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' •‘v* . 5s **“^2 |i
^ jThe field of special functions is rich in polynomials, all^pf v^Wp

Vv- - ',k* J, X '5‘vi/ q| Bew
are hypergeometric in character. The polynomials of Laguerre, Hetmiferf

Legendre, Jacobi, Gegenbauer etc. were studied from the point of view

of examining various properties such as generating functions,

orthogonality, Rodrigue's formula, recurrence relations, zeros, inverse

series relations, integral representations, summation formulas,

differential equations etc. by number of researchers (Olver [6], Rainville

[7], Wang and Guo [9], Chihara [2]).

The aforementioned classical polynomials and many others were 

later on generalized by the researchers; of these generalizations, the 

extended Jacobi polynomial (H.M. Srivastava [8])

x] = m + F . nj,m 1 1 ’ ’ p ’ 1 ’ ’ q J p q+l
A(m; n), ay...,a \ 

&(h\-na+/3),bv...,b^

is taken up for a further study; particularly for obtaining inverse series, 

integral forms, differential equation etc. and then deriving such 

properties for a q-analogue of this polynomial. Also, this polynomial is 

put into a more general form:

[n/m] a xk
S„(l,m,a,0;x)= £ ^------ r-T,
" k=0 T(l + fi-na+lk)(n-mk)\ (1)

and its properties as mentioned above are studied.

Having given a brief introduction on the subject matter in

Chapter-1, Chapter-2 incorporates the polynomial (1) and its properties 

some of which are given below.



Integral Representation:

Sn{l,m,a,P,x)=\ na 1 p (I,m,x)dt,

0

where pn(l,m;x)= £
[n/m] {-\)mk cr^ xk

£_0 T(lk){n-mk)\
and Re( p-na) > 0, Re(//c) > 0.

Differential Equation f8-fortrO:

e n (e+b -i)-cxn(e+a ) 
j=\ J m 1

w=0,

where a. =i-1,b, = A....—tiand, w^T™(x) is a special case
i m j l dx'

ak~lt\

Inverse Series Relation:

Theorem-1. When n is a non-negative integer, / and m are positive 

integers, a and p are arbitrary parameters, /=ma, and if

[/7 /1)11 1)1)1

f(n)~ £ a(n,k,m)g(k) and g{n)= Y. K^Km) f{k)
k=0 k=0

then

a{n,k,m) 1
f(l + /? - «a+/&)(« - mk)\

if and only if

b(n,k,m)=H)mn~k and
(tnn-ky.

§ b{n,k,X) f(k)-0, if n^ms, seN. 
*=0

The q-analogues of these properties are obtained in Chapter-3 for the 

polynomial Sn(l,m,a,f3,x\q), which is defined in the form:
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S„(l,m,a,P,x\p)~nY] (-l)™* p<«KmM)n-mnk (ft* ” k **

*=°

where p=q“, a^O.

Some of the properties of (2) studied in this chapter, are as listed 

below.

g-Integral Representations:

For Re (p-na) > 0, l+/fc*0,-l,-2f..., (Gasper and Rahman [3])

1S (!,m,a,fi,x\p)=] r (tp;p)^Qin,l,m,t,x)d t,
0 oo

where

r , x nmk mk(mk+\)/2-mnk k 
[n/m] (-1) P ox

Q (n,l,m,t,x)= £ K
k=° (I-P)lk(.P.P)n_mk rp(tkHlplk;p)a

g-Difference Equation:

e
/-1 /-I JL l~

n n (0+*r Pj=0k=0

l+fi-na + joe 

I -1) + xp
m(na - n-fl) + m(m+3) / 2

U=0r=0

where w is the mth roots of unity and p) is a particular case
n

0^ =-—L__ of Sn(l,m,a,fi,x\p).
(P,P),
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Inverse Series Relation:

Theorem-2. For n=0,l,2,..., and m=l,2,3..., if

\n/fft\ tym
F{n)- X a(n,k,m,q)G(k) and G(n)= X b(n,k,m,q)F(k) 

k=0 k=0

then

(f>Jk~ncc + \. \a(n,k,m,q) = (-X)mk pm«mk+iy2-mnk ^

(PIP)n-mk

implies and is implied by

b(n,k,m,q)
(-1)*1 pk(k-V>12 (1 -PqX~a) 

(/jqnI-ka+l-a.p)m

and x b(n,k,],q)F(k) = 0, if n*mj, jeN. k=0

Chapter-4 begins with the introduction of the polynomial

(~l)^r(^+^+n0)UJ k 
Mn(s,AJ,x) ^Xq (n-jfc)! ^kX ‘ (3)

which is suggested by the inverse series relation due to Gessel and 

Stanton [4]. For this polynomial various properties are derived. The 

following are few of them.

Integral Form:

Mn(s,AJ;x) = } rA+n^1 {\-t)AA £n(s,A,x,t)dt,

0

where

[n/s] {-\)skvV,xk , . \sk

£n(s,A,x,t)= E  -----—f-—— -— ,and Re(A-sk)>0, Re(A+np)>0.
k = § {n-sk)\Y(A~sk) U-rJ
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Inverse Series Relation;

Theorem-3. For 0=0,1,2,..., and s=l,2,3,..., if

\fll -S'] vft
A(n) = X a(n,k,s)B(k) and B(n) = X b(n,k,s)A{k)

k=0 k=0

r;-!

fr> , ' ,/ * ^\\ C'/* * ■ • ' Is -'i'Pf c»ty 0' .
V f p sv /

.'i'efssty

then

a(n, k, s) -
(~\)sk T(A+sk+n/3) 

(n-sk)\
o b(n,k,s)-

(-1 f(A+k + k/3) 
Y(A+sn + k/3 + \){sn-k)\

nand X b(n,k,l)A(k)=0, if n*sj, jeN. 
k=0

The q-analogues of these results are derived in Chapter-5 with 

the help of a q-analogue of (3), given by

Mn(s,A,[3,x\q)= X -------------
k=0 n-sk

n-sk_^xk (4)

Some of the main properties that are obtained for this basic polynomial, 

are listed below.

q-Intearal Representations:

(I) Mj^(s,A,,x\q) J ( tq,q^)co (.tq^q^ca ^ n^SiA, fi,xft\q) d C

where

S„(s,A,fi;x,t\q) = X
[lj/j] (-1)1* q~s"k (1 (k xk

k=0 ^n-sk ^q^^ + sk+skP){

r?2(2A+Sk+ski3+nm(q2A+2s'‘fl,ql)a}(-qA+sU"l3-,q2)a,
, and q2=qp
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(II) Mn(s,A,P\xt s\q)=^tA + nP 1 Ey (tq2)An(s,AJ,x\q)d(q2,t)l

where

riii- \\Sk -snk f Ask+skfi . p k 
t [«/^j (-1) q (Aq ,q ) £ x

A (s,A,P,x\q)=----------- Z -------------------------------------- ------- ------
M (qrq2)k = 0 M_ 2

g-Difference Equation;

(<92fl1 2fl1 (0 + crm ql (A+jV2s-l)+xq2s2+3s~As 
I j=0 nt—0

n‘ n1 (s+»V^p)/I-i)(9+»V('4+',+,’)/s-i)

p=0v=0
GSn(x\q) = 0,

where a is (2s)th and wis s* roots of unity. 

Inverse Series Relation:

Theorem-4. For n=0,l?2,.../ and s=l,2,3,..., if

\n/s1
f/(«)= X a(n,k,s)V(Jk) and 

k=0
F(»)= f b(n,k,s)U(k) 

k=0

then

a{n,k,s)=-

(-1 )skq-mk(AqSk + sk^-qfi)
n—sk

M
n-sk

if and only if

, ..A: (sn-k)(sn-k+l)/2+snk k+kB,

...... t ,
[grj sn-K-i

sn-k
nand x b(n,k,\)U(k) = 0, if n*sj, jeN, 

k-0
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Some of the q-integrals used in Chapter-3 and 5 are further 

exploited to derive basic transformation formulas in Chapter-6. One 

such transformation formula occurs in the form:

(_!)./ qi+j+j(H)/2x‘+j 

___________

(PU>P)i+j [n/m]
' HE*k=0

P
mk(mk+l)/2-mnk

Wlk-"a+X,p)x>(pU+i+J-,P)k°kxk

(p’P\-mk

1 rmk(mk+i)l2~mnk + iPU-P)k **

" M <P’p)n~mk

In Chapter-7 some miscellaneous results are incorporated which 

include summation formulas, and nth order q-derivatives of the 

polynomials cited in (2) and (4).

7



REFERENCES

1. Andrews, G.E. and Askey, R., Another q-extension of Beta function, 

Proc. Amer. Math. Soc. 81(1981), 97-100.

2. Chihara, T.S., An Introduction to Orthogonal Polynomials, Gordon 

and Breach Science Publishers, New York, London, Paris, 1978.

3. Gasper, G. and Rehman, M., Basic Hypergeometric Series, 

Cambridge University Press, Cambridge, 1990.

4. Gessel, I. and Stanton, D., Applications of q-Lagrange inversion to 

basic hypergeometric series, Trans, of Amer. Math. Soc., 277, No. 

1(1983), 173-201.

5. Hahn, W,, Uber Orthogonal polynome, die 

q-Differenzengleichungen genugen, Math. Nachr., 2(1949), 4-34.

6. Olver, F.WJ., Introduction to asymptotics and Special Functions, 

Academic Press, New York and London, 1974.

7. Rainville, E.D., Special Functions, Macmillan Co., New York, 1960.

8. Srivastava, H.M., The Weyl fractional integral of a general class of 

polynomials, Boll. Un. Mat. Ital., (6)2B (1983), 219-228.

9. Wang, Z.X. and Guo, D.R., Special Functions, World Scientific, 

Singapore, New Jersey, London, Hong Kong, 1989.

8


