n k
an (x) =  —————

[ql, k=0 [agl, [a],

and the inverse relation (7.1.3) gets reduced to the corresponding
inverse relation of basic Legendre polynomial 1in the form

(cf.(3.1.9))

(n/z] - __=a/p-n+2k
(1+@)™ (=)™ = F (-1)F kT2 1g LR (x|@)
k=0 [q—-<1/z>—-n+k] (q] n—z2k
© k

it follows from (7.1.7) that

n

{(a) - k(k-2zn+1) /2
(7.1.8) (Lg" (xa) = [aql, E @ oy Pexla).
where
- ok
1-g Fe i 3(i+e)/z
{(7.1.9) ok = PO 1s )k .EO (-1)- q
k ‘Ppx 1479 )
{q—n+klzj
k+1 1 /2)~K~ ] 2]
[aq™ 15 La lo [al;(1%q)
Now since,
1 [q—u/z;—k ]m
[q—(:/zx—k—-_}]m (q—-u/zx--k—j]m [q-—cx/z)—k]m
[ q-—u /2-k }..3‘
(q_( 1/2) —-k} ‘
e -]
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and

{ -
[a]-n - (_1)n qn.n 2a+1} /2 / [q/a]n ‘
therefore (7.1.9) becomes
n-k
__—a/2-K -K [—1
(7.1.10) o, = 1-a (1+q) ZE J2+kj+(sj/z)
o kK @™ %) 1aql, (4] =0
q o4 k q n-k
(({né*}:;qz)j (q~n+k+1: qz)j
(aqk+1;qz). (aqk+2;q2). [qk+m/m]_ (1+q)23
3 3 3
Notice that
{q—i/z ]w (1_q~k—ﬂ/2)) 1_q——<1/z)~k [q -1/21—}(
ta 7% a2 1-q~*/2 val,
2
(_1)]{ qk /2 (1_&('&1/2))
= 9,2
{q ]k [VQJm (1-7q)
Thus,
2
(—l)k qk /2 (1___qk+(1/z>)
oy =

@7 17a1, feal, lal,, (1+@)F (1-7@)

n—-k 2 . .
.[ ;: ] qJ tkit(sj/2) (q n+k:qz)j (q n+k+1; qz)j
j=0 (aqk+‘;qz). (aqk+z;qz). [qk+¢s/z>]j(l+q)23

J J
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and therefore (7.1.8) results in

- k1
- n (—l}k qk(zk 2n+1)/2 [oql (l—q: )
(7.1.11) L "' (xq) = L S k
k=0 f[aqly [q, )}y [q 1, [Ql,, (1-q )(1+q)
~ntk  __ntk_ntktt _ _-ntktt | kW7 /2
q ‘ C& ‘ qz ’ q1 ’ .g._....._;
-o?s (1+q) - Pp(x|a).
o+t oitkH atkd2 k2 kHes)
q  .-q, .4, -4, .q, ;
(q,=7q).

1

which provides a basic analogue of the known series expansion

formula (Rainville [1,p.2161)

(-n+k}/2, (-n+k+2)/2 ; 1/4
k+(3/2), (a+tk+1)})/2, (at+tk+2)/2 ;

(~1)k (1+a)n (2k+1) Pk(x)

k
27 (n-k)! (3/2)k (1+a)k

Likewise, an expansion of the little g-Jawmbi polynomial
P,(X:x..q) in a series of basic Legendre polynomial Pn(xlq)

((3.1.9)) may be obtained from (7.1.7) on making use of the

substitutions
-0F [opal,, -1* (1+q)”
6}{ = R ak = ,
[aq]k (qlk [q]k

and the fact that

[o3q]
gi*aﬁﬁ(x.z,l:q) =20 pn(x:a.ﬂ:q). and
[q]n

P_(x|q)

£77 (x.1,1.2)q) = B—u
(Yqi,
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The resulting expansion formula may be stated in the form :

k kK42

n (-1)" fql fepq" 1 (1-q
(7.1.12) p_(x:a,8:q) =L
n k=0 [aqly [q] _, [4°7%1 (41, (1D

)

mntk __-ntk Nkt ik Gintk _Sintk
¢ qx ' qa | ' q1 . q1 - 9
8"5
ltk+d - otttk 4+ DR+ k+2 _ Ol+k+2
1 ' q1 T ¢ i’ 1
K 4S/2)
c;é'w"ﬂwi . ——c?hﬂﬂ : R XY -nk+¢sks2)>
* * (1+q)??
X Px(x|q),
k+(3./2) 2 (1+
q ;g q)
wherein q = Yq . & = l+a+3 , and

n
{(a,) : z o [{(a,)] =z
A¢B [ A ] = ¥ A''n qhn(nﬁ)/z

N =
(bB) ;0 g n=0 [(bB)}n [q]n

defines (for A>0) a basic hypergeometric series (R.Y.Denis{[1]).

7.2 CERTAIN ADDITIONAL RESULTS

Let

c {n/m] [q °7PF* Kok lo yk_“__qm)n*- n-mk
(7.2.1) T (x,y,r.mjq) = L P P X
n k=0 @ 1™ @
‘ k n~mk

denotes a particular case of a general class of polynomials

(fs(x.y,r.mlq)} for mk=(1—qm)k/[q]k. This polynomial when

operated by the g-derivative operator i)q defined b},r'~
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f(x) - f(xq)
x(1-q)

D f(x) =
q (x)

as before, vyields certain interesting summation formulae which

are as obtained below.

With f£(x) = I (x.y.r.m|q) which will be abbreviated by

rg(xtq). one gets

c _ «C _ c
(7.2.2) x(1-q) ﬂq Fn(xlq) = Tn(x!q) Fn(XQIQ).

But since

n-1 oy - —1—
. { m i) N [ql c-r—=(n-1)r+mrk k}m (x(l—q))n i-mk
‘Dq roxja) = ¥ vy Pt E——
k=0 (q i q Yy 0911 mk
c+r

= Fn_lixlq).

the expression in (7.2.2) becomes
c+r c c
(7.2.3) x(1-q) anl(x]q) = Fn(x]q) - rn(quq) (n=1).
By repeated application of (7.2.3), one obtains

N
(7.2.4) rgx|le) =F FEE¥xalq) (x(1-an¥, N=1.2.3....
k=0

Further, it may be observed that

- p
(_1)[) q p(p—s) /2 E (_1)]( k{k—)/2

xP(1-q)P 2P r(x|q) q
@ n k=0

p c p-k
[y T (xq fq) .
which in view of

P € . Ctpr
(7.2.5) D ro(xjq) = rn—p {(x|q)

furnishes the summation formula
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k qk(k-—zpﬂ)/z

P X
(7.2.9) xP(1-q)P rgfpr(xiq) = ¥ (-1) [P 1ricxd fa),

P k=0
This evidently provides a generalization of (7.2.3).
It is also seen easily that (7.2.4) and (7.2.5) yield the
formula
N-p

(7.2.7) rgxiq) = £ rEPR g q) (x(1-g»¥.
k=0
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