
CHAPTER-7

BASIC DIFFERENTIATION FORMULAS 
AND SUMMATION FORMULAS

7.1 INTRODUCTION

In this chapter, the ^-differentiation operator defined by (Gasper 

and Rahman [1])

Dqf(x) =
/(*)-/(*<?)

x(l-q) (7.1.1)

will be applied to the polynomials Sn(l, m, a, j5 .x\q) and 

Mn{s,A,p\x\q)6efmed in Chapters 2 and 5 respectively. By applying the

operator Dq successively, the higher order derivatives are obtained. 

Next, using a summation formula due to D.S. Moak [1], the summation 

formulas for these two polynomials will also be obtained. The 

derivations are given in section-7.2.

In the subsequent section, another simple summation formulas 

are derived for these two polynomials.

7.2 HIGHER ORDER q-DERIVATIVE FORMULA AND ASSOCIATED 

SUMMATION FORMULAS

For the purpose of finding the basic differentiation, a particular 

case of the polynomial

Sn(l,m,a,/3;x\q) =
in!jri\( ^mk mk(mk+Y)/2-mnk(fiq^ na+^;p)go 

« ip,p)n.mk
a, x

k
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is considered here by taking ak -, where p=q°
(P>P)k

This particular polynomial will be denoted by Vn(x|p). Thus,

Vn(x t P) ~ ynkpmk(mk+l)/2—mnk na+^',p)<nXk

k=0 (P•> P) n~mk (P» P)<fc
(7.2.1)

Now, applying the operator Dp given in (7.1.1) on Vn(x|q), one gets

n r/ ^ „mk „mk(mk+l)/2-mnk (fiq£k~na+l' p)» xk{\ - pk)
upvn\x\P)- ,2. P ----- :------- 7-----:---- ------r~k=0 (P’P)n-mk(p’phx(l~p)

_ 1 ^mk ^mk(mk+\)/2-mnk ($j£k na+^\P)00 xk

l~P k=l (P',P)n-mk(P’Ph~ 1

= 1 [(/!-«)/*»] +km ptn(k+\)[m(k+\)+l]/2-nm(k+l)

1 - P k=0
^t-na+l.^k 

(IP p) n-m-mlSp’p^k

__ (-1 pm(m+l)/2 mn [nhn\^^^mk(mk+\)l2-mk(n-m) 

l-p k=0
{fiqtk-(n-m)a+l.pUxk 

(A P^n-m-mk ^P" p^k

Thus, the first order basic derivative occurs in the form:

(ixtnk m(m+l)/2-mn
Dp Vfi(xI P)= : Vn—m(x IP)■ (7.2.2)

^ 1 - p

Again operating by Dp on (7.2.2), one obtains
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(-\\m m(m+l)/2-mn
D2p Vn{x\ p) = i-i..P ---------------

F 1 ~P

[(n-m)/m]^l)mk pmk(mk+l)/2~mk(n-m)^ik-(n~m)a+lp^xk(j_pk^ 

k-0 (p, n-m~mk

(_l>m pm(m+\)!2-mn [(n-m)/m] ^mk pmk(mk+l)/2-mk(n-m)

'~P & toPln-m-mktoPhi-1

(_l)Wp,,,(n|-H)/2 mn [(„-2g)/m]^ w(t+i)[M(M)+1]/2-M(w-Mx*+l)

1-/3 fc=0

(p;p)n-2m-mk (P',P)i

p2m(m+l)I2 2mn+m2 [(n-2m)/m] , mk(mk+\)/2-mk(n-2m)
2u v */ P 

(1 -pf k^O
(Pqlk-(n-2m)a+\_p)a3Sk

(P',P)n-2m-mk (P',P)>

Thus,

(,J2m 2m(m+l)i2-2mn+m2
DP = 5--------—--2------------- Vn-2m^P')

0 -p)
(7.2.3)

Similarly it can be shown that

/_i\3m 3m(m+\)/2-3mn+3m2
Dp (x\ P)= 2 ^n—3nSx ^ ^

F 0-/3)

In general, for a positive integer r,

rm(m+\)/2-rmn+/j: m2
Dp Vn(x\p) -

(~lfmp
(1 -pY

■ V(x I p) , (7.2.4)
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where pr is the rth term of sequence {(in> with pn=n-l+{in-i, pi=0, n>l.

In view of the definition (7.1.1) of the q-derivative operator we 

also have, with p=q“ as usual,

D v )=MdEhMvl£l.P x(l-p)

Therefore, from (7.2.2) above,

r„«\P)-v„(xp\P). vn-tn\x IP) ~ „ .1 ~P x(\-p)

that is

(-l)m xp^+m-mn {x\p) = Vn(x\p)~Vn (xp \ p). (7.2.5)

The formula (7.2.5) will now be generalized with the help of a 

summation formula (D.S. Moak [1])

<m (1 - q)m Dg = (-1)“ £(-!)*/(t_1)/2
H k=0

f(xqm~k)

(7.2.6)

involving mth order basic derivative.

In deed, if f(x)=Vn(x|p) and m is replaced by r, then the 

substitution of the formula (7.2.4) on the left hand side of (7.2.6) yields

rm rm(m+l)/2-rmn+prm^ r
x Vyi—rm (•* IP)(~\ymP

:(_l)r -r(r-l)/2 £ ^k pk(k-l)l2 
, k=0

Vk{xpr~k\p) (7.2.7)

which provides a generalization of the relation in (7.2.5).
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In order to obtain a summation formula similar to (7.2.7) for the

polynomial introduced in Chapter-5 viz.

[n/s] (-1 )skq~sr,k{Aqsk+sk/>,<li) ,^.xk
M (s,AP,x |,) = X ------------- - 2 W *

where q2sqp, we take ^ = This particular case of

Mn(s,A,/3:x\q)wi\\ be denoted here by Fn(s,A,fi;x\q). Hence

Fn(s,A,J3:x\q)= E-----------------n------- r ,..~2.” 4 . '
*=0

(7.2.8)

Upon operating the polynomial F„(s,4/? x|qr)by the operator Dq

as defined in (7.1.1), we get,

Dq Fn(s,A,fi x\q) = S
k=1

_ [n/sK-0sVs"*(Vt+^;?2)„_s;l ,*(,_,*)

x(l-g)

1
[n/s]H)*VOT*(Vt+s¥;«2)„_st*w

bWM*- ■1

(-1)5 i(n-s)/s] (_!fkq-snk-sn^
So

,(Aqsk+skP+s+sP-,q2)n
s-sk

_ (-l)sq~sn [(«-^](_lykq-sk(n-s) %k q-s^k

Thus, it is shown that
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(-1) i7 2DqFn(s,A,fl;x I q) = i-f-*-----Fn_s(s,A + s + sj3J,xq~s | q). (7.2.9)

The second order basic derivative may be obtained as follows.

Dq Fn(s,A,fi:x\q)

4=0

q~slkxk(l-gk)

x(l-q)

_ H)V^ [(»-£)/.]
0“ ^n-$-,srl^A—1

J-lq-M

{-\)2sq~2m K«-2s)/j]

0-g)2

, , sk+sk/3+2s+2sj3 . -2s-k k
{Aq ’q2}n-2s-sk q X

Thus,

£>| Fn(s,A,P;x 19) = (M + 2s + 2sP;p-,xq~2s2 | q).

Similarly, it can be shown that

Dq Fn(s, A, P,x\q) -3—F 3 (s,A + 3s + 3sfi;fi;xq 3s2

o-<?r ”
k)-

Repeating the above process m times, one gets
/"_n ms-msn 2Dj1 F„(s,AJ;x\q) = —-— Fn„„ms(s,A + ms + msfi;P;xqms | q) .

** (1-#)

(7.2.10)
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Now by definition (7.1.1),

DqFn(s,A,0,x\q) =
F„ (s,A,fi,x\q)~ Fn (s, A, ft; xq | q)

*0 - *)

which in view of the q-derivative (7.2.9) yields

Hr*s -sn
l-q

-Fn~.s(s,A + s + sfj;/J',xq s |q) Fn(s,A,fi;x\q)-Fn(s,AJ;xq\q)
x(l-q)

therefore,

H)*x<l~~SnFn-s(s,A + s + sfi,P\xq~s2 \ q) = Fn{s,A,f};x\q)~Fn(5,A,/3,xq\q).

(7.2.11)

This can be further generalized by using the Moak's formula 

(7.2.6) above, as follows.

Using the result of (7.2.10) in (7.2.6), we get the summation 

formula

{-\)msxmFn-ms{$,A + ms + mspj;xq~m*~ | q)-ms2

k=0 K

This is a generalization of the formula (7.2.11) because setting 

m=l in this, it reduces to the one given by (7.2.11).

7.3 q-SUMMATION FORMULAS

Consider first

Sn(l,m,a,fi;x\p) =
l"'m\ mk mk(mk+\)n-mnk <V*
k=0 P

Here ?=ma and p=qa gives,
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(fqlk-na+l.pU iPq,p) oo
(Mp) oo

(flr,p)<x>
(f^’P^-n+mk

which in view of the formula

(a\q)-n = (-1 )V<"+1>/2

becomes

(flq,P)<x> p(n-mk)(n-mk+1)/2

(«“ P '-P^mk

therefore

[n/w] pmkq(fl+Wn mk) a yk
S„(l,m,a,p,x|p) =1 J'1: ' .£. *

n(n+\)I2 k^() (p;p)n-mk

•<« ''U

(-i)”?”('8+l)(ia};p)g, ["4"-]f1”iA(/w)g;fc ^

pn(n+l)/2 *=o (APW

, a-B-\. ,• (*7 5 P^n—mk

(-1 )"9"('8+1)(/%;p)00

pn(n+l)/2 {f.,m,a,/3,x | p) = Tn(C,m,a,fi]x | p)

then
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Z Tj{l,m,a,f3-qm^+l)x\p)pj 

J=o

n [n/m](<I
■ z z — 
7-0 &=0

a-ft-l k j+mk

teP'j-mk

which on using the relation

n [n/m] [nfm] n-mk
Z I A(j,k)= £ £ A(j + mk,k),
j=0 k=0 /c=0 7=0

(7.3.1)

takes the form

« „ „ „ m(/7+l) , , / [”4m] 2mA: k n^lk q ,P) P
E T a, fi;q = Z P * E ------- :----- — -----7=0 J k~0 k 7=0 (P,P)j

lnlP]„2mkr k ^ 13 V’P\-mk

— 2. P -------------------------
k~ 0 (P> P^n-mk

= Tn(t,m,a,fi-a,qm(a+fi+^x | p),

which follows from a simple summation formula

l [a]„ n _ Mj
1+ E

n-1 [q]f [q]
(7.3.2)

Thus,

Tn(t,m,a,j3 ■cr,qm^^>x\ P) ■■ £ Tj(e,m,a,j3-,qm{P+l)x\ 
7=0 J

P)PJ

which is the relation wherein the polynomial Tn is expressed in a series 

of itself.

A similar result for the polynomial
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[n/j] (-1 fkq-s"k(Aqsk+sk(t,qP) . .
M„(s,A,0,x\q) = V K-L-l------\1----------’Ua^L^

k=0 \q]n~sk

may be obtained by taking p=l, that is, for the explicit form

[nls] (-lfkq-mk[Aq2sk] . ,M„(s,A.V,x\q) = X r / W Sk xk .
k=o HU *

For that consider

j ,n n j ln/s] [Aqlsk]
ZMn(s,AXxqsn\q)qn=Z £ —

n=0 n=0 k=0 ^msk
n~sk gk xkqn

this, in view of (7.3.1) becomes

=ux] X lj4w^Ltk*i‘l"+stn=0 k=0 n=0 vim *

[j/s] , , jsk \Aa2sk\
I {7** Z --r-, q”

k=0 n- =0 Mr

Now applying the summation formula (7.3.2) the inner series

r j2sk+\-,LAq J j_sfc
above simplifies to the sum----------- ----- which leads us to

[<?] j-sk

1 sn „ [//*]
I Mn(s,AXxqsn\q) qn = I —f-f- 

n-0 k=0 Wl j-sk

J ^ X (xqS)k

= M j(s,A + l,l;xq \q),

Thus the result may be stated as

jM j(s, A +1,1;xqs | q) = E Mn (s, A, 1; xqm \q) qn 
J n=0
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