CHAPTER-7

BASIC DIFFERENTIATION FORMULAS
AND SUMMATION FORMULAS

7.1 INTRODUCTION

In this chapter, the g-differentiation operator defined by (Gasper

and Rahman [1])

qu(x)=%’fq—) (7.1.1)

will be applied to the  polynomials S,(,m,a,p.x|q)and
M, (s, 4,p:x|q)defined in Chapters 2 and 5 respectively. By applying the

operator Dg successively, the higher order derivatives are obtained.
Next, using a summation formula due to D.S. Moak [1], the summation
formulas for these two polynomials will also be obtained. The
derivations are given in section-7.2.

In the subsequent section, another simple summation formulas

are derived for these two polynomials.

7.2 HIGHER ORDER g¢-DERIVATIVE FORMULA AND ASSOCIATED

SUMMATION FORMULAS

For the purpose of finding the basic differentiation, a particular

case of the polynomial

S (l m.o ﬂ x I ) _ {n/zm] (ml)mk Mk(mk+1)/2~mnk (/&I ék—‘na-*‘l)p)(?() o xk
n 3TIEs Ay J s q — &~ p ( - k
k=0 PP i
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is considered here by taking oy = -—}~—-, where p=q".
(r;p)y

This particular polynomial will be denoted by Vi(x|p). Thus,

bk-na+l. D) x
X (7.2.1)

(2. Pyt (D3 p)k

Vn(xfp)"[ngjm (=1y"k pmk(mk-+1)/2—mnk (Mg

Now, applying the operator D, given in (7.1.1) on V,(x|q), one gets

Lk—no+l k k
Dy Vn(llp)—[ Z (- 1)mk mk(mk~+1)/2—mnk (Bq P X7 (1= p™)
(D: D)yt (P> 2y, (1= p)

Lk—-na+1 k-1

1 [nm} ok ik (mic+1)/2-mnk (P ; Poo X
1-p k=1 (05 P pp—mk (P> P -1

1 [(n-—)g) /m] 1 mikm » m{k+D)[m(k+1)+1}/ 2-—mn(k+1)-

(,5(] €k+€—na+1 p) x
(2D PP

_)"p m(m-+1)/2~mn {ném]( 1y, mk(mlc+1)/ 2-mle(rn—m)
I-p

(ﬂqpk (n—- m)a+1 e £

(p;p),,_,.m_mk(p, Py

Thus, the first order basic derivative occurs in the form:

(_.l)mk m(m+1)/2-mn
Vaem x| P). (7.2.2)

Dp Vp(x| p)= -

Again operating by D, on (7.2.2), one obtains
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_nm m(m+1)/2—mn
D;%Vn(xlp)=( P

I-p

_[(n~§) /m] (_1)mk pmk(mk+1)/ 2—mk(n—m) (P hk—(n—m)a+1 Do xk a- pk )
k=0 (B:0) e (P> ), (1= P)x

(__Dm pm(m+1)/2—~mn [(n—m)/m] (_Dmk pmk(mk+1)/ 2—mk(n—m)

I-p k=1 029 ) N 0.9 ) F A

(g Lk—(n—m)a+1 1

;P)ooxk‘

e 1™ pm(m+1)/ 2—-mn [(n—2§1)/ m] ™ tm » mOk ) [m(le+1)+1]/ 2~m(n—m)(k+1)
I-p k=0

Chk+l—(n-m)a+1, k

(MK PloX
(B0 2t P5 P

(*1)2m p2m(m+1)/ 2-2mn+m? [(n..zg,) /m] (

mk pmk(nzk+l)/ 2—mk(n—2m)
(t-p)° k=0

-1)
(g Chk—(n-2m)o+l Do xk
B:P) ot (P> Py,

Thus,

2m p2m(m+l)/ 2-2mn+m?

a-p)?

),

D2 Vu(x] p)= Vo1 D) (7.2.3)

Similarly it can be shown that

3m(m+1)/ 2-3mn+3m2

(- p)?

1> p

D}, Vu(x] p)= Va1 P

In general, for a positive integer r,

rm(m+1)/2—rmn+ ,urmz

p Sy Vi—rm(x1P), (7.2.4)

(~1)'™

D}, Vu(x| p)=
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where . is the r' term of sequence {un} with pp=n-1+pn.¢, =0, n>1.

In view of the definition (7.1.1) of the g-derivative operator we

also have, with p=g* as usual,

_Vu(x1p)-Vu(xp|p)
Dp V(x| p)= *1-p) .

Therefore, from (7.2.2) above,

_ym  m(m+1)/2—mn _
Oy Vn..m(xtp)=V”(xlp) VaGxp1p)

1-p x(1-p)

that is

()N 2o ) DY =V (x| p) -V (ip | ). (7.2.5)

The formula (7.2.5) will now be generalized with the help of a

summation formula (D.S. Moak [1])
(1~ )" DI () = (Ml)mq—-m(m—l)/2k’§ ((}_Dqu(k—l)/z[ﬂ g™y

(7.2.6)

involving m™ order basic derivative.
In deed, if f(x)=Va(x|p) and m is replaced by r, then the

substitution of the formula (7.2.4) on the left hand side of (7.2.6) yields

m prm(m+1)/2—rmn+,urm2 . r

-D Vn—rm(x|p)
e p—r(r—~1)/2k§0 1y pte-D/2 m V" 1 p) (7.2.7)

which provides a generalization of the relation in (7.2.5).
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In order to obtain a summation formula similar to (7.2.7) for the

polynomial introduced in Chapter-5 viz.

/51 (15K ,—snk (4 sk—i-skﬁ; k
Mn(S,A,ﬂ;xlq)z[nZS]( ) q (Aq qz)n—skékx

= 4] n—sk

1

where g=q°’, we take ¢, =
(.9

This particular case of

M, (s, 4, f:x|g)will be denoted here by F,(s,4,5;x|q). Hence

[n/s1(-1)% g~ (4™ g,y =K
F ’A’ : = ) 7-2-8)
nsABHD= 2 [l lal, (

Upon operating the polynomial F, (s, 4,8 x|q)by the operator Dq

as defined in (7.1.1), we get,

Ls] D% g g™ ) Fi=gb)

k=1 lal,,_ g lal, x(1-q)

Dq F,(s.4,8 x|q) =
n—sk

- k+sk, —
| Il g (ag A gy k]

lal, 4

- I_q k—'-"—l [q]n—Sk
(_l)s [(n—~§)/s] (—1)Sk q—snk—-sn xk
=" [q]n-—s—sk [q]k .

( Aqsk+skﬁ+s+s/5‘ 4, )n-s~—sk

(~D)g~s" [(n—s)/s] (_l)sk q“'Sk(”*S) £k q~s2k
I T = 41, . ol

“ qsk+skﬁ'+s+sﬂ : q2)

n—s—sk
Thus, it is shown that
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)S —~Sh

Dy F(s, 4, ;%1 4) = iﬂ;;f"—é———ﬁ“n-s(s,A s+ 5B fxa S ). (7.2.9)

The second order basic derivative may be obtained as follows.

D2 Fy(s,4,8:x19)

( 1)3 —SH {(n__zs:)/s]( l)Sk -sk(n S)(A Sk+Skﬂ+S+Sﬂ qz)n_s___sk
1-¢ k=0 [q]n~s-sk[q}k
' “S k k(l qk)
x(1-q)
( I)S —sn [(n—s)/s] (__I)sk q~sk(n~s) ( Aqsk+sk,8+s+sﬁ ’ 2)n—s~—sk
(1- Q) k=0 [q]n——s«sk [q}k—l |
Lk quszk
(_,1)25' q~25n [(n-25)/s] (ml)Sk q~sk(n—s)—~s2k
) a "4)2 k=0 [q]n~2s-—sk [q]k
( Aqsk+skﬂ+2s+2s,8, 9, 2e sk q*ZSZk o
Thus,
_1\28 ,—2sn
D% Fn(s,A,,B;x}q)z-(—-%—-g?—- Y 2S(s A+2s+2sﬂ,BAq lq).
—-q

Similarly, it can be shown that

(__ 1)3.5' q—3sn

P

D} Fy(s.4,8.x | 4) = (s, 4+3s+38: Bixg % |q).
Repeating the above process m times, one gets

(=1)™S g SN

sl
a 7 Fyms(s,A+ms+msf; f,xq ms lq).
-q

Dgz Fn(S,A,ﬂ,xlq) =

(7.2.10)
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Now by definition (7.1.1),

Fp(s; 4, B,x\q)— Fy(s, 4, 8,9 q)
x(1-q)

Dy Fn(s,4,8,%9)=

which in view of the g-derivative (7.2.9) vields

s — . .
(wli q n Fn..S(S,A+S+Sﬁ;ﬂ;xq-S2 {q): Fn('g:A:ﬂJ!‘I)‘Fn(saA,ﬂaxQ'“I)
~q x(1-q)

therefore,

(15 xg™M (s, A+ 5 5B, B53a™>" | 9) = F(s,4,8:%|9) - Fi (s, A, B, 74 1 ) -
(7.2.11)
This can be further generalized by using the Moak’s formula
(7.2.6) above, as follows.
Using the result of (7.2.10) in (7.2.6), we get the summation

formula
—md
(D)™ x" By s (s, A+ ms+msp, B;xqg ™" | g)

—m(m-1)/2 ! k(k-1)/2 -
= (~1) g7 m(m-1) kgo(_])kq (k-1 {Z’}Fn(S,A,ﬂ;xqm k 19)-

This is a generalization of the formula (7.2.11) because setting

m=1 in this, it reduces to the one given by (7.2.11).

7.3 g-SUMMATION FORMULAS

Consider first

Lk—na+l. k
[ngenl ke k(1) 2-mk (P2 P P 0y

S, (Lm,a,p, = ™
n(bm.a. 53 1p) kEO( ) (p.p)

n—-mk

Here I=ma and p=q” gives,

231



(Bglknatl. py PPw (5Pl
B Bap)

which in view of the formula

o a(n+l)/2
(@,9)—n _Ehg

a"(qlaq)p

becomes

B, ) (B e _ (B po (1) g P mE)
(A9, P)oo Pk Yn—mh+1)/2

@@ Py

therefore

D (Bt pyeo ) ph g PR 5

Sp(t.m,a, B;x| p)= D2 PPy ik
q @ Pk
_ "™ g pyos [nfm] p"* gD 5 5k
= D)2 k=0 (0292 I,
(g @-F- Pk

Let

074" P gy po
pn(n+l)/ 2

Sn(£>m3aaﬂ;x I p) = Tn(e,m,a,ﬂ;x l p)

then
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g T,(f,m,a,ﬂ;q"'(ﬁ+l)XIp)pj

J=0
a—-f-1 k j+mk
_a nim)(@® P D) j i O ¥ P
j=0 k=0 (PP i

which on using the relation

n [n/m] [n/m] n—mk

> Y A(k= ¥ > A(j+mk.k), 7.3.1

o0 o J.k) 2 o (J ) ( )

takes the form

o-[f-1 J
n . [nim] n-—-mk (4 P)iP
' Tj(e,ﬂl,a,ﬂ;qm(ﬂ+l)x}p)pj = 3 pka o xk J
=0 k=0 J=0 (p.p),
2a-5-1,
= [ném] PZMkO‘kxk (@ > Pnmk
k=0 2. )y ke

= Tn(ea ni,a,ﬂ —a;qnz(a+ﬂ+l)x l p) 5

which follows from a simple summation formula
J laq] ;
v g nn 7 (7.3.2)

n=1191n [q]j ’

Thus,

Tu(bma, f-a:q" @ Py py = 3 1;0m,a, 4" P Vx| pip7
f=t

which is the relation wherein the polynomial T, is expressed in a series
of itself.

A similar result for the polynomial
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/s (~1 sk —snk A sk+skB B
M (5,4, B,51q) = [a/s] -)"q (4q 47)

n—sk k
£ x
k=0 (gl n—sk k

may be obtained by taking =1, that is, for the explicit form

1/ 1sk —snky , 25k
M Aslg = TGV g™

n—sk k
£ x
o 4, k

For that consider

. 2sk

Jj Inls] [49°"] _
z My (s, 413q" |q)q" = & 5 ———=sk £ ykgn,
n=0 n=0 k=0 [‘I]nﬂk

this, in view of (7.3.1) becomes

J [y/s] j=sk [4q2sk
ZoMn(s,A,l;xqs" lpq” = ’ a1y
n“_"

£ x k n+sk
=0 n=0 [‘ﬂn K
UL,k gk T [4g%5k,
k=0 k' n=0 lgly

Now applying the summation formula (7.3.2) the inner series

1
[Aq 2s5k+ ]j-—sk

[q} j—Sk

above simpilifies to the sum

which leads us to

P / [qus-*l—l] 3
g My (s, 4Lxq™" |q) q" =DZS] R b SN

(xq
n=0 k=0 {Q] j_ sk k

=M (s, A+LLxq° | ).

Thus the result may be stated as

J
Mj(s, A+1Lxq° |q)= ¥ Mu(s,45x¢"" |q) q"
n=
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